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Problem 1 (Coin �ips) A fair coin is �ipped until the �rst head occurs. Let
X denote the number of �ips required.

(a) Find the entropy H(X) in bits. The following expressions may be useful:

1X
n=0

rn =
1

1� r ;
1X
n=0

nrn =
r

(1� r)2 :

(b) A random variable X is drawn according to this distribution. Find an
"e¢ cient" sequence of yes-no questions of the form, "Is X contained in
the set S ?" Compare H(X) to the expected number of questions required
to determine X.

Solution.

(a) The number X of tosses till the �rst head appears has the geometric
distribution with parameter p and P (X = n) = pqn�1. The entropy is

H(X) = �
1X
n=1

pqn�1 log(pqn�1)

= � log p
1X
n=1

pqn�1 � log q
1X
n=1
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= � log p
1X
n=0

pqn � log q
1X
n=0

npqn

=
�p log p� q log q

p
=
H(p)

p
:

In our case p = q = 1=2 and H(X) = 2 bits.

(b) Intuitively, it seems clear that the best questions are those that have
equally likely chances of receiving a yes or a no answer. Consequently,
one possible guess is that the most "e¢ cient" series of questions is: Is
X = 1? If not, is X = 2? If not, is X = 3? . . .with a resulting expected
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number of questions equal to
P1

n=1
n
2n = 2: This should reinforce the in-

tuition that H(X) is a measure of the uncertainty of X. Indeed in this
case, the entropy is exactly the same as the average number of questions
needed to de�ne X , and in general E(# of questions) � H(X). This
problem has an interpretation as a source coding problem. Let 0 =no,
1 =yes, X =Source, and Y =Encoded Source. Then the set of questions
in the above procedure can be written as a collection of (X;Y ) pairs:
(1; 1), (2; 01), (3; 001), etc: : : In fact, this intuitively derived code is the
optimal (Hu¤man) code minimizing the expected number of questions.

Problem 2 (Entropy of functions) Let X be a random variable taking on a
�nite number of values. What is the (general) inequality relationship of H(X)
and H(Y ) if

(a) Y = 2X

(b) Y = cosX:

Solution. Let y = g(x). Then

p(y) =
X

x:y=g(x)

p(x):

Consider any set of x�s that map onto a single y. For this setX
x:y=g(x)

p(x) log p(x) �
X

x:y=g(x)

p(x) log p(y) = p(y) log p(y):

since log is a monotone increasing function and p(x) �
P

x:y=g(x) p(x) = p(y).
Extending this argument to the entire range of X (and Y ), we obtain

H(X) = �
X
x

p(x) log p(x)

= �
X
y

X
x:y=g(x)

p(x) log p(x)

� �
X
y

p(y) log p(y) = H(Y ):

with equality i¤ g is one-to-one with probability one.
Y = 2X is one-to-one and hence the entropy, which is just a function of the

probabilities (and not the values of a random variable) does not change, i.e.,
H(X) = H(Y ).
Y = cos(X) is not necessarily one-to-one. Hence all that we can say is that

H(X) � H(Y ), with equality if cosine is one-to-one on the range of X.
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Problem 3 (Minimum entropy) What is the minimum value of H(p1; : : : ; pn) =
H(p) as p ranges over the set of n-dimensional probability vectors? Find all
p�s which achieve this minimum.

Solution. We wish to �nd all probability vectors p = (p1; p2; : : : ; pn) which
minimize

H(p) = �
X
i

pi log pi

Now �pi log pi � 0, with equality i¤ pi = 0 or 1 . Hence the only possible
probability vectors which minimize H(p) are those with pi = 1 for some i and
pj = 0, j 6= i. There are n such vectors, i.e., (1; 0; : : : ; 0) , (0; 1; 0; : : : ; 0), : : : ,
(0; : : : ; 0; 1), and the minimum value of H(p) is 0.

Problem 4 (Entropy of functions of a random variable) Let X be a dis-
crete random variable. Show that the entropy of a function of X is less than or
equal to the entropy of X by justifying the following steps:

H(Xjg(X)) (a)
=
H(X) +H(g(X)jX)

(b)

=
H(X)

H(X; g(X))
(c)

=
H(g(X)) +H(Xjg(X))

(d)

� H(g(X)):

Proof.

(a) H(X; g(X)) = H(X) +H(g(X)jX) by the chain rule for entropies.

(b) H(g(X)jX) = 0 since for any particular value of X, g(X) is �xed, and
hence H(g(X)jX) =

P
x p(x)H(g(X)jX = x) =

P
x 0 = 0.

(c) H(X; g(X)) = H(g(X)) +H(Xjg(X)) again by the chain rule.

(d) H(Xjg(X)) � 0, with equality i¤ X is a function of g(X), i.e., g(�) is
one-to-one. Hence H(X; g(X)) � H(g(X)).

Combining parts (b) and (d), we obtain H(X) � H(g(X)).

Problem 5 (Drawing with and without replacement) An urn contains r
red, w white, and b black balls. Which has higher entropy, drawing k � 2 balls
from the urn with replacement or without replacement? Set it up and show why.
(There is both a hard way and a relatively simple way to do this.)

Solution. Intuitively, it is clear that if the balls are drawn with replacement,
the number of possible choices for the i -th ball is larger, and therefore the
conditional entropy is larger. But computing the conditional distributions is
slightly involved. It is easier to compute the unconditional entropy.
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� With replacement. In this case the conditional distribution of each draw
is the same for every draw. Thus

Xi =

8<:
red pi =

r
r+w+b

white pi =
w

r+w+b

black pi =
b

r+w+b

and therefore

H(XijXi�1; : : : ; X1) = H(Xi)

= log(r + w + b)� r log r + w logw + b log b
r + w + b

� Without replacement. The unconditional probability of the i-th ball being
red is still r=(r+w+b), etc. Thus the unconditional entropy H(Xi) is still
the same as with replacement. The conditional entropyH(XijXi�1; : : : ; X1)
is less than the unconditional entropy, and therefore the entropy of draw-
ing without replacement is lower.
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