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1 Definitions

1.1 Definitions
Entropy

H(X) = =¥y p(x)log p(x)

All entropic quantities we've encountered have been discrete.

e The world is continuous, channels are continuous, noise is continuous,

We need a theory of compression, entropy, and channel capacity that ap-
plies to such continuous domains.

We explore this next.



Continuous/Differential Entropy
e X continuous RV, F cdf, f pdf, S := {x: f(x) > 0} the support set of X

Definition 1. The differential entropy h(X) of a continuous RV X with pdf f is

h(X) = = [ f(x)log f(x)dx. M)
if the integral exists.

¢ Since we integrate over only the support set, no worries about log 0.

e h(X) depends on f

1.2 Examples

Continuous Entropy Of Uniform Distribution

[ ] XNU(),{II,QE]R+

e Fora <1,loga <0,h(X)<0

e How can entropy (which we know to mean “uncertainty”, or “informa-
tion”) be negative?

¢ In fact, entropy (as we’ve seen perhaps once or twice) can be interpreted
as the exponent of the “volume” of a typical set.

e Example: 27(X) is the number of things that happen, on average, and can
have 2H(X) <« | x|.

e Consider a uniform r.v. Y such that 2H(X) = |y|.

e Thus having a negative exponent just means the volume is small.

Continuous Entropy Of Normal Distribution

o Let



e Entropy in nats

h(x):—/]Rflnf:— /oof(x) {—;;—ln\/m dx
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e So entropy of a normal is monotonically related to the variance.

2 AEP

AEP
Theorem 2. X1,Xp,..., Xy ~ f(x)iid. RVs

1
—~1og f (X1, X2, Xu) = E [~ log f(X)] = h(X).
Proof. Follows directly from WLLN. O
Definition 3. The typical set w.r.t f(x) A is
1
AE”) = {(xl,...,xn) e S —;logf(xl,...,xn) h(X)‘ < e},

where f(x1,...,%,) =TT f(x5).

e Thus, we have upper/lower bounds on the probability
271 < f(ay) <2700 ©)

e The analog of the cardinality of the typical set for the discrete case is the
volume of the typical set for continuous random variables.

Definition 4. The volume Vol(A) of aset A C R" is defined as

Vol(A) :/ dxi---dxy,.
A

Theorem 5 (Properties of Ag")). 1. P (Ag”)) > 1 — e for n sufficiently large;

2. Vol(A) < 2n(h(X)+e)

3. Vol(AM) > (1 — e)21(h(X)=9) vy,



AEP Proof

Proof of Theorem[5} 1: By Theorem ~Llog f (x1) = —1Tlog f(X)) AN
h(X).
2:
1= fx1, Ydxq - -dxy 2/(” flxy, ..., xp)dxy - - -dxy
S Al
> Ag") 27 X)+E) gy o dxy, =2 ((X)+s)/£”) 1---dxy

0
AEP Proof
Proof of Theorem B} 3: Using
1—8§P / fxq, ..., xn)dxy - - - dxy
< Oy - - dxy = 2*"(h(X)*€)V01(A§n)).
0

Theorem 6. The set A§”> is the smallest volume set with probability > 1 — ¢, to first
order in the exponent.

The proof is the same as in the discrete case.

AEP

o Like in the discrete case, AE”) is the smallest volume that contains, essen-
tially, all of the probability, and that volume is ~ 2""".

If we look at (2"")1/" we get a “side length” of 2".

So, —co < h < oo is a meaningful range for entropy since it is the expo-
nent of the equivalent side length of the n — D volume.

Large negative entropy just means small volume.



3 Differential vs. Discrete Entropy
Differential vs. Discrete Entropy
e Let X ~ f(x), and divide the range of X up into bins of length A.

e E.g., quantize the range of X using 7 bits, so that A = 27",

e We can then view this as follows:
fl) | A=2T

-

r

e Mean value theorem, i.e., that if continuous within bin Jx; such that

(i+1)
fe) =% [ pax

iA Ti(itD)A T

Differential vs. Discrete Entropy

e Create a quantized random variable X* having those values so that
XA =xifiIN< X < (i+1)A

e This gives a discrete distribution

P(xt=x) =pi= [ fooix = arx)

and we can calculate the entropy

H(XA) == i pilogpi = Zf )Alog (f(xi)A)

i=—o00

:—ZAf ) log f(x; Zf x;)Alog A

= —ZAf x;) log f(x;) —logA



e This follows since (as expected)
LAfG) =AY 5 / x)dx = A A/f

e Also, as A — 0, we have —log A — co and (assuming all is integrable in
a Riemannian sense)

—ZAf ) log f(x; /f ) log dx

e So, H(X%) +1logA — h(f) as A — 0.
e Loosely, h(f) ~ H(X) + logA and for an n-bit quantization with A =

27" we have
H(X") ~ h(f) —log A =h(f) +n
e This means that as n — co, H(X?) gets larger. Why?

e This makes sense. We start with a continuous random variable X and
quantize it at an n-bit accuracy.

e For a discrete representation to represent 2" values, we expect the en-
tropy to go up with 1, and as n gets large so would the entropy, but then
adjusted by h(X).

e H(X") is the number of bits to describe this n-bit equally spaced quanti-
zation of the continuous random variable X.

e H(X%) = h(f) + n says that it might take either more than 7 bits to de-
scribe X at n-bit accuracy, or less than n bits to describe X at n-bit accu-
racy.

e If X is very concentrated h(f) < O then fewer bits. If X is very spread
out, then more than # bits.
4 Joint and Conditional Differential Entropy

Joint and Conditional Differential Entropy
o Like discrete case, we have entropy for vectors of r.v.s

o The joint differential entropy is defined as:
B (X1, Xa) = = [ (1) g f(x1n)dx1
e Conditional differential entropy

n(X|Y) = = [ flxiy)log flxly)dxdy = h(X:Y) = h(Y)



Entropy of a Multivariate Gaussian

e When X is distributed according to a multivariate Gaussian distribution,

ie.,
X ~ N(u,0), f(x) = N SRS P S
|2m)" 2]"/2
then the entropy of X has a nice form, in particular

h(X) = %log [(270)" 2] bits

o Notice that the entropy is monotonically related to the determinant of the
covariance matrix and is not at all dependent on the mean.

o The determinant is a form of spread, or dispersion of the distribution.

Entropy of a Multivariate Gaussian: Derivation

000 = = [ £ |5 o= "= = )~ n (VER) i
= 2 [t TS - )] + 5 In 2" 2]
- %Ef {tr (x— )" (x— y)Z_l] + %ln [(27)" 2]

— %trEf {(x — )T (x - ;4)} DIRLIEE %ln [(2m)" |Z]]

1 1

1 1
= 3trl+5In [(2m)" |Z]] =

1 1 n 1 n
= En—Q— Eln [(2m)" Z]] = Eln [(27e)" |Z]]

We used tr (ABC) = tr (CAB).

5 Relative Entropy and Mutual Information
Relative Entropy and Mutual Information

o The relative entropy (or Kullback-Leibler divergence) for continuous distribu-
tions f and g is

D(F 1) = [ £(ytog L3



e We can, like in the discrete case, use Jensen’s inequality to prove D(f ||
§) = 0.

o Mutual Information:

IXGY) =D (fxy) | f(x)f(y) = h(X) = h(X]Y)
=h(Y)—-h(Y|X) > 0.

~—

e Thus, since I(X;Y) > 0, we have again that conditioning reduces en-
tropy, i.e., h(Y) > h(Y|X).
Chain rules and more

o We still have chain rules

n
B(X2, Xa, o, Xn) = Y2 B(Xi| X 1),

e And bounds of the form

n
h(X1,Xp,...,Xy) < Z h(X;)

e For discrete entropy, we have monotonicity, i.e.,
H(X1,Xp,..., X)) < H(Xy, X2, .., Xy, Xia1)-

More generally
f(A) = H(Xa)

is monotonic non-decreasing in set A (i.e., f(A) < f(B); A C B).

e Is f(A) = h(X4) monotonic? No, consider Gaussian entropy with diag-
onal £ with small diagonal values. So

h(X) = 3 log[(2me)" |=]

can get smaller with more random variables.

¢ Similarly, when some variables independent, adding independent vari-
ables with negative entropy can decrease overall entropy.

e Translation does not change entropy

h(X +c) = h(X).

h(aX) = h(X) + log |a|.



e For vector-valued RVs
h(AX) = h(X) +log | det(A)|.

Example 7 (Mutual information between correlated normal RVs with correla-
tion p). Find I(X;Y), where (X,Y) ~ N(0,K), and

_ [ pd?
<=l T
Solution. h(X) = h(Y) = 4 log(2me)o? and h(X,Y) = } log(2me)?|K| = 4 log(27te)?0* (1 —
0?), and therefore

I(X:Y) = h(X) + h(Y) — h(X,Y) = —% log(1— p?).

If p =0, X and Y are idependent and I(X;Y) = 0. If p = 1, X and Y are
perfectly correlated and the mutual information is infinite. O

Change of Variable
e Let Y = ¢(X); we wish entropy h(Y)

T g™ (y)
et = (57 0) |22
e entropy
_ dx
() = ~E (log fr()) = ~E (1ogf (s7'1)) - E (105 |5
= —E(log fx(x)) — E (log Z; ) =h(X)—E (log Z; )

Examples 8. e translation Y = X + 4, Z—Z =1=nY)=h(X)
e scaling Y = cX, % =c= h(Y) =h(X) +log]|c|
e Vector version Y., = AXy.,, = h(Y) = h(X) + log |det A|

Hadamard’s Inequality

o Using differential entropy, we can sometimes get known results in linear
algebra.

e From
h(Xll XZ/- . '/Xl’l) S Zh(xl)/
i

consider the case where Xj.,, is jointly Gaussian ~ N(0; K).



Then since log is monotonic, we immediately get:

n
K| <K
i1

whenever K is positive semi-definite (a result known as Hadamard’s in-
equality).

Moments of of Random Vectors

Let Xj.,, be a continuous random vector.
The first moment is u = E[X].

The second moment is C = E[XX'] which is known to be symmetric
positive semidefinite.

Note that Cl] = E[XlX]]

There are higher order moments as well, for example, the third order
moment has entries of the form C;jx = E [X;X iX «|, the forth order moment
has entries of the form Cjjy = E[X;X;X;X/], and so on.

Let C(m) be the mth order moment.

In general, an arbitrary (complex) random vector can have arbitrarily
high non-zero mth order moments.

It can be shown, moreover, that the multivariate Gaussian only has first
and 2nd order moments, but all higher order moments are zero (in fact,
the Gaussian can be parameterized exactly via its first and second order
moments).

Now the first and second order moments C(!) (a vector) and C?) (a ma-
trix) consider all distributions that have these first and second order mo-
ments.

Out of all these distributions, which one would have the highest (differ-
ential) entropy?

Consider what do moments do? They further constrain the possible set
of distributions once their value is set.

Perhaps it then makes sense to intuitively consider that the highest en-
tropy would be granted to the distributions with zero higher order mo-
ments.

Recall also that the first moment (the mean) doesn’t matter for entropy,
ie., h(X +a) = h(X) for any constant a.

10



e In fact, we have:

Theorem 9. A Gaussian has the maximum entropy over all distributions that have
the same first and second moments. That is let X € R" be a vector random variable
with E (X) = 0and E (XXT) = K. Then

X) < %log (27e)" K|,
with equality iff X ~ N(0, K).

Gaussians and Maximum Entropy

Proof of Theorem [9} e Let g(X) be such that [ ¢(x)XXTdx = K (the covari-
ance matrix).

e X ~ N(0,K), 7(x) its density = [ 7(X)XXTdx =K.
e But log#(x) has a quadratic form, i.e,

1 _ 1
logn(x) = —ExTK Ly — Eln [(27)" |K]]

e Thus, since g and # produce the same results for quadratic forms and by
the trace trick, we have

0< (g [|1) = [ sl)10g ST dx = ~hig) - [ () log(x)d

— —h(g) ~ [ 1(x)logn(x)dx = ~h(g) + h(y)

Gaussians and Maximum Entropy
Proof of Theorem [9| continued. e Thus, we get h(g) < h(y).

o Finally, recall that the Gaussian achieves this entropy (¢ = #, from Jensen’s
inequality).
O

e An instance of a much more general result about maximum entropy.

e Suppose we have a random variable X and a vector of “feature functions”
f(x) and consider distributions that satisfy certain constraints E, f(X) =

U.
o If, over all such distributions that satisfy the constraints, we maximize
the entropy, we get a distribution of the form:

p(x)aexp(Af(x)),

where A is a vector of parameters (Lagrange multipliers)

o If f(X) = (Xq,..., Xu; {Xin}l.j),we get back the Gaussian.

11



Estimation error and differential entropy

e The multivariate normal (Gaussian) distribution maximizes the entropy
over all distributions with the same variance

e This leads to the estimation counterparts of Fano’s inequality

- ~\2
e X RV with differential entropy /1(x), X an estimate of X and E (X - X)
be the expected prediction error (square mean error).

Theorem 10. For any RV X and any estimator X,

E (X - )?)2 > ﬁez}’(x),

with equality iff X is normal and X = E(X).
Proof. We have

~\ 2 ~\ 2
E (X — X) > minE (X — X) / /mean is the best estimator 4)
X
= E(X — E(X))? (5)
1
=var(X) > %8271()() // maximum entropy for Gaussian (6)
We have equality in @ iff X = E(X) and in @ iff X is normal. O

Corollary 11. Given side information Y and estimator X(Y), it follows that

- 2 1
E (X - X(Y)) > o),

12
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