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Entropy of a discrete RV

@ a measure of uncertainty of a random variable
@ X a discrete random variable

X <X,'> , X alphabet of X, p(x) = P(X = x), mass function of X
Pi/ el

Definition 1

The entropy of the discrete random variable X

H(X) =~ ) p(x)logp(x) (1)

xeX

1
H(X) = E, (Iog m) equivalent expression (2)

@ measured in bits!
@ base 2! H,(X) entropy in base b; for b = e, measured in nats!
@ convention Olog 0 = 0, since lim,~ g xlogx =0
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Philosophy - Why log |

o We define the information in event {X = x} as

I(X = x) = I(x) = log ﬁ

@ Intuition says we want the information about an event to be inversely
related to the probability, but there are many such relationships that
might be useful.

e E.g., other possible functions include /(x) = p(x)s for some n > 0.

@ Another example: /(x) = number of prime factors in {ﬁ—‘

@ But log, as well will see, has a number of attractions.

e For a distribution on n symbols with probabilities p = (p1, p2, ..., Pn),
let H(p) = H(pl,p2,...,py) be the entropy of that distribution.

e Consider any information measure, say H(p) on p, and consider the
following three natural and desirable properties.

@ H(p) takes its largest value when p; = 1/n for all i.
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Philosophy - Why log Il

@ If we define the conditional information as
H(Y|X) : Z p(X)H(Y|X = x).

© For a distribution on n+ 1 symbols, then if the probability of one is
zero, we wish for H(p1, p2, ..., pn,0) =H(p1.p2,.--, pn)

Theorem 2 (Khinchin)

If H(p1, p2,--.,pn) satisfies the above 3 properties for all n and for all p
such that p; > 0, Vi, and }_; p; = 1 (i.e., all probability distributions), then

H(p1,p2, .-\ Pn) ——AZpllogP,,

for A > 0.
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Philosophy - Why log Il

If a sequence of symmetric function Hpy(p1, p2, ..., pm) satisfies
@ Normalization H» (% %) = 1,
@ Continuity: Hy(p,1 — p) is a continuous function on p
© Grouping: Hy(p1,p2, .-, Pm) =
Hm-1(p1 + P2, P3,- ... Pm) + (p1 + p2) H2 ( a L) :

p1+p2' p1t+p2
then H,, must be of the form

m
Hm(p1. P2, pm) = — ) pilogpi,  m=23,...
i=1
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Entropy - Properties

H(X) >0

Hp(X) = logy, aH,(X)

\

H(X) = 1 bit when p = 3. Graph in Figure 1
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Entropy - Properties |l

o 01 02 03 04 05 0B 07 08 09 1

Figure: Graph of H(p)
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Entropy - Properties Il
X: (

1 1 1 1 1 1
H(X) = _§|0g2§ — ZIOgQZ — §|0g2§

NI
Ll el
o= 0
ool— Q
~—7

The entropy of X is

I
Iog2 5= blts

8 4

Problem: Determine the value of X with the minimum number of binary
questions.

Sol: Is X = a? Is X = b? Is X = ¢? The resulting expected number is

% = 1.75 bits. See Lectures on Data Compression: the minimum expected
number of binary question required to determine X lies between H(X) and

H(X) +1.
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Joint Entropy and Conditional Entropy |

@ (X,Y) a pair of discrete RVs over the alphabets X, )

X (X') , Y : (yj)
Pi/ ic 9/ jes

@ joint distribution of X and Y
p(x,y) =P(X=x,Y =y), xeX,ye)l

e (marginal) distribution of X

px(x) = p(x) = P(X = x) = Z):}p(x.y)

e (marginal) distribution of Y

py(y) =ply) =P(Y =y)= ) p(xy)
xeX
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Joint Entropy and Conditional Entropy I

Definition 7
The joint entropy H(X, Y') of a pair of DRV (X, Y) ~ p(x,y)
HX,Y)=—=3_ Y p(x,y)logp(x,y) (4)
xeX ye)

also expressed as H(X,Y) = —E (log p(X,Y))
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Joint Entropy and Conditional Entropy Il

(X,Y) ~ p(x,y), the conditional entropy H(Y|X)

H(Y|X) = ZXP(X)H(YIX = x) (5)
where
H(Y[X =x) == ) p(y|x) log p(y|x)
yey

P(Y=y X=x) _pxy)
P (X = x) p(x)

conditional probability

p(y|x) == P(Y = y|[X = x) =
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Joint Entropy and Conditional Entropy IV

@ By computation

H(Y[X) ==Y p(x) }_ p(ylx)log p(y|x) (6)

xeX yey

=— Y ¥ p(x,y)logp(y|x) (7)
xeX ye)y

= —E (logp(Y]X)) (8)

@ naturalness of last two definitions «— the entropy of a pair of RVs is
the entropy of one plus the conditional entropy of the other — see
next theorem
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Joint Entropy and Conditional Entropy V

Theorem 9 (Chain Rule)

H(X,Y) = H(X) + H(Y|X). (9)
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Joint Entropy and Conditional Entropy VI

H(X,Y) ==Y Y p(xy)logp(x,y)

xEX yeY
=—Y Y p(x.y)logp(x)p(y|x)
xeX ye)
= = Z Z p(x,y)logp(x) — Z Z p(x, y)p(y|x)
XEX yeY xeX yey
=— ) p(x)logp(x) =} Y plx.y)p(ylx)
xeX xeX ye)y

= H(X)+ H(Y|X).
Equivalently (shorter proof): we can write
log p(X, Y) = log p(X) + log p(Y|X)

and apply E to both sides. OJ
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Joint Entropy and Conditional Entropy - b |

Corollary 10

H(X,Y|Z) = H(X|Z) + H(Y|Z, X).

Example 11

\

Let (X, Y) have the joint distribution

Y\X|1 2 3 4
1 I T 1 1T

, | £ % 2 F
3 |2 £ % %
1? 16 16 16

4 |1 0 0 0

A

o marginal distributions X: ( 3 1
o H(X) = Ibits, H(Y) = 2bits

~
el
ool
~—
—
Bl
Bl
=
B
~—
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Joint Entropy and Conditional Entropy - b Il

@ conditional entropy

H(X|Y) = Zp(Y: YH(X]Y =)

1 1111 1 1111
= H(s 5z ) v 5H (50552
4 <2488> 4 (2488)
1 1111 1

H(Z S S )+ oH@A
+4 (4'4'4'4>+4 ( 000)
1 7T 7 11

Z <4 4+2+0> gblts

o H(Y|X) = Lbits and H(X, Y) = % bits.
e Remark. If H(X) # H(Y) then H(Y|X) # H(X|Y'). However
H(X) — H(X|Y) = H(Y)—H(Y|X).

October 2012 17 / 66
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Relative Entropy and Mutual Information |

Definition 12

The relative entropy or Kullback-Leibler distance between p(x) and g(x)

p(x) p(x)
D(pllg)= ) p(x)log == a0 = E, (Iogq—x))-

xeX

PO 0 0
e Conventions: Olog ; =0, Ologa =0, plogg = o
@ It is not a true distance, since it is not symmetric and does not satisfy
the triangle inequality — sometimes called Kullback-Leibler divergence.

@ Interpretation: The relative entropy is a measure of the distance
between two distributions.

@ In statistics, it arises as an expected logarithm of the likelihood ratio.
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Relative Entropy and Mutual Information Il

@ The relative entropy D(p || ) is a measure of the inefficiency of
assuming that the distribution is g when the true distribution is p. For
example, if we knew the true distribution p of the random variable,
we could construct a code with average description length H(p).

o If, instead, we used the code for a distribution g, we would need
H(p) + D(p || q) bits on the average to describe the random variable.
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Relative Entropy and Mutual Information Il

Definition 13

(X,Y) ~ p(x,y), p(x), p(y) mass functions; the mutual information
I(X;Y) is the relative entropy between p(x, y) and p(x)p(y) :
I(X;Y) =D (p(x.y) | p(x)p(y)) (10)
=), ) px.y)log ——S-72s g/ (11)
xeX yey p(X p(y)
Y
= B o2 037197 ) &

v

Remark. D(p || q) # D(q || p), as the next example shown.

Interpretation. /(X;Y’) measures the average reduction in uncertainty of
X that results from knowing Y.
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Relative Entropy and Mutual Information IV

Example 14

X ={01}, p(0)=1—r, p(1)=r,q(0) =1-5, q(1) =
1—r r
D(p |l q) = (1 —r)log—_+rlog~
1—s S
D(q | p) = (1 —s)log T—+slog
If r=s, then D(p || q) = D(q || p), butforr=13,s=1
1 o1 1
D(py|q)=§|og§+§|g§_020752b|t
4 4
3 39 1
D(qu):ZIog%+ZI %—018872b|t
2 2
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Example - relative entropy

D(pllg) = (1—r)log{=¢ +rlog ¢

Figure: Relative entropy (Kullback-Leibler distance) of two Bernoulli RVs
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Relationship between Entropy and Mutual Information |

Theorem 15 (Mutual information and entropy)
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Relationship between Entropy and Mutual Information Il

(13)
p(x,y) p(xly)

1(X;Y) X;y;yp(x )leg o) = ny;yp x.y)log =5

=—Y ) plxy)logp(x)+ Z x,y)log p(x|y)

XEX@\/_/ xeX yey
p(x)
= H(X) — (— Yo ) p(xy) Iogp(X\y)>
xeX ye)
= H(X) — H(X]Y)

(14) by symmetry
(15) results from (13) and H(X,Y) = H(Y) — H(X]Y); (15)=(16)
Finally, (X; X) = H(X) — H(X|X) = H(X). O
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Relationship between entropy and mutual information

Example 16

For the joint distribution of Example 11 the mutual information is

1(X;Y) = H(X) = H(X|Y) = H(Y) — H(Y|X) = 0.375 bit

The relationship between H(X), H(Y), H(X,Y), H(X|Y), H(Y|X), and
I(X;Y) is depicted in Figure 4. Notice that /(X; Y) corresponds to the
intersection of the information in X with the information in Y.
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Relationship between entropy and mutual information

H(XY)

H(Y)

H(X]Y) 10X7Y) H(Y|X)

Figure: Graphical representation of the relation between entropy and mutual
information
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H(X.Y)

/N




Chain rules for entropy, relative entropy and mutual
information |

Theorem 17 (Chain rule for entropy)
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Chain rules for entropy, relative entropy and mutual
information ||

Apply repeatedly the two variable expansion rule for entropy

H(X]_,X2) = H(Xl) + H(XQ’X]_),
H(X]_,X2,X3) H(X1)+H(X2,X3|X1)
H(X1) + H(Xa| X1) + H(X3| X2, X1)

H(Xl,XQ,...,Xn) H(Xl) =F H(X2|X1) qFooo e H(X,,|X,,_1,...,X1)

n

H(Xi|Xi—1,...,X1).
i=1
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Chain rules for entropy, relative entropy and mutual
information Il

Definition 18

The conditional mutual information of random variables X and Y given Z
is defined by

1(X;Y|Z) = H(X|Z) = H(X|Y, 2) (18)
CE gt YI2)
P P PX|Z)P(YZ)

(19)

Theorem 19 (Chain rule for information)

1(X0, Xoy o X3 Y) = Y1 (X3 Y| Xio1, Xica, oo X1) . (20)
i=1
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Chain rules for entropy, relative entropy and mutual
information IV

I(Xl,X2,...,Xn; Y)
=H (X1, Xa,..., Xp) — H (X1, X2, ..., X,|Y) (21)

= Y H(Xi|Xic1, ., %) = Y H (X X1, X0, Y)
i=1 i=1

=) (X Y[X, Xa, .., Xi21) (22)
i=1

Radu Trimbitas (UBB) Entropy, Relative Entropy, and Mutual Inform October 2012 31 /66



Chain rules for entropy, relative entropy and mutual
information V

Definition 20

For joint probability mass functions p(x, y) and g(x, y), the conditional

relative entropy is

D(p(x.y) Il alxy)) = Ko olrblog 505 (23
_ p(Y]X)
= Ej(x,y) log a(V[X) (24)

v

The notation is not explicit since it omits the mention of the distribution
p(x) of the conditioning RV. However it is normally understood from the
context.
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Chain rules for entropy, relative entropy and mutual
information VI

Theorem 21 (Chain rule for relative entropy)

D (p(x,y) || a(x.y)) = D(p(x) || g(x)) + D (p(y|x) || a(y|x)) (25)
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Chain rules for entropy, relative entropy and mutual
information VII

D(p(x,y)lla(x,y))

q(x

ZZZP(XJ’)bng i
_ o ) log PEIPLYIX)
—;Zp( y) log =2 2L by
(
(

x)
q(x)q(ylx)

—Zpry Iogzg—l—Zpry log E I ;
D(p (X) 'a(x)) + D (p(ylx) Il q(v]x))-
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Jensen inequality |

Convexity underlies many of the basic properties of information-theoretic
quantities such as entropy and mutual information.

Definitions 22

@ A function f(x) is convexU over an interval (a, b) if for every
x1,% € (a,b)and 0 <A <1

f(/\Xl—l-(l—/\) Xg) < /\f(X1)+ (1—A)f(X2). (26)

@ f is strictly convex if equality holds only for A =0 and A = 1.

© f is concaven if —f is convex.

@ A function is convex if it always lies below any chord. A function is
concave if it always lies above any chord.

2

e Examples of convex functions: x*, |x|, ¥, xlog x for x > 0.
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Jensen inequality |

e Example of concave functions: log x and /x for x > 0.

o If f” nonnegative (positive) then f is convex (strictly convex)

Theorem 23 (Jensen's inequality)

If f is a convex function and X is a RV
E(f(X)) > f(E(X)). (27)

If f is strictly convex, equality in (27) implies X = E(X) with probability
1 (i.e. X is a constant).
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Jensen inequality Il

for discrete RV induction on number of mass points.
For a two-mass-point distribution, we apply the definition

f (pix1 + p2x2) < pif(x1) + p2f(x2)

Suppose true for k — 1; we set p/ = p;/ (1 — pk)

k-1
< prf () + (1 — pi)f ( P:{Xi>
&

]

k—1 k
< puf (i) + (1 — pi) Z pif (xi) = ;Pif (%) -

Extension to continuous distributions using continuity arguments.

Ol
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Interpretation of convexity

Af) + (1 - A)flas) —————ay

Flmy+ (1 — A)zg)

S o)
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Consequences of Jensen Inequality |

@ We will use Jensen to prove properties of entropy and relative entropy.

Theorem 24 (Information inequality, Gibbs' inequality)

p(x), q(x), x € X pmf
D(pllq)=0 (28)

with equality iff p(x) = q(x),Vx € X.
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Consequences of Jensen Inequality Il

Let A:= {x:p(x) >0}

D(pllq)—Zp()lgq(X) Zp()(lg )

XEA XEA p(X)
> —log 2 p(x)M (- log is strictly convex)
XEA P X)
= —log Z q(x) =—logl =
XEA

Equality hold iff 409 = ¢, ¥x € X. But, 1= L,ca q(x) = Eer 9(x)

= ¢ Yxex P(x) = ¢, s0 p(x) = q(x),Vx € X. O

v

Since I(X,Y) = D(p(x,y) || p(x)g(x)) > 0, with equality iff
p(x,y) = p(x)g(x) (i.e. X and Y are independent) we obtain
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Consequences of Jensen Inequality Il

Corollary 25

I(X,Y) >0, (29)

with equality iff X and Y are independent.

| \

Corollary 26
I(X;Y|Z) >0, (30)

with equality iff X and Y are conditionally independent given Z.

\

Any random variable over X" has an entropy no greater than log |X|.

H(X) < log | X

, with equality iff X ~ U(X).
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Consequences of Jensen Inequality IV

p(x) pmf of X, u(x) = ‘17| pmf of uniform distribution over X

0< D(p| v X;(p Iog%zlogPﬂ—H(X}.

The next theorem states that conditioning reduces entropy (or
information cannot hurt).

Theorem 28

H(X]Y) < H(X)
with equality iff X and Y are independent.
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Consequences of Jensen Inequality V

0 < I(X,Y) = H(X) — H(X|Y). 0

Corollary 29 (Independence bound on entropy)
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Consequences of Jensen Inequality VI

Chain rule for entropy (Theorem 17)

n
H(Xl,XQ, ,X) = Z H(X,-]X,-_l,...,Xl) S H(X,) ( S from Th. 28)
i=1

O

v
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Log sum inequality and its applications |

Theorem 30 (Log sum inequality)

ai,...,anp and by, ..., b, nonnegative numbers
n n n
aj Y a;
Y alog 2 > (Y a | log EL2
i=1 bi i=1 i—1 bi

with equality iff 3- = const.

Conventions: Olog0 =0, alog§ = oo if a > 0 and Olog% =0 (by
continuity)
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Log sum inequality and its applications |l

Assume w.l.o.g. a; > 0, b; > 0. Since f(t) = tlogt is convex for t > 0,
by Jensen ineq.

Zt)éif(t,') >f (Z“iti) . o> O,ZDC,' =1.

b; a;
Setti = ——and t; = —, btai
etting «; T and t; b we obtain

a, a;
ZZbI > Z—blo Tb'

the desired inequality. [

Homework. Prove Theorem 24 using log sum inequality.
Using log sum inequality it is easy to prove convexity and concavity results
for relative entropy, entropy and mutual information. See [1, Section 2.7].
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Data-processing inequality |

Definition 31

Random variables X, Y, Z are said to form a Markov chain in that order
(denoted by X — Y — Z) if the conditional distribution of Z depends
only on Y and is conditionally independent of X. Specifically, X, Y, and
Z form a Markov chain X — Y — Z if the joint probability mass function
can be written as

p(x,y,z) = p(x)p(y|x)p(zly). (32)

v

Consequences:

e X — Y — Ziff X and Z are conditionally independent given Y (i.e.
p(x, zly) = p(x|y)p(z|y). Markovity implies conditional
independence because

p(x.y.z) _ p(x.y)p(zly)

p(x. zly) = PO = p(xly)p(zly).  (33)
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Data-processing inequality Il

e X—Y—272—7—Y — X, sometimes written as
X «— Y «— Z. (reversibility)

o lfZ=1f(Y), then X - Y — Z

We will prove that no processing of Y, deterministic or random, can
increase the information that Y contains about X.

Theorem 32 (Data-processing inequality)

FX — Y — Z, then I(X;Y) > I(X; 2).
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Data-processing inequality IlI

By chain rule (20), we expand mutual information in two different ways:

I(X,Y,2) = 1(X; Z) + 1(X; Y|Z) (34)
= 1(X; )+ 1(X; Z]Y). (35)
X, Z conditionally independent = /(X; Z|Y') = 0; since I(X;Y|Z) >0

we have
1(X;Y) > 1(X; Z).

We have equality iff /(X; Y|Z) =0, that is X — Z — Y forms a Markov
chain. Similarly, one can prove that I(Y;Z) > I(X; Z). O

v

In particular, if Z = g(Y), we have I(X;Y) > 1(X; g(Y)).
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Data-processing inequality 1V

X — Y — g(Y) forms a Markov chain. O

Functions of the data Y cannot increase the information about X.

Corollary 34
IFX — Y — Z, then I(X; Y|Z) < I(X;Y).

In (34), (35) we have /(X; Z|Y) (by Markovity) and /(X;Z) > 0. Thus

I(X;Y|Z) < I(X;Y). (36)

O
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Data-processing inequality V

If X,Y,Z do not form a Markov chain it is possible that

I(X;Y|Z) > I(X;Y). For example, if X and Y are independent fair
binary RVs and Z = X + Y, then /(X;Y) =0,

I(X;Y|Z) =H(X|Z)—H(X|Y,Z) = H(X|Z). But,

H(X|Z) = P(Z =1)H(X|Z =1) = } bit.
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Sufficient statistics |

@ We apply data-processing inequality in statistics
o {fy(x)} family of pmfs, X ~ fy(x), T(X) statistics
e 0 — X — T(X); data-processing inequality (Theorem 32) implies

1(0; T(X)) < 1(6; X) (37)

with equality when no information is lost.

o A statistic T(X) is called sufficient for 6 if it contains all the
information in X about 6.
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Sufficient statistics Il

Definition 35

A function T(X) is said to be a sufficient statistic relative to the family
{fa(x)} if X is independent of 6 given T(X) for any distribution on 6 (i.e.
6 — X — T(X) forms a Markov chain).

The definition is equivalent to the condition of equality in data-processing

inequality
1(6; T(X)) =1(6; X) (38)

for all distributions on 0. Hence sufficient statistics preserve mutual
information and conversely.
Examples(sufficient statistics)
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Sufficient statistics Il

Q@ Xy, Xo, ..., Xu, X; € {0,1}, a sequence of i.i.d. Bernoullian variables
with parameter @ = P(X; = 1). Given n, the number of 1's is a
sufficient statistics for 6

n
T(X, .. Xa) = Y X
i=1
Q If X ~ N(0,1), that is
1 _ee?
fé(X) . _( 29)

and X1, Xa, ..., X is a sample of i.i.d. N(6,1) RVs, then

X, = %Z,’-’:l X; is a sufficient statistic.

@ fy(x) pdf for U(0,0 + 1) - a sufficient statistic for 6 is

T(X1,....Xp) = (min{X;}, max{X;}).
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Sufficient statistics 1V

Definition 36

A statistic T(X) is a minimal sufficient statistic relative to {fp(x)} if it is
a function of every other sufficient statistic U,

0 — T(X)— UX)— X.

Hence, a minimal sufficient statistic maximally compresses the information
about 6 in the sample.
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Fano's inequality |

@ Suppose we wish to estimate X ~ p(x)

@ We observe Y related to X by the conditional distribution p(y|x).
From Y we calculate g(Y) = X; X is an estimate of X over the
alphabet X.

@ X — Y — X forms a Markov chain

@ Define the probability of error

P.=P{X #x}.
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Fano's inequality [l

Theorem 37

For any estimator X such that X — Y — X, with Po = P {)A( = X}

H(P.) + Pelog |X| > H <x|>?) > H(X|Y). (39)

This inequality can be weakened to

1+ P, log|X| > H(X|Y) (40)
o HIX|Y) — 1
B, > ) 2 41
€= log | X (41)
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Fano's inequality 1ll

For the first part we define the RV
g 1 ff X # X,
Lo ifX=X
We expand H(E, X|X) in two ways using the chain rule
H(E, X|X) = H(X|X) + H(E|X, X) (42)
=0
= H(E|X) + H(EIX, X). (43)
—_——r ~—

<H(P.) <Pelog |X|
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Fano's inequality IV

e Since E is a function of X and X, H(E]X,X) = 0.

o H(E|X) < H(E) = H(P,) (conditioning reduce entropy)
o Since for E=0, X = X and for E = 1 entropy is less than the

number of possible outcomes

H(E|X,X) = P(E =0)H(X|X,E =0) + P(E =1)H(X|X,E =1)

<(1—P.) -0+ P.log|X|

Proof - continuation.

(44)
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Fano's inequality -continuation |

Proof - continuation.
Combining these results, we obtain

H(Pe)+Pe|0g|X| > H(X|)?)

X =Y —L)? Markov chain ~
— I(X; X) < I(X;Y) = H(X|X) > H(X|Y).
Finally,

H(P.) + Pelog | X| > H <X|>?) > H(X|Y).
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Fano's inequality - consequences |

If we set X = Y in Fano's inequality, we obtain

Corollary 38
For any two RVs X and Y, let p= P (X # Y). Then

H(p) + plog|X| > H(X|Y). (45)

If the estimator g(Y) takes values in X', we can replace log |X'| by
log (X —1).

Corollary 39
Let P, = P(X # X), and let X : Y — X then

H(Pe) + Pelog (|X| —1) > H(X|Y).
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Fano's inequality - consequences I

Like the proof of Theorem 37, excepting that in (44), the range of possible
X outcomes has the cardinal |X'| — 1. O

Remark. Suppose there is no knowledge of Y. Thus, X must be guessed
without any information. Let X € {1,2,...,m} and p1 > pp > -+ > ppm.
Then the best guess of X is X =1 and the resulting probability error is
P. =1 — p1. Fano's inequality becomes

H(P.) + P.log(m—1) > H(X).

The pmf

Pe Pe
=(1-P
(p11p21 1pm) ( (=X m—l’ 1m_1>

achieves this bound with equality: Fano's inequality is sharp!
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Fano's inequality - consequences Il

Next results relates probability of error and entropy. Let X and X’ be i.i.d.
RVs with entropy H(X).

P(X =X =Y p(x).

Lemma 40

If X and X" are i.i.d. RVs with entropy H(X),

P(X =X')>2H), (46)

with equality iff X has uniform distribution.
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Fano's inequality - consequences |V

Suppose X ~ p(x); Jensen implies

oE(logp(X)) < E <2Iog P(X))

o—H(X) — oL p(x)logp(x <Zp 2|0gp Zp

D)
Corollary 41

Let X"p(x), X" ~ r(x), independent RVs over X. Then

Radu Trimbitas (UBB) Entropy, Relative Entropy, and Mutual Inform October 2012 64 / 66



Fano's inequality - consequences V

o—H(p)=D(pllr) — oL P(x)log p(x)+Lp(x)log ;]
_ oEp(x)logr(x)

From Jensen and convexity of f(y) = 2¥ it follows

2=H(P)=D(plr) < Y p(x) 2log r(x)
— Y p(x)r(x) = P(X = X).
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