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What is a Monte Carlo Method? Methods
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What is Monte Carlo
Method?

» In a Monte-Carlo method, the desired answer is
formulated as a quantity in a stochastic model and
estimated by random sampling of the model.

» Applications

» computing integrals
» optimization
> counting
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Two basic principles Methods
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» There is an important difference between

» Monte Carlo methods, which estimate quantities by
random sampling, and

» pseudo-Monte Carlo methods, which use samples that Two basic principles
are more systematically chosen.

» In some sense, all practical computational methods are
pseudo-Monte Carlo, since random number generators
implemented on machines are generally not truly
random. So the distinction between the methods is a
bit fuzzy. But we'll use the term Monte Carlo for
samples that are generated using pseudorandom
numbers generated by a computer program

» Monte Carlo methods are (at least in some sense)
methods of last resort. They are generally quite
expensive and only applied to problems that are too
difficult to handle by deterministic (non-stochastic)
methods.
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» Suppose we are asked to estimate the value

1 1
/:/0 /0 f(Xl,...,X10)p(X1,...,X10)dX1...dX10

= f X X dx A motivating example
[ £l

» Notation

> X = [Xl ..... XlO]-

» O =[0,1] x --- x [0, 1] is the region of integration, the
unit hypercube in R19. It can actually be any region,
but this will do fine as an example.

» Usually p(x) is a constant, equal to 1 divided by the
volume of (), but we'll use more general functions p
later.



A motivating example |l

» We just need p(x) to be a probability density function,
so it should be nonnegative with

/Qp(x)dx =1

» How might we approach the problem of computing /7
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» Fit a polynomial (or your favorite type of function) to -

f(x)p(x) using sample values of the function, and then
integrate the polynomial analytically.

For example, a polynomial of degree 2 in each variable
would have terms of the form

bbbl

A motivating example

where the number in each box is 0, 1, or 2. So it has
310 = 59, 049 coefficients, and we would need 59,049
function values to determine these.

But recall from NA Course that usually you need to
divide the region into small boxes so that a polynomial
is a good approximation within each box.

If we divide the interval [0, 1] into 5 pieces, we make
510 hoxes, with 59,049 function evaluations in each, in
total 510 - 310 = 576 650 390 625!

Clearly, this method is expensive!
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Option 2: product rules Methods
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» Some functions f(x)p(x) can be well approximated by a
separable function

f(X)p(X) =~ fi (Xl)fQ (Xz) R ﬂo(Xlo) A motivating example

> In that case we can approximate our integral by

1 1
/%/0 fl(Xl)dxl.../O ﬂo(Xlo)dxlo

> If this works, it is great, but we aren’t often that lucky.
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Option 3: Use your favorite 1-d method Methods
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> If we have a function quad that integrates functions of
a single variable, then we can use quad to compute

/Olg(xl)dxl

A motivating example

where

1 1
g(z):/o /0 f(z,...,x1w0)p(z, ..., x10)dx2...dxio

as long as we can evaluate g(z)!
» But g(z) is just an integration, so we can evaluate it
using quad, too!

> We end up with 10 nested calls to quad. Again, this is
very expensivel



How to Use Nested Quadrature in MATLAB i
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Example
Suppose that we want to compute the volume of a half
sphere with radius 1.

1 py/1—y2
/:/ / V1= x2— y2dxd
0 J—y/1-y2 Y Y

We can accomplish this with nested calls to MATLAB's
function quad using the following function definitions
nestedintegration.html

A motivating example


nestedintegration.html
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» We need another option! The methods we have
discussed are either too expensive or very
special-purpose.

A motivating example
> If the function has many variables and is not
well-approximated by a separable function, we need a

method of last resort: Monte Carlo integration.



Idea

Generate n points {z(1)} that are randomly distributed
with probability density function p

For our example integration problem, if p(x) is
constant, this requires generating 10n random numbers,
uniformly distributed in [0, 1].

Then
12 -
Hn = — (Z(I))
ni=
is an approximation to the mean value of f in the
region (an absolute correct estimator), and therefore

the value of the integral is

| =~ }ln/op<x)dxl ...dX10 = Un

Monte Carlo
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Idea
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» The expected value of this estimate is the true value of
the integral; very nice!
> In fact, for large n, the estimates have a distribution of
o/+/n times a normal distribution (with mean 0,
variance 1), where
5 Error estimate
o? :/ (f(x) = 1) p(x)dx
Q

where () is the domain of the integral we are estimating
and

/Q f(x)p(x)dx =1

Note that the variance is a constant independent of the
dimension d of the integration!
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» Estimation of
/ V0.8 — x2dx

by testing whether points in unit square are inside or
outside this region. challengel.html
MonteCarlold.html

> Note that the error, multiplied by the square root of the
number of points, is approximately constant.

Example

» The expected value of our estimate is equal to the value
we are looking for.

» There is a non-zero variance to our estimate; we aren't
likely to get the exact value of the integral. But most of
the time, the value will be close, if n is big enough.

» |f we could reduce the variance of our estimate, then we
could get by with a smaller n: less work!


challenge1.html
MonteCarlo1d.html
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Variance-reduction methods | Methods
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» Suppose that we want to estimate

| = /Qf(x)dx

where () is a region in IR” with volume equal to one.
» Method 1: Our Monte Carlo estimate of this integral

involves taking uniformly distributed samples from ()
and taking the average value of f(x) at these samples.

Variance-reduction

» Method 2: Let's choose a function p(x) satisfying methods
p(x) > 0 for all x € O, normalized so that

/Qp(x)dx =1

_ [ f¥)
I—/Qp(x)p(x)dx

Then
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» We can get a Monte Carlo estimate of this integral by
taking samples from the distribution with proba(lb)ility
f(x at

density p(x) and taking the average value of 0

these samples.
» When will Method 2 be better than Method 17

» Recall that the variance of our estimate is proportional

to )
f(x) >
2
o= — 1) p(x)dx Variance reduction
/() <p(x> ( ) methods

so if we chose p so that f(x)/p(x) is close to constant,
then is close to zero!

» Note that this requires that f(x) should be close to
having a constant sign.

> Intuitively, why does importance sampling work?
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> In regions where f(x) is big, p(x) will also be big, so
there is a high probability that we will sample from
these regions.
> In regions where f(x) is small, the p(x) will also be
small, so we won't waste time sampling from regions
that don't contribute much to the integral. et
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Algorithm - MC by Importance Sampling Methods

» The big question: how to get a good choice for p(x)? e T Trimbias

» Requirement f(x) > 0

» Take a “few” samples of f(x), and let p(x) be an
approximation to f(x) constructed from these samples.
(For example, p(x) might be a piecewise constant
approximation.)

> Let p(x) = p(x)/ I, where

lp:/ﬂﬁ(x)dx

» Generate points z(i/) € O, i = 1,..., n, distributed At
according to probability density function p(x).
» Then the average value of f/p in the region Q) is
approximated by
10 f (Z(I))

n:—

ni= p (1)

~ |
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Monte Carlo Integration by Importance Sampling

V08
/ V0.8 — x2dx
0

challenge3.html

Example


challenge3.html

Monte Carlo

Summary of importance sampling Methods
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» Importance sampling is very good for decreasing the
variance of the Monte Carlo estimates.

> In order to use it effectively,

» we need to be able to choose p(x) appropriately.
» we need to be able to sample efficiently from the
distribution with density p(x).

Example
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Example
Compute

/01 (/1 ( /j cosxy eXP(Z)dZ> dy) dx

See a rough variant of MATLAB code intcomplexl.html

Example

For the object given by xyz < 1 and —5 < x <5,

—5 <y <5, -5 <z <5, (see Figure 1) compute the
volume and the mass

.Y, z)dxdyd
///\/OLUMEP(XyZ) e

0.5z

Example

where p(x,y,z) = e


intcomplex1.html

Figure: A region whose mass and volume will be computed using

Monte Carlo method
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Quasi-Random Numbers | Methods
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> In general, simulation might require that the numbers
be as independent of each other as possible, but in
Monte Carlo integration, it is most important that the
proportion of points in any region be proportional to the
volume of that region.

» correlated points - quasi-random numbers

> van der Corput sequence generates the kth coordinate
of the pth quasi-random number w, in a very simple
way.
> Let by be the kth prime number, so, for example,
by =2, by =3, and bs = 11 Numbers "
» Write out the base-by representation of p

p= Za,-bL
1
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» Set the coordinate to
_ —i—1
= b
1

» You might think that a regular mesh of points also has
a uniform covering property, but it is easy to see (by
drawing the picture) that large boxes are left with no
samples at all if we choose a mesh.

» The van der Corput sequence, however, gives a
sequence that rather uniformly covers the unit
hypercube with samples, as we demonstrate Rurbars
experimentally. quasirand.pdfchallenge4.html


quasirand.pdf
challenge4.html

Quasi Monte-Carlo Methods R
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> How effective are quasi-random points in approximating
integrals?

» For random points, the expected value of the error is
proportional to n~1/2 times the square root of the
variance in f; for quasi-random points, the error is
proportional to V/[f](logn)?n~", where V[f] is a
measure of the variation of f , evaluated by integrating
the absolute value of the dth partial derivative of f with
respect to each of its variables, and adding on a
boundary term.

» Therefore, if d is not too big and f is not too wild, then
the result of Monte Carlo integration using Wetnods ™ €1
quasi-random points probably has smaller error than
using pseudorandom points. challenge5.html


challenge5.html

Monte Carlo

Summary Methods
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» Monte Carlo methods are methods of last resort, used
when standard methods fail or when analysis is
inadequate.

» Success depends on the pseudorandom number
generator having appropriate properties.

» These methods are used in integration, minimization,
simulation, and counting.

Summary
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