COURSE 7
Korovkin theorems. Modulus of continuity

Remark 1 The second Korovkin theorem is regarding the space Co.,

of 2mw-periodical real and continuous functions. It is considered the

norm || f|| := sup |f(x)|, with E, for example, chosen as [—m,w]. Notice
xel

that forVf € Co,, f(—m) = f(xr). The test functions are ey, sin, cos.

Theorem 2 (The second Korovkin Theorem) Let (Lm),,eN b€ a se-
quence of linear and positive operators Ly, : Cor — Con. If (Lmfi)meN
converges uniformly to f;, + € {1,2,3}, where f1 = eg, fo = sin,
fa = cos then for any f € Cor, (Lmf)meNn converges uniformly to

f.



Korovkin closure

Let £ # () be a compact topological space and 7 a subset of C(F). If
the constant function 1 is in 7, then the set 7 is called a test set.

A sequence (Ly),>1 Of linear and positive operators, Ly : C(E) — C(E),
is called a T-admissible sequence if the sequence (Lng),>1 converges
uniformly to g in E for all g €T, i.e., nli_)moo |Lng —gl| =0, (V) geT.
A function f € C(F) is called Korovkin function with respect to T if the
sequence (Lnf),>1 converges uniformly to f on E for all the sequences
of linear and positive operator (Ly),>1 that are T-admissible.

The Korovkin closure of the test set 7, denoted by Kor(7), is the
set of all Korovkin functions f € C(FE), with respect to T.



So, Popoviciu-Bohman-Korovkin theorems state that

Kor({eg,e1,e2}) = C([a,b]), Kor({eg,sin,cos}) = Co:.
Let X,Y be normed linear spaces. We define
L(X,Y):={A: X = Y] A linear and continuous}.
Remark 3 We have £*(X,Y) < L(X,Y) <YX.

Definition 4 Let X,Y be normed vectorial spaces. The operator A -
X — Y is called Lipschitz-operator if there exists L > 0 such that

|Aflly < Ll fllx, (V) feX. (1)

Theorem 5 Let X,Y be normed spaces and A € L(X,Y). A is con-
tinuous iff A is a Lipschitz-operator.

Lemma 6 Let Ae L*(X,Y). The set
Lo ={L=0[[Aflly <Ll fllx, feX}



admits a minimum.

Proof. Let f e X, f # 0. If L € L4 arbitrary fixed, then ||Af|ly
Lllflx whence |IfII5 IAflly < L. SollflxtIAflly <infLy < [|Af]ly
infLa-||fllx,soinfLge L4 If inf is in the set it follows that inf L4 =
minL,y. B

| IA A

Definition 7 Let A € £L*(X,Y ). The smallest number L that satisfies
relation (1) is called the norm of the operator A, denoted by ||A]l.

Therefore, there is the relation

[Aflly < [[ANIIF Il x-



MODULUS OF CONTINUITY
Definition 8 Let f € Cg(I), I being an interval. The application
wyr:[0,00) = R,

wp(8) == sup{|f(@)) — fF@@")|: o2’ €1, |o —a| <8} (2)

is called the modulus of continuity of f.
Remark 9 (i) For wy is also used notation w(f;-).

(ii) Definition (2) can be written as

wr(6) :=sup{|f(z+h) = f(z)|: z,z+hel, 0<h<4}.

(iii) Let I = [a,b] and L :=b—a. For (V) 6 > L, wg(d) has the same
value, w¢(6) = diam(Im f).

Theorem 10 (Properties of the modulus of continuity) Let f €
Cp(I). wy has the following properties:



1° wy >0, 2° wf(O) = 0, 3° wy is ascending

4° wy is subadditive 5° wy is uniform continuous

6° (V) 620, (V) n €N, wy(nb) < nwy(s),

7° (V) 620, (V) A>0, we(Ad) < (A+ 1)wy(6),

8° (V) 6>0, [f(y) — (@) < (1 + 672y — 2)*)ws(4).

9° (V) f1,f2 € Cp(I), w(f1f2;0) < |l f1llw(f2:9) + | f2llw(f1; ).

10° If

Lipyo:=A{f I = R] (V) 1,20 € I,|f(z1) — f(22)| < M|z — 22|}

IS the class of functions that satisfy Lipschitz condition on I, of expo-
nent o (0 < o < 1) and coefficient M > 0, then

felippya & wp(d) < M.



Proof. 1° It is obvious by definition (2).

2° We have
wr(0) = /Su”DI f(@") — f(a")] = sup IIf(fL") — f@")| = 0.
x',x"e r=x"&
|2/ —2'1<0

3° Let 0 <471 < o and
Dy = {(',a")| «',2" e I, |2’ —2"| <8}, k=1,2.

We have D1 C Dy. Let D := Dy \ D1. AS sup = sup > sup we get
D» DiUD D1

ws(d2) > we(d1), SO wy is ascending.
7(02) 2 wy(d i

4° Let 61 > 0, o > O be arbitrary given and z/,z” € I such that
|z’ — 2”'| < 61 4+ d>. Let z be between z’ and z” such that |z — 2| = §4
and |z” — z| < 5, we may write

f (@) = FE@D] < [f @) = F@)] + [f(z) = f(@")] < wp(01) + wp(d2).

Applying sup  , we get wg(d1 +92) <wr(d1) +wr(d2).
|2/ —2"| <1462



5° Let ¢ > 0 be given. We show that (3)é > 0 such that (V) u >
0, (V) v>0, with |u—v| <4§ it follows |w¢(u) —wr(v)| <e.

As f € Cg(I) we have tlirr(l)wf(t) = 0 = ws(0), i.e., wy is continuous at
_>
zero. For given € we have

(3) 6 >0, (V) te[0,6], |wr(t)] <e. (3)
On the other hand, by monotony and subadditivity we have
O Swgp(ty +1t2) —wp(ty) Swe(tz), (V) t1 >0, to > 0. (4)
We choose u =t1 +to, v =11 SO to =u—v >0 and by (4) we get
jwp(u) —wr()| <ws(Jlu—v|), u>0, v>0. (5)

We choose u, v such that |[u—v| < 4, with § fixed by (3). By (5) and (3),
knowing that wy is ascending, it follows |w¢(u) —ws(v)]| < ws(Ju —v]) <
wf(é) < €.

6° We prove using induction. For n = 1 it is obvious. We suppose
wr(nd) < nwe(d) for n > 1 fixed. By the subadditivity, it follows

wi((n +1)8) = wp(nd + 8) < wy(nd) + wp(5)



<nwp(d) +wr(d) = (n+ 1)ws(d).
7° We have XA < [A\]4+1 < X+1, using properties 3°, 6° (forn=[\]+1)
and 1°, we may write
wp(Ad) Swp(([A]+ 1)) < ([Al 4+ Dwyp(6) < (A4 1ws(6).
8° Let 6 > 0. [f(x) — f(y| < sup  [f(uw) = f(0)| = we(|lz —y|). If

u,vel
[u—v|<[z—y|

|z — y| < d, by monotony of function w; we have

wi(jz —y]) <wp(8) < (14 62(z — y)Dws(6).
If |z —y| > 6 then we apply 7° for X := 61|z —y| and having A < A2 we
get
wr(lz —y)) = wp(6 |z —yl6) < (A 46z — yDws(5)
< (14 62z — y)?)wy(d).
O° Using the identity

(fifo)(x 4+ h) = (f1f2)(x)
= fi(z + h)(fo(z + h) — fo(x)) + folz)(fi(z + h) — f1(z)),



with z,x +h e I, for 0 < h < we get

|(f1f2)(x+ h) — (f1f2)(@)| < [fi(z + h)|[fo(z + k) — fo(z)|
fo(@)||fi(x 4+ h) — f1(z)]
| f1llw(f2; 6) 4+ || follw(f1;6),

using Remark 9. Applying sup we get
0<h<d

w(f1f2:0) < ||f1llw(f2;90) + || f2llw(f1;9).

IN + IN

10° We have

Lipyra:={f: I = R| (V) 1,20 € I,|f(x1) — f(z2)| < M|z — 25|},
M > 0,a > 0.

If f satisfies Lipschitz condition of exponent a and coefficient M on I,
f is uniformly continuous on 1.

For a > 1, f € Lipyya implies that f is constant on I (it is proved that
f!is zero on I). (That's why the study of this class is interesting for
a<l.)



Let f € Lippya. We choose arbitrary x1,x5 in I such that |z1 — x| < 6.
We have |f(x1) — f(z2)| < M|z — zo|® < M§® and applying sup we

u,vel
lu—v|<6

get wf(é) < Méo«.

Reciprocally, let we(d) < MJ*. Let x1 # xo arbitrary chosen in I and
0 = |x1 — x| > 0. We have
|f(x1) — f(z2)] < sup |f(u) — f(v)

u,vel
lu—v|<é

=wr(d) < Mé® = M|zq — x|
so f € Lipya. N
Definition 11 An application Q2 : [0,00) — R with properties 2(0) =

0, €2 is ascending, subadditive and continuous is called modulus of
continuity.

Remark 12 This definition is justified by the fact that any function,
having these properties, is its own modulus of continuity:

Q(8) = wa(d), (V) § > 0.



Proof. By Remark 9 we have wq(d) = sup |Q2(x+ h) — Q(x)].
x>0
0<h<d

By monotony and subadditivity we have
0 < Q(z+h) — Q) <Q(h) < Q2(6)
SO wa(d) < Q(9).

On the other hand,

Q(5) =Q2(0+0) —Q(0) <
<sup{|QQxz+h) —Q(x)|: x>0, 0<h <o} =wn()).

Having some extra hypothesis about f, the computation of W becomes
easier .



Theorem 13 Let f € C([a,b]) be a convex function on [a,b] and é €

[0,b — a.

(i) If f is ascending on [a,b] then

wy(6) = f(b) — f(b—9).
(ii) If f is descending on [a,b] then

wr(6) = f(a) — f(a+9).

Proof. (i) f being ascending we have

wr(6) =sup{f(x+90) — f(z): z,x+ 9 € [a,b]}
If 6 =0 then ws(§) = 0= f(b) — f(b—9).

If § = b—a then ws(8) = f(b) — f(a) = F(b) — F(b— ).

If 6 € (0,b— a) we will use the following result:

(6)



Lemma [Gh.Siretchi [Prop. 7.1.4., pp. 230]] Let IC R and f:I — R
be a convex function. Then f has finite two-sided derivatives in any
xo € Int(I) and we have

fi(z1) < fi(z1) < fl(xn) < fi(za), (V) 1,20 € Int(I), with z1 < zo,

so the left-hand and the right-hand derivatives, f., fc’i, are ascending .

Here we have I = [a,b] and define H : [a,b— 0] = R, H(x) = f(x+ ) —
f(x). By Lemma we get

Hiy(z) = fi(z +8) — fi(z) >0, (V) z € (a,b— ).

H being ascending on (a,b — §) and continuous on [a,b — é] will be
ascending on [a,b— 6]. So,

fl@t+6)—f(z) =H(x) <HMb-6)=f(b)—f(b-=15), () ze€lab-4]

and taking into account (6) we get

wr(0) = f(b) — f(b—9).



(ii) We define F : [a,b] = R, F(x) = f(b+a—x); f being convex and
descending on [a,b] imply that ca F is convex and ascending on [a, b].
But wp(d) =w¢(d), (V) § €[0,b—al.

By (i) we get
wy(d) =wp(6) = F() — F(b—-96) = f(a) — fla+3).

Lemma 14 Let f € C([a,b]) concave on [a,b] and § € [0,b — a].

(i) If f is descending on [a,b] then

wy(d) = f(b—29) — f(b).
(ii) If f is ascending on [a,b] then

wf(6) = fla+6) — f(a).



Proof. As f is concave on [a,b] it follows that (—f) is convex on [a,b].
We apply Th. 13 to (—f), knowing that w_f=ws. N

Example 15 Compute w(sin;d) and w(cos; ), for 0 <6 < g



