COURSE 4
2.3. Hermite interpolation

Example 1 In the following table there are some data regarding a
moving car. We may estimate the position (and the speed) of the car
when the time ist = 10 using Hermite interpolation.

Time 0 3 5 3 13
Distance 0 225 383 623 993
Speed 75 77 80 T4 72

Let z; € [a,b], K = 0,1,...,m be such that z; # z;, for i # j and let
r. € N, k=0,1,...,m. Consider f : [a,b] — R such that there exist
f(j)(a:k), k=0,1,...m; j=0,1,....,rp, and n=m -+ rg+ ... + rm.

The Hermite interpolation problem (HIP) consists in determining
the polynomial P of the smallest degree for which

P(j)(xk) = f(j>(:13k), k=0,...m;, 7=0,..., 7.



Definition 2 A solution of (HIP) is called Hermite interpolation
polynomial, denoted by Hy,f.

Hermite interpolation polynomial, H,f, satisfies the interpolation
conditions:

(Hnf)D(z}) = fO(2}), k=0,...,m; j=0,..,1
Hermite interpolation polynomial is given by

m Tk _
(Hnf)(@) = > 3 (@) fY9) () € Py, (1)

k=0 ;=0
where hy;(x) denote the Hermite fundamental interpolation poly-
nomials. These fulfills relations:

h(p)(:c,/)—O v*=k, p=20,1,.
h(p)(ask) =4djp, p=0,1,...,7m,, forj=0,1,...,r, and v,k=0,1,...,m,

- S _ )1, g=p
with (5]p—{07 i,



We denote by

m T ()
u(x) = kl;[O(:Ij — x1) 1 and ug(z) = (& —z )it T
We have
'm_(x u Tk J(x_x)ul 1 ](V)
hig @) = = X e (2)

L=

Example 3 Find the Hermite interpolation polynomial for a function
f for which we know f(0) = 1, f/(0) = 2 and f(1) = —3 (equivalent
with xo = 0 multiple node of order 2, x1 = 1 simple node).



Sol. Wehavexg=0,z1=1,m=1,rg=1,r1 =0,n=m-+rg+1r1 =2
1

TL -
(Haf)(@) = 3 3 hpi(a) £ (ay)

k=0 j=0
= hoo(2) f(0) + ho1(x) f(0) + hio(x) f(1).
We have hgg, ho1,h10. These fulfills relations:
h(p)(a:,/)—o v*=k, p=20,1,.
h(p)(:r;k) =iy, p=0,1,..,7, for j=0,1,...,r; and 1,k =0,1,...,m

We have hoo(z) = a122 4+ biz 4+ ¢1 € Ps, with a1,b1,¢1 € R, and the
system

hoo(zg) =1 hoo(0) =1
hho(m0) =0 < { hhy(0) =0
hoo(z1) =0 hoo(1) =0
that becomes
c1 =1
by = O

a1+ b1 +c1 = 0.



Solution is: a3 = —1,by = 0,¢1 = 1 so hgo(z) = —z2 + 1.

We have hgi(z) = asz? + box + co € Po, with as, by, co € R. The system
IS

ho1(xzg) =0 ho1(0) =0
ho1(x1) =0 ho1(1) =0
and we get hgi(z) = —22 + =.

We have hig(z) = azz? + bzz + c3 € Py, with az, b3, c3 € R. The system
IS

h1o(xzg) =0 h10(0) =0
W, o(z0) =0 < { ki, (0) =0
hio(z1) =1 h10(1) =1

and we get hig(z) = 22

The Hermite polynomial is

(Hof)(z) = —2° 4+ 1 — 22° 4+ 22 — 32° = —62° + 2z + 1.



The Hermite interpolation formula is

J = Hnf + Rnf,
where R, f denotes the remainder term (the error).

Theorem 4 If f € C"[a, 8] and () s derivable on (a, ), with a =
min{z, zq, ..., zm} and 8 = max{z, xq, ..., xm}, then there exists £ € («, B)
such that

u(x)
(n+ 1)!

(Ruf)(z) = e, (3)

Proof. Consider

u@  (Baf)E)
FEO=1 @) (Baf)@) |

F € C"[a, 8] and there exists F("t1) on (a,B).

We have
F(z) =0, FU(z,)=0, &

O,...m; 7=0,.., 7



because

m .
u(@) = [] (@ —2p)" ! =P (2p) =0, j=0,...,1y
k=0
and

(R )9 (z1) = £9 (xp) — (Hnf) 9 () = £ (@) — F9)(21) = 0.

So, F and its derivatives have n 4+ 2 distinct zeros in («,8). Applying
successively Rolle’'s theorem it follows that F’ has at least n + 1 zeros
in (o, 8) = ... = F(™t1) has at least one zero ¢ € (o, B), F(ntT1)(¢) = 0.

We have

(n+1) (n+1)
(D) () = | BTG (Baf) D ()
PO T @ ]

with u(z) = I (z — z)"*+! € Popy = utD(2) = (n + 1)1, and
k=0
(R )T (2) = D) — (Hof)TD(2) = fFD(2) (as, Huf €



Pn). We get

(n+1)! ftDE© | _

FRO=1w e |70

whence it follows (3). H®

Corolar 5 If f € C"T1[a,b] then

[u(z)] n
(Enp)@) < =5 7], @ et

where |||, denotes the uniform norm (||f||, = m[a>l<)] 1f(x)]).
re|a,

Remark 6 In case of m = 0, i.e., n = rg, (HIP) becomes Taylor
interpolation problem. Taylor interpolation polynomial is

(@) = Y IO O o).

7=0

Example 7 Find the Hermite interpolation formula for the function
f(x) = xze® for which we know f(—1) = —0.3679, f(0) =0, f/(0) = 1,



f(1) = 2.7183, (equivalent with zo = —1 simple, ©r1 = 0 multiple
of order 2 and x> = 1 simple). Which is the limit of the error for
approximating f(3)7



