1.3 Hermite Interpolation

Consider the following situation: For a moving object, we know the distances traveled dy, dy, . . .,
d,, at times tg, t1,...,t,, and we want a polynomial approximation of the distance function d =
d(t) on the entire interval containing the points ?, .. ., t,,. Obviously, this is a Lagrange interpola-
tion problem and we already know how to find the interpolation polynomial.

Now, assume that, in addition, we also know the values of the velocities v; of the object at some
of the times ¢;,7 = 0, m. We would expect that this additional information helps us find an even
better approximation of the function d. However, from what we know about Lagrange interpolation,
there is no way to include this data into our approximation. Since the velocity is the derivative
with respect to time of the distance traveled, this means that we also have information about the
derivatives of the function we want to interpolate. Maybe, at some of those times the accelerations
are also known, in addition to the velocities. That means we have even more information, the values
of the second derivatives of the function, at some nodes. This is a Hermite interpolation problem.
The ideas and computational formulas are similar to the ones we used to determine the Lagrange

interpolation polynomial.

1.3.1 Interpolation with double nodes

For a variety of applications, as the one described above, it is convenient to consider polynomials
P(z) that interpolate a function f(z) and in addition have the derivative polynomial P’(x) also
interpolate the derivative function f'(x).

Hermite interpolation problem with double nodes. Given m + 1 distinct nodes z;,7 = 0, m
and the values f(x;), f'(z;) of an unknown function f and its derivative, find a polynomial P(z) of

minimum degree, satisfying the interpolation conditions

Pz;) = [f(x),

Since for each node there are two values (of the function and of its derivative) given, we call them
double nodes.

There are 2m + 2 conditions in (I.1)), so we seek a polynomial of degree (at most) n = 2m + 1.
We determine this polynomial in a similar way to the construction of the Lagrange polynomial.



Recall, for Lagrange interpolation, the following notations:

m(x) = (2 —20). . (¢ = Tm1)(& — Tm),
S U P [ I D B ) (12
Z (@i = @o) .. (i — wima) (s — wig) - (2 — ) (2 — @), ()
for: =0,1,...,m. Then, we expressed the Lagrange interpolation polynomial in the form
Linf(z) = Y Lix)f(x).
=0

Theorem 1.1. There is a unique polynomial H, f of degree at most n, satisfying the interpolation
conditions (1.1). This polynomial can be written as

jé[w $z+mﬂ)f®ﬂ, (1.3)

=0
where
, 2
ha(z) = (¢ —z)[L(@)]", i=0,....m
H, f is called the Hermite interpolation polynomial of f at the double nodes xq, x1,...,T,,. The

functions hi(x), hi(z), i = 0, m are called Hermite fundamental (basis) polynomials associated
with these points.

Proof. First we will prove that the polynomial in (I.3)) does satisfy all interpolation conditions (i.e.,
existence), and then we will show that it is the only one to do so (i.e., uniqueness).
The degree of polynomials /; from (1.2)) is m, so the degree of h;g, h;; and H,, f is 2m + 1 = n.

The derivatives of the Hermite fundamental polynomials are

Ho(z) = —20(x) (Li(2))” + 2[1 — 20(x:) (x — )] L) li(2),
W) = (Li(@) + 20 — 2)l(x)l(2).

Notice that [;(x), ¢ = 0, m are the Lagrange fundamental polynomials, thus,

0, 1#]



Then,

hio(l‘j) = O, ] 7é Z',
hil(xj) = 0, j#1,
)

h;O(xj) = 07 ] 7£ i7

) = =2li(x) +2li(x;) = 0,
h;1<1’j) - 07 .] 7£ i7

) = 140 = 1.

It follows that
(Haf)ww) = 3 [hoolan) f(@i) + ha(a) £ @)] = Flan),
(HoD)' (@) = D Hio(a)f (@) + Wy (@) f )] = f(wn), k=00,

hence, the polynomial H,, f given in (1.3) satisfies the interpolation conditions (I.1)).
To prove uniqueness, assume there exists another polynomial G,, (of degree at most n = 2m+1)
satisfying relations (1.1)) and consider

Then @), is also a polynomial of degree at most n = 2m + 1. From the interpolation conditions, it
follows that

Qn(z;)) = Hp(zy) — Gulxy) = f(z) — f(zy) = 0,i=0,...,m,
Q. (r;) = H (r;)— G (x;) = f(z)— f(x;) =0,i=0,...,m.

So, @), a polynomial of degree at most 2m + 1, has m + 1 double roots. By the Fundamental
Theorem of Algebra, (),, must be identically zero, thus proving the uniqueness of H,,.
]



Example 1.2. One of the most widely used form of Hermite interpolation is the cubic Hermite

polynomial, which solves the interpolation problem with two double nodes a < b,

P(a) = f(a), P(b) = f(b),
P'(a) = ['(a), P'(b) = f(b). (L.5)

Solution. First of all, let us compute the degree. The degree of the polynomial is [2*(number of
nodes) —1], so, in this case,
n=2-2—-1=3.

Letting xo = a, 1 = b, with our previous notations and formulas, we have

hi(r) = (z—a)(z D),

xr—0b 1
_x—a B 1
W) = T2 h) = s

The Hermite fundamental polynomials are given by

o) = (1~ 2te)e — ) (oto))* = [1422=2] =2

ho(z) = (1—=20(0)(x —b))(lL(2))” = [sz—x] {x—a}27

b—a||b—a
ho(z) = (2= a)(lo())” = - _(ba)_(l;)_z 2
hle) = (@ =B (1) = ~EE

So the cubic Hermite polynomial is

Hyf(z) = {1+2§:Z] Bizr-f(a) + [1+2Z:ﬂ [::ZT-ﬂz;)

w-ab-2 , . @-aib-n)
b ) = S )




1.3.2 Newton’s divided differences form

Just as in the case of Lagrange interpolation, Newton’s divided differences provide a more easily
computable form of the Hermite interpolation polynomial.
Consider 2m + 2 distinct nodes zy, 21, - - - , 22m, 22m+1 and the Newton polynomial interpolating

a function f at these nodes.
Nomy1(z) = f(20) + flzo, 21](@ = 20) + -+ flz0, ..., 22mp1] (@ — 20) - .. (z — 22m),
with the error given by
Ropii(x) = f(2) = Noma(z) = flz, 20, ., 22mia1](x — 20) - . . (& — 22m41).
We take the limits in the two relations above
20,21 = Loy, 22,23 —> T, -y 2245 22i41 —> Tiy - Z2ms Zomt1l — Tim-

Denoting by n = 2m + 1, we get

No(x) = f(xo) + flwo, zo](x — z0) + flwo, z0, T1)(x — m0)?
+  flwo, w0, 21, 1) (2 — 20)* (T — 1) + . .. (1.6)
+ flwo, 0, ., Ty T (2 — 20)2 . (T — Tpe1) 2 (T — )
and for the remainder,
f(x) = Nuo(z) = flo, 20,20, s Tn, Ton) (7 — 30)? ... (7 — 2,) % (1.7)
Proposition 1.3. Let [a,b] C R be the smallest interval containing the distinct nodes xy, . .., Ty,

and f : [a,b] — R be a function of class C*™2[a,b|. Then, for the two polynomials in (1.3) and
(1.6), we have

H,f(x) = N,(z),Vz € [a,b], (1.8)
with the interpolation error
(n+1)
Rua) = flo) = Huf(e) = [onla] L) 6 e an 19)



Proof. By the way it was constructed (in (1.6)), obviously the polynomial V,, has degree at most
n. Then, by the uniqueness of the Hermite interpolation polynomial, it suffices to show that N,
satisfies the interpolation conditions (I.TJ.

From (1.7), it follows that

f(gjz)_Nn($z) = O,i:O,...,m.

Also, by the same relation, we have for the derivatives,

0
fl(x) = N\(2) = (z—20)*...(x— mm)2%f[x, L0, X0y -+ s Loy Ty

m

+ Qf[xa'IOv Zo, - .- 7$m7‘7"m} Z |:(.I’ - ZEZ) H(l’ - $])2:| P
7
hence,
f'(z;) =N} (z;) = 0,i=0,...,m.
Thus,

H,f(z) = N,(x),Vz € [a,b

and the error formula (1.9) follows directly from (1.7) and the mean-value formula for divided
differences.
]

Example 1.4. Let us find the polynomial and the remainder for the Hermite interpolation problem

with two double nodes a < b, from Example (1.2

Solution. We have

Hsf(z) = f(a)+ fla,al(z — a) + fla, a,b](x — a)?
+  fla,a,b,b)(x — a)*(z — b).



The divided differences table for two double nodes is
20 = a f(CL) — f[ava’]:f/(a) — f[a,a,b] — f[CL?aab?b]
v / /!
z1=ua| f(a) —
/!

—
/!

2=>b| f(b) — [flbb]=f(b)
/

Z3 = b f<b>7
where

fla,a,b] = fla,b] — f'(a)

b—a ’

I
_ f[avbvb]_f[a7a7b] _ f’(b)—2f[a,b}—|—f’(a)
fla,a,b,b] = — = (b—a)? .

The interpolation error is given by

f(x) — H3f(x) = (z—a)*(x—b)*f[z,a,a,b,b
(&= )z —b)

; (4)
= g,

with &, belonging to the smallest interval that contains the points a, b and x.

We can find a bound for the error. Considering that on [a, b], the maximum of the function |(z —

a+b b—a)?

a)(x — b)| occurs at the midpoint of the interval, , and that the maximum value is Y

we have

max |f(z) — Hsf(z)| < (b——a)4 max ‘f(4)(t)’
z€[a,b] 3 - 384 te[a,b] .

Example 1.5 (Continuation of Example 1.1 in Lecture 4). Consider the function f : [0.5,5] —

R, f(x) = y/x and the nodes @ = 1,b = 4. Let us compare Lagrange and Hermite approximations.



Solution. For the simple nodes a = 1,b = 4, we have the interpolation conditions

Lif(l) = f(1) = 1,
Lif(4) = f(4) = 2,

satisfied by the Lagrange polynomial of degree 1

1 2

If the nodes are double, the interpolation conditions are

H3f(1) = f(1) =1,

H3f(4) = f(4) = 2,
(Hsf)'(1) = f(1) = 1/(2V1) = 1/2,
(Hsf)'(4) = f'(4) = 1/(2V4) = 1/4.

The divided differences table is

=1f1)=1 — fAQ)=1/2 — f[1,1,4=-1/18 — f[1,1,4,4] =1/108
/! S /!

zn=1| f(l)=1 — f[1,4=1/3 — f[1,4,4]=-1/36
/ /S

=4 f4)=2 — f(4)=1/4
/!

z=4| f(4) =2,

The corresponding cubic Hermite interpolation polynomial is given by

Hyf() = 14 (o —1) = (o =12+ oo — 12 —4),

with derivative

(z—1)+—(-1)[2(z—-4) + (z-1)].
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Check that H; f found above satisfies the interpolation conditions:

H3f(1> = 1= f(l)v

Hyf() = 145229 =2 = f(4)
() (1) = 5 = £,
(Hsf)4) = 5-5+702-9 = 3 = I'4)

The graphs of f and the two interpolation polynomials, Ly, H3, on the interval [0.5, 5], are shown

in Figure[I] The interpolation errors are plotted in Figure 2]

|

1.3.3 General case
Hermite interpolation problem. Given m + 1 distinct nodes z; € [a, b],i = 0, m,

xo, of multiplicity ro + 1,

x1, of multiplicity vy + 1,

x;, of multiplicity r; + 1,

2, of multiplicity r,,, + 1,
and the values fU)(x;), i = 0,1,...,m, j = 0,...,r;, of an unknown function f : [a,b] — R

whose derivatives of order up to r; exist at z;,¢ = 0,m, find a polynomial P(x) of minimum

degree, satisfying the interpolation conditions

POx;) = fO(x;),i=0,m, j=0,r; (1.10)
Above, there are
n+1 % Z(ri—i—l)
=0

conditions, so the polynomial satisfying these relations will have degree at most n.

Theorem 1.6. There is a unique polynomial H, f of degree at most n, satisfying the interpolation
conditions (1.10). This polynomial is called the Hermite interpolation polynomial of the function

10



f, relative to the nodes xq, x1, . .., xT,, and the integers ro, 11, ..., m, and it can be written as

ZZ% ) fD(x; (1.11)

=0 7=0
Remark 1.7.
1. The functions h;;(z), ¢ = 0,m, j = 0, r;, are called Hermite fundamental (basis) polynomials
and they satisfy the relations
(@) = 0, 1#4,j=07r,k=0m,
(k) R (1.12)
h‘ij (ZIZ’I) = 6jk7 715 k= 0,'1"@'.
2. If we denote by
u(z) = @ —a)
i=0
m (1.13)
= L - A
ui(z) = H(w — ;) = (z — )7t
i

then the fundamental polynomials h;;(z) din (1.11) can be written as

() = (as—_xi)j{”z_j(ﬂf—kfﬂk [uzl ](’“) }ui(x), (1.14)

VL (z)

2. A more computable form can be found using Newton divided differences. Re-indexing the nodes

according to their multiplicity,

20 = X0y ---5 Rrg — L0
RZro+1 =  Tly -+ B(rg+l)+r1 — L1,
Zro+1)+(r4+1) = T2 «- oy B(ro+D)+(r1+) 4+ — T2,
Bn—rm = Tmy ooy Bn = T,

the Hermite polynomial can be written in Newton’s form as

Nof(z) = f(z0) + flzo,21)(x — z0) + -+ flz0,- -, 2] (@ — 20) ... (& — 2,—1), (1.15)

11



with interpolation error

R.(z) = f(z)—=Ny(x) = flr,20,..,20)(®x —20) ... (x — 2,)

u(®) L,
- o 1)!]“( D (g,), & € (a,b). (1.16)

Example 1.8. Consider the case of a simple node xy and a double node z;. Find the interpolant for

this data and an expression for the remainder.
Solution. We have the nodes

xo, of multiplicity 7o +1 = 1

xy1, of multiplicity r +1 = 2.
son + 1 =14 2 and the polynomial has degree n = 2.
The divided differences table:

f,(ml) - f[iUOa 331]

L1 — Lo

zo | f(®o) — flxo, 1]
/! /!

x| fle)) —  fl(71)

/!

w1 | f(o1)

Then,

f'(x1) = flwo, 21]

Hyf(x) = f(xo) + flzo, 21](x — x0) + (z = zo)(z — 21)

= flxo) + f@;i : Q%) (x — xo) + —x{/(—xio (x — xo)(x — 1)
flo) = flao) v
(171 _ xO)Q ( 0)( 1)

= hoof (o) + haof (1) + har f'(1)
and the remainder is given by

(x — z0)(x — 21)?

Rof(x) = )

12



with £ belonging to the smallest interval containing x( and ;.

Now, since Hs f has degree 2 (small), we can find it directly: we seek it of the form
Hyf(r) = az®+bx+c
and determine coefficients a, b and ¢ from the interpolation conditions:

Hyf(ro) = f(wo)
Hyf(v1) = f(z1)
(Haf ) (z1) = f'(21)

i.e., from the linear system

ria + xb + ¢ = f(zo)

ria + b + ¢ = f(z) . (1.17)
2z + b = f'(21)
The matrix of this system,
2 oz 1 1 x 2
Vi= | 22 o 1| ~ |1 2 23 |,
27, 1 0 0 1 2z

is called a generalized Vandermonde matrix. 1t is invertible and the elements of its inverse are

precisely the coefficients of the fundamental polynomials hgg, h1p and hq;.

If the node z is double and z; is simple, the corresponding Hermite polynomial and its error

are given by

flxo, v1] — f'(z0)

Haf(x) = f(xo) + f'(wo)(z — o) + 71 — 7o (z — m0)?,
Rof(@) = EZIELEZ0)

Example 1.9. Find a polynomial of minimum degree that interpolates the data f(0), f(1), f'(1) and

f"(1) (so, a simple node and a triple one). Evaluate the error.

13



Solution. We have the nodes

xo = 0, of multiplicity 70 +1 = 1,
x1 = 1, of multiplicity 7 +1 = 3.

Hence, we seek the Hermite polynomial of degree at most
n=1+3-1= 3.
This will be of the form
Hzf(z) = hoo(x)f(0) + hio(x) f(1) + hn(ﬂ?)f/(l) + haa(2) (1)

We compute the divided differences

o[ r0 — rm-r0 — ro -0 — T pay s ra) - s
/ / /
1) O A

L))

Then the interpolant is

Hyf(x) = f(0)+ (F() = £(0))a+ (£(1) = £Q) + £(0) (e = 1)
(P2 w10 - 10)ate -1

= = DP(0) + (e = 3+ 3)1(1) — ale — e —2) /(1) + (e — 120(1),

14



So the fundamental polynomials are

hoo(ﬂf) = —(l‘ — ].)3,

hio(z) = z(2® — 3z +3),

hi(z) = —z(z—1)(z —2),

his(z) = Zax(x—1)3%

with derivatives

hoo(z) = —3(x —1)% hio(z) = —6(z—1),
hio(z) = 3(z—1)% Wo(z) = 6(z —1),
Mo(r) = —(37—62+2), i) = —6(z—1)
Bo@) = S@—1)Br-2), W) — 3z-2

2

Now, we can better understand relations (I.12)), as we can easily see that

hoo(0) = 1 hio(0) = 0 hi(0) = 0 hia(0) = 0
hoo(1) = 0 ho(l) = 1 hu(1) = 0 hia(1) = 0
hop() = 07 | W(1) = 07 | A1) = 17 | hip(1) = 0
hgo(1) = 0 hip(1) = 0 R (1) = 0 hip(1) = 1

Also, it is now very easy to check that Hs f satisfies the interpolation conditions.

Alternatively, we can write the polynomial in the form

Hyf(r) = (= 700+ () = (1) + 572 + (3£(0) — 3£(1) + 37/(1) — (1) )?
b (= 35(0) +371) 27+ 3770) )+ F(0),

For the remainder, we have

— 1) .
Rif() = WD poey - D g e (0)
Now,
uw(z) = z(z—1)7° = 2* — 32 + 322 — 1,

u'(z) = 42° - 927+ 62 —1 = (v —1)*(4a — 1),

15



1
sou(x) < 0on [0, 1] and it has a local minimum at x = T Thus,

(3

27

u(@)| < Ju(1/1)] = -

1
4

Then, we find an error bound as

27
256 - 4! te[01

|Rsf(z)] < ax | F ()] ~ 0.0044 - || f)]].

Special cases

1. If all r; = 0,i = 0,m, all the nodes are simple and we have the Lagrange interpolation

formula.

2. If we consider one single node, z(, of multiplicity n+ 1, the Hermite interpolation polynomial

is reduced to Taylor’s polynomial:

2 = _ s T To (x — x0)? "o
H,f(x) = ?xf_(x))— f(xo) + 1 [ (o) 3 (o) + ... (L18)
+ e (@),
with remainder
Ra(f)a) = S e, (119

3. Consider two nodes, xy = a, of multiplicity m + 1 and x; = b, of multiplicity n + 1.

The Hermite polynomial has degree
m+1)+n+1)—1 =m+n+1.

With the notations from Remark [1.7] we have

u(@) = (z—a)™(z-b)"
u(r) = (z-0b)""
u(r) = (v —a)"th

16



The Hermite polynomial is of the form
Hppininf(2) = Y hoj(2) f9(a) + > hui(x) O (b) (1.20)
j=0 =0

and the fundamental polynomials are given by

hoj(x) = (fl? _ a)j {ni (:E ;!a)k [(x _1b)n+1i| (k)a} (x - b)n+1’

7 k=0 =
z— b)Y [ <2 (z — b)* 1 (k) .
hi(z) = ( i! ) {Z< k!) [(:c—a)m“L:b}(x_a) o
k=0
In Newton’s form (1.15)),
"(a "(a (m) a
i f@) = f@)+ 2@ 0y Ty L g
+ fla,...,a,bl(x —a)™™ + fla,...,a,b,bl(x — a)™ " (x —b)

m+1

m+1
+ ..._|_fa,,,.,a,b,...,b(x—a)m+1(x—b)",
m+1 n+1

with remainder

Ropins1 = flv,a,...,a,b,...,b)(x —a)™(x — b)" ™

m+41 n+1

Fo ) (g,)

i E T T G e (o).
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