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Introduction

The purpose of this course is to present several classes of nonlinear
operators f : X — X and to discuss different properties (existence,
uniqueness, data dependence, various stability properties) of the fixed
point equation

r=f(z),reX

in metric and topological settings. Then, using fixed point approaches and
techniques, existence, uniqueness, data dependence results for different

types of operatorial equations are given.

Adrian Petrusel February 2021
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Chapter 1

Contractive-type operators

and fixed points

1.1 Background in Analysis

Metric spaces

Let (X,d) be a metric space. Recall that a metric d on a
nonempty set X is a functional d : X x X — R, satisfying the following
axioms

(i) d(z,y) =0 if and only if x =y

(ii) d(x,y) = d(y, x) for every z,y € X

(ili) d(z,y) < d(zx, z) + d(z,y), for every z,y,z € X.

In what follows, sometimes we will need to consider infinite-valued
metrics, also called generalized metrics.

Let (X, +,+,R) be a linear space. Then a functional p : X — R
is said to be a norm on X if it satisfies the following axioms

(i) p(z) =0 if and only if x = ©

(ii) p(Az) = |A|p(x), for each x € X and A € Ry
(iii) p(z +y) < p(x) + p(y), for each z,y € X.
Usually we denote p(z) := ||z||, z € X.

1
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The pair (X, || - ||), where X is a nonempty set and || - || is a norm on
it is called a normed space.

It is well-known that each norm induces a metric on X, by the formula
d(z,y) = |lz —yl.

Throughout this course, we denote by P(X) the space of all nonempty
subsets of a nonempty set X. By P.,(X) we will denote the space of all
nonempty compact subsets of X.

If (X, d) is a metric space, o € X and r > 0, then

Ba(zo;7) = {z € X|d(z0,2) < r} and By(zo;7) := {2 € X|d(zo,2) < r}

denote the open, respectively the closed ball of radius R centered in x.
If X is a topological space and Y is a subset of X, then we will denote
by Y the closure and by intY the interior of the set Y.
If X is a normed space and Y is a nonempty subset of X, then coY
respectively coY denote the convex hull, respectively the closed convex
hull of the set Y.

Exercise. Consider on R the functional

d(x,y):{ 2, ifr#y

0, otherwise

Show that d is a metric on R and then determine By(0;2), Bq(0;2)
and By(0;2).

It is well-known that each metric space is a topological space, with
the topology generated by the family of all open balls from X. It is called
the metric topology on X.

Moreover, if (X, d) is a metric space, then d : X x X — R is continuous

in the metric topology. A similar property holds for norms.
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Sequences in metric spaces

Let (X, d) be a metric space. The sequence (z,),en is called:

(i) Cauchy if for each € > 0 there is N. € N* such that for
each n,m > N, m > n we have d(z,,r,) < € (or, equivalently, if
d(zy, Tpyp) — 0 as n,p — 400 independently).

(ii) convergent to z* € X if for each € > 0 there is N, € N* such
that for each n > N, we have d(z,,z*) < e.

Of course, any convergent sequence in X is Cauchy in X.

A metric space (X, d) is called complete if any Cauchy sequence in
X is convergent in X. Any closed subset of a complete metric space is
complete.

A Banach space is a normed space having the property that it is
complete with respect to the metric induced by the norm.

Theorem 9. A wuniformly continuous function maps Cauchy se-
quences into Cauchy sequences.

Proof. Let f : (X,d) — (Y,p) be a uniformly continuous func-
tion. Let (x,) be a Cauchy sequence in X. To see that (f(z,)) is a
Cauchy sequence, let € > 0. Then there is a 6 > 0 such that for every
xz,y € X, d(x,y) < ¢ implies that p(f(x), f(y)) < e. Thus there exists an
N(e) € N such that d(z,,x,) < § for any m,n > N(e). It follows that
p(f(xm), f(x,)) < €. for any m,n > N(e). Hence (f(z,)) is a Cauchy
sequence in Y.

Remark. If f is not uniformly continuous, then the theorem may not
be true. For example, f(z) = 1 is continuous on ]0,c0[ and z,, = * is a
Cauchy sequence in |0, co[ but f(z,) = n is not a Cauchy sequence.

Remark. If d(z,,z,.1) < a, for every n € N, and Zan < o0, then
n>1
the sequence (x,,) is Cauchy.
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Examples of complete metric spaces
1) (R",d) is a complete metric space with each of the following

functionals

dy(2,y) = Z |z — yil
=1

do(z,y) == ie{rlnzaf? ) |z; — yi|.

2) (C([a,b],R™),d) is a complete metric space with each of the

following functionals:

de(z,y) = mex dgn (2(t),y(t))

dp(z,y) = max(dg (2(1), y(1)) - e 7).,

3) If (X, d) is a complete metric space, then (P, (X), Hy) is a com-
plete metric space, where Hy : P.,(X) x P.,(X) — R, is the so-called
Pompeiu-Hausdorff metric, and it is defined by

Hy(A, B) = maX{ELGIE I}gj_g d(a,b), 235 ;gg d(a,b)}.

Equivalence of metrics

Let X be a nonempty set and dy, ds two metrics on X.

The two metrics are said to be topologically equivalent if they gener-
ate the same topology on X. There are many equivalent ways of express-
ing this condition. For example:

& a subset A of X is dj-open if and only if it is dy-open

& the identity function I : X —X is both (dy, ds)-continuous and

(dy, dy)-continuous.
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By definition, two metric d; and dy on X are called metrically

(strongly) equivalent if for each x € X there exists ¢y, c2 > 0 such that
crdy(z,y) < do(x,y) < cody(x,y), for each y € X.

If two metrics are strongly equivalent then they also are topologically

equivalent. But the reverse implication, in generally, does not hold.

Examples of Banach spaces
1) (R™, ||-|]) is a Banach space with each of the following functionals

el = _max |ail.

2) (C(la,b],R™),d) is a Banach space with each of the following

functionals:

= t n
[Edlte mnax [2(t) |-

2l == max ([la(t)|ge - 7).
t€la,b]
Remark. The unit interval [0, 1] is a complete metric space, but it is

not a Banach space because it is not a linear space.

Equivalence of norms
By definition, two norms || -||; and || - || on X are called topologically

equivalent if they generate the same topology on X.
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By definition, two norms || - [[; and || - |2 on X are called strongly

equivalent if for each z € X there exists ¢, co > 0 such that
allzlli < flzll2 < el

If two norms are strongly equivalent then they also are topologically

equivalent. But the reverse implication, in generally, does not hold.
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1.2 The Banach-Caccioppoli contraction
principle

Some definitions first.

Definition. If X is a nonempty set and f : X — X an operator then
x € X is called a fixed point for f iff z = f(x). Denote by Fiz(f) the
fixed point set of f. Also, denote by I(f) :={Y € P(X)| f(Y) C Y} the
set of all nonempty invariant subsets of f.

Definition. Let X be a nonempty set, z € X and f: X — X be an
operator. Then the sequence of successive approximations (z,)ney C X

for f starting from x is defined as follows:
rg =z, x, = f"(x), forn € N,

where f0 = 1x, f' = f,...,f"" = fo f* n € N are the iterate
operators of f. As consequence, we also have the following recurrence
relation:
rg =, Tpy1 = f(z,), n € N.
Definition. If (X, d) is a metric space and f : X — X is an operator,
then f is said to be:
i) a-Lipschitz if there is o € R, such that for every =,y € X we have
d(f(x), f(y)) < ad(z, y);
ii) a-contraction if it is a-Lipschitz with a € [0, 1[;
iii) nonexpansive if it is 1-Lipschitz;
iv) contractive if for each x,y € X, = # y we have d(f(x), f(y)) <
d(x,y).
The Banach-Caccioppoli contraction principle.
Let (X, d) be a complete metric space andY a closed subset of X. Let
f:Y =Y be an a-contraction. Then we have the following conclusions:
(i) Fiz(f) = {a"};
(i) for each x € Y the sequence of successive approximations (i.e.

xg =1z, Ty = f"(x9), n>1) for f starting from x converges to x*;
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(iii) d(xy, 2*) < L= - d(xo, f(20)), for each n € N.
(ZU) d(anrlax*) S % ’ d(mnaanrl); fOT each n € N.
Steps of the proof.

1) (zn)nen is a Cauchy sequence, since

n

(%) d(xp, Tpyp) < - d(xo, 1), for each n € N and each p € N*.

11—«

2) lim xz, =" € Fiz(f).

n—+o0o
3) the uniqueness of the fixed point, by reductio ad absurdum.

4) Using (%) we get (iii) and (iv). O
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Exercises and examples.
1) Let f € C*(R). Then
f is @ — Lipschitz if an only if |f'(z)| < a, for each z € R,

Hint. Use the Mean Value Theorem.

2) Let f :]0,1[=]0,1], f(z) = §and g : R = R, g(z) = § + 1z —
arctanx.
Show that f and g are fixed point free mappings. Please comment the
connection with Banach-Caccioppoli theorem.

3) Let f:]0,1]—= R, f(z) = 2x(1 — z) (the logistic operator).
(a) Find Fiz(f)
(b) Is f a contraction on [0,1] ?

(c) Find a closed invariant subset A C [0, 1] such that f to be contraction
on A.

4) Consider ¢ > 0 and the sequence (z,),eny C R given by

1 c
To = 1, Tpt1 = §($n + —),n e N.

n

a) Show (by fixed point methods) that liril T, = /¢
n——+0oo

b) Find V2 with an error less than 1072,
Hint. Use the Banach-Caccioppoli theorem. O
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1.3 Consequences, applications and exten-

sions

Let present first a data dependence result.

The continuous dependence of the fixed point of the Banach-
Caccioppoli contraction principle.

Let (X, d) be a complete metric space and f,q: X — X such that:

(i) f is an a-contraction (denote by x% its unique fized point);

(ii) There exists v, € Fix(g);

(i1i) There exists n > 0 such that d(f(x),g(x)) <mn, for each z € X.

Then d(x%, ;) < 1.

«

Remark. J. Hadamard (1902) defines the concept of well-posedness

for a certain mathematical problem.

Remark. A.N. Tychonov define another concept of well-posed prob-
lem (in the sense of Tychonov).

Definition. Let (X,d) be a metric space and f : X — X be an
operator. Consider the fixed point problem

r=f(z), xeX. (1.1)

We say that the fixed point problem for the operator f is well-posed if
Fix(f) ={2z*} and, if z,, € X, n € N is a sequence such that

d(xy, f(x,)) — 0 as n — oo,

then

T, — x5 as n — 0o.

Theorem. Let (X, d) be a complete metric space and f: X — X an
a-contraction. Then, the fized point problem for f is well-posed.
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Definition. Let (X,d) be a metric space and f : X — X be an

operator. Consider the fixed point problem
r=f(x), z € X. (1.2)

We say that the operator f has:
(a) the limit shadowing property if for any sequence (y,)neny € X
with the property

(d(yn-i-h f(yn)) — 0 asn — o0,
there exists x € X such that
A(Yn, f"(x)) — 0 as n — oo.

(b) the Ostrowski’s property if Fizf = {z*} and for any sequence
(Yn)nen C X with the property

(d(ynJrh f(yn)) —0asn— 0,

we have that

Yp —> T as n — oo.

For our next result we need the following auxiliary result.

Cauchy’s Lemma. Let (a,)nen and (by)nen be two sequences of non-

+o0
negative real numbers, such that Z ap < +oo and lim b, = 0. Then
=0 n—-+o0o

n

D anmsbi) =0

Theorem. Let (X, d) be a complete metric space and f: X — X an
a-contraction. Then, the operator f has the Ostrowski’s property and the

limat shadowing property.



12CHAPTER 1. CONTRACTIVE-TYPE OPERATORS AND FIXED POINTS

Proof. By the Contraction Principle, we know that Fiz(f) = {z*}.

Let (Yn)nen be a sequence in X such that d(yn+1, f(yn)) — 0 as
n — 0o,

We shall prove first that d(y,,z*) — 0 as n — +00. We successively

have:

d(CL’*, yn—H) < d(ZE*, f(yn))+d(yn+17 f(yn)) = d(f(l‘*), f(yn))+d(yn+17 f(yn))

< ad(z”, yn) + d(Ynt1, f(Yn)) < afad(@™, yn—1) + d(Yn, f(Yn-1))]+

(Y1, f(yn)) < - < a"hd(2", yo)+a d(yr, fyo)+ - +d(Ynsr, fYn).
By Cauchy’s Lemma, the right hand side tends to 0 as n — +o00. Thus,
d(z*,ynt1) — 0 as n — +oo. This shows that f has the Ostrowski’s

property.
Now, for arbitrary x € X, we have

A(Yn, ["(x)) < d(Yn, 2*) + d(z*, f*(z)) — 0 as n — +o0.

Definition. Let (X,d) be a metric space and f : X — X be an

operator. Consider the fixed point problem
r = f(z), v € X. (1.3)

We say that the operator f has the Ulam-Hyers stability property if
there exists ¢ > 0, such that for every ¢ > 0 and every e-solution y*
of the fixed point problem x = f(x) (which means that y* satisfies the
following relation
d(y", f(y")) < e),
there exists a solution z* € X of the fixed point problem x = f(x) such
that
d(z*,y") < ce.

Theorem. Let (X,d) be a complete metric space and f : X — X
be an a-contraction. Then, the fized point problem x = f(z) has the

Ulam-Hyers property.
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The local form of the Banach-Caccioppoli contraction prin-

ciple.

Let (X, d) be a complete metric space, xog € X and r > 0. Let f :
B(zo;r) — X be an a-contraction such that d(zo, f(zo)) < (1 — a)r.
Then Fixf # 0.

Hint.

Consider 0 < € < r such that d(zg, f(x¢)) < (1 — a)e < (1 — «a)r. Show
that B (zo;€) € I(f) and apply the Banach-Caccioppoli theorem. O

An application of the above results are the so-called domain invariance
principles.

Let E be a Banach space and X C E. Let f : X — E be an operator.
Then the operator g : X — E defined by ¢g(z) = = — f(z) is said to be
the field generated by f.

We have the following result.

Theorem.

Let E be a Banach space and U an open subset of it. Let f : U — E
be an a-contraction.

Then the following conclusions hold:
i) the field g generated by f is an open operator, i.e., the image of any
open set is open too;
ii) g(U) is open in E;
ii1) g : U — g(U) is a homeomorphism.

Sketch of the proof.

i) g is open operator if and only if for any V' an open subset of U the
set (V') is open in E too. For, it’s enough to prove that for any y € g(V)
there exists W an open neighborhood of y such that W C g(V).

In order to get the conclusion, one can prove first that the following

implication holds:

for u € V and each B(u;r) CV = B(g(u); (1 — a)r) C g(B(u;r)).
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In order to prove it, we will apply the local form of the Banach-
Caccioppoli principle. Indeed, let u € V and y € B(g(u); (1 — a)r),
ie., [|ly —g(u)| < (1 —a)r. We have to show that y € g(B(u;r)), which
means that there exists © € B(u;r) such that y = g(x). This means that
we are looking for z € B(u;r) such that y + f(z) = z. For this con-
clusion, it is enough to apply the local form of the Banach-Caccioppoli
principle for h : B(u;r) — X, h(x) = y + f(x). We can do it, since h
is an a-contraction and d(u,h(u)) = ||lu — h(u)|| = ||u — f(u) —y| =
o) — yll < (1 — a)r.

Now, let V' be an open subset of U and take any y € g(V'). Then,
there exists u € V such that y = g(u). Notice that, since V' is open, there
exists B(u;r) C V. Take W := B(g(u); (1 — a)r). Hence, by the above
proof, we have W C g(B(u;r)) C g(V).

(ii) Apply (i) for U = V.

(iii) g : U — g(U) is surjective and continuous. Moreover, it is also

injective since
lg(z) =gl = llz = f(z) =y + W)l = [[(z —y) — (f(z) = F(W)] =

[z =yl =1/ (z) = FW)ll = (1 = @) llz = .
Then, if g(z) = g(y), then x = y. Additionally, g~! is continuous too,
since for any open set V' C g(U) we have that (¢=)~*(V) = g(V) is open
(by (i)). Thus, g it is a homeomorphism. O

Other local fixed point theorems are the following.

Theorem.
Let E be a Banach space and let f - E(O; r) — E be an a-contraction,
such that f(OB(0;r)) C B(0;r). Then Fiz(f) = {a*}.
Proof. Let us define, for z € B(0;7)
1
Gla) = ¢ + f(x).

Then we have:
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(i) Fm(]i) = Fi:z:(GL);
(i) G : B(0;r) — B(0;7) (take G(z) := 5(z + f(u) + f(z) — f(u)),

where u 1= ﬁx), Indeed, we have

1G] = 15+ F )= F)l < & (el F L)) <

Slal+rtalz—ul) < 2 llel) + 7+ alr — )] = 3 [(1 +0)r + (1~ @)} <
Sl —ay+ (1 +ay]=r

(iii) G is £2-contraction.

Theorem.

Let E' be a Banach space and let f : E(O; r) — E be an a-contraction,
such that f(—x) = —f(z), for each x € dB(0;r). Then Fiz(f) = {a*}.

Proof. Show that f(—x) = —f(z), for each z € B(0; r) implies that
F(OB(0;7)) C B(0;r). (indeed, for z € B(0;r) we have:

21 f @) = [If(z) = f(=2)| < 2al|z]].
Thus, ||f(2)| < allz|| = ar <.

Exercise. Show, by fized point methods, that for each y € R the

equation x — %sina: =y has a unique solution in R.

Continuation results for contractions

Let (X,d) be a complete metric space and Y a closed subset such
that intY # (). Denote by C'R(Y, X) the family of all contractions from
Y to X. Let (J, p) the metric space of parameters.

Definition. The family (H))rxes C CR(Y,X) is said to be a-
contractive if a € [0, 1[ and there is M > 0 and p €]0, 1] such that:

(1) d(Hx(x1), Hx(22)) < ad(z1, x2), for each x1,29 € Y and A € J;
(ii) d(Hx(z), H,(x)) < M[p(A, p)P, for each x € Y and A\, pp € J.
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Denote by A := 0Y, U := intY and by CRs(Y,X) = {f €
CR(YY,X): fi, : A— X is fixed point free }.

Theorem. Let (X, d) be a complete metric space and Y a closed sub-
set such that intY # 0. Let (J, p) be a connex metric space and (Hy)xes
be an a-contractive family from CR4(Y, X). Then:

(i) if there exists Ny € J such that the equation Hy:(x) = x has
a solution then the equation Hy(x) = x has a unique solution for every
AeJ;

(ii) if Hx(xy) =z for A € J then the operator j : J — intY given
by j(\) = x is continuous.
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Kannan’s fixed point theorem

The following result is a fixed point theorem for operators which are

not necessarily continuous.

Theorem. Let (X,d) be a complete metric space and f: X — X be

a Kannan type contraction, i.e. there exists a €0, %[ such that

d(f(x), f(y) < ald(z, f(x)) +d(y. f(y))], for each z,y € X.

Then we have the following conclusions:
(i) Fix(f) = {="};
(i1) for each x € Y the sequence of successive approximations (i.e.
xo € X, x, := f"(xg), n > 1) for [ starting from x converges to x*.
Steps of the proof.
Let xg € X be arbitrary and z,, := f"(zo), for n > 1. Thus z,1 = f(x,),
n € N. Then we have:
1) (z5)nen is a Cauchy sequence; Notice first that

d(xy, Tpi1) < %d(wn_l,xn) < k"d(zo, 1), for each n > 1,

where k := %= < 1. Thus, as a consequence, we obtain
n

1—k

2) ngrfoo x, = x" € X, by the completeness of the space.

3) x* € Fix(f) since we can write d(z*, f(z*)) < d(z*, f(z,)) +
d(f(xy), f(x*) < d(z*, zpi1) + @ (d(Ty, Tpyr) + d(z*, f(2*))). Thus

d($*7 f(x*)) S % [d({E*, xn-i—l) + Ofd(l’n, xn—i—l)] — 07 as n — o0.

(T, Tpyp) < - d(xo, 1), for each n € N and each p € N*.

4) the uniqueness of the fixed point follows by contradiction. O

Exercise. Let f :[0,1] — [0,1] be defined by

, mG[O,%[
1

) ZL‘G[%, ]a

a8 I8
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Show that f is not a contraction, but f is a Kannan type contraction with

_ 4
Oé—g.

Exercise. Show that f : [0,1] — [0,1] f(x) =

but it is not a Kannan type contraction (Take x =

1S a %—contmction,
andy =0).
Exercise. Under the assumptions of Kannan’s fixed point theorem

show that the fized point problem x = f(x) is well-posed and has the

W WK

Ulam-Hyers property.

A generalization of both Contraction Principle and Kannan’s fixed

point theorem is the following result proved by L. Cirié.
Cirié’s fixed point theorem

Theorem. Let (X,d) be a complete metric space and f 1Y — Y
be a é@'ric’-type contraction, i.e. there exists a €0, 1[ such that for each

r,y € X we have:

d(f(x), f(y)) < a-max{d(z,y), d(z, f(x)), d(y, f(y)), %[d(fc, F)+dly, f(x))]}-

Then we have the following conclusions:
(i) Fiz(f) ={z"};
(i) for each x € Y the sequence of successive approximations (i.e.

xg =1z, Ty = f"(x0), n>1) for f starting from = converges to x*.
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1.4 The Nemitki-Edelstein fixed point
principle

Recall that if (X, d) is a metric space, then an operator f : X — X is

called contractive if:

z,y € X, x #y implies d(f(z), f(y)) < d(z,y).

Theorem.

Let (X, d) be a compact metric space and f : X — X be a contractive
operator. Then Fix(f) = {z*} and for each x € Y the sequence of suc-
cessive approzimations (i.e. xo = x, T, = f"(xg), n > 1) for f starting
from x converges to x*.

Sketch of the proof. Since X is compact and the functional
h(z) = d(z, f(x)) is continuous from X to R there exists z* € X
such that h(z*) = xllel)f( h(z). Next, show, by reductio ad absurdum,
that z* € Fiz(f). Indeed, suppose z* # f(z*). Then, h(f(z*)) =
d(f(x*), f2(z*)) < d(z*, f(z*)) = h(z*), which is a contradiction. The
uniqueness is an easy consequence of the contractive condition. Hence
Fix(f) ={z"}.

For the convergence property, notice first that x,,.1 = f(z,). Since X
is compact, there exists a convergent subsequence x,,. Moreover, since
Tn1 = f(Tn,), using the continuity of f, we get (by passing to limit)
that z,, converges to z* € Fiz(f).

Let us consider now any convergent subsequence () of ,,. Suppose
(#,,) conveges to some [ € X. Then, since z,,41 = f(zn,), we obtain
again that [ € Fiz(f) and so | = z*. Thus x,, converges to z*, as
p — +00. Now, since each convergent subsequence of (z,) has the fixed
point x* of f as the limit point, it follows (by a well-known result in

functional analysis) that the whole sequence (z,) converges to xz*. O

Exercise. Show that even f : R — R, f(z) = In(1+¢") is contractive,
nevertheless Fiz(f) = (. Why ?
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1.5 Meir-Keeler Fixed Point Theorem

Let (X,d) be a metric space. An operator f : X — X is called a
Meir-Keeler operator if for each € > 0 there exists 0 > 0 such that the

following implication holds:
vy X e<d(r,y)<e+d = d(f(x), fly)) <e.

Remark. Any Meir-Keeler operator is contractive and, hence, con-
tinuous. Indeed, if we chose z,y € X with x # y, then, by taking
e :=d(x,y) > 0 we obtain that d(f(z), f(y)) < e =d(zx,y).

Meir-Keeler Theorem. Let (X, d) be a complete metric space and
f: X — X be a Meir-Keeler operator. Then:

(i) Fy = {=")};

(ii) the sequence (f"(x))nen converges to x*, for each v € X.

Proof.

Step 1. The Meir-Keeler condition implies that d(z,,z,+1) — 0 as
n — +oo, where z,, :== f*(z), x € X.

Indeed, if we denote ¢, := d(x,,Tny1), n € N, then, since (¢,) is
deacresing and positive, it is convergent to a certain 17 > 0. Suppose that
1 > 0. Then there exists 6 > 0 such that the following implication holds:

n < ¢, <n+ 0 implies ¢,11 < 7.

This is a contradiction with the fact that (c,) is deacreasing to 1. Hence
Step 1 is proved.
Step 2. The sequence x,, := f"(x), = € X is Cauchy.
Indeed, suppose by contradiction that there exists zq € X such
that the sequence x,, := f"(x) is not Cauchy. Then, there exists ¢ > 0
such that lm  d(z,,z,) > 2¢. By Meir-Keeler condition, there exists

n,m—-+oo

6 > 0 such that

rye X e<d(z,y) <e+0 = d(f(x), f(y)) <e
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Choose ¢’ := min{0, €}. By Step 1, we get that there exists M € N* such
that ¢y < %’. Let m,n > M,n > m be such that d(x,,,x,) > 2¢. For any
J € [m,n| we have

5

(A2, 75) = d@m, Tja| < €5 = (@), 7541) < 5

Now, since d(Zm, Tmy1) < € and d(x,,, x,) > 2¢ = € + € > € + ', there

exists j € [m,n| such that

2
e—i—? < d(@m, ;) <e+d.

Thus,

ege—l—%y < d(@m, ;) < e+ <e+o.

For all m and j we have that d(x,, ;) < d(Tm, Tmt1) + d(Zpmi1, Tj41) +
d(zj41,2;) and, therefore, by the above estimations we get that
d(Xm, 2j) < d(Zmy Ting1) + A f (xm), f(25)) + d(zj51,25) < ¢+ e+ ¢ <
%/ + e+ %/ = %5/ + €, a contradiction.

Step 3. Fiz(f) = {z*} and ngrfoo f"(z) = x” for each x € X.

Indeed, denote first z*(z) := nl—i){ri-loo f"(x) for x € X. Next, by the
above Remark we know that f is contractive and hence continuous. Thus
x*(x) € Fiz(f). By the contractive condition we obtain the uniqueness
of the fixed point.

The proof is now complete.

1.6 Krasnoselskii’s Theorem

Theorem. (Cantor) Let (X, d) be a complete metric space and Y,, n €
N be nonempty closed subsets of X such that Y,y1 C Y,, n € N and
(Y,) — 0 as n — oo.
Then, (] Yo = {2"}.
neN
Using Cantor’s theorem we have:
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Theorem (1972) Let (X,d) be a complete metric space and f :
X — X be an operator. Suppose that for each 0 < a < b < 400 there is
l(a,b) € [0,1] such that

r,y € X, a<d(x,y) <bimplies d(f(x), f(y)) < l(a,b)d(x,y).

Then we have:
(i) Fixf = Fixf™ = {x*};
(ii) the sequence (f"(x))nen converges to x*, for each v € X.
Proof. STEP 1. We prove that for each r > 0 there exists B(x; r)Cc X
such that B(z;r) € I(f).
We will use the "reductio ad absurdum” method: suppose there exists
r > 0 such that fo each # € X one have B(z;r) ¢ I(f). Then, there
exists x; € X such that d(z,z,) < r and d(z, f(z1)) > r. We have two

cases:

a) d(z,r1) < 5. Then d(z,z;) < d(z,z;) < § implies
d(f(z), f(z1)) < UWd(z,21),5)d(x,z1) < 5. Thus, d(z, f(z)) >
d(z, f(z1)) = d(f(z1), f(x)) =1 =5 =3

b) d(z,z1) > 5. Then § < d(z,z;) < r implies d(f(z), f(z1)) <
[(5,r)d(x, 1). Hence d(z, f(x)) = d(z, f(x1)) — d(f(z1), f(2)) = 7 —
UG, r)d(x,z) >r—=1U(5,7)-r=r[l—=1(5,7)]

Thus, in both cases we have:
(%) d(zx, f(x)) > min{g,r[l - l(g,r)]} = a.

On the other hand, for each 2o € B(z;r) we have that a < d(z, f(z))

d(zo, f(z0)) = b implies d(f(xo), f*(x0)) < I(a,b)d(xo, f(x0))
d($0, f(.il?o)) Thus

<
<

a < d(f*(x0), S (w0)) < 1"(a,B) - d(wo, f(z0)) = 0, as k — +oc.

Hence uy, := d(f*(xo), f¥(x)) — 0, k — +00. As consequence, for each
€ > 0 there is k(e) € N* such that for each k > k(€) one have that u; < a.
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In particular, for € := a there is a k* € N* such that for each k£ > k*
we have uy- < a. Hence, up = d(f* (x¢), f¥ T(x0)) = d(z, f(x)) < a
(where o := f* (z)). The contradiction shows that Step 1 is proved.
STEP 2. There exists a decreasing sequence By, By, -+, B,, -+ of
closed balls such that diamB,, — 0, as n — +00.
Indeed, let By := B(x,1) € I(f). For f : By — By we can apply Step
1 and we get that there exists By € By (By = B(az,%)) such that
By € I(f). By this procedure we also get B, := B(z,1) € I(f),---.
Since diamB, — 0 as n — +o00, we obtain, by Cantor’s theorem, that
ﬂ B, ={z"} € I(f). Thus z* € Fix(f).
nGNSTEP 3. The uniqueness of the fixed point.

Suppose that z*,y* € Fixf. Then d(z*,y*) = d(f(z"), f(y*)) <
l(d(x*, y*),d(z*, y*))d(xz*, y*) < d(z*,y*), which represents a contradic-
tion.

STEP 4. Let z € X with x # z*. We have d(f"(z),z*) — 0, as
n — +o0.
Indeed, since the sequence (d(f"(x),z*))nen is decreasing, it is conver-
gent too. If, by contradiction d(f™(z),z*) — u > 0 as n — +o0,
then d(f"(z),z*) < lu,d(z,z*))" - d(z,2*) — 0 as n — +oo. Thus
d(f™(z),z*) — 0 as n — +o0.

Finally, notice that from (ii) we obtain Fixf™ = Fizf = {x*}.

The proof is now complete. O

Remark. i) Let (X, d) be a compact metric space and f : X — X be a
contractive operator. Then f is a generalized contraction in Krasnoselskii’
sense.

ii) Let (X, d) be a metric space, f : X — X and v: R, — R, be a
continuous mapping such that y(t) > 0 and for each t > 0. Suppose that

for each x,y € X the following assertion is satisfied:

d(f(z), f(y)) < d(z,y) —v(d(x,y)).

Then f is a generalized contraction in Krasnoselskii’ sense.
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A local result is the following:

Theorem. Let E be a Banach space and f : B := B(0;r) — E be
a generalized contraction in Krasnoselskii” sense. Suppose f(0B) C B.
Then Fixf = {z*}.
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1.7 Graphic Contraction Principle

Let (X,d) be a metric space and f : X — X be an operator. We
denote by

Graph(f) = {(z, () : 7 € X}
the graph of the operator f.

The contraction condition means that there exists o €]0, 1] such that
d(f(x), fly) < ad(z,y), for every (z,y) € X x X.

If the above condition is assumed not for all (z,y) € X x X, but only
for (z,y) € Graph(f) = {(z, f(z)) : x € X}, then we obtain a weaker
assumption on f. The problem is now if we can obtain existence, unique-
ness, data dependence of the fixed points of f under this weaker assump-
tion on f. The following result is an existence theorem for the solution
of the fixed point equation x = f(z) under the assumption that f is a

graphic a-contraction.

Theorem (1972). Let (X, d) be a complete metric space, f: X — X
and « € [0, 1[. We suppose that:

(a) f is a graphic a-contraction, i.e., d(f(x), f*(z)) < ad(z, f(x)),
forall z € X;

(b) the operator f has closed graph, i.e., the set Graph(f) is closed
in X x X.
Then:

(i) Fia(f) 4 0;

(ii) f*(x) — f(x) as n — oo, and f>(z) € Fiz(f), V€ X;

(i) d(z, f=(z)) < %d(m, f(@)), forallze X.

Proof. (i)+(ii). Let © € X be arbitrary chosen. By (a), we have that
x, = f"(x), for n € N is a Cauchy sequence. Indeed, for any = € X, we

have

(T, Tns1) = d(f"(2), [ (@) < ad(f" (@), f1(2)) < -+ < ald(z, f(2)).
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Then

n

d(wnaxn-‘,-p) S 1Q

-d(z, f(x)), for each n € N and each p € N*.
-«

Thus, d(z,, Tnip) — 0 as n,p — oco. This shows that (x,) is Cauchy.
Since (X, d) is a complete metric space it follows that (f"(x))nen is
convergent and we denote by f°°(x) its limit. By (b), since z,,1 = f(z,)
for each n € N, we have that f>(z) € Fiz(f), i.e., Fiz(f) # 0.
(iii) We can write that

d(z, [ (2)) < d(x, f(2)) +d(f(z), [*(@)) + - +d(f"(2), [ (2))

<(I+a+a®+--+a")d(z, f(z)).
Then, letting n — oo, we have

d(z, °(2)) < ——d(z, f(z)), forall z € X.

11—«

Exercise. Show that, in the conditions of the Graphic Contraction
Principle, we have that Fix(f") = Fix(f), for every n € N.
Exercise. Let f:[0,1] — [0,1] be defined by

fa) = { borel i][

Show that [ is not a contraction, but f is a discontinuous graphic k-
contraction (with any k €]0,1[) and Fix(f) = {0,1}. Moreover, show
that f*(x) — 0 as n — oo, for every x € [O,%[ and f"(x) — 1 as
n — oo, for every x € [3,1].

Exercise. Let X :=1[0,1]U[2,3] and f: X — X be defined by

(@) :={ o

z, x € 0,1
, T €12,3].

x +

N[ N[
[\ [eV]
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1

Show that f is a continuous graphic 5-contraction and Fix(f) = {0, 3}.

Exercise. Let f: [—1,1] — [—1,1] be defined by

Show that f is a graphic %-contmction, f"(x) = 0 as n — oo, for every
€ [—1,1] and Fix(f) = 0. Why it happens this ?

, +#0

) .CL':O,

NI= N8
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1.8 Caristi-Browder’s Theorem

Theorem (1976). Let (X,d) be a complete metric space, f: X — X be
an operator and ¢ : X — Ry be a functional. We suppose that:

(a) d(z, f(x)) < () — o(f(x)), forallz e X;
(b) the operator f has closed graph.
Then:

(i) Fiz(f) # 0;
(ii) f*(x) = f*(z) as n — oo, and f*(x) € Fix(f), Vx € X;
(iii) if there is o € R such that p(x) < ad(x, f(x)), then

d(z, f*(z)) < ad(z, f(x)), foradlzxe X.

Proof. (i)+(ii). Let € X be arbitrary chosen. For n € N, let us
denote a1 1= Z d(f*(x), f***(x)), n € N. From (a) it follows that, for

k=0
every n € N, we have

Zd (@) < o) — o (1)) < p(a).
On the other hand,

Uny1 — an = d(f"(x), {1 (x)) > 0, for every n € N.

By the above two relation, we get that the sequence (ay, )nen is convergent.
Hence, (a,)nen is also Cauchy. Thus, for every € > 0 there exists n(¢) € N
such that, for every n,m > n(e), we have that |a,, — a,| < €. On the

other hand, for every n,m > n(e) with m > n we have

3
L
3
L

d(f"(x), [ (x)) < d(f'“( ), 1 (@) ~ d(f'“( ), fF (@) =

0 0

£
Il
B
I

=Qy — ap < €.
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This implies that (f"(x))men is a Cauchy sequence and, hence, it is
convergent in X. Let us denote by f°°(x) its limit. From (b) we have that

f=(x) € Fiz(f).
(i) d(z, f"* () < Zd (=) < e(w) < ad(z, f(x)).
So, d(x, f*(z)) < d(x,f(x)), for all z € X. O

Exercise. Show that, under the conditions of the above theorem, we
have Fiz(f) = Fiz(f"), for every n € N.

Exercise. Let (X, d) be a complete metric space and f : X — X be

an a-contraction. Show that f satisfies the Caristi condition:

d(z, f(x)) < ¢(z) — @(f(x)), forall z € X,

with a function ¢ which should be indicated.
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1.9 Picard and weakly Picard operators

Let (X, d) be a metric space. An operator f : X — X is called weakly
Picard operator (W PO) if the sequence of successive approximations
{f"(x) }nen converges for all x € X and its limit (which generally depend
on x) is a fixed point of f. If an operator f is W PO with a unique fixed
point, i.e., Fiz(f) = {2*}, then, by definition, f is called Picard operator
(PO).

If f: X — X isa WPO, we can define the operator

[ X = Fiz(f), given by f*(x) := lim f"(x).

n—o0

Notice that, f*(X) = Fix(f) and the restriction of f* to Fiz(f) is
the identity, i.e., f* is a set retraction of X on Fiz(f). Notice that in
the case of a Picard operator with Fiz(f) = {«*}, then f>(x) = z*, for
every x € X.

In this context, if (X,d) is a metric space, f : X — X is a WPO
and ¥ : R, — R, is a function, then by definition f is a ¢-W PO if the

following conditions hold:

(a) 1 is increasing, continuous at 0 and ¢(0) = 0;

(b) d(x, f=(x)) < P(d(z, f(2))), Vo € X.

In particular, if ¢ (t) = ct for all t € R, (for some ¢ > 0), then f is called
a c-WPO.

Exercise. (i) Show that any a-contraction and any Kannan type
contraction on a complete metric space are ¢-PO; Find the corresponding
value of ¢ in each case.

(ii) Show that any graphic contraction with closed graph and any
Caristi-Browder operator on a complete metric spaces are WPO. In this
context, is a graphic contraction or a Caristi-Browder operator a ¢-WPO

? Motivation. Find 1 if the answer is positive.
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1.10 Gronwall type inequalities

Let X be a nonempty set, d : X x X — R, and =< be a binary relation
on X. Then the triple (X, d, <) is called an ordered metric space if:
(i) (X,d) is a metric space;
(ii) (X, =) is an ordered set, i.e., = is an order relation (reflexive,
transitive and antisymmetric) on X;
(iil) If (23 )nen, (Yn)nen are sequences in X such that x,, <y, for

everyn € Nz, = x,y, = y as n — oo, then z < y.

Theorem. (Gronwall type lemma for Picard operators) Let (X, d, <)
be an ordered metric space and f : X — X be an operator. We suppose:

(a) f is increasing;

(b) f is a Picard operator (we denote by x* its unique fixed point).

Then the following conclusions hold:

(1) if x € X with x < f(x) then v < z*;

(2) if v € X with x = f(x) then x = x*.

Proof. (1) Let x € X such that x < f(x). Then, by (a), we have

=2 flz) 2 fx) 2 2 fM(x),Vn eN,

Passing to the limit as n — oo and using (iii) from the above definition

and the fact that f is a Picard operator, we get that x < x*.

Corollary. (Gronwall type lemma for contractions) Let (X,d, <) be
a complete ordered metric space and f : X — X be an operator. We
suppose:

(a) f is increasing,

(b) [ is a contraction (we denote by x* its unique fized point).

Then the following conclusions hold:

(1) if v € X with z = f(x), then x < z*;

(2) if v € X with x = f(x), then x = x*.
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1.11 Comparison theorems for weakly

Picard operators

In the case of weakly Picard operators we have the following result.

Theorem. (Comparison theorem for two weakly Picard operators)
Let (X, d, <) be an ordered metric space and f,g: X — X be two given
operators. We suppose:

(a) g is increasing,

(b) f(x) X g(x), for every x € X;

(c) f,qg are weakly Picard operators.

Then, if v <y then f>(x) < ¢>(y).

Proof. Let 2,y € X such that x <y. Then, by (b) and (a), we have
f(z) 2 g(x) < g(y). Then, we have

Inductively, we have
[M(x) 2 g"(x) 2 g"(y),Vn € N.

Passing to the limit as n — oo and using (iii) from the definition of a
ordered metric space and the fact that f is a weakly Picard operator, we
get that f*(z) =< g™ (y).

Exercise. Write and prove a comparison theorem for the case of a

graphic contraction.

Theorem. (Comparison theorem for three weakly Picard operators)
Let (X,d, =) be an ordered metric space and f,g,h : X — X be three
given operators. We suppose:

(a) g is increasing;

() F(x) = g(z) < h(x), for every z € X;

(c) f,g,h are weakly Picard operators.

Then, if v <y = z then f>(x) < ¢>(y) 2 h>™(2).
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1.12 Maia-Rus’s fixed point theorem

The following result was proved by Maia in the paper M.G. Maia:
Un’osservatione sulle contrazioni metriche, Rend. Sem. Mat. Univ.
Padova, 40(1968), 139-143.

Theorem (Maia). Let X be a nonempty set, d and p be two metrics
on X and f: X — X be an operator. We suppose that:

(1) there exists ¢ > 0 such that, d(x,y) < cp(x,y), V z,y € X;
(2) (X,d) is a complete metric space;
(3) f:(X,d) — (X,d) is continuous;
(4) f:(X,p) = (X,p) is an a-contraction.
Then:
(i) Fiz(f) ={z"};
(16) f:(X,d) — (X,d) is a PO.

Proof. Let xq € X be arbitrary, and consider the sequence of succes-
sive approximations starting from zg, i.e., x,, := f"(xq), for n € N*. Then
ZTpt1 = f(x,), for every n € N. The proof is organized in some steps:

I. By (4), it follows (in a similar way to the Contraction Principle)
that the sequence (z,) is Cauchy in (X, p).

II. By (1) and I. it follows that the sequence (z,,) is Cauchy in (X, d)
too, since d(zy,, Tnip) < cp(Tn, Tnip) — 0 as n.p — o0o.

III. By (2) and II. it follows that the sequence (z,) is convergent in
(X,d). We denote by z* its limit, i.e., z,, — x* with respect to d, as
n — oo.

IV. By (3) and III., using the fact that x,,.; = f(z,), for every n € N,
we obtain that z* = f(z*).

V. By (4) and IV. we obtain (by reductio ad absurdum) that the fixed

point is unique. This complete the proof. O
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Remark. Maia’s Theorem remains true (see the paper I.A. Rus: On a
fixed point theorem of Maia, Studia Univ. Babes-Bolyai Math., 22(1977),
40-42) if we replace the condition (1) with the following one:

(1) there ezists ¢ > 0 such that, d(f(z), f(y)) < cp(z,y), V x,y € X.
Hence, we obtain the so-called Rus’s variant of Maia’s fized point theorem

or Maia-Rus’s Theorem.

Exercise. Suppose that all the conditions in Maia’s theorem are sa-
tisfied. Is f a ¥-PO with respect to d or with respect to p ? Motivation.

Find ) if the answer is positive.
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1.13 Applications to operatorial equations

1.13.1 Integral equations

Let us consider first the following system of Volterra integral equations:

z(t) = / K(t,s,z(s))ds + g(t), t € [a,b],

where g € C([a,b],R") and K € C([a,b] x [a,b] x R" R™).

By a solution of the system we understand a map = € C([a,b],R")
which satisfies the system for every ¢ € [a, b].

We also suppose that the following Lipschitz condition holds: there
exists Lg > 0 such that

K (t,s,u) = K(t,s,0)|| < Lk - [lu—wvl,

for each (t,s,u), (t,s,v) € [a,b] X [a,b] x R™, where || - || denotes a norm
in R".

Notice first that, if we introduce the operator
A: C([a,b],R") = C(la,b],R"), x+— Az,

defined by

Az(t) :== /tK(t,s,a:(s))ds +g(t), t €a,bl,

then the above system of Volterra integral equations can be written as a

fixed point equation of the form
r=Ax,x € X,

where X := C(]a, b], R") will be endowed by the following Bielecki type
norm

lzll5 = max (Jlz()]le ™) | where 7 > 0.
t€la,
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Since (C'([a,b],R™),|| - ||5) is a Banach space, in order to apply the Con-
traction principle for the above fixed point problem, we need to prove

that A is a contraction. Indeed, we have:

HAx@%w%KﬂHSL/IHY@ﬁudSD—KXt&y@ONdSSl%l/Ihiﬁ—y@ﬂws

! t
- LK/ lz(s) = y(s) e De "V ds < Lic|lw — ylls / e ds

L
< TKH:B —y|le™*™, for each t € [a, b].

Thus, after multiplying with e "*=% and taking m[a}g] we obtain that
t€la,

L
| Az — Aylls < “Xjla - yllp, for every z,y € X.
T

Since 7 is arbitrary, we can choose 7 > Ly and thus L, := LTK < 1. This
shows that A is a contraction (with constant L,) on the Banach space
X. By the Contraction Principle, the fixed point equation x = Ax has a
unique solution x* € X. Moreover, this solution can be approximate by
the sequence of successive approximations of A.

Hence, we proved the following result.

Theorem. (existence, uniqueness and approximation for the solution
of a system of Volterra integral equations)

Let us consider the following system of Volterra integral equations:

x(t) = / K(t,s,z(s))ds + g(t), t € [a,b].

We suppose:
(i) g € C(la,b],R") and K € C([a,b] X [a,b] x R" R™);
(ii) there exists Lx > 0 such that

HK(t,S,U> - K(t,s,’u)” < LK : Hu - UH?
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for each (t,s,u), (t,s,v) € [a,b] X [a,b] x R"™, where || - || denotes a norm
in R™.
Then, the above system has a unique solution x* € C([a,b],R"™) and

the sequence (x)nen defined by
¢
zo € C([a,b], R"), zpi1(t) := / K(t,s,xn(s))ds+ g(t), t € [a,b],n € N

converges (uniformly) in C(la,b],R™) to x*.

Exercise. Let us consider the following system of Fredholm integral

equations:

b
x(t) :/ K(t,s,z(s))ds + g(t), t € [a,b],

where g € C(la,b],R") and K € C([a,b] X [a,b] x R" R™).

By a solution of the above system we understand x € C([a,b], R")
which satisfies the system for every t € |a, b|.

We also suppose that the following Lipschitz condition holds: there
exists L > 0 such that

HK(tv87u> - K(tvs7v>|| < LK ' Hu - U”?

for each (t,s,u), (t,s,v) € [a,b] X [a,b] x R™, where || - || denotes a norm
in R™.

Prove an existence, uniqueness and approximation result for the above
system of Fredholm integral equations, working in the Banach space X :=
C([a,b],R™) endowed by the following Cebisev type norm

= ).
z]lc mnax ()|l
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1.13.2 The Cauchy problem for a system of differ-

ential equations

Consider the following initial value problem (Cauchy problem):

(1) (1) = f(t,2(1)), 1 € [a, b]

(2) z(tg) = 2",

where ty € [a,b], 2° € R" are given and f : [a,b] x R" — R" is a
continuous function such that f(¢,-) : R® — R™ is Ly-Lipschitz.

By a solution of the above Cauchy problem we understand a map
r € C*([a, b], R™) which satisfies (1) for every t € [a,b] and (2).

Lemma. Let us consider the Cauchy problem (1) + (2). We suppose
that f : [a,b] x R™ — R"™ is a continuous function. Then (1) + (2) is

equivalent with the following Volterra integral equation

(3) x(t):/t F(s,2(s))ds +2°, ¢ € [a,0)].

By the main theorem of the above section, we have:

Theorem (existence, uniqueness and approximation result for the
solution of the Cauchy problem (1) + (2))

Let us consider the Cauchy problem (1) + (2). We suppose:

(i) f € C([a,b] x R" R™);

(1) there exists Ly > 0 such that

1f(tu) = £t ) < Lyllu—vll, for everyt € [a,b],u,v € R",

where || - || denotes a norm in R™.
Then, the Cauchy problem (1)+(2) has a unique solution x* and the
sequence (Ty)nen C C([a, b],R™), given by

Tpy1(t) = /ttf(s,mn(s))ds +2°% t€la,b), n €N

converges (uniformly) to x*, for every xo € C([a,b],R™).
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Proof. The result follows by applying the existence, uniqueness and
approximation for the solution of the following system of Volterra integral

equations
(3) x(t):/t F(s,2(5))ds + 2°, ¢ € [a,b].

Here the operator which must be considered is
t
Az (t) ::/ f(s,z(s))ds + 2°, t € [a, b).
to

1.13.3 The Dirichlet problem for a differential equa-

tion of second order

Consider the following boundary value problem (Dirichlet problem):

(1) 2"(t) = f(t,2(t)),t € [a, ]

(2) z(a) = 2(b) = 0,

where f : [a,b] x R" — R" is a continuous function such that the map
f(t,-) : R — R™ is Ly-Lipschitz.

By a solution of the above Dirichlet problem we understand a map
x € C?*([a,b], R™) which satisfies (1) for every t € [a, ] and (2).

The following result is important in our approach.
Lemma. Let us consider the Dirichlet problem (1) + (2). We suppose
that f : [a,b] x R™ — R" is a continuous function. Then (1) + (2) is

equivalent with the following Fredholm integral equation

(3) z(t) = —/ G(t,s)f(s,z(s))ds, t € [a,b],

where G : [a,b] X [a,b] — Ry is the following Green function associated
to this problem

b=9)t=a) = <t <5<

b—a )

b=t—a) < g<t<b
o { B 050515
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Remark. We have the following properties of G:
(a) G is continuous on |a,b] X [a,b];
(b) G is positive and symmetric;
(¢) G(t.5) € 0.%52), for cvery b, € [a,b];
(d) fab G(t,s)ds € [0, (b_ga) |, for every t € [a, b];

(e) f; \%\ds e [0, b_T“], for every t € |a, b.

Let us consider the operator
B (C([aab]aRn>7 || ’ ||C> — (C([CL, b]7Rn)7 H ’ ||C')7 T BLU,

defined by

b
Bx(t) := —/ G(t,s)f(s,z(s))ds, t € [a,b].

Then, the above Fredholm integral equation (3) (and, as a consequence
of the Lemma, the Dirichlet problem (1) + (2)) is equivalent to the fixed
point equation

r= Bz, re X,

where X := C([a,b],R"),||-||¢) is a Banach space. The main problem now

is to prove that (under some additional assumptions) B is a contraction.

We have the following existence, uniqueness and approximation result
for the solution of the above Dirichlet problem.

Theorem. (existence, uniqueness and approximation result for the
solution of the Dirichlet problem (1) + (2))

Consider the above Dirichlet problem (1) + (2). We suppose:

(i) f : [a,b] x R™ — R™ is continuous;

(ii) there exists Ly > 0 such that

| f(t,u) — f(t,v)|| < L¢llu —v||, for everyt € [a,b],u,v € R",

where || - || denotes a norm in R";
..y Lg(b—a)?
(iii) ~Fg— < 1.
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Then, the Dirichlet problem has a unique solution x* which can be

approximated by the following sequence of successive approximations

zo € C([a, b, R™), xp41(t) = —/ G(t,s)f(s,zn(s))ds, t € [a,b],n € N.

Proof. Under the above assumption the operator
B (C(la,b],R"), [ - llc) = (C([a, b, R"), [| - [|¢), # — B,
defined by

Bzx(t) := —/ G(t,s)f(s,x(s))ds, t € [a,b]

Lf (b—a)2
8

is a contraction with constant Lg := . The conclusion follows by

the Contraction Principle. O

1.13.4 Nonlinear alternative with an application to

a Cauchy problem

By teh Continuation Theorem we can obtain the following result which
is useful in applications.

Theorem. (Nonlinear Alternative for Contractions) Let E be a Ba-
nach space, X € Py, (E) and U an open subset of X such that 0 € U.
Let f : U — X be an a-contraction such that f(U) is bounded. Then f
has at least one of the following properties:

(i) f has a unique fized point
(1) there exist yo € OU and Ay €]0, 1] such that yo = Xo f(yo)-

Proof. For (\,x) € [0,1] x U we define: Hy(z) := X - f(x). Then,
(Hx)xeoq is an a-contractive family of contractions with p = 1. Hence
(Hx)xepoa) C CR(U, X).

a) if (Hy)xep,] C CRou (U, X) then, since Hy(0) = 0, we can apply
the continuation theorem for contractions and we get that H; = f has a

fixed point in U.
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b) if (Hx)xepo,1) is not in CRay (U, X) then, Hy = X - f has a fixed
point in QU for some A € [0, 1]. Of course, A # 0 (since, if A\ = 0 then,
because 0 = Hy(0) we have 0 € 9U, a contradiction with 0 € U). Hence,
in this case, f has a fixed point in OU (for A = 1) or (ii) holds. O

Consider the following initial value problem:
(1) 2'(t) = f(t, (1)), t € [0,T]
(2) z(0) =0,

where f:[0,7] x R — R is a continuous function.

Suppose that:

(a) for each r > 0 there is a, € R such that |f(t,2) — f(t,y)| <
a.|x — y|, for each ¢t € [0,T] and each z,y € [—r,7];

(b) There exists a monotone increasing function ¢ : R, — R such
that | f(t,z)| < p(|z|), for each t € [0, 7] and each = € R;

+oo ds .

© T <[ &

Then the problem (1) + (2) has a unique solution z € C*[0,T].

Proof. Consider, for A € [0, 1], the following family of initial value

problems:
(1) 2'(t) = Af(t,2(t)),t € [0,T]
(2x) 2(0) =0,
Let M > 0 such that T' < fM ds y < +OO ds_
w(s @(s)

Step 1. For each solution x of (1,)+ (2,) we have |z(t)| < M, for each
t € 10,77
Since |2/(t)| < |Ae(|z(t)|), for each t € [0, T], we obtain, by integrat-

ing from 0 to ¢ that
t / t
/ Mds < / Ads.
o ®(lz(s)]) 0
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If we change variables (v := |z(s)|) then

|z(t)] M
/ ! dngtg,\TgT</ ds_|
0 e(v) o ¢(s)

Thus |z(t)] < M, for each t € [0,T].

Let L := ap; > 0. Consider on C[0, 7] the Bielecki type norm:

—Lt
el = max (l=(t)le” )

Define
U:={xe€Cl0,T)||z(t)| < M,Vt € [0,T]}.

Then 0 € U and U is open in C[0, T.
Define G : U — C[0,T),  + Gz, where

_ /Otf(s,x(s))ds

Step 2. We show that G is a contraction.
Let 2.y € U. Then:
(Ga(t) = Gy(D)] < [y f(s,2(s)) = f(s,5(s))|ds <
L Jy [2(s) = y(s)[e~ et ds < (X — 1)[|x — y]|.

Choose a < 1 such that ef*—1 < ael?, for each t € [0, T (for example
any a > 1 — e 7). Then:
|Gz (t) — Gy(t)] < allr — y||pe’t, for any t € [0,T]. As consequence,
1Gz — Gyl < allz - ylls.

Step 3. We prove that \G is fixed point free on 9U, i.e., Bz € OU
such that x = A\Gx.

By contradiction, suppose that there is x € OU such that x = A\Gx.
Then

z(t) = )\/Otf(s,x(s))ds, te[0,7].

Hence 2/(t) = \f(t,z(t)),t € [0,7] and z(0) = 0, showing that z is a
solution for (1)) 4 (2)). Then, by Step 1, we get that |z(t)| < M, for all
t € [0,T]. Thus z € U, which is a contradiction with = € oU.



44CHAPTER 1. CONTRACTIVE-TYPE OPERATORS AND FIXED POINTS

Step 4. We prove that G(U) is bounded.
We have:

|Ge(1)] S/O |/ (s,2(s))lds S/O p(lx(s)ds < p(M) - T,

for each t € [0,T]. Hence ||G(z)|| < (M) - T.
Then from the Nonlinear Alternative we get that G has a unique fixed
point in z* € U. This 2* is a solution of the problem (1) + (2). O.



Chapter 2

Topological Fixed Point

Theorems

2.1 Multivalued Analysis

The aim of this section is to present the main properties of some
(generalized) functionals defined on the space of all subsets of a metric
space. A special attention is paid to gap functional, excess functional and
to Pompeiu-Hausdorff functional.

Let (X,d) be a metric space. Sometimes we will need to consider
infinite-valued metrics, also called generalized metrics d : X x X —
Ry U {+oo}.

We denote by P(X) the set of all subsets of a nonempty set X.
Recall that, if X is a metric space, x € X and R > 0, then B(z, R)
and respectively B (x, R) denote the open, respectively the closed ball of
radius R centered in x. Also, if X is a topological space and Y is a subset
of X, then we will denote by Y the closure and by int(Y') the interior
of the set Y. Also, if X is a normed space and Y is a nonempty subset
of X, then co(Y') respectively ¢o(Y') denote the convex hull, respectively
the closed convex hull of the set Y.

45
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We consider, for the beginning, the generalized diameter functional

defined on the space of all subsets of a metric space X.

Definition. Let (X, d) be a metric space. The generalized diameter
functional diam : P(X) — Ry U {400} is defined by:

sup{d(a,b)| a €Y, be Y}, if Y #10

diam(Y') = { 0, ity =0

Definition. The subset Y of X is said to be bounded if and only if
diam(Y') < oo.

Lemma. Let (X,d) be a metric space and Y, Z nonempty bounded
subsets of X. Then:

i) diam(Y) = 0 if and only if Y = {yo}.

i) If Y C Z then diam(Y') < diam(Z).

i) diam(Y) = diam(Y").

w) IfY N Z # 0 then diam(Y U Z) < diam(Y') + diam/(Z).

v) If X is a normed space then:
a) diam(x +Y) = diam(Y
b) diam(aY) = |a|diam(Y
c) diam(Y) = diam(co(Y)).
d) diam(Y) < diam(Y + Z) < diam(Y') + diam(Z).

, for each r € X.
, where a € R.

~— —

Proof. iii) Because Y C Y we have diam(Y) < diam(Y). For
the reverse inequality, let consider z,y € Y. Then there exist (z,)nen,
(Yn)nen C Y such that =, — x and y, — y as n — oo. It follows that
d(xp, Yn) 5 d(x,y). Because d(x,,y,) < diam(Y), for all n € N we get
by passing to limit d(z,y) < diam(Y'). Hence diam(Y) < diam(Y").

iv) Let u,v € Y U Z. We have the following cases:

a) If u,v €Y then d(u,v) < diam(Y) < diam(Y') + diam(Z) and so

diam(Y U Z) < diam(Y") + diam(Z2).
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\]

b) If w,v € Z then by an analogous procedure we have d(u,v) <
diam(Z) < diam(Y) + diam(Z) and so diam(Y U Z) < diam(Y) +
diam(Z).

c) If u € Y and v € Z then choosing t € Y N Z we have that
d(u,v) < d(u,t)+d(t,v) < diam(Y) + diam(Z). Hence, diam(Y U Z) <
diam(Y') + diam(Z).

v) ¢) Let us prove that diam(co(Y)) < diam(Y). Let z,y € co(Y).
Then there exist ;,y; € Y, A, n; € Ry, such that

n

JZ:Z/\ICC“ y:Z’ujyj’ Z)\zzl, Z,LL]:].
i=1 j=1 Jj=1

i=1

From these relations we have:

=yl =D Nz = > piys|| = H (Z Mj) > Niwi - (Z )\z‘) > ny;
i=1 j=1 j=1 i=1 i=1 j=1
<IN hpgll =yl < <Z > /M‘Mj) diam(Y) = diam(Y').
j=1 i=1 j=1 i=1
O

Let us consider now the following sets of subsets of a metric space
(X, d):

P(X)={Y e P(X)| Y # 0}; P(X) ={Y € P(X)| diam(Y") < oo};

P,

op

Poa(X) = P(X)N Py(X); Pp(X) ={Y € P(X)| Y is compact};

(X)={Y € P(X)| Y is open}; Py(X)={Y € P(X)| Y is closed};

P.,.(X)={Y € P(X)| Y is connex}.

If X is a normed space, then we denote:

Po(X) = {Y € P(X)| Y convex}; Prper(X) = Pop(X) N Proy(X).
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Let us define the following generalized functionals:
(1) D:P(X)xP(X)—= Ry U{+o0}

inf{d(a,b)|a € A, be B}, if A#0+#B
D(A,B)=1<¢ 0, if A=0=B
+o0, if A=(0# Bor A#(=B.
D is called the gap functional between A and B.
In particular, D(z¢, B) = D({zo}, B) (where xy € X) is called the

distance from the point xq to the set B.

(2) §:P(X)xP(X)— R, U{+o0},

sup{d(a,b)|a € A, be B}, if A#D+#B

0, otherwise

(A, B) = {

(3) p:P(X)xP(X)— Ry U{+oo},

sup{D(a,B)| a € A}, if A£0)#B
p(A,B) =< 0, ifA=10
oo, fB=0+A

p is called the excess functional of A over B.
(4) H:P(X)xP(X)— R, U{+o0},

max{p(4, B),p(B,A)}, it A#0+#B
H(A,B) =4 0, ifA=0=B
+o0, ifA=0+#Bor A#0)=B.

H is called the generalized Pompeiu-Hausdorff functional of A and B.

Let us prove now that the functional H is a metric on the space

Py (X). First we will prove the following auxiliary result:

Lemma. D(b, A) =0 if and only if b € A,
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Proof. We shall prove that A = {z € X| D(z, A) = 0}. For this
aim, let « € A be arbitrarily. It follows that for each r > 0 and for each
B(z,r) C X we have AN B(x,r) # (). Then for each r > 0 there exists
a, € A such that d(z,a) < r. It follows that for each r > 0 we have
D(z,A) < r and hence D(z,A) = 0. O

Theorem. Let (X,d) be a metric space. Then the pair (P, 4(X), H)

1S a metric space.

Proof. We shall prove that the three axioms of the metric hold:
a) H(A,B) > 0, for all A, B € P, 4(X) is obviously.
H(A, B) = 0 is equivalent with p(A, B) = 0 and p(B, A) = 0, that
means sup D(a, B) = 0 and iug D(b, A) = 0. Hence D(a, B) = 0, for each
€

acA
a € Aand D(b,A) = 0, for each b € B. Using Lemma 1.4. we obtain

that a € B, for alla € A and b € A, for all b € B, proving that A C B
and B C A.

b) H(A, B) = H(B, A) is quite obviously.

c) For the third axiom of the metric, let consider A, B,C' € P, 4(X).
For each a € A, b € B and ¢ € C we have d(a,c) < d(a,b) + d(b,c).
It follows that iélé d(a,c) < d(a,b) + i]eng d(b,c), for all a € Aand b €
B. We get D(a,C) < d(a,b) + D(b,C), for all a € A, b € B. Hence
D(a,C) < D(a,B)+H(B,C), foralla € Aand so D(a,C) < H(A, B)+
H(B,C), for all a € A. In conclusion, we have proved that p(A,C) <
H(A, B)+H(B,C). Similarly, we get p(C, A) < H(A,B)+ H(B, (), and
so HA,C)< H(A,B)+ H(B,C). O

Remark. H (or Hy if necessary) is called the Pompeiu- Hausdorff
metric induced by the metric d on P, 4(X). Notice also that H is a
generalized metric (in the sense that H(A, B) € Ry U +00) on Py(X).

Lemma. Let the open balls A := B(xo;7), B := B(yo; s) C R", where
2o, Yo € R™ and r,s > 0. Then

H(A, B) = |lzo = yollz + [ = s,
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where || - |g denotes the Fuclidean norm in R™.

Lemma. Let (X,d) a metric space. Then we have:

i) D(-,Y): (X,d) = Ry, x— D(z,Y), (where Y € P(X)) is nonex-
pansive.

it) D(x,-) : (Py(X),H) - Ry, Y — D(z,Y), (where x € X) is

nonerpansive.

Proof. i) We shall prove that for each Y € P(X) we have
|D(z1,Y) — D(x9,Y)| < d(x1,22), for all x1, 25 € X.

Let x1, 29 € X be arbitrarily. Then for all y € Y we have
d(z1,y) < d(xy,x2) + d(z2,y). Then Hel)f/ d(zy,y) < d(xy,x9) +
Yy
in}ff d(xq,y) and so D(z1,Y) < d(z1,x2) + D(22,y). We have proved that
ye

D(z1,y) — D(x9,Y) < d(x1,z5). Interchanging the roles of z; and x5 we
obtain D(x9,Y) — D(z1,Y) < d(x1,x2), proving the conclusion.
ii) We shall prove that for each z € X we have:

|D(z, A) — D(z, B)| < H(A, B), for all A, B € Py(X).

Let A, B € P,(X) be arbitrarily. Let a € A and b € B. Then we have
d(z,a) < d(z,b)+d(b,a). It follows D(z, A) < d(x,b)+D(b, A) < d(x,b)+
H(B, A) and hence D(x, A)—D(x, B) < H(A, B). By a similar procedure
we get D(x,B) — D(x,A) < H(A,B) and so |D(x,A) — D(x,B)| <
H(A,B), forall A,B € P, 4(X). O

Lemma. Let (X, d) be a metric space. Then the generalized functional
diam : (Pa(X),H) — R, U {+0o0} is continuous.

Let us define now the notion of neighborhood for a nonempty set.

Definition. Let (X,d) be a metric space, Y € P(X) and ¢ > 0.
An open neighborhood of radius ¢ for the set Y is the set denoted
VO(Y,e) and defined by VO(Y,e) = {z € X| D(z,Y) < e}. We also
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consider the closed neighborhood for the set Y, defined by V(Y,e) =
{r € X| D(z,Y) <e}.

Remark. From the above definition we have that, if (X, d) is a metric
space, Y € P(X) then:
a)J{B(y,r):y € Y} = VY, r), where r > 0.
) U{B(y,r) : y € Y} C V(Y,r), where r > 0.
c)VOY,r+s) D VOVOY,s),r), where 7, s > 0.
d)VO(Y,r) is an open set, while V(A,r) is a closed set.
e) If (X,d) is a normed space, then:
1) VOY,r+s)=VOVOY,s),r), where r,s > 0
i) VO(Y,r) = Y + int(rB(0,1)).
Proof. d) VO(Y,r) = f~!(] — oo, r[) and V(Y,r) = f~([0,r]), where

f(z) = D(z,Y), z € X is a continuous function.

Lemma. Let (X,d) a metric space. Then we have:

i) If Y, Z € P(X) then 0(Y,Z) =0 if and only if Y = Z = {x¢}

i) 0(Y,Z) <Y, W)+ 6(W., 2Z), for all Y, Z,W € Py(X).

iii) Let Y € Py(X) and q €]0,1[. Then, for each x € X there exists
y €Y such that ¢o(z,Y) < d(x,y).

Proof. ii) Let Y, Z, W € Py(X). Then we have:

d(y,z) < d(y,w) + d(w,z), for all y € Y,z € Z,w € W. Then
supd(y, z) < d(y,w) + supd(w, z), for all y € Y,w € W. So d(y, Z) <
S w) + 0(w, Z) < 8(y W) + 6(W. Z) and hence 6(Y. Z) < 6(Y, W) +
(W, Z).

iii) Suppose, by reductio ad absurdum, that there exists x € X and
there exists ¢ €]0, 1] such that for all y € Y to have ¢d(z,Y) > d(x,y).
It follows that ¢d(z,Y) > sug d(x,y) and hence ¢é(z,Y) > §(z,Y). In

ye

conclusion, ¢ > 1, a contradiction. []

Lemma. Let (X,d) a metric space. Let Y,Z € P(X) and ¢ > 1.
Then, for each y € Y there exists z € Z such that d(y, z) < ¢H(Y, Z).
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Some very important properties of the metric space (P, (X), Hy) are
contained in the following result:

Theorem. i) If (X,d) is a complete metric space, then (Py(X), Hy)
18 a complete metric space.

it) If (X,d) is a totally bounded metric space, then (Py(X), Hy) is a
totally bounded metric space.

iii) If (X, d) is a compact metric space, then (P (X), Hy) is a compact
metric space.

i) If (X, d) is a separable metric space, then (Pu,(X), Hy) is a sepa-
rable metric space.

v) If (X,d) is a e-chainable metric space, then (P, (X), Hq) is also

an e-chainable metric space.

Proof. i) We will prove that each Cauchy sequence in (Py(X), Hy)
is convergent. Let (A, ),en be a Cauchy sequence in (Py(X), Hy). Let us

consider the set A defined as follows:

A= (U Am> .
n=1 \m=n
We have two steps in the proof:
1) A#0.
In this respect, consider € > 0. Then for each k¥ € N there is N, € N
such that for all n,m > Nj, we have H(A,, An,) < 2L Let (ng)ken

k1
be an increasing sequence of natural numbers such that n, > Ny. Let

xg € Ap,. Let us construct inductively a sequence (xj)geny having the
following properties:

a) x € Ay, for each k € N

B) d(xg, xpi1) < %, for each k € N.

Suppose that we have xg, x1, ...,z satisfying o) and /) and we will
generate xj1 in the following way.

We have:

S
D(ajk, Ank+1) S H(Ank7 Ank+1) < 2k-+1 :
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It follows that there exists z,,1 € A
€

9k+1"
Hence, we have proved that there exist a sequence (xy)gen satisfying

«) and f3).
From ) we get that (zx)ren is Cauchy in (X, d). Because (X, d) is

complete it follows that there exists x € X such that z = klim Tp. I
—00

need to show now that z € A. Since (n)ren is an increasing sequence it
follows that for n € N* there exists k, € N* such that ng, > n. Then

T € U A, for k > k,, n € N* implies that x € U A, n € N*. Hence
m>n m>n

x € A.
2) In the second step of the proof, we will establish that H(A,,, A) — 0

as n — 0.

ey, Such that d(zy, vp41) <

The following inequalities hold:

(@, Ttp) < (@, Tpog1) + -+ + A Tpgp1, Thgp) <

€ € € 1 1
< — 4+ + -t —<ell+=+-F=4+... | =

9k+1 Q42 9k+p 2 ok
1 *
=c 1:25,forallp€N.
1— =
2

If in d(xg, Tp4p) < 2e we are letting p — oo we obtain d(xy,z) <
2¢e, for each k € N. In particular d(z¢,z) < 2. So, for each ny € N,
ng > Ny and for zq € A, there exists x € A such that d(xg,z) < 2¢,
which imply

(A, A) < 2e, for all ng > Ny (1).

On the other side, because the sequence (A,,)nen is Cauchy, it follows
that there exists N, € N such that for m,n > N, we have H(A,, A,,) <

e. Let x € A be arbitrarily. Then x € U A, for n € N*, which implies

that there exist ng € N, ng > N, and y € A, such that d(z,y) < e.
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Hence, there exists m € N, m > N. and there is y € A,, such that
d(z,y) <e.
Then, for n € N*, with n > N. we have:

D(z, A,) < d(a,y) + Dy, A) < d(,y) + H(An, A,) < &+ = 2.

So,
p(A, A,) < 2¢, for each n € N with n > N_. (2)

From (1) and (2) and choosing n. := max{Ny, N.} it follows that
H(A,, A) < 2¢, for each n > n.. Hence H(A,,, A) — 0 as n — 0.

v) (X, d) being an e-chainable metric space (where ¢ > 0) it follows, by
definition, that for all z,y € X there exists a finite subset (the so-called
e-net) of X, let say © = zg,x1,...,x, =y such that d(z;_1,xx) < €, for
all k=1,2,...,n.

Let y € X arbitrary and Y = {y}. Obviously, Y € P.,(X). Because
the e-chainability property is transitive, it is sufficient to prove that for
all A € P.,(X) there exist an e-net in P,,(X) linking Y with A. We have
two steps in our proof:

a) Let suppose first that A is a finite set, let say A = {a1, a9, ..., an}
We will use the induction method after the number of elements of A. If
n =1 then A = {a} and the conclusion follows from the e-chainability of
(X, d). Let suppose now that the conclusion holds for each subsets of X
consisting of at most n elements. Let A be a subset of X with n+1 points,
A = {x1,x9,...,Zpy1}. Using the e-chainability of the space (X,d) it
follows that there exist an e-net in X, namely xy = ug, U1, ..., Uy, = 22
linking the points x; and x3. We obtain that the following finite set: A,
{uy, xo, .. i1}y ooy {Ume1, @2, .o Tpg, {T2, ..., Tps1} is an e-net in
P.,(X) from A to B := {xa,...,2,41}. But, from the hypothesis B is
e-chainable with Y, and hence A is e-chainable with Y in P,,(X).

b) Let consider now A € P,,(X) be arbitrary.

A being compact, there exists a finite family of nonempty compact
subsets of A, namely {A;}7_,, having diam(A;) < e such that A =
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U Ay. For each k = 1,2,...n we can choose x;, € A;, and define C' =
k=1
{z1,...,2,}. Then for all z € A there exists k € {1,2,...,n} such that

D(z,C) < §(Ag). We obtain:

H(A,C) = max {sup D(z,C), supyecD(y,A)} =

z€EA

= <
ilelgD(z, C) < Iax 0(Ag) < g,

meaning that A is e-chainable by C in P,,(X). Using the conclusion a)
of this proof, we get that C' is e-chainable by Y in P.,(X) and so we have
proved that A is e-chainable by Y in P, (X). O

Exercise. 1) Let A =[0,3], B =[1,5] and C' = [4, oco[. Find:
a) diam(A), diam(C');
b) D(0, B), D(B,C), D(A,C);
) p(A,C), p(C, A), p(A, B);
d) H(A,B),H(A,C),H(B,C).

o

2) Let us consider the closed balls A := B((0,1);2), B := B((1,3);1)
in R?. Find H(A, B) and D((3,4); A).

2.2 Nadler’s Contraction Principle for

Multi-valued Operators

Let X, Y be two nonempty sets. By a multivalued operator F': X —o Y
we understand an operator F': X — P(Y') which assign (by a given rule)
to every point z € X aset F'(x) C Y. Usually, we are working with multi-
valued operators with nonempty values, i.e., F': X — P(Y).

The graph of the multi-valued operator F' is the set

Graph(F) :={(z,y) e X xY :y € F(x)}.
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If Y = X, then a fixed point for F'is an element x* € X with z* €
F(z*), while a strict fixed point for F'is an 2* € X with F(2*) = {z*}.
We denote by Fliz(F') the fixed point set and by SFiz(F) the strict fixed
point set of F.

For a multi-valued operator F' : X — P(X), the sequence of the
successive approximations starting from zy € X is a sequence (Z,)nen
with x,.1 € F(z,), for every n € N.

The following theorem was proved by Nadler in 1969 for multi-valued
operators with nonempty, bounded and closed values and it was improved
by Covitz and Nadler in 1970, for the case of multi-valued operators with

closed values.

Theorem. (Nadler’s Contraction Principle) Let (X, d) be a complete
metric space and F : X — Py(X) be a multi-valued k-contraction, i.e.,
k€ 10,1] and

H(F(z),F(y)) < kd(x,y), for everyz,y € X.

Then, the following conclusions hold:

(a) Fiz(F) # 0;

(b) for every (zo,x1) € Graph(F') there exists a sequence (x,)nen of
successive approximations starting from xq € X which converges to a
fixed point of F.

Proof. Let xy € X be arbitrary and choose x1 € F(x() also arbitrary.
Let 1 < ¢ < % Then, by the second Lemma on page 51, for x; € F(x)
there exists zo € F'(x1) such that

d(xy,22) < qH(F(20), F(21)).
Thus, by the contraction condition, we obtain
d(x1,29) < qH(F(x0), F (1)) < qkd(zo,x1).

let us denote by K := gk < 1. By an iterative procedure, we obtain a

sequence (Z, )nen of successive approximations for F' starting from xy € X



2.3. SCHAUDER'S FIXED POINT THEOREMS 57

such that

d(xp, 1) < K"d(xg,21), for every n € N.
By a standard procedure we can show that the sequence (x,)nen is
Cauchy in (X, d). Thus, by the completeness of the space (X,d) the
sequence (,)nen 1S convergent to an element z* = x*(z9) € X. We will

show now that z* is a fixed point of F'. We can estimate

0 < D(z*, F(z")) < d(z*,xp+1) + D(xp41, F (")) <
d(z*, p1)+H(F(x,), F(2*)) < d(x*, xpq1)+kd(x,, ), for every n € N.
Letting n — oo we obtain that D(z*, F(x*)) = 0, so using the fact that
F has closed values and Lemma on page 48 we get that z* € F(z*). D

Exercise. Let (X, d) be a complete metric space and F : X — Py(X)
be a multi-valued k-contraction. We suppose that SFix(F) # (. Show
that Fiz(F) = SFixz(F) = {z*}.

2.3 Schauder’s Fixed Point Theorems

2.3.1 K?M operators

Let X be a linear space over R. A subset A of X is called a linear
subspace if for all z,y € A we have that z+y € A and for all x € X and
each A € R we have \ -z € A.

Let A be a nonempty subset of X.

Then, the linear hull (or the span) of A, denoted by span(A) is, by
definition, the intersection of all subspaces which contains A, i.e., the
smallest linear subspace containing A. We have the following characteri-

zation of the linear hull.

span(A) = {zx € X|z = Z/\i'mi’ with z; € A, \; € R;n € N}.

=1
If AC R? and A = {p} with p # 0, then span(A) is the line through
p and the origin.
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Similarly, the affine hull, denoted by af f(A) is defined by

af f(A)={zeX|z =) N-z;, Y M=La;€ANcRneN}
i=1 i=1
If A= {z1, 72} CR? then aff(A) is the line through z; and w,.

Finally, we define the convex hull of A, denoted by co(A), as the in-
tersection of all convex subsets of X which contains A, i.e., co(A) is the
smallest convex set which contains A. We have the following characteri-
zation of coA. . .,
colA)={zeX|z=> N-xz;,» \i=La€ANEN1,neN}

i=1 i=1

Of course, co(A) C af f(A) C span(A).

Similarly, we denote by ¢o(A) is the intersection of all convex and
closed subsets of X which contains A, i.e., ¢o(A) is the smallest convex
and closed set which contains A.

Also, a k-dimensional flat (or a linear k-variety) in X is a subset L
of X with dimL = k such that for each z,y € L, with x # y, the whole

line joining = and vy is included in L, i.e.,
(1—X) -2+ X-yeL, foreach A € R.

The basic fixed point theorem in a topological setting was given by
Bohl-Brouwer-Hadamard in 1904-1909-1910.

Brouwer’s Fixed Point Theorem. Let Y be a compact convex
subset of a finite dimensional Banach space X and f :'Y — Y be a

continuous operator. Then there exists at least one fixed point for f.

Definition. A subset A of a linear space X is said to be finitely closed
if its intersection with any finite-dimensional flat L C X is closed in the
Euclidean topology of L.

If X is a linear topological space, then any closed subset of X is

finitely closed.
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Definition. A family {A4;| i € I} of sets is said to have the finite
intersection property if the intersection of each finite sub-family is not

empty.

We present now the concept of KKM operator, using the definition
given by Ky Fan.

Definition. Let X be a linear space and Y be a nonempty subset
of X. The multivalued operator G : Y — P(X) is called a Kuratowski-
Knaster-Mazurkiewicz operator (briefly K2M operator) if and only if

co{xy,...,xn} C U G(xy),
i=1

for each finite subset {xy,...,2,} C Y.

The main property of K2M operators is given in the following the-
orem. We have here the Ky Fan variant (1961) of the originally KKM
principle (1929).

Theorem. (K%M principle) Let X be a linear space, Y be a nonempty
subset of X and G : Y — P(X) be a K*M operator such that G(z) is
finitely closed (or, in particular, closed), for each v € Y. Then the family
{G(z)| € Y} of sets has the finite intersection property.

Proof. We argue by ncontradiction: assume that there exist
{z1,...,2,} CY such that ﬂ G(z;) = 0. Denote by L the finite dimen-

i=1
sional flat spanned by {z1,...,z,}, i.e., L = span{xy,--- ,z,}. Let us

denote by d the Euclidean metric in L and by C' := co{z1,...,x,} C L.
Because L N G(x;) is closed in L, foralli € {1,2,...,n} we have
that:

Dy(x,LNG(x;)) =0 & x € LNG(z;), for all i =1,n.

Since ﬂ[L NG(x;)] = 0 it follows that the map A : C' — R given by

=1

M) = Z Dy(e, LNG(x;)) # 0, for each ¢ € C.
i=1
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Hence we can define the continuous map f : C' — C' by the formula
1 n
fle) = e > Dale, LN G(x;))z;.
i=1

By Brouwer’s fixed point theorem there is a fixed point ¢y € C' of f,
i.e., f(co) = co. Let

I = {2’ Dd(Co,L N G(,Tl)) 7& O}

Then
co & U G(z;).
iel
Indeed, arguing by contradiction, if ¢y € U G(z;), then ¢ is in at least
one G(z;),i € I. This implies that ¢y € Cj’?u{cz) N L, a contradiction with
the fact that Dy(co, L N G(x;)) # 0.

On the other side:

co = f(co) € co{z;| i € I} C UG(xi),
icl

where last inclusion follows by the K2?M assumption of G. This is a
contradiction, which proves the result. [J

As an immediate consequence we obtain the following theorem:

Corollary. (Ky Fan) Let X be a linear topological space, Y be a
nonempty subset of X and G :' Y — Py(X) be a K?*M operator. If, for
x € X, at least one of the sets G(x) is compact, then

() G(z) #90.

zeY

2.3.2 First Schauder’s Fixed Point Theorem

One of the simplest application of K?M principle is the well-known

best approximation theorem of Ky Fan.
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Lemma. (Ky Fan-Best approximation theorem) Let X be a normed
space, Y be a compact convex subset of X and f : Y — X be a continuous

operator. Then there exists at least one yg € Y such that

lyo = f(yo)ll = 1nf flz — F(yo)]l-

Proof. Define G: Y — P(X) by

Gax) ={y € Yllly = fWIl < llz = f(W)Il}-

Because f is continuous, the sets G(x) are closed in Y and therefore com-
pact. We verify that G is a K?>M operator. For, let y € co{xy,...,z,} C
n

Y. Suppose, by contradiction, that y ¢ UG(xz) Then |y — f(y)] >

lz: — f(y)|l for i € {1,2,--- ,n}. This shozv;é that all the points z; lie in
an open ball of radius ||y — f(y)|| centered at f(y). Therefore, the convex
hull of it is also there and in particular y. Thus ||y — f(v)|| > ||y — f(y)]],
which is a contradiction. By the compactness of G(x) we find a point ¥,
such that yo € m G(z) and hence |lyo — f(vo)|| < |l — f(yo)l|, for all

zeY
x € Y. This clearly implies |lyo — f(vo)|| = in}f/ |z — f(yo)|| and the proof
TE

is complete. [

Theorem. Let Y be a compact convex subset of a Banach space X.
Let f:Y — X be a continuous operator such that for each x € Y with
x # f(x), the line segment [z, f(x)] contains at least two points of Y.
Then f has at least a fized point.

Proof. By the previous Lemma, we obtain an element y, € Y with
llyo— f(yo)l| = ;relg |z — f(yo)||. We will show that yo is a fixed point of f.
The segment [yo, f(yo)] must contain a point of Y other than yq, let say
x. Then x =ty + (1 —t) f(yo), with some ¢ €]0, 1[. Then ||yo — f(yo)|] <
t|lyo — f(yo)|| and since t < 1, we must have ||yo — f(yo)|| = 0. O
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Corollary. (Schauder I) Let Y be a compact convex subset of a Ba-
nach space X. Let f :Y — Y be a continuous operator. Then f has at
least a fized point.

2.3.3 Second and Third Schauder’s Fixed Point

Theorem

Definition. Let XY be two Banach spaces, K C X and f: K — Y.
Then f is called:

1) continuous, if z, € K, n € N with z,, > v € K asn — +©
implies f(x,) — f(z) as n — 400;

2) with closed graph, if z,, € K, n € N with z,, — z and f(x,) =y
as n — +oo implies = € K and y = f(z);

3) bounded, if for each bounded subset A of K, implies f(A) is
bounded in Y;

4) compact, if for each bounded subset A of K the set f(A) is
relatively compact in Y;

5) completely continuous, if f is continuous and compact;

6) with relatively compact range, if f is continuous and f(K) is

relatively compact in Y (i.e., f(K) is compact);

Two well-known results are:

Lemma. a) Let f : K — Y be a continuous function and A C K be
compact. Then f(A) is compact too.

b) If M is a compact set and Z C M, then Z is relatively compact.

Remark. i) If f: K — Y is with relatively compact range, then f is
completely continuous.

ii) Suppose X is a finite dimensional space, K C
X is closed and f : K C X — Y. Then

f is completely continuous if and only if f is continuous.

Proof. i) If f is with relatively compact range, then f(K) is compact
in Y. Let A C K be bounded. Then, f(A) C f(K) C f(K). Hence f(A)
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is relatively compact.

ii) Let A be a bounded subset of K. Then A is a compact set (since
the space X is finite dimensional). Then, f(A) is a compact set. From
f(A) C f(A) and by the previous Lemma b), we get that f(A) is rela-
tively compact. O

Recall now a very important theorem in functional analysis.

Mazur’s Theorem. a) Let X be a Banach space and M be a rela-
tively compact subset of it. Then co(M) is relatively compact.

b) Let X be a Banach space and M be a relatively compact subset of
it. Then co(M) is compact.

c) If X is a finite dimensional normed space and M C X is compact,

then co(M) is compact too.

The next result (Schauder’ second theorem) is very useful for appli-
cations.

Theorem. (Schauder II) Let Y be a bounded closed convex subset of
a Banach space X. Let f:Y — Y be a completely continuous operator.
Then f has at least a fized point.

Proof. Since f is completely continuous and Y is bounded we have
that f(Y) is relatively compact in X. From Mazur’s theorem we know
that the closed convex hull of a relatively compact subset of a Banach
space is compact. Hence K :=¢o(f(Y)) is compact and convex. Since Y
is closed and convex and f(Y) C Y we get that K C Y. Then

[(K) € J(Y) € K = ao(f(Y)).

Thus f: K — K. Also, K € P,.,.(X). By Schauder I, we obtain that
Fiz(f) #0. O

By Schauder I we immediately obtain the following result.

Theorem. (Schauder III) Let Y be a closed convex subset of a Banach
space X. Let f 1Y — Y be an operator with relatively compact range.
Then f has at least a fized point.
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Proof. Since f is with relatively compact range, we have that f is
continuous and f(Y) is relatively compact in X. From Mazur’s theorem
we get that K := ¢o(f(Y)) is compact and convex. Since Y is closed
and convex and f(Y) C Y we get that K C Y. Thus f : K — K. By

Schauder I we get the conclusion.

2.4 Applications

Let (X, d) be a compact metric space and denote
C(X,R):={f: X — R|f continuous }.

Then (C(X,R),| - |lc.s) is a Banach space.

Definition. A subset Y C C(X,R) is said called:
i) bounded if there is M > 0 such that |u(z)| < M, for each u € Y’
and each x € X;
ii) echicontinuous if for each ¢ > 0 there is § > 0 such that the
following implication holds:

d(z1,m9) <6 = |u(zy) —u(zs)| <e, YueY.

Theorem. (Ascoli-Arzela) Y C C(X,R) is relatively compact if and

only if Y is bounded and echicontinuous.

Theorem. (The Fredholm integral operator)
Let K : [a,b] x [a,b] X [-R, R] — R continuous. Consider the Fredholm

integral operator
T : Cla,b] — Cla,bl, ur— Tu

given by
b
Tu(z) ::/ K(z,s,u(s))ds, x € [a,b].

Then T is completely continuous.
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Proof. 1) The continuity of 7.

Let uy € Cla, b] be arbitrary and € > 0. We will prove that T is continuous
in ug, i.e., for € > 0 there exists §(ug, £) > 0 such that, if u € C[a, b] with
llu — upl| < 6 implies ||Tu — Tug|| < e.

Since K is continuous on the compact set W := [a, b] X [a, b] X [~ R, R],
it is uniformly continuous with respect to the third variable. Hence, there
exists d1(e) > 0 such that for any p,q € [—R, R] with |p — ¢| < di(¢)
implies |K(x,s,p) — K(x,s,q)| < 3=, for each (x,s) € [a,b] X [a,b].

Then, there exists 0(ug, ) := d1(¢) > 0 such that for each u € C|a, b]
with [[u —wue|| < 6 we have |[K(z, s, u(s)) — K(z,s,uo(s))| < 3=, for each
(x,s) € [a,b] x [a,b].

Thus, |Tu(z) — Tug(x)| < f; | K (z,s,u(s)) — K(z,s,up(s))|ds < e,

for each x € [a, b]. Takig the sup we get that ||Tu — Tue|| < e.
z€[a,b]

2) We will prove now that 7" is compact, i.e. for each bounded subset

Y of Cla,b] the set T'(Y) is compact.

By Ascoli-Arzela, it is enough to prove that T'(Y') is bounded and

equicontinuous.

i) We prove first that 7'(Y') is bounded, i.e., there exists M > 0
such that [|v|| < M, for every v € T(Y).
We have: |Tu(z)| < ff|K(x,s,u(s))|ds < Mg(b—a) == M (where

My := max |K(z,s,p)|). By taking sup , we get v := ||Tu|]| < M, for
(z,5,p)EW z€[a,b]

eachu €Y.
ii) We prove now that T'(Y') is equicontinuous.

Since K is uniformly continuous on W := [a,b] x [a,b] x [-R, R] with
respect to the first variable we can write that there exists da(¢) > 0 such
that for any x1,xe € [a,b] with |x; — 29| < d2(¢) implies |K (21, s,p) —
K(x3,s,p)| < =, for each (s,p) € [a,b] x [-R, R]. Hence there exists
d2(€) > 0 such that for any z1,x9 € [a,b] with |21 — 22| < d2(¢) and any
u €Y we have |K(z1,5,u(s)) — K(z2,5,u(s))| < 3=, for each s € [a, b].
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Thus, |Tu(xy) — Tu(zs)| < fab |K (21, 5,u(s)) — K(x2,5,u(s))| < 3% (b —

a) = e. As a conclusion, T'(Y) is equicontinuous. O

Remark. a) Let K : [a,b] X [a,b] X [-R,R] — R and g : [a,b] — R

be continuous. Consider the Fredholm-type integral operator
T:Cla,b) — Cla,b]  ur—Tu

given by .
Tu(x) := / K(z,s,u(s))ds + g(x), x € |a,b].

Then T is completely continuous.
b) Let K : [a,b] X [a,b] xR — R be continuous. Consider the Fredholm

integral operator

T : Cla,b] — Cla,b]
ur— Tu
given by
Tu(x) := /bK(x,s,u(s))ds, x € |a,b].
Then T is completely continuous.

An existence result for Fredholm integral equation is:
Theorem. Let K : [a,b] X [a,b] X [-R, R] — R be continuous. Con-

sider the Fredholm integral equation:
b
u(z) = )\/ K(x,s,u(s))ds, x € |a,b].

Suppose that || < m, where Mg := (x’rsr}géw |K(x,s,p)| (here W :=

[a’a b] X [CL, b] X [_R7 R])
Then there at least one u* € B(0; R) C Cla,b] a solution to the above
Fredholm integral equation.
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Proof. Using the previous theorem we have that the Fredholm inte-
gral operator
T : B(0; R) C Cla,b] — Cla,b]

u— Tu

given by
b
Tu(z) = )\/ K(z,s,u(s))ds, = € [a,b]

is completely continuous.

We will prove now that the set B (0; R) is invariant with respect to
T. Indeed, let u € B(0; R). We will show that Tu € B(0; R).

We have: |Tu(z)| < |)| f;|K(t,s,u(s))\ds < |AM|Mk(b—a) < R. By
taking xrél[%?g], we get that | Tul| < R, for each u € B(0; R).

Hence we have that T : B(0; R) C Cla,b] — B(0; R) is completely
continuous on the bounded, closed and convex subset B(0; R) of the
Banach space Cla, b]. By Schauder II, there exists at least one fixed point
u* € B(0; R) for T. This fixed point is a solution of the above Fredholm

integral equation. O

Theorem. (The Volterra integral operator)
Let K : [a,b] X [a,b] x [-R, R] = R continuous. Consider the Volterra
integral operator
T :Cla,b] — Cla,b]

ur— Tu
given by
t
Tu(t) ::/ K(t,s,u(s))ds, t € [a,b].
Then T is completely continuous.

Remark. a) Let K : [a,b] X [a,b] X [-R,R] — R and g : [a,b] — R

be continuous. Consider the Volterra-type integral operator

T : Cla,b] — Cla,b]



68 CHAPTER 2. TOPOLOGICAL FIXED POINT THEOREMS

u+— Tu

gien by t
Tu(t) ::/ K(t,s,u(s))ds+g(t), t € [a,b].

Then T is completely continuous.
b) Let K : [a,b] X [a,b] x R — R be continuous. Consider the Volterra
integral operator

T : Cla,b] — Cla,b]
ur— Tu

given by
t
Tu(x) ::/ K(z,s,u(s))ds, = € [a,b].

Then T is completely continuous.

An existence result for a Volterra-type equation is:

Theorem. Let K : [a,b] X [a,b] x R — R continuous, such that there
exist o, 8 > 0 such that |K(t,s,p)| < a-|p| + B, for each (t,s) € [a, D]
and p € R. Consider g € Cla, b].

Then there exists at least one solution of the following Volterra-type

integral equation:

u@%:/ﬂK@sm@»$+g@%teh$]

Proof. Consider on Cfa,b] the Bielecki-type norm, with arbitrary
T>0,1e.,
= t . 7T(t7a).
Jull = ma [u(t)| - ¢

Let R > 0 be arbitarily chosen and B(0; R) C (Cla,b],]| - ||5)-
STEP 1. The operator

T : B(0;R) C Cla,b] — Cla, b]
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uwr— Tu
given by
t
Tu(t) = / K(t, s, u(s))ds + g(t), t € [a,]

is completely continuous, by the above theorem on Volterra integral op-
erators.

STEP 2. We prove that B(0; R) C (Cla,b],]| - ||p) is invariant with
respect to T'.
Let u € B(0; R). Then, we have:

(Tu(t)] < [y [K(ts,u(s))|ds + gl < a [ u(s)|ds +5(b—a) +||g]l =
o [} u(s)]e 0D + 85— a) + g]| < allulls - L + B(b -
a) + gl

Hence, |Tu(t) e~ < & |ull; + 8(b — a) + |lg]|, for cach € [a,]

We choose 7 > 0 such that 2 R+3(b—a)+|g|| < R. Thus, ||Tu|p < R
and then T : B(0; R) C (Cla,b], || - |8) = B(0; R) C (Cla,b], || - || 5)-

The conclusion follows now by Schauder II. O
Application to differential equations.

A. Peano’s Theorem.
Consider the Cauchy problem:
u'(t) = ftu(t),  ulto) =’

where f: D — R is continuous.
(here D := {(t,u) € R*|t € [to — a,ty + a] X [u® — b, u® + b]}).
Then the Cauchy problem has at least one solution in C[ty — h,to + h],
where h :=min{a, 5} (with M = max |f(t,u)|).

Proof. Denote

X = (C[to — h,to + hl,|| - ||) and Y := B(u’;b) C X.

Define T : B(u%b) C X — X, 2+ Tx, where

Tu(t) := /tf(s,u(s))ds +u®, fort € [ty — h,to+ h.
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Notice that the Cauchy problem is now equivalent to the following fixed
point problem: u = T'u.
We have:
N)T:Y—>Y
Indeed, we will prove that if u € Y, then Tu € Y. We have |Tu(t) —u°| <
i 1 (s,u(s))|ds < M(t—to) < Mh < M% =b, for each t € [to — h, to +
h]. By taking the maximum of ¢ € [ty — h, to + h], we get that

|Tu — u°|| < b, for every u € Y.

Thus T'(u) € Y, for every u € Y.
2) T is completely continuous from the above theorem on Volterra
operators.
Hence, by Schauder II, we get that T has at least one fixed point in
Y. This fixed point is a solution for our Cauchy problem. O
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B. Boundary Value Problem of Dirichlet-type.
Consider the following boundary value problems of Dirichlet-type:

L.
(I1) 2"(t) =0, t € [a,b]
(12) z(a) = «, z(b) = p.

II.

(I11) 2"(t) = f(t), t €
(112) x(a) = 0, z(b)

€ [a, b]
0,

where f:[0,7] — R is a continuous function.

I11.
(I111) 2"(t) = f(t), t € [a,b]
(I112) x(a) = a, z(b) = 3,

where f : [a,b] — R is a continuous function.

IV.

(IV1) 2"(t) = f(¢t,2(t)), t € [a, b]
(IV2) 2(a) = 0, z(b) =0,

where f : [a,b] x R — R is a continuous function.

V.

(V1) 2"(t) = f(t,z(t)), t € [a, ]
(V2) 2(a) = o, x(b)zﬁ,

where f : [a,b] x R — R is a continuous function.

The purpose is to solve or to give existence results for these problems.
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e The unique solution to problem (/1) and (12) is:

t—a b—t
_b—aﬁ—i_b—a

xr(t) a, t € la,b.

e The unique solution to problem (/71) and (I12) is:

b
xrr(t) = —/ G(t,s)f(s)ds, t € [a,bl,

where G : [a,b] X [a,b] — R is the Green function corresponding to the
problem (I1), i.e.,

(s—a)(b—t) .
G(t,s) = b+ HSST
’ mabos) i 5 > ¢

e The unique solution to problem (I111) and (1112) is:

t—a b—t
b—a6+b—a

a, t € a,b.

b
Q?][[(t) = —/ G(t, S)f(S)dS +

e Problem (/V'1) and (/V2) is equivalent to the following Fredholm

integral equation:
b
x(t) = —/ G(t,s)f(s,z(s))ds, t € [a,b].

e Problem (V1) and (V2) is equivalent to the following Fredholm-type

integral equation:

b
2(#) :—/ G(t, 5)f (s, 2(s))ds + E:Zm Z:Za, te b,

Consider the problem (/V'1) and (IV2).
(IV1) 2"(t) = f(t,z(t)), t € [a,]]
(I1V2) z(a) =0, x(b) = 0.
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We have the following existence result.

Theorem. Let f : [a,b] X [-R,R] — R be a continuous func-
tion, where R > 0 is such that if *+ € B(0;R) C Cla,b] then
z(t) € [-R,R]|, for each t € la,b]. Suppose M(b — a) < R, where
M= e G(t,s)] - [f(t u)l.

Then, the problem (IV1) and (IV2) has at least one solution in
B(0; R) C Cla, ).

Proof. STEP 1. The problem (/V'1) and (IV2) is equivalent to the

following Fredholm integral equation:

b
z(t) = —/ G(t,s)f(s,z(s))ds, t € [a,b)].

STEP 2. The operator T : B(0; R) C Cla,b] — Cla,b], = — T,

where
Tx(t) = —/ G(t,s)f(s,x(s))ds, t € [a,b]

is completely continuous by the corresponding result for Fredholm oper-
ators.

STEP 3. We prove that T : B(0; R) C Cla,b] — B(0; R).
Indeed, let z € B(0;R) C Cla,bl. Then |Tx(t)] < [’|G(ts)| -
|f(s,2(s))|ds < M(b—a) < R, for each t € [a,b]. Hence ||Tz| < R,
for every = € B(0; R).

By Schauder II, we get that 7" has at least one fixed point in z* €
B(0;R) c C [a, b]. This fixed point is clearly a solution to problem (/V'1)
and (IV2). O
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