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Abstract. In the paper [4] the author give a new method to study the existence and uniqueness of
a solution on [0, 0o of a scalar integral equation

t
o(t) = glt,a0) + [ At = 5)1(t,5,2(s))ds,
0
where u,v € R, t € [0, 00[ imply that there exists 0 < I < 1 with
lg(t,u) — g(t,v)| < llu— vl
and for each b > 0 there exists L; > 0 such that
‘f(tﬂl‘) - f(t,’l))| S Lb Iu - /U‘ ) vt € [Oab]’ V’U,,’U eR.

In this paper we extend the Burton method to the case where instead of scalar equations we consider
an equation in a Banach space.

Key Words and Phrases: Progressive contractions, fixed points, existence, uniqueness, integro-
differential equations.
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1. INTRODUCTION

The purpose of this paper is to present an existence and uniqueness result for
integral equations with sum of two operators. The approach is based on proving the
existence of a solution on a short interval, then the equation is translated to a new
starting time so that the solution on another short interval is fitted onto the first
solution and so on.

Our result is connected to some recent papers of T.A. Burton [1]-[4] where it is
introduced the technique named progressive contraction. This technique is suited
to integral equations and shows that when the equation is defined by the sum of a
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contraction and a Lipschitz operator one can prove first existence on arbitrary interval
[0,0] and then one can parlay that into a solution on [0, 00). In our paper we combine
the above technique with the classical method of Banach fixed point theorem (see
110)-[13)).

Regarding the integral equations that contain a sum of two operators, one can see
the following papers [6]-[7], [12], [13].

Let (B,|-|) be a Banach space and K € C(R; x Ry x B,B). We consider the
Volterra integral equation corresponding to K

t
x(t) = / K(t,s,x(s))ds, t e Ry, x € C(Ry,B). (1.1)
0
For b > 0, let us consider the same equation defined on [0, b] as follows
t
(1) :/ K(t,5,2(s))ds, t € [0,8], = € C([0, b, B). (1.2)
0

In what follows we consider the Bielecki norm ||-|| ., defined by
]|, = max |z(t)] e, 7 >0,
the Chebyshev norm defined by

2]l = sup {|z(t)}.
t€[0,b]

We consider the equation (1.2) with the following conditions

(C1) K € (C([0,0] x [0,b] x B,B)) ;
(C3) for each b > 0 there exists Ly > 0 such that

|K(t,s,u) — K(t,s,v)| < Ly |u—wvl|, Vt,s €[0,b],u,v €B.
The following result is well known.

Theorem 1.1. If the conditions (C1) and (Cs) are satisfied, then the equation (1.2)
has a unique solution in C(]0,c0[,B).

Since we have a Volterra integral equation is sufficient to prove the existence and
uniqueness of the solution in C([0,b],B) for any positive b. To prove this we consider
on C([0,b],B) the Bielecki norm, with respect to which the operator

S : (0,8, B) - C([0, 8], B)
defined by
S(m)(t):/o K(t, 5, 2(s))ds

isa %—contraction7 with 7 chosen sufficiently large.

The problem is if we can obtain this result using Chebyshev norm.
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2. BURTON METHOD IN THE CASE OF VOLTERRA INTEGRAL EQUATION

Theorem 2.1. If the condition (C1) and (C3) are satisfied and bLy < 1, then the
equation (1.2) has a unique solution in C([0,b],B).

Proof. Following the idea of T.A. Burton [4], [1], [2] and using

m—1

kb (E+1)b .
[0,8] = U {m’m] , me N,
k=0
we divide the interval [0, b] into m equal parts, denoting the end points by
b 2b
0,—,—,...,b
m’ m

Step 1. Let (My,|-||;) be the complete metric space of continuous functions
z: [0, 2] — R with the Chebyshev metric ||-||, , where

lz(t)|l, = max |z(t)|, i=1,m —1.
tefo, 2]

We define the following mapping Ay : M7 — M, with x € M,

b}-

0, —
m

Al(m)(t):/o K(t,s,2(s))ds, t € |

Then for xz,y € M7 and 0 <t < % we have

As(2)(t) — Ay(9)(8)] < / (b 5,2(5)) — F(t5,9(s))]| ds

Ly1b
< : max |x(t) — y(t
< 5= max fa(t) — (e
Ly1b
< 4 — .
< =2 o -y,
So,
Lyqb
max |Ay(z)(t) — A1(y)(t)] < |z =yl -
te(0, % m
Thus
Lb71b
141 (z) = A )y = ——=llz =yl -

The mapping A; is a contraction with a unique fixed point 27 on [0, %] with

(Ar27)(t) = 21(t) = /0 K(t,s,xz7(s))ds, 0 <t < % (2.1)

Step 2. Let (May,|-|l;) be the complete metric space of continuous functions
x: [0, %b] — R with the Chebyshev metric and
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We define the mapping As : My — My with x € M,

t):/ K(t,s,x(s))ds

Notice that for 0 < ¢t < E and x € My then x = z] which is a fixed point and from
(2.1) we have

xi(t), t € 0,%
=4 ="
K it
/0 (t,s,2(s))ds, t € [m’ ]
xi(t), t € 0,%
) e - b 2b
K(t,s,xi(s der/Ktszzz ))ds, te{,}
0 m m

For z,y € M, we have

[Az(2)(t) = A2(y)(1)] < /i [K (2, 5,2(s)) = K(t,5,y(s))| ds

gﬂfmuw—mmw

m

(and since x(t) = y(t) = «7(t) on [0, %])

SA}MM®—Mﬂ%

m

b
< Lpos— t) —y(t
meter[ﬂbagb] lz(t) — y(t)]

m’m

b
< Lypo— t)].
bzmterﬁ)agg]lw() y(0)]

’m

So,
b
max |Aa(z)(t) — A2(y)(t)] < Ly,2— max |2(t) — y(t)].
tefo,2b] mtelo,2b]
Thus

b
[A42(2) = A2(W)]l2 < Lol = yll, -

The mapping A, is a contraction with a unique fixed point z3 on [0, %] Clearly x5
is a unique continuous solution of (2.1) with z3(t) = 3 (t) on [0, 2].
Step 3. We define the complete metric space (Ms, ||-||;) of continuous functions
z:[0,2] — R with 2(t) = 23 on [0, 22]. But 23 is a fixed point and so A3 is well
defined. Analogously we obtain a continuous solution z3 on [0, %b]

As follows we get that A, is a contraction and thus we obtain a unique continuous
solution on [0, b], using the induction method.
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For 2 < i < m — 1 let 7_; be the unique solution of (2.1) on [0, (Z;ml)b] Let
(M;, |||l;) be the complete metric space of continuous functions  : [0, 2] — R with
the supremum metric and x(t) = z;_,(¢) on [0, %] We define A; : M; — M, by
x € M; imply

(i) () = /0 K(t, 5, 2(s))ds

zr ,(b), te [o, (@ ;nl)b]

)
m m

/OtK(t,s,x(s))ds" ‘e [(i —1)b z‘b}

= (i—1)b

t

K(t,s,x;‘_l(s))d5+/ K(t,s,z(s))ds, t € {(l_ml)b7;s]

0 (i—1)b

m

To prove that A; is a contraction, let z,y € M; and 0 <t < % so that

t

Al2)(O) = Aw)O1< [ 1K Esa(5)) = K(t,s, ()] ds

m

t
< [, Laila(s) — y(s)lds

(i —1)b

)

(and since z(t) = y(t) = xj_,(¢) on [0,

(i—1)b

< / Ly |z(s) —y(s)|ds

m

b
< Lyi— t) —y(t
< e 2 |z(t) —y(t)

’m

b
< Lp;— max |x(t) —y(t
< Loagy max [2(0) ~y(0)

So,

b
max |A;(z)(t) — Ai(y) ()| < Ly — max |z(t) —y(t)].
tefo, 2] mtelo,ib]

’m ’m

Thus
b
14s(z) = As()ll; < Lo llz = yll; -

We obtain that A; is a contraction with the unique fixed point z} on [0, £2]. O
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3. APPLICATIONS OF BURTON METHOD TO FUNCTIONAL INTEGRAL EQUATIONS

We consider the following integral equation

z(t) = g(t, z(t) /ftsx))ds t€[0,b) (3.1)

where the functions g € C([0,b) x R,R), f € C(]0,b) x [0,b) x R,R) are given. We
search the solution in the set C([0,b], R) for which we consider the Chebyshev norm.
We divide the interval [0, b] in m equal parts such that

0,5 = U {kb(k“)b] m € N*. (3.2)

2 Lm m
We consider following hypothesis:
(Hy) there exists Ly € (0,1) such that

lg(t,u) —g(t,v)] < Lg|lu—v|, Vu,v eR, 0 <t <
Hsy) for each b > 0 there exists L > 0 such that
£
|f(t,s,u) = f(t,5,0)] < Lyw(b) [u—v], Yu,v €R, 0 <t <b;

Theorem 3.1. In the conditions (Hy) and (Hy) the equation (3.1) has a unique
solution on C([0,b) x B, B).

Proof. Following the same steps as in the proof of Theorem 2 and using (3.2) we

divide the interval [0, b] into m equal parts, denoting the end points by 0, m7 2771;7 ..oy b.
Step 1. Let (My,|-||;) be the complete metric space of continuous functions

z: [0, 2] — R with the Chebyshev metric |||, , where

lz@ll: = max |z@)], i=Im—1

’m

We define the following mapping Ay : M7 — M, with x € M,

Aq(z)(t) = g(t, z(t) /ftsz ))ds, tE[O%]
ThenforxyEMlandO<t<Ewehave
[A1(2)(1) = Ax(y)(8)] < Lg |2() |+/ [f(t,s,2(5)) = f(t s,y(s)) ds

<Ly ||x—y||1 +

L b)b
f’—”ux—ynl-
m

Thus
b
426) = s, < (Lo + Lra®)2 ) = ol

The mapping A; is a contraction with a unique fixed point 27 on [0, %] with

()0 = i) = g(t.ai(0) + [ fltsai)ds 0 @
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Step 2. Let (May,|-|l;) be the complete metric space of continuous functions
x: [0, %b] — R with the Chebyshev metric and

b
t) = a7 (t 0,—|.
o(6) = i) on [0,
We define the mapping A : My — My with x € My
t

Ag(z)(t) = gt 2(t)) + [ f(t,s,2(s))ds.

0

Notice that for 0 <t < % and x € My then x = x7 which is a fixed point and from
(3.3) we have

xi(t), t e {0, :J
(Agz)(t) = g(t, z(t)) +/0tf(t, s,x(s))ds, t € [:;il;]
xi(t), te {0, :J
| stentn+ / * fto (s + / J(t,s,2(s))ds, t € [iiﬂ

For z,y € M, we have

< (Lot Lra®)2 ) mo 1o - y(0)].

telo, 2

*m

Thus

I4160) ~ s}l < (Lo + Lra®) ) o= ol

The mapping A, is a contraction with a unique fixed point =3 on [0, i—lz] Clearly x5
is a unique continuous solution of (3.1) with z3(t) = 3 (t) on [0, 2].

Step 3. We define the complete metric space (Ms, ||-||;) of continuous functions
z:[0,22] - R with 2(t) = 23 on [0, 22]. But 23 is a fixed point and so A3 is well
defined. Analogously we obtain a continuous solution z3 on [0, %b]

By induction we get a unique continuous solution on [0, b]. We give below some induc-
tion details. For 2 < i < m — 1 let 2_; be the unique solution of (3.1) on [0, W]

Let (M, ||l;) be the complete metric space of continuous functions = : [0, 2] — R

’m

with the supremum metric and x(¢t) = z}_,(¢) on [0, W] We define A; : M; — M;
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by € M; imply

(A (1) = g / F(t,5,2(s))ds

-1)
Tl ,tE{O,Z }
) + ftsx ))ds, te[(l_l)b,w}
0 m m
-1)
Tl ,tE{O,Z }

(L 1)b

t

ft,s,x;_ (s))ds+/( ft,s,z(s))ds,

(e [0z 2] -

= ) +

o\

m
7

m m

To prove that A; is a contraction, let z,y € M; and 0 <t < % so that

[Ai(2)(t) = Ai(y) ()] < Ly [2(t) = y(8)] + /ﬂ [f(t,5,2(5)) = f(t,5,y(s))| ds

m

< (Lai+ a2 ) oy 1o(0) - o0

te[0,£]
Thus b
14i60) = Al < (Lo + Lya(®)22 ) o = .
We obtain that A; is a contraction with the unique fixed point x; on [0, ::] O

Remark. Since on each subinterval we apply the contraction principle, the unique
solution of the problem can be obtained on each subinterval using successive approx-
imation method, see [9, 11].

Acknowledgement. The authors would like to express their special thanks and
gratitude to Professor Ioan A. Rus for the ideas and continuous support along the
years.

(1]

2]
3]
(4]

[5]

REFERENCES

T.A. Burton, Integral equations, transformations, and a Krasnoselskii-Schaefer type fixed point
theorem, Electronic J. Qual. Theory Differ. Equ., 2016, no. 66, 1-13;

DOI: 10.14232/ejqtde.2016.1.66.

T.A. Burton, Existence and uniqueness results by progressive contractions for integro- differ-
ential equations, Nonlinear Dynamics and Systems Theory, 16(4)(2016), 366-371.

T.A. Burton, An existence theorem for a fractional differential equation using progressive con-
tractions, J. Fractional Calculus and Applications, 8(1)(2017), 168-172.

T.A. Burton, A note on existence and uniqueness for integral equations with sum of two oper-
ators: progressive contractions, Fixed Point Theory, 20(2019), no. 1, 107-112.

V. Ilea, D. Otrocol, An application of the Picard operator technique to functional integral equa-
tions, J. Nonlinear Convex Anal., 18(2017), no. 3, 405-413.



ON THE BURTON METHOD OF PROGRESSIVE CONTRACTIONS 593

[6] N. Lungu, I.LA. Rus, On a functional Volterra-Fredholm integral equation, via Picard operators,
J. Math. Ineq., 3(2009), no. 4, 519-527.
[7] D. Otrocol, V. Ilea, On the qualitative properties of functional integral equations with abstract
Volterra operators, Res. Fixed Point Theory Appl., Vol. 2018, Art. ID 201813, 8 pages.
[8] I.A. Rus, A class of nonlinear functional-integral equations, via weakly Picard operators, Anal.
Univ. Craiova, Ser. Mat-Inf., 28(2001), 10-15.
[9] I.A. Rus, Generalized Contractions and Applications, Cluj University Press, 2001.
[10] I.A. Rus, Picard operators and applications, Sci. Math. Jpn., 58(2003), no. 1, 191-219.
[11] I.A. Rus, Abstract models of step method which imply the convergence of successive approzima-
tions, Fixed Point Theory, 9(2008), 293-297.
[12] M.A. Serban, Data dependence for some functional-integral equations, J. Appl. Math., 1(2008),
no. 1, 219-234.
[13] M.A. Serban, I.A. Rus, A. Petrusel, A class of abstract Volterra equations, via weakly Picard
operators technique, Math. Inequal. Appl., 13(2010), 255-269.

Received: June 12, 2019; Accepted: September 5, 2019.



594

VERONICA ILEA AND DIANA OTROCOL



