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1. INTRODUCTION

In 1965, Zadeh introduced fuzzy sets which are useful in understanding and ex-
plaining the systems with uncertainty and vagueness present in their nature. Kramosil
and Michélek [12] used this approach in extending the idea of usual distance functions
to the fuzzy distance functions and consequently, they introduced the notion of fuzzy
distance or fuzzy metric space. Afterwards, by considering the fuzzy distance of two
points as a measure of degree of nearness of those points with respect to a parameter
t € (0,400), George and Veeramani [3] gave some modifications to the definition of
fuzzy metric spaces due to Kramosil and Michélek [12]. The existence of fixed points
of mappings of contractive nature in fuzzy metric spaces was considered by Grabiec
[4] which has become of interest to many authors. The contractive condition used
by Grabiec [4] is directly associated with the parameter ¢. For the existence of fixed
point, the contractive condition of Grabiec [4] demands an additional condition that
the fuzzy distance between any two points of spaces must tend to 1 as the parame-
ter t tends to +o00. Gregori and Sapena [6] introduced another class of contractive
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mappings which uses the contractive constant independent of the parameter ¢t and
showed the existence of fixed points for such mappings. Mihet [14, 15] introduced
fuzzy t-contractive mappings in fuzzy metric spaces (in the sense of Kramosil and
Michélek [12]) and generalized the class of contractive mappings introduced by Gre-
gori and Sapena [6]. The results discussed above are followed by several extensions
and generalizations, see e.g., [25, 19, 20] and the references therein.

The role of triangular inequality plays an important role in the structure of metric
and fuzzy metric spaces. Shukla et al. [22] introduced the concept of graphical
metric spaces and weakened the triangular inequality by using a graphical structure
associated with the space. Recently, Saleem et al. [17] extended the idea of Shukla
et al. [22] to its fuzzy analogue and introduced graphical fuzzy metric spaces and
proved some fixed point results in such spaces. These results use the contractive
condition directly associated with the parameter, and so, the results of Saleem et al.
[17] are an extension of Grabiec [4]. In the paper [23] authors improved some notions
and results of Saleem et al. [17]. The purpose of this paper is to introduce a new
class of contraction mappings in graphical fuzzy metric spaces, called (H, H')-fuzzy
graphical &-contraction, and to prove some fixed point results for the mappings of
this new class. Our results retrieve the fixed point results of Mihet [14], Gregori and
Sapena [6], Wardowski [25], and Tirado [24] in a more general context of graphical
fuzzy metric spaces. For illustrations and justification, some examples are provided.

The remainder of the paper is organized as follows. Section 2 is devoted to compile
all basics need in our study. Then, in Section 3 are provided our main results. Finally,
in Section 4 we set the conclusions on the study carried out and propose two open
problems.

2. PRELIMINARIES

We recall some known definitions and the properties of fuzzy metric spaces, graphs,
and graphical metric spaces.

Definition 2.1 (Schweizer and Sklar [18]). A binary operation «: [0, 1] x [0, 1] — [0, 1]
is called a t-norm if the following conditions are satisfied:

(T1) axb="bxa;

(T2) axb<cx*dfora<eb<d;

(T3) (axb)xc=ax(bx*c);

(T4) a0 =0,ax1=a; for all a,b,c,d € [0,1].

For ay,as, ...,a, € [0,1] and n € N, the expression a; * ag * - - - * a,, will be denoted

by Hai . In further discussion, by *,,, *, and *;, we denote the minimum, product
i=1
and Lukasiewicz t-norms respectively, i.e., a*,, b = min{a, b}, a*,b = aband a*; b =
max{a + b — 1,0} for all a,b € [0,1]. For the details concerning ¢-norms the reader is
referred to [11, 7].
For a nonempty set X, let A = {(z,x): z € X} (see, [8, 22]) and consider a directed
graph H, such that V(H) = X, E(H) 2 A and H is without parallel edges. In this
case, the set X is said to be endowed with the graph H = (V(H), E(H)). By H™!,
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we define a graph such that V(H 1) = V(H), E(H ') = {(z,y) € X x X : (y,2) €
E(H)}. The graph H induces an undirected graph Hy such that V(H;) = V(H) and
E(H;) = E(H)U E(H™'). For two vertices u and v in H, a path from u to v of
length n € N in H is a sequence {z;}1, of n + 1 vertices such that zy = u,x, = v
and (x;_1,2;) € E(H) for i = 1,2,...,n. A graph H is called connected if, there is
a path between any two vertices. H is weakly connected if the induced undirected
graph Hj is connected. We define a relation P on X by:

P = {(u,v) € X x X: there is a directed path from u to v in H}.

We write (uPv)y if (u,v) € P. We say that a vertex w falls on some directed path
joining w and v, and we write w € (uPv)y, if w is contained in some directed path
from u to v in H. For a natural number n, we denote

[u]fy = {v € X: there is a directed path from u to v of length n}.

If for a sequence {z,} in X we have (z,Pxz,1)g for all n € N, then the sequence
{z,} is said to be an H-termwise connected sequence. For a mapping T: X — X, a
sequence {x,} in X is called a T-Picard sequence (or a Picard sequence generated by
T) with initial value 29 € X if z,, = Tx,,—1 for all n € N. By Fix(T'), we denote the
set of all fixed points of T. Also we denote Xp = {z € X : (x,Tx) € E(H)}. The
graph H is called transitive if (z,y), (y,2) € E(H) implies (z,z) € E(H).

All the graphs considered in this paper are directed and with nonempty sets of
vertices and edges.

Definition 2.2 (Shukla et al. [22]). Let X be a nonempty set endowed with a graph
H and dy : X x X — R be a function satisfying the following conditions:

(GMy) du(z,y) >0 for all z,y € X;

(GM3) dy(xz,y) =0 if and only if x = y for all z,y € X;

(GM3) dy(z,y) = du(y,x) for all z,y € X;

(GMy) (zPy)u,z € (xPy)u implies du(x,y) < du(z,z) + du(z,y) for all
x,y,z € X.

Then, the mapping dy; is called a graphical metric on X, and the pair (X, dy) is called
a graphical metric space. For examples and properties of graphical metric spaces, we
refer to [21, 22].

Definition 2.3 (Saleem et al. [17]). Let X be a nonempty set endowed with a graph
H, % be a continuous t-norm and My : X x X x (0,4+00) — [0,1] is a fuzzy set. Then
the triplet (X, My, *) is called a graphical fuzzy metric space and My is called a
graphical fuzzy metric on X if the following conditions are satisfied:

(GFM1) My(z,y,t) > 0;

(GFM2) My(z,y,t) =1 if and only if x = y;

(GFM3) MH(Iv Y, t) = MH(ya z, t)’

(GFM4) (zPy)u, z € (vPy)y implies My (z,y,t+s) > Mu(x, z,t)x My (2,y, s);
(GFM5) My (z,y,-) : (0,4+00) — [0,1] is a continuous mapping;

for all x,y,z € X and s,t > 0.
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If the graph H is considered as the cross product X x X, then the corresponding
graphical fuzzy metric space reduces to a fuzzy metric space in the sense of George
and Veeramani [3], hence, graphical fuzzy metric spaces are a generalization of fuzzy
metric spaces. For examples and topological properties of a graphical fuzzy metric
space, we refer to [23].

The following definition of “My-convergence” in the context of a graphical fuzzy
metric will be used in developing the fixed point theory in graphical fuzzy metric
spaces, and it is similar to the definition of “convergence” used in [17].

Definition 2.4 (Shukla et al. [23]). Let (X, My, %) be a graphical fuzzy metric space.
A sequence {x,} in X will be called My-convergent to x € X if for each r € (0,1)
and ¢t > 0 we can find ng € N such that 1 — My (zp,2,t) < e for all n > ng (i.e.

ha[_l My (2p,x,t) =1 for all ¢ > 0). In such a case, as usual, we will say that {z,}
n——+0oo

is My-convergent in X.

As customary, we define the concepts of Cauchy sequences and completeness of
graphical fuzzy metric spaces in two ways.

Definition 2.5 (Shukla et al. [23]). Let (X, My, %) be a graphical fuzzy metric space
and {z,} be a sequence in X. Then:

(I) {zn} is called a G-Cauchy sequence if for all ¢ > 0 and each p € N we have
lim My(Zp4p, n,t) = 1. Or equivalently, the sequence {z,} is G-Cauchy

n—+oo

if forallt > 0,0 < e < 1 and each p € N there exists ng € N such that

1 — Mu(2n, Tntp,t) < € for all n > ng. A G-complete graphical fuzzy metric

space is a graphical fuzzy metric space in which every G-Cauchy sequence is
My-convergent.

(I1) {x,} is called an M-Cauchy sequence if for all ¢ > 0 we have

lim  My(xp, Tm,t) = 1. Or equivalently, the sequence {z,} is M-

n,m—-4o0o

Cauchy if for all ¢ > 0 and 0 < & < 1 there exists nyg € N such that
1 — My(zp,zm,t) < e for all n,m > ng. An M-complete graphical fuzzy
metric space is a graphical fuzzy metric space in which every M-Cauchy se-
quence is Myx-convergent.

Every M-Cauchy sequence is a G-Cauchy sequence in graphical fuzzy metric spaces,
and every G-complete graphical fuzzy metric space is an M-complete graphical fuzzy
metric space, but the converse is not true in general, as every fuzzy metric space is a
graphical fuzzy metric space.

Definition 2.6 (Shukla et al. [23]). Let (X, My, %) be a graphical fuzzy metric space
and let H' be a subgraph of H such that E(H’) 2 A. Then, the space (X, My, *) is
called H'-G-complete (H’'-M-complete respectively) if every H'-termwise connected
G-Cauchy sequence (M-Cauchy sequence respectively) in X is My-convergent to some
point in X.

We now state our main results.
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3. MAIN RESULTS

In this section, we define a new class of mappings called (H, H')-fuzzy graphical
&-contractions and prove some fixed point results for the mappings of this new class
in graphical fuzzy metric spaces. These results generalize and extend the results of
Tirado [24], Gregori and Sapena [6], Mihet [14], Wardowski [25], and Shukla et al.
[22] in graphical fuzzy metric spaces.

Let Z be the class of all functions £: (0,1] — (0, 1] satisfying the following proper-
ties:

(£1): € is nondecreasing, i.e., a < b implies £(a) < £(b) for all a,b € (0,1];
(€2): nEIJIrloo €"(a) =1 for all a € (0,1].

Remark 3.1. If a € (0,1) then £(a) > a, and if a = 1, then &(a) = 1.
Example 3.2. The following functions &: (0,1] — (0, 1], belong to the class E:

(a) &(a) =1 for all a € (0,1];

(b) &(a) = a” for all a € (0,1], where k € (0,1);

(c) £(a) =1—k(1 —a) for all a € (0,1], where k € (0, 1);

(d) &(a) = m for all a € (0, 1], where k € (0, 1);

(e) &(a) = e for all a € (0,1];

(f) €(a) = X1 for all a € (0, 1], where y € E.

(g) &(a) = x(a) —; fa) for all a € (0,1], where x € E and f: (0,1] — (0,1] is any

nondecreasing function such that x(a) < f(a) for all a € (0,1].

(h) &(a) = v/x(a)f(a) for all a € (0,1], where x € E and f: (0,1] — (0,1] is any

nondecreasing function such that y(a) < f(a) for all a € (0,1].

Example 3.3. Let ¥ be the class of all functions ¢: (0,1] — (0,1] such that ¢ is
continuous, nondecreasing and ¢ (t) > ¢ for all ¢ € (0, 1] (see, Mihet [14]). Then for
each ¢ € ¥ we have ¢ € Z, i.e., ¥ C = and this inclusion is proper (see Example 3.14
of this paper).

The concept of class E is motivated by Matkowski [13], who introduced the func-
tions with such properties involved in the contractive conditions in metric spaces.
Several authors used this idea in various spaces, see, e.g., [2, 9, 19] and the references
therein.

Definition 3.4. Let X be a nonempty set endowed with a graph H. Then, a mapping
T: X — X is said to be:
(I) H-edge preserving if (z,y) € E(H) implies (Tx,Ty) € E(H).

(I) H-path preserving if y € [z]%, ¢ € N implies T’y € [T'z]}; for some r € N,
Remark 3.5. If T is H-edge preserving, then obviously it is H-path preserving. The
converse of this assertion is not always true, e.g., consider the set X = {z € Z:0 <
z < 5} endowed with graph H, where E(H) = {(0,1),(1,2),(5,4),(4,3)} UA and
consider a mapping T: X — X defined by T0=5,T1=T2=3,T3=T4=T5 = 2.
Then, it is easy to see that T is H-path preserving but not H-edge preserving. Indeed,
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(0,1) € E(H), but (T0,71) = (5,3) ¢ E(H). We point out that if a graph H is
transitive, then the concepts (I) and (II) are equivalent.

Definition 3.6. Let (X, My, %) be a graphical fuzzy metric space and H' be a sub-
graph of H such that E(H') 2 A. A mapping T: X — X is called an (H, H')-fuzzy
graphical &-contraction if there exists £ € = such that the following condition holds:

(FGE) My (Txz,Ty,t) > &(Mu(z,y,t)) for all z,y € X,t > 0 with (z,y) €
E(H').

Definition 3.7. Let (X, My, *) be a graphical fuzzy metric space and let H' be a
subgraph of H such that E(H') O A. A sequence {z,} in X will be called E(H})-
convergent to x € X if for each 0 < e < 1 and ¢ > 0 we can find ny € N such that
(x,2,) € E(H}) and My(xy,z,t) > 1 —¢ for all n > ng. Again, in such a case, we
will say that {x,} is E(H})-convergent in X.

Remark 3.8. Observe that an E(H/)-convergent sequence {x,} to z € X, which
is, in addition, an H’-termwise connected sequence, satisfies the following more re-
strictive condition: for each 0 < ¢ < 1 and ¢t > 0 we can find ng € N such
that (x,z,) € E(H') for all n > ng or (zp,z) € E(H') for all n > ng, and
My (zy,z,t) > 1 — ¢ for all n > nyg.

Throughout the paper, we assume that H' is a subgraph of H such that E(H') D A.
We now prove a convergence result for the Picard sequence generated by an (H, H')-
fuzzy graphical £-contraction in an H'-M-complete graphical fuzzy metric space.

Theorem 3.9. Let (X, My, x) be an H'-M -complete graphical fuzzy metric space and
T: X = X be an H'-edge preserving (H, H')-fuzzy graphical &-contraction. Suppose,
the following conditions hold:

(i) there exists ©o € X such that Txo € [zo|Y, for some ¢ € N and
infy>1 My(zo, TFx0,t) > 0 for all t > 0;

(i) the graph H' is transitive;

(iti) if an H'-termwise connected T-Picard sequence is My-convergent in X,
then it is E(H})-convergent in X.

Then, there exists x* € X such that the T-Picard sequence {x,} with initial value
zo € X is H'-termwise connected and My-convergent to both x* and Tx*.

Proof. Let zp € X be the given point such that Tzy € [zo]%, and ¢ € N. Since
H' is transitive, we must have (zg,Tzo) € E(H'). Consider the T-Picard sequence
{x,} with initial value xzg. Then by the definition, we have (zg,2z1) € E(H'). As,
T is H'-edge preserving, we have (z1,22) = (T'zo,Tx1) € E(H'). Similarly, one can
easily deduce that (z,_1,z,) € E(H') for all n € N. By transitivity of H', we obtain
(n, Tm) € E(H') for all m > n.

Suppose, T, = T, where m > n. Since (xy,x,,) € E(H') for all n,m € N with
m > n, T is H'-edge preserving and {z,} is a T-Picard sequence, by successive use
of (FG¢) we obtain:

MH(xn7xn+17t) = MH(xM?xm+1;t) Z gm_n(MH<xnaxn+1;t))'
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If z,, = 441, then z, is a fixed point of T and =z, = x,, for all m > n. Therefore,
the T-Picard sequence {x,} is H'-termwise connected and converges to both z,, and
Tx, and we are done. Otherwise, the above inequality with Remark 3.1 yields a
contradiction.

Now suppose that z, # x,, and so, My(2n, Tm,t) < 1 for all n,m € N such that
m # n.

For fixed t > 0 and for every n € NU {0}, define a set M,, by:

M, = {Myu(xn, Tm, t): m > n}.

Then, M,, C (0, 1], and so, its infimum exists. Let

I, =inf M,, = inf My(z,,zm,t).

m>n

We prove the Mp-convergence of {z,,} with the help of the following claims:
Claim I: The sequence {I,} is a nondecreasing sequence.
Proof. Since (zn,zm) € E(H') for all m > n € N, hence by (FG{) and Remark 3.1
we have

MH<xn7xm;t) - MH(Txn—thm—lat)
g(MH(-rnfly Tm—1, t))
MH(mnflv Tm—1, t)

VoIV

Taking infimium over m(> n) yields:
inf Mu(2p,zm,t) > inf Myg(zp—1,2Zm—1,t)
m>n m>n

= inf  Mu(Tn—1,Zm,t).

m>n—1

This shows that I,, > I,,_; for all n € N.

Claim II: There exists N € N such that I,, > 0 for all n > N.

Proof. Since the sequence {I,} is nondecreasing, it is sufficient to show that there
exists N € N such that Iy > 0. We prove the claim by contradiction. So, suppose
that I,, = 0 for all n € N, then using (£1) and (FG¢) successively we obtain: for all
m,n € N withm >n

MH((Enyxmvt) Z g(MH(mnflyxmflvt))
Z 52 (MH (xn—27 Tm—2, t))
> fn(MH($07$m—n,t))- (31)

Taking infimium over m(> n) we obtain
O 2 H;f fn(MH(xO,xmfnvt))
= lgzlfl §" (Mu (2o, Tk, 1))

Hence, we must have infy>1 ™ (Myu (2o, zk,t)) = 0 for all n € N. So, by the definition
of infimum for every n € N and for every 0 < a < 1 there exists r,, € N such that

" (Mwu(xo, xr,,t)) < o for all n € N.
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Let 8 = infy>1 Mu(zo, 2, t), then by condition (i) we have 0 < § < 1. Therefore, we
have 8 < My(zo, z,,,t) for all n € N. Then, by (£1) we obtain
&' (B) < &"(Mu(xo,zr,,t)) < o for all n € N.
Therefore, by (£2) and the above inequalities we have: there exists ny € N such that
a < (P) < aforall n>ng.

This contradiction proves the claim.

Claim IIT: The sequence {x,} is M-Cauchy.
Proof. Let € > 0 be given such that 0 < e < 1 and let n > N, ie., I, > 0 for all
n > N. By (3.1) we have:

I > jnf € (Ma(@o, a1, )

Again, by the definition of infimum, for every n > N there exists p,, € N such that

: n n €
]irzlfig (MH(x07xkat)) > g (MH(m07xpn7t)) - 5

Let 8 be the same as it was in the proof of Claim II. Then, again, we have
& (B) < " (Mu(zo, xp, ,t)) for all n > N.

Therefore
. n n €
juf ¢ (Mu(zo, 21, 1)) > €"(B) = 5-

By (£2), there exists ng € N such that ne > N and [£"(5) — 1] < % for all n > ng, i.e.

&p)>1- % for all n > ns.

This shows that
I, >1—¢for all n > ns.
Therefore
My (T, Tm,t) > I, > 1 —¢ for all m >n > na.

Thus, {2, } is an H'-termwise connected M-Cauchy sequence, and the claim is proved.

By the H’-M-completeness of X, the sequence {z,} is My-convergent in X. More-
over, by the condition (iii) and Remark 3.8 we have that, there exists * € X such
that for each 0 < § < 1 and ¢ > 0, there exist ng € N satisfying (z,,,2*) € E(H') for
all n > ng or (z*,z,) € E(H') for all n > ng, and

My (p,x*,t) > 16 for all n > nog. (3.2)

Obviously, the sequence {z,} is Myg-convergent to a* € X. We shall show that {x,}
is My-convergent to T'x* as well.

Fixed 0 < § < 1 and ¢ > 0. Consider ng satisfying the aforementioned properties.
Suppose that (z,,z*) € E(H') for all n > ng. Let Nj be the set of all natural numbers
n such that 2, = z*, and Ny = N\ Ny.
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Since x,, # x,, for all n # m, therefore N; contains at most one element, hence No
must be infinite. Hence, we can choose ng € Ny such that ng > ng and z,, # z* for
all n > n3. Then using (FG¢) and Remark 3.1 we have

My (g1, Ta™ t) > E(Mu(xp, 2™, 1)) > My(x,, z*,t) for all n € Ny with n > ns.
Using (3.2) in the above inequality, we get
My (zpy1, T2, t) > 1 =6 for all n € Ny with n > ng.
Since x,, # x* for all n > ng, it follows from the above inequality that
My (xpy1, Tx*,t) > 1 —0 for all n € N with n > ns.

This shows that the sequence {z,} is My-convergent to Txz* € X. Similarly, if
(x*,2,,) € E(H') for all n > ng, we reach to the same conclusion. Thus, the sequence
{zp} is My-convergent to both z* and Tz*. O

The conditions used in the above theorem ensure the convergence of T-Picard
sequence with initial value xg to a point x* and its image T'z*, but these conditions
do not ensure the existence of a fixed point of the mapping 7. The following example
verifies this fact.

Example 3.10. Let n € N and denote by || - || the usual norm on R”, i.e. ||x|| =
Va3 + -+ a2 for each x = (z1,...,2,) € R". Consider X = R" endowed with
graph H, where E(H) = {(x,y) € X x X: 0 < ||ly|| < ||x|| < 1}. Suppose H' = H
and define the fuzzy set My : X x X x (0,400) — [0,1] by

1, ifx=y;
1
M, H=J ——  ifx,ye X\ {0},x
1 otherwise.

2
for all ¢ > 0, where 0 = (0,...,0). Then (X, My, #,,) is an H’-M-complete graphical
fuzzy metric space, but not a fuzzy metric space. Define the mappings 7: X — X
and &: (0,1] — (0,1] as follows:

X .
Tx=1 3 if x # 0;
1 ifx=0

and £(a) = v/a for all a € (0,1]. Then, T is an H’-edge preserving (H, H')-fuzzy
graphical ¢-contraction. For any xo € X \ {0} we have Txo € [xo]},, and H' is
a transitive. Note that, any T-Picard sequence in X is My-convergent to x for all
x € X, hence any such sequence will be E(H7)-convergent to u, where u = (1,...,1).
Hence, all the conditions of Theorem 3.9 are satisfied. We observe that for every
xp € {x € R" : 0 < |[x|| < 1}, the T-Picard sequence with initial value xq is H'-
termwise connected and converges to both x* and Tx* for all x* € X \ {0}, but T
has no fixed point in X.

7

To ensure the existence of a fixed point, we use an additional condition called
Property (S) which is associated with the structure of a graphical fuzzy metric space
and the mapping 7.
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Property (S): Let (X, My, *) be a graphical fuzzy metric space, H' be a subgraph
of graph H and T: X — X be a mapping. Then, the five-tuple (X, My, *, H',T) is
said to have the property (S) (see [17]) if:

whenever an H'-termwise connected T-Picard sequence {z,} has two limits
2* and y*, where 2* € X, y* € T(X), then z* = y*. (S)

Theorem 3.11. Let (X, My, x) be an H'-M-complete graphical fuzzy metric space
and T: X — X be an H’-edge preserving (H, H')-fuzzy graphical &-contraction.
Suppose, all the conditions of Theorem 3.9 hold. In addition, if the five-tuple
(X, My, x, H',T) has the property (S), then T has a fized point in X.

Proof. Tt follows from Theorem 3.9, that the T-Picard sequence {x,} with initial
value xy is My-convergent to both z* and Taz*. Since * € X and Ta* € T(X),

therefore by the property (S) we must have Txz* = z*. Thus, z* is a fixed point of
T. O

Theorem 3.12. Let (X, My, ) be an H'-M-complete graphical fuzzy metric space
and T: X — X be an H'-edge preserving (H, H')-fuzzy graphical -contraction. Sup-
pose, all the conditions of Theorem 3.11 are satisfied. In addition, if X1 is connected
(as a subgraph of H'), then T has a unique fized point.

Proof. The existence of a fixed point of T follows from Theorem 3.11. Suppose that
X7 is connected (as a subgraph of H') and a*,y* are two distinct fixed points of
T, ie., Mg(z*,y*,t) < 1 for all t > 0. Since E(H') 2 A, therefore Fix(T) C X
and so z*,y* € Xp. Again, due to X7 is connected and H' is transitive, we have
(z*,y*) € E(H'). Since My(z*,y*,t) < 1 for all t > 0, therefore, by (FG¢) and
Remark 3.1 we obtain

My(z*,y*,t) = Mu(T2*,Ty",1)
2 S(MH(I*ay*vt))
> MH('r*yy*vt)'
This contradiction proves the uniqueness of the fixed point. O

Remark 3.13. In the above theorem, for the uniqueness of the fixed point of the
mapping T we have imposed the condition of connectedness of Xp. It is easy to see
that if we replace this condition by the condition of connectedness of the set of all
fixed points of T, i.e., Fix(T'), then the uniqueness of the fixed point of T' remains
unaffected.

Example 3.14. Let X = R and {z,,} be an increasing sequence in (0,1) such that
zn — 1 as n — +oo (with respect to usual topology of R). Let A = {z,: n € N},
k € N be fixed and H, H' be two graphs defined by V(H) = V(H') = X and

E(H)=FEH')=AU{(z,y) € AXA: & = Tpk, Yy = Tink, m > n}U{(Tnk,1): n € N}.
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Then, H' is transitive. Define a fuzzy set My : X x X x (0,400) — [0,1] by

1, it x=uy;
My(z,y,t) = ¢ min{z,y}, ifz,yeAu{llz#y
m, otherwise.

for all ¢ > 0. Then (X, My, *,,) is an H'-M-complete graphical fuzzy metric space.
Define mappings T: X — X and &: (0,1] — (0,1] as follows:

Tptk, fz=x,,neN;

Ter=<¢ 1, ifx=1;
2x, otherwise
and
Tk, if0<a<ag;
§(a) = L(n+1)ks ifrpe <a< T(n+1)ks € N;
1, ifa=1

Note that, T is H'-edge preserving (H, H')-fuzzy £-contraction and for all x = x4
we have Tz € [z]};, and inf,>1 My(z,T"z,t) > 0 for all ¢ > 0,n € N. Finally,
any H’-termwise connected T-Picard sequence in X is either a constant sequence
(with each term equal to 1) or a sequence {z,i}nen and such sequence has a unique
limit, namely, 1. Hence, the condition (iii) of Theorem 3.9 and the property (S) are
satisfied. Therefore, by Theorem 3.11 and Remark 3.13, the mapping T has a unique
fixed point, namely, 1.

Let (X, My, %) be a graphical fuzzy metric space and H' be a subgraph of H such
that F(H') D A. Then, a mapping T: X — X is said to be an:

(I) (H, H')-fuzzy graphical contraction if for all ¢ > 0, z,y € X with (z,y) € E(H')
the following condition is satisfied:

1 1
- i <k|—
M(Txz,Ty,t) - {M(w‘,y?t) }

(I1) (H, H')-fuzzy graphical Tirado contraction if for all ¢ > 0, z,y € X with
(z,y) € E(H') the following condition is satisfied:

1—M(Tz,Ty,t) < k[l — M(z,y,t)] for some k € (0,1).

(III) (H, H')-fuzzy graphical i-contraction if for all ¢ > 0, z,y € X with (x,y) €

E(H') the following condition is satisfied:
M(Tz,Ty,t) > (M(z,y,t)) for some ¢ € U.

(IV) (H, H')-fuzzy graphical Wardowski contraction if for all t > 0, z,y € X with

(z,y) € E(H') the following condition is satisfied:
n(M(Tx, Ty, t)) < kn(M(z,y,t))
where n: (0,1] — [0,400) is a strictly decreasing function which transform
(0,1] onto [0, +00).
The following corollary provides a fixed point result for the contractions given by

Gregori and Sapena [6], Tirado [24], Mihet [14], and Wardowski[25], respectively, in
the context of graphical fuzzy metric spaces.

for some k € (0,1).
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Corollary 3.15. Let (X, My, ) be an H'-M-complete graphical fuzzy metric space
and T: X — X be an H'-edge preserving mapping of at least one of the following
types:

(I): (H, H')-fuzzy graphical contraction;

(IT): (H, H')-fuzzy graphical Tirado contraction;

(III): (H, H')-fuzzy graphical 1-contraction;

(IV): (H, H')-fuzzy graphical Wardowski contraction.
Suppose, the conditions (i), (ii), and (iii) of Theorem 3.9 hold. Then, there ex-
ists ¥ € X such that the T-Picard sequence {x,} with initial value zo € X is
H'-termwise connected and My-convergent to both x* and Tx*. In addition, if the
five-tuple (X, My, x, H',T) has the property (S), then T has a fized point in X. Fur-
thermore, if Xr is connected (as a subgraph of H'), then the fixed point of T is
unique.

Proof. (I): If T is of the type (I), then the proof follows from Theorem 3.12

with £(a) = m for all a € (0, 1].

(II): If T is of the type (II), then the proof follows from Theorem 3.12 with
&(a)=1—-k(1 —a) for all a € (0, 1].

(III): If T is of the type (III), then the proof follows from Theorem 3.12 with
&(a) = Y(a) for all a € (0,1].

(IV): If T is of the type (IV), then by following the process of [5] one can show
that T is an (H, H')-fuzzy graphical t-contraction with () = n~1(kn(t))
for all ¢ € (0,1], where k is same as it was in the definition of (H, H')-fuzzy
graphical Wardowski contraction. Now, the proof follows from the case (III).

U

Remark 3.16. By taking V(H) =V (H') =X and E(H) = E(H') = X x X in the
above corollary one can derive the extensions of results of Gregori and Sapena [6],
Tirado [24], Mihet, [14] and Wardowski[25], respectively in fuzzy metric spaces. Also,
with suitable choice of the sets E(H), E(H') (see, e.g., [22]) and the function &, one
can derive the extensions of results of Ran and Reurings [16], Kirk et al. [10] and
Edelstein [1] in graphical fuzzy metric spaces.

Remark 3.17. If X is a nonempty set endowed with a graph H, then the relation
P = {(u,v) € X x X: there is a directed path from « to v in H} on X, is a transi-
tive relation.

Remark 3.18. In Theorem 3.9, Theorem 3.11 and Theorem 3.12, we have proved the
existence and uniqueness of the fixed point of an (H, H')-fuzzy graphical -contraction
with the assumption that the property (FG¢) and the transitivity of the subgraph
H' hold. If we replace the condition (FGE) by the condition (FGE1) then by using
Remark 3.17, the mentioned theorems can be proved without the assumption that H’
is transitive, where (FG£1) is as follows:

(FGE1) My(Txz,Ty,t) > &(My(z,y,t)) forallz,y € X, t > 0withy € [z]%,.
It is obvious that the condition (FG&1) is stronger than the condition (FGE).
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In the previous theorems, the existence of zg € X such that
infp>q My (xg, TF20,t) > 0 for all £ > 0, plays a crucial role. In the next
proposition, for any given graphical fuzzy metric space, we construct a new graphical
fuzzy metric space such that the property “inf, yex Mu(z,y,t) > 0 for all ¢ > 07
holds in it.

Proposition 3.19. Let (X, My, %) be a graphical fuzzy metric space such that a*b >
axr b for all a,b € [0,1]. Define a fuzzy set Mp: X x X x (0,400) — [0,1] by

Mp(x,y,t) = eMu@yN=1 for gll z,y € X,t > 0.
Then, (X, My, *p) is a graphical fuzzy metric space and inf, yex Mp(x,y,t) > 0 for

all t > 0. Furthermore, (X, My, =) is H'-M-complete if and only if (X, M}, *,) is
H'-M -complete.

Proof. It is easy to see that the properties (GFM1)-(GFM3) and (GFM5) are satisfied
by (X, ME,*,). For (GFM4), suppose that (xPy)u, 2z € (xPy)y, then we have: for
all t,s >0

My (2, y,t + s) oM (z,y,t+s)—1

eMH(IﬁZ7t)*MH(Zsy73)71

eMH(m,z,t)*LJ\/]H(z,y,s)—l

AVARAVARLY,

eMu(@,2,t)+ My (z,y,5) -2
Ml?l(xv Z, t) *p ME(Z, Y, 8)'

Hence, (X, M, *,) is a graphical fuzzy metric space. The claim inf, e x M (z,y,t) >
0 for all ¢ > 0 follows from the fact that Mg (x,y,t) > e~ ! for all 2,y € X and t > 0.
It is easy to see that a sequence is M-Cauchy (Mgy-convergent respectively) in
(X, My, %) if and only if it is M-Cauchy (Mf-convergent respectively) in (X, My, *,).
Therefore, (X, My, ) is H'-M-complete if and only if (X, Mf, *,) is H'-M-complete.
O

For every given constant k& € (0, 1), we have seen that if £(a) = 1 — k(1 — a) for all
a € (0,1], then £ € Z and £(a) = ka — k + 1 for all a € (0,1]. Now, by Example 3.2
we can find infinitely many members (say x) of the class = with the property that
x(a) > &(a) > ka — k + 1 for all a € (0,1]. Hence, the subclass 2, = {x € Z: x(a) >
ka — k + 1foralla € (0,1]} of E is a rich class, also the (H, H')-fuzzy graphical
&-contractions produced by this class ensure the fixed points in some particular type
of spaces. This fact is the motivation for the following theorem.

Theorem 3.20. Let (X, My, ) be an H'-M-complete graphical fuzzy metric space
such that axb > ax*r b for all a,b € [0,1] and T: X — X be an H'-edge preserving
(H, H')-fuzzy graphical &-contraction such that £ € 2y for some k € (0,1). Suppose,
the following conditions hold:

(i) there exists xg € X such that Txo € [xo]%,, for some q € N;

(i) the graph H' is transitive;

(#1) if an H'-termwise connected T-Picard sequence My-convergent to a limit

in X, then it is E(H})-convergent to some x € X.
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Then, there exists x* € X such that the T-Picard sequence {x,} with initial value
xo € X is H'-termwise connected and M y-convergent to both x* and Tx*. In addition,
if the five-tuple (X, My, *, H',T) has the property (S), then T has a fived point in X.
Furthermore, if Xt is connected (as a subgraph of H'), then the fixed point of T is
unique.

Proof. Consider the graphical fuzzy metric space (X, My, *,) (as we have defined in
Proposition 3.19). Then (X, Mj, *,) is an H’'-M-complete graphical fuzzy metric
space and inf, yex My (z,y,t) > 0 for all ¢ > 0.

Since T: X — X is an (H, H')-fuzzy graphical ¢-contraction on (X, My, %), there
exists ¢ € E such that

My(Tz, Ty, t) > &(My(z,y,t)) for all z,y € X,t > 0 with (z,y) € E(H'). (3.3)

Define x: (0,1] — (0,1] by x(a) = a* for all @ € (0,1], then y € =. Finally, we
show that T is an (H, H')-fuzzy graphical x-contraction on (X, Mf,*p,). Suppose,
(z,y) € E(H'), then using (3.3) we obtain:

ME(Tz, Ty,t) = MaTaTyn=1 > &Mu(@y0))=1 > kMu(eyt)—k

= X (Mj(z,y,t)).
We note that all the conditions of Theorem 3.12 are satisfied by mapping T in
(X, MY, *p). Hence, by Theorem 3.12 the mapping T has a unique fixed point. (]

We next use the concept of H'-G-completeness of graphical fuzzy metric spaces
and prove the existence and uniqueness of a fixed point of an (H, H')-fuzzy graphical
&-contraction. Note that, the concept of H'-G-completeness is stronger than H'-M-
completeness, nevertheless, the following result differs from the previous theorems in
the sense that the transitivity of graph is dropped; also, we observe that the following
result does not contain the condition “xo € X, infg>1 M (zo, Tk, t) > 0” in the list
of assumptions.

Theorem 3.21. Let (X, My, ) be an H'-G-complete graphical fuzzy metric space
and and T: X — X be an H'-edge preserving (H, H')-fuzzy graphical &-contraction.
Suppose that the following conditions hold:

(i) there exists xg € X such that Txo € [xo]%,, for some q € N;

(iii) if an H'-termwise connected T-Picard sequence My-convergent to a limit

in X, then it is E(H})-convergent to some x € X.

Then, there ezists * € X such that the T-Picard sequence {x,}, with initial value
xo € X, is H'-termwise connected and E(HY)-convergent to both x* and Tx*. In
addition, if the five-tuple (X, My, *, H',T) has the property (S), then T has a fized
point in X. Furthermore, if Xt is connected (as a subgraph of H'), then the fixed
point of T' is unique.

Proof. Let zy € X be the given point such that T'zg € [z0]%, and ¢ € N. We construct
a T-Picard sequence {z,} with initial value zo as follows: since Txg € [z0]%., by
definition, there must be a path {y;}7_, such that z¢g = yo, Txo = y4 and (y;—1,y;) €
E(H') fori=1,2,...,q. As, T is H'-edge preserving, we have (T'y;_1,Ty;) € E(H')
for i = 1,2,...,q. Therefore, {Ty;}{_, is a path from Tyo = Txg = x1 to Ty, =



A NEW CLASS OF CONTRACTIONS 707

T2z = x5 of length ¢, and so, zo € [1]%;,. In this way, for each n € N, we construct
a path {T"y,;}7_, from T"yy = T"xg = x, to T"yy = T"Txo = y41 of length
¢, which shows that z,41 € [z,]%, for all n € N. Thus, {z,} is an H'-termwise
connected sequence. Since, (T"y;—1,T"y;) € E(H') fori=1,2,...,qand n € N, £ is
nondecreasing, by (FG&) we have

My (T"y;—1, Ty, t) > & (Mu(T" M yim1, Ty t)) > - > € (Mu(yi—1, i, t)
(3.4)
forall t > 0,7 =1,2,...,g and n € N. Since, (T"y;—1,T"y;) € E(H') for i =
1,2,...,q and for each n € N we obtain from (GFM4) and (3.4) that

Mu(zp, Zny1,t) = Mug(T"yo,T"yq,t)

t t
My (TnyOaTnyla q) x -k My (Tnyq—l’TnyW q)

gn (MH (y07y17 t)) koo ok gn (MH (yqlayq7 t))
q q
g t
= Hf" <MH <yi—1ayi7 )> .
1=1 q

Again, since the sequence {z,} is H'-termwise connected, therefore for all ¢ > 0,
n € N and each p € N, using the above inequality we obtain

Y

Y

t t
MH(mn7$n+p7t) 2 MH (CEn, xn+17 p) koeee ok MH (anrpla (En+p7 p)

a a
t _ t

2 an (MH (Z/i—hyia )) ook anﬂ’ ! (MH <yi—1ayi7 ))
i=1 Pq i=1 Pq

Letting n — +o00 and using (£2), we obtain
lim My(zp, Tpgp,t) > 1% x1=1

n—-+oo

Therefore, {x,} is an H'-termwise connected G-Cauchy sequence in X. Now by the
H'-G-completeness of X, the sequence {x,} is Myg-convergent to a limit in X.

The remaining part of the proof is similar to the proofs of the previous theorems.

O

As corollaries of Theorem 3.21, in similar manner as we have done before, one can
prove the existence and uniqueness results for (H, H')-fuzzy graphical contractive
mappings, (H, H')-fuzzy graphical Tirado contractions, (H, H')-fuzzy graphical 1)-
contractions and (H, H')-fuzzy graphical Wardowski contractions in H’-G-complete
graphical fuzzy metric spaces.

4. CONCLUSIONS

Graph theory has a reasonable influence on applied mathematics and computer
science. This fact is the motivation for introducing the graphical structures compatible
with the metric structure of spaces; the same is done for fuzzy metric spaces. On the
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other hand, the contraction mappings are involved in a vast range of applications in
theoretical and practical problems. The contraction mappings can be defined in fuzzy
metric spaces in a variety of ways, which have privilege over metric spaces. Here, we
have introduced a new class of contractions on graphical fuzzy metric spaces, which
generalizes, extends, and unifies several types of contractions defined on fuzzy metric
spaces. So, the fixed point results proved for such mappings extend several known
results in two senses. On the one hand, the domain of mapping is a generalized
space, and on the other hand, the class of contractions considered is wider than some
existing classes. Several examples verify and illustrate our claims and results. Note
that, while proving the existence of a fixed point, we neither use any special kind of
the concerned t-norm nor use any special kind of fuzzy metric (e.g., Mihet [14, 15]
used the positivity of ¢-norm and non-Archimedeanness of fuzzy metric). However,
an additional condition on T-Picard sequence is imposed to obtain a fixed point.
We conclude the discussion with the following open problems:

e Can we prove Theorem 3.9, Theorem 3.11 and Theorem 3.12 without assum-
ing the condition infy>1 Mu(xo, zx,t) > 07

e Can we prove Theorem 3.9, Theorem 3.11 and Theorem 3.12 without assum-
ing the transitivity of graph H'?

Acknowledgments. The first author is grateful to Professor M.K. Dube for his
regular encouragement and motivation for research. The first author is also thankful
to the Science and Engineering Research Board (SERB), TAR/2022/000131, New
Delhi, India, for their support. This research is part of projects PID2022-139248NB-
100 and PID2022-1401890B-C21 funded by MICIU/AEI/10.13039/501100011033 and
ERDF/EU, CIAICO/2022/051 funded by Generalitat Valenciana. Financiado con
Ayuda a Primeros Proyectos de Investigacién (PAID-06-24), Vicerrectorado de Inves-
tigacién de la Universitat Politécnica de Valencia (UPV).

REFERENCES

[1] M. Edelstein, An extension of Banach’s contraction principle, Proceedings of the American
Mathematical Society, 12(1961), 7-10.

[2] L. Gaji¢, M. Stojakovié, On mappings with ¢-contractive iterate at a point on generalized metric
spaces, Fixed Point Theory and Applications, (2014), doi: 10.1186/1687-1812-2014-46.

[3] A. George, P. Veeramani, On some results in fuzzy metric spaces, Fuzzy Sets and Systems,
64(1994), 395-399.

[4] M. Grabiec, Fized points in fuzzy metric spaces, Fuzzy Sets and Systems, 27(1988), 385-389.

[5] V. Gregori, J.-J. Minana, Some remarks on fuzzy contractive mappings, Fuzzy Sets and Systems,
251(2014), 101-103.

[6] V. Gregori, A. Sapena, On fized-point theorems in fuzzy metric spaces, Fuzzy Sets and Systems,
125(2002), 245-252.

[7] O. Hadzi¢, E. Pap, Fized Point Theory in Probabilistic Metric Spaces. Mathematics and its
Applications, Kluwer Academic Publishers, Dordrecht, Boston, London, 536, 2001.

[8] J. Jachymski, The contraction principle for mappings on a metric space with a graph, Proceed-
ings of the American Mathematical Society, 136(2008), 1359-1373.

[9] E. Karapinar, A. Rolddn-Lépez-De-Hierro, B. Samet, Matkowski theorems in the context of
quasi-metric spaces and consequences on G-metric spaces, Analele Stiintifice ale Universitatii
Ovidius Constanta, 24(1)(2016), 309-333.



(10]
(11]
(12]
(13]
(14]

[15]

[16]
(17]
(18]
(19]
20]
(21]

(22]

(23]
(24]

(25]

A NEW CLASS OF CONTRACTIONS 709

W. Kirk, P. Srinivasan, P. Veeramani, Fized points for mappings satisfying cyclical contractive
conditions, Fixed Point Theory, 4(2003), 79-89.

E. Klement, R. Mesiar, E. Pap, Triangular Norms, Trends in Logics, Kluwer Academic Pub-
lishers, Dordrecht, Boston, London, 8, 2000.

I. Kramosil, J. Michélek, Fuzzy metrics and statistical metric spaces, Kybernetika, 11(1975),
336-344.

J. Matkowski, Fized point theorems for mappings with a contractive iterate at a point, Proceed-
ings of the American Mathematical Society, 62(1997), 344-348.

D. Mihet, Fuzzy 1v-contractive mappings in non-Archimedian fuzzy metric spaces, Fuzzy sets
and Systems, 159(2008), 739-744.

D. Mihet, Erratum to “Fuzzy 1-contractive mappings in non-Archimedean fuzzy metric spaces
revisited [Fuzzy Sets and Systems 159 (2008) 739-744]”, Fuzzy Sets and Systems, 161(8)(2010),
1150-1151.

A. Ran, M. Reurings, A fized point theorem in partially ordered sets and some applications to
matriz equations, Proceedings of the American Mathematical Society, 132(2004), 1435-1443.
N. Saleem, U. Ishtiaq, L. Guran, M.-F. Bota, On graphical fuzzy metric spaces with application
to fractional differential equations, Fractal and Fractional, 6(5)(2022), 238.

B. Schweizer, A. Sklar, Statistical metric spaces, Pacific Journal of Mathematics, 10(1960),
313-334.

S. Shukla, D. Gopal, A. Roldédn-Lépez-De-Hierro, Some fized point theorems in 1-M -complete
fuzzy metric-like spaces, International Journal of General Systems, 45(7-8)(2016), 815-829.

S. Shukla, D. Gopal, W. Sintunavarat, A new class of fuzzy contractive mappings and fixed
point theorems, Fuzzy Sets and Systems, 350(2018), 85-94.

S. Shukla, H.-P. A. Kiinzi, Some fized point theorems for multi-valued mappings in graphical
metric spaces, Mathematica Slovaca, 70(3)(2020), 719-732.

S. Shukla, S. Radenovié, C. Vetro, Graphical metric space: a generalized setting in fixed point
theory, Revista de la Real Academia de Ciencias Exactas, Fisicas y Naturales. Serie A. Matem-
aticas, 111(3)(2016), 641-655.

S. Shukla, S. Rai, J.-J. Miniana, On graphical fuzzy metric space and related fixed point theorems,
Fixed Point Theory, 25(2)(2024), 723-746.

P. Tirado, Contraction mappings in fuzzy quasi-metric spaces and [0,1]-fuzzy posets, Fixed
Point Theory, 13(1)(2012), 273-283.

D. Wardowski, Fuzzy contractive mappings and fixed points in fuzzy metric spaces, Fuzzy Sets
and Systems, 222(2013), 108-114.

Received: April 26, 2023; Accepted: December 30, 2025.



710

SATISH SHUKLA, SHWETA RAI AND JUAN-JOSE MINANA



