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Abstract. In this paper, we study the problem of finding the common solutions of split equilib-
rium problem, variational inequality problem and common fixed point problem for demicontractive
multivalued mappings in real Hilbert spaces. We propose a new inertial iterative algorithm with
self-adaptive step size for approximating the solution of this problem. Under mild and standard
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Key Words and Phrases: Inertial algorithm, split equilibrium, variational inequality, fixed point
problems, demicontractive multivalued mappings, strong convergence.

2020 Mathematics Subject Classification: 65K15, 47TH10, 47J25, 65J15, 90C33.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and induced norm || - ||, and
let C be a nonempty closed convex subset of H. Let F': C' x C' = R be a bifunction.
The Equilibrium Problem (shortly, (EP)) in the sense of Blum and Oettli [11] is to
find £ € C such that

F(i,y) >0, VyeC. (1.1)
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We denote the set of all solutions of EP (1.1) by EP(F). The EP attracts con-
siderable research efforts and serves as a unifying framework for many well-known
problems, such as the Optimization Problems (OPs), Nonlinear Complementarity
Problems (NCPs), Variational Inequality Problems (VIPs), the Fixed Point Prob-
lem (FPP), Saddle Point Problems (SPPs), the Nash equilibria and many others. It
finds applications in different fields, such as physics, economics, etc (see, for example
[11, 31] and the references therein).

Consider the problem of finding a point & € C' satisfying

Fi(%,z), for all z € C, (1.2)
such that § = Az € @) satisfies

Fy(g,y), forally € Q, (1.3)

where C' and @ are nonempty closed convex subsets of the real Hilbert spaces H; and
H, respectively, F1 : CxC — Rand Fs : @xQ — R are bifunctions, and A : H; — Hy
is a bounded linear operator. The problem (1.2)-(1.3) is called the Split Equilibrium
Problem (SEP). We denote the set of solutions of the SEP by SEP(F, Fb).

A lot of research has been carried out on the SEP featuring a great number of ap-
plications in physics, structural analysis, management sciences and economics, etc.
(see, for example [4, 35, 26]). Several algorithms have been developed for solving the
SEP and its related optimization problems (see [2, 3, 13, 17, 18], and the references
therein).

Let C be a nonempty, closed and convex subset of a real Hilbert space H and A : H —
H be an operator. The Variational Inequality Problem (VIP) is defined as follows:
Find # € C such that

(Ad,y— &) >0, Vy € C. (1.4)

We denote the solution set of the VIP (1.4) by VI(C, A).

The VIP was first introduced independently by Fichera [15] and Stampacchia [38] for
modeling problems arising from mechanics. The VIP can be considered as a central
problem in optimization and nonlinear analysis because the theory provides a simple,
natural and unified framework for treating many important mathematical problems
such as minimization problems, network equilibrium problems, complementary prob-
lems, systems of nonlinear equations and others (see [3, 12, 16, 43, 44] and other
references therein). This has made this theory an interesting area of research to
many authors who have proposed and analyzed several iterative algorithms for solv-
ing the VIP and other related optimization problems (see [6, 30, 32], and references
therein). It is well known that v € VI(C, A) if and only if u = Po(I — AB)(u) for
any A > 0, where P¢ is the metric projection of H onto C.

Given the map S : C' — C, the problem of finding a point z* € C (called fixed point)
such that Sz* = x* is called a Fized Point Problem (FPP). We denote the set of all
the fixed points of S by Fiz(S). That is,

Fix(S)={z" € C: Sz* =2"}. (1.5)
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If S is a multivalued mapping, i.e. S : C — 2, then & € C is called a fixed point of
S if
T e Sz. (1.6)

The fixed point theory for multivalued mappings has been applied in various areas
such as game theory, control theory, mathematical economics, etc. Moreover, several
problems arising in sciences and engineering can be formulated as finding solution of
FPP of a nonlinear mapping.

Recently, the problem of finding common solutions of the set of fixed points of nonlin-
ear mappings and the set of solutions of optimization problems have been considered
by some authors (for instance, see [5, 31, 48, 47, 40, 52] and the references therein).
The motivation for studying such a common solution problem is in its potential ap-
plication to mathematical models whose constraints can be expressed as fixed point
problems and optimization problems. This is the case in real world problems such as
signal processing, image recovery and network resource allocation (see, for instance,
[22, 27] and the references therein). In this paper, we will be studying the problem
of approximating the common solutions of split equilibrium problem, variational in-
equality problem and common fixed point problem for demicontractive multivalued
mappings.

To obtain the common solution of the SEP, VIP and FPP of asymptotically
nonexpansive mapping, Wang et al [48] introduced the following iterative scheme:

Algorithm 1.1.

xg € C,

Up = TE (I —yA (I = TF2)A)zy,

Yn = Po(un, — 0,Guy,),

Tpt1 = O f(@n) + BnZn + pnT"Yn, neN,

(1.7)

where T : C' — C' is an asymptotically nonexpansive mapping with sequence {k,},
{rn} C (ry+o00) with » > 0, {s,} C (s,+00) with s > 0, {o,} C (0,2k) and
v C (0,1/L?), L is the spectral radius of the operator A*A and A* is the adjoint of
A, and {an}, {Bn}, {1} C (0,1) are three sequences «,, + B, + u, = 1 for each
n € N. The proved the strong convergence of the Algorithm (1.1) under the following
assumptions:

(A1) ngrfoo an =0, > 7 a, = +oo, limsup 3, < 1;

n—-+oo
(A2) >0 o — ano1] < +o0, Yoo fon — ono1] < +00, Yool |rn — rao1] <
+00, Y00 1 |$n — Sp—1| < +o0;
(A3) lim k=l —0 lim o,=0>0;

n—+oo %n n—-+oo

(A4) T is asymptotically regular, that is, lirf |[T"+z — T"z|| =0 for all z € C.
n—-+0oo

Under the same conditions above with the regularity assumption replaced with
limy, 4 oo SUP, ¢ | T — TPz|| = 0, Zhang and Gui [52] introduced and proved
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strong convergence result for the following algorithm for approximating the com-
mon solution of split equilibrium problem and common fixed point of finite family of
asymptotically nonexpansive mappings in Hilbert spaces:

Algorithm 1.2.
Xo € C,
Un = TE (I — yA* (I = TF2)A)zy, (1.8)
Tp+1 = QpZn + % S Tluy, foralln €N,

where {T;} : C — C is a finite family of asymptotically nonexpansive mappings in
Hilbert space.

The condition (A2) has been applied in establishing the convergence of several
algorithms in the literature despite its restrictions. These restrictions motivated
the research question: Is it possible to develop an algorithm that generates a strong
convergence sequence for finding the common solution of the SEP (1.2)-(1.3), VIP
(1.4) and the FPP of more general mappings (e.g., the demicontractive mapping)
under mild conditions?

Zhao et al [53] proposed the following iterative scheme for finding a common element
of the solution sets of SEP, VIP for an inverse strongly monotone mapping and FPP
of nonspreading multivalued mapping S in Hilbert spaces

Algorithm 1.3.

1 € C, arbitrarily

Uy = Trlzl (I —~yA*(I - Trljf)A)mn,

Yn = PC(I - O'nG)una

Tnt1 € anZpn + (1 — ay)Syn, for alln > 1.

They obtained weak convergence result for the sequence generated by the Algorithm
1.3 under certain mild conditions.

Bauschke and Combettes [8] remarked that in solving optimization problems, strong
convergence of iterative methods are more preferable and more applicable than their
weak convergence counterparts. It is therefore necessary to develop iterative methods
that generate sequence which converges strongly.

At this point, it is worth noting that the step size  in the aforementioned algorithms
plays a vital role in the convergence properties of iterative methods. The algorithms
above and many other related results in the literature involve step size that is depen-
dent on the operator norm ||A||. Algorithms designed this way are usually difficult to
execute because they require computation of the operator norm, which is very difficult
to calculate or even estimate. Hence, this further gives rise to the following research
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questions: Can the step size be constructed such that it is independent on the operator
norm? In this work, we provide affirmative answers to the above questions.

In order to accelerate the rate of convergence of algorithms, authors often incorporate
the inertial technique. The inertial algorithm involves a two-step iteration where the
next iterate is determined by making use of the previous two iterates. Polyak [34] first
introduced an inertial extrapolation as an acceleration process to solve the smooth
convex minimization problem. Several researchers have recently constructed some
efficient iterative schemes by employing inertial technique (e.g. see [3, 45, 7, 10, 29,
42, 49)).

Motivated and inspired by the above results and related literature, in this paper, we
propose an inertial iterative scheme which does not require prior knowledge of the
operator norm and obtain strong convergence result for approximating the common
solution of SEP, VIP and FPP for finite family of demicontractive multivalued map-
pings. Our results complement and generalise several existing results in this direction
in the literature.

2. PRELIMINARIES

We first recall some definitions and known results which are needed to prove our main
results.

Let C' be a nonempty, closed and convex subset of a real Hilbert space H with inner
product (-,-) and norm || - ||. The nearest point projection of H onto C' is denoted by
Pc, that is, ||z — Pox| < ||z —y| for all x € H and y € C. P¢ is called the metric
projection of H onto C. It is known that P¢ is firmly nonexpansive, i.e.,

|Pex — Poy|* < (Pox — Poy,x —y), (2.1)
for all z,y € H. Moreover (x — Poxz,y — Pcx) <0 holds for all x € H and y € C, see
[41].

We denote the strong convergence and the weak convergence of the sequence
{z,} to a point « € H by z, — x and z,, — z, respectively. For a given sequence
{zn} C H,wy(zy) denotes the set of weak limits of {x,,}, that is,

wy, (2y) :={x € H : x,;, — x, for some subsequence {x,,} of {z,}}.

Definition 2.1. Let H be a Hilbert space. A function f : H — H is called a
contraction if there exists p € [0, 1) such that

1f (@) = f@W) < pllz —yl, forallz,y e H.

A mapping G : C — H is called k-inverse strongly monotone if there exists k > 0
such that

(x —y,Gx — Gy) > k||Gz — Gy||>, Vaz,y € C.

A bounded linear operator D : C' — H is called strongly positive if there exists a
constant 4 > 0 such that

(Dx,z) > 7||z||?, forallz € C.
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Definition 2.2. A subset K of H is called proximal if for each x € H, there exists
y € K such that

|z — yl| = d(z, K) = inf{|jz — 2| : 2 € K}.
We denote by CB(C),CC(C),K(C) and P(C) the families of all nonempty closed
bounded subsets of C, nonempty closed convex subsets of C', nonempty compact sub-
sets of C, and nonempty proximal bounded subsets of C, respectively. The Pompeiu-
Hausdorff metric on CB(C) is defined by

H(A, B) := max{sup d(z, B),sup d(y, 4)},
T€EA yebB

for all A, B € CB(C), where d(z, B) = infyep ||z — b||. Let S : C — 2¢ be a multi-
valued mapping. We say that S satisfies the endpoint condition if Sp = {p} for all
p € Fix(S). For multivalued mappings S; : C — 29(i € N) with N2, Fiz(S;) # 0,
we say that S; satisfies the common endpoint condition if S;(p) = {p} for all
i€ N,pen, Fix(S;).
We recall some basic definitions on multivalued mappings.
Definition 2.3. A multivalued mapping S : C' — CB(C) is said to be

(i) nonezpansive if

H(Sxz,Sy) < ||z —yl|, for all z,y € C;
(i) quasi-nonexpansive if F(S) # 0 and
H(Sz,Sp) < ||z —p||, for all z € C,p € Fiz(5);
(iil) nonspreading if
2H (Sz, Sy)* < d(y, Sz)* + d(x, Sy)?, for all z,y € C;
(iv) A—hybrid if there exists A € R such that
(1+ N H(Sz,Sy)* < (1 = N)||z —y||* + Md(y, Sx)* + \d(z, Sy)?, for all z,y € C;
(v) k—demicontractive for 0 < k < 1 if F(S) # () and
H(Sz,Sp)* < ||z — p||* + kd(z, Sz)?, for all x € C,p € Fiz(S).

Remark 2.1. From the definitions above, one can easily see that the class of
k—demicontractive mappings is more general and includes all the other types of map-
pings defined above.

The best approzimation operator Ps for a multivalued mapping S : C — P(C) is
defined by

Ps(z):={y € Sz : ||z — y|| = d(z, Sz)}.
It is known that Fiz(S) = Fiz(Ps) and Pg satisfies the endpoint condition. Song and
Cho [37] gave an example of a best approximation operator Ps which is nonexpansive,
but where S is not necessarily nonexpansive.

Definition 2.4. Let S : C — CB(C) be a multivalued mapping. The multivalued
mapping [ — S is said to be demiclosed at zero if for any sequence {z,,} C C which
converges weakly to ¢ and the sequence {||z, — u,||} converges strongly to 0, where
Uy, € Sy, then g € Fiz(9).
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The following results will be needed in the sequel:

Lemma 2.1. For all x,y € H, we have the following statements [46]:
(i) [lz + y||z < HIHz + 20y, +y);
(i) o +yll* = [lz* + 2{z, y) + llylI*-

Lemma 2.2. [51] For each x1,...,2m € H and ay,...,am € [0,1] with Y " | a; = 1,
the following holds:

m
lonzs + .ot oz | =Y il = > syl — ;).
i=1 1<i<j<m

Lemma 2.3. [36] Let {a,} be a sequence of non-negative real numbers, {a,} be a
sequence in (0,1) with > >, an, = 400 and {b,} be a sequence of real numbers.
Assume that
an+1 < (1 — an)an + apby, foralln > 1,
iflimsup by, < 0 for every subsequence {ay, } of {an} satisfying liminf(a,, ,, —a,,) >
k—+o00 k—+o00

0, then lim a, = 0.
n—-4o0o

Lemma 2.4. [28] Let {a,},{cn} C Ry,{on} C (0,1) and {b,} C R be sequences
such that
ant1 < (1 —op)an + by, + ¢, for alln > 0.
Assume Y7 |cn| < +00. Then the following results hold:
(1) Ifb, < Boy, for some >0, then {a,} is a bounded sequence.
(2) If we have

n—+4o0o On

oo bn
ZU" = +o0 and limsup — <0,
n=0

then lim a, =0.
n—-+oo

Assumption 2.1. In solving the equilibrium problem (EP), we assume that the
bifunction F': C' x C — R satisfies the following conditions:
(A1) F(z,2) =0 for all z € C;
(A2) F is monotone, that is, F'(z,y) + F(y,x) <0 for all z,y € C;
(A3) F is upper hemicontinuous, that is, for all x,y, z € C,
limy o F(tz +(1—t)x, y) < F(z,y);
(A4) for each x € C,y — F(x,y) is convex and lower semicontinuous.

Lemma 2.5. Let C' be a nonempty closed convex subset of a Hilbert space H and
F:C xC — R be a bifunction satisfying Assumption 2.1. For r > 0 and x € H,
define a mapping TY : H — C as follows:
1
Tf‘(x):{ZGOZF(Z,y)+;<y*Z,,27I>ZO,VyEO}. (2.2)
Then T is well defined and the following hold:
(1) for each x € H,TF (x) # 0;
(2) TF is single-valued;
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(3) TF is firmly nonexpansive, that is, for any x,y € H,
1T e = Ty < (T2 = Ty, — y);

(4) Fiz(TF) = EP(F)
(5) EP(F) is closed and convex.

3. MAIN RESULTS

In this section, we present our algorithm and prove some strong convergence theorems
of the proposed algorithm for solving the SEP, VIP and FPP.
Let H; and Hs be two real Hilbert spaces, C' C H; and Q C Hy be nonempty closed
convex subsets, and A : H; — Hs be a bounded linear operator with adjoint A*. Let
F:CxC—Rand Fs: Q x Q — R be two bifunctions satisfying Assumption 2.1,
with F5 being upper semicontinuous in the first argument. Let D : Hy — H; be a
strongly positive bounded linear operator with coefficient & and f: H — H; be a
contraction with coefficient p € (0,1) such that 0 < £ < %. Suppose that G : C — H;
is a k—inverse strongly monotone operator. Let S; : C — CB(C') be a finite family
of multivalued demicontractive mappings with constant A; such that each I — S; is
demiclosed at zero, S;(p) = {p} for all p € N, Fiz(S;), and A = max{\;}. Suppose
that the solution set Q := SEP(Fy, F>) NVI(C,G) NN~ Fiz(S;) # 0. We establish
the convergence of the algorithm under the following assumptions on the control
parameters:

(C1) Let {ay,,} C (0,1) such that HEI_FOO an =0and Y 07 a, = +o0;
(C2) {6n,i} € (0,1),3" o 0n,i = 1, liminf, (6,0 — A)dn,; > 0, for each 1 <i < my
(C3) 0<a< T, <b<1,{o,} C(0,2k) such that nETooo-n =oc>0and o <2k
(C4)

C4) {rn},{sn} are positive real sequences such that lim +inf rn > 0 and
—+00

n

liminf s, > 0;
n—-+oo

(C5) Let & > 0 and {e,} be a positive sequence such that e, = o(ay,), ie.,

lim £ =0.
n—-+oo &n

Now, the algorithm is presented as follows:

Algorithm 3.1.
Step 0. Select initial data xg,z; € H; and set n = 1.
Step 1. Given the (n — 1)th and nth iterates, choose 6,, such that 0 < 6,, < 0,, with
0,, defined by

g, = {min{ mzm ) e £ (3.1)
0, otherwise.
Step 2. Compute
Wy, = Ty + Op(Tn, — Tp1). (3.2)

Step 3. Compute
tn =T (wn + 1 A" (TF2 — 1) Aw,), (3.3)
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where
(T2 —1) Awy |2 : Fy
1= 4 AT Dawee LAV F T3 Awn,
v, otherwise (v being any nonnegative real number).

(3.4)
Step 4. Compute
up = Po(I — 0,G)t,
Yn = Op,0Un + Dorey OniUnyiy  Unyi € Silly. (3.5)
Tpt1 = an& f(2n) + (I — @ D)yn.
Set n:=n + 1 and return to Step 1.

Remark 3.1. Observe that from (3.1) and conditions (C1) and (C5), it follows that

lim 0,|r, —z,_1]| =0and lim |z, — 2, 1| =0. (3.6)
n—s-+o0o n—+00

The following lemmas are crucial in establishing the strong convergence of the pro-

posed algorithm.

Lemma 3.1. Let {x,} be the sequence generated by Algorithm 3.1. Then, {x,} is
bounded.

Proof. First, we show that Po(I — D +£f) is a contraction on Hy. For all z,y € Hy,
we have that

[Po(I = D+&f)(x) — Pa(I =D+ £f)(y)ll
ST =D +&f)(x) == D+ W)l
< (I = D)z — (I = D)yll + &l fx — fyll
< @ =lle =yl +&pllz —yl|
= (1= (E=&n)llz —yll.

Hence, Po(I — D + £f) is a contraction. Thus, by the Banach Contraction Principle
there exists an element p € Q such that p = Po(I — D + £f)(p). Since p € Q, then
we have p = Tf;lp, Ap = Tan?(Ap)7 and S;(p) =p for all i = 1,2,...,m. Now, by the
nonexpansivity of sz 1 and by applying Lemma 2.1(ii), we obtain
||tn _p”2 = HTT},T} (wn + ’YTLA*(TS}ZQAwn - Awn)) - p”2

< Hwn + 'YnA*(Tngwn - Awn) 7pH2

= Hwn - p||2 + 290 (wn — p, A*(T;?Awn - Awn)>

+ Yl AT Awy, — Aw,) |

= [Jwy, — p||2 + 29 (A(wn —p),TiQAwn — Awn)

+ 2| AT Aw,, — Aw,)||%. (3.7)
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Again, by Lemma 2.1(ii), we have
290 (A(wy, — p), (TF2 — I Aw,)

=27, (T ZAwn — Ap — (Tgl:2 —I)Aw,, (T::Z —I)Aw,)
=2, [(Tsn Aw,, — Ap, (Tf:f — I Aw,)
— (T — D Aw,, (TS —1)Aw,)]
= 270 (T2 Awy — Ap, (T2 = I)Awn) — (T2 — I) Aw,||?]
= Y [IT572 Aw,, — Apl|* + (T2 — I) Aw,||?
— 172 Awy, — Ap — (T = 1) Aw, ||> = 2|(T32 — I) Aw,||]
= 7 [IT2 Awy, — Apll* + (T3 — 1) Aw,||?
= [lAw, — Apl|* = 2||(T3 — I) Aw, ||?]
= 7 [IT2 Aw, — Apl® — [|Aw, — Ap||® = (T2 — ) Aw,||?]
< Y[l Awy — Apl* — [ Aw, — Ap||* — (T3 — ) Aw,|?]

= —l[(T57? — 1) Aw,||*. (3.8)

Hence, by applying (3.8) to (3.7), and using the definition of v,, we get
[tn = plI* < llwn =l = 1 [T = 1) Aw, ||* + 22 | A (T2 Aw,, — Aw,)||?
= llwn = plI* = (1 = ) (T2 = I) Aw, >, (3.9)
Since 0 < 7, < 1, then we obtain
[tn —pII* < flwn — pl*. (3.10)
Since p € VI(C,G), then p = Po(I — 0,G)p. Also, since 0 < oy, < 2k, then I — 0,G
is nonexpansive. Hence, by applying (3.10), we get
[un = pll = [Pc(I = 0nG)tn — Po(I — onG)p||
< = 0nG)tn — (I — 0nG)p|
<|tn -1l
< wn = pl- (3.11)

Next, by invoking Lemma 2.2 and applying (3.11) together with the definition of
demicontractive mapping, we have

m
lym = Pl = 160,010 + Y G — Pl

i=1

m m
= Onollun — p||2 + Z‘sn,i”vn,i - pH2 —0no Z(Sn,ian,i - un‘lz

i=1

< b ol[un — p||2+25mHSun, ip) nozémnvm ||

=1
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m
< Snollun = plI* + D nilllun —pl?
=1

+ )\id(un, Slun)) - 57170 Z 5n,ian,i — unHQ
i=1

m
< Snjollun = plI* + D nillun —pl?

i=1

m
+ )\1||un - Un,iHQ) - 5n,0 Z 5n,ian,i - un||2
i=1

= ||lun _pH2 - Z5n,i(5n,0 = i)l — Un,i”Q (3.12)
i=1

< Jlun —pl*. (3.13)

< [lwn = plI*. (3.14)

Applying the triangle inequality, we get

[wn = pll = [lzn + On(zn — 2n-1) — pl|
S ”xn _pH + Hn”xn - xn—l”

6
= [|zn = pll + an—llzn — zn_1]. (3.15)
an
Since by Remark 3.1, lim 2|z, —z,_1|| = 0, it follows that there exists a constant
n—+oo &n

M; > 0 such that %Hxn — Zp_1| < My, for all n > 1. Hence, from (3.15) we obtain
|wn = pll < [|2n — pl| + an M. (3.16)
By applying (3.14) and (3.16), we get
lzns1 —pll = lené f(2n) + (I — an D)y, — pl|
”O‘n(gf(l'n) - Dp) + (I - anD)(yn - p)H
anll€f(xn) = Dpll + (1 = and)llyn — o
anllE(f(zn) = F(0)) + (Ef(p) = Dp)|| + (1 = ané)|lyn — pll
anépllen = pll + anllef(p) — Dpll + (1 = ané)(|zn — pll + an M)
(1= an(€ = €p))llzn — pll + anll€ f(p) = Dpll + (1 — ané)en My
(1= an(&—€p))llzn —p
= 1€f(p) — Dpll | (1 —ané)
W€~ J _ M
L e
< (1~ (€ — &) e il + 00 (€ — Ep) M

A I IA

where

. I€f(p) = Dpll | (1 —anf)
M* = = = M ;.
w{ S eme M

neN
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Setting a, = ||z, — p|; bn := (€ — Ep)M*; ¢, := 0, and o, := a,, (£ — &p). B

Lemma 2.4(1) and the assumptions on the control sequences, we have that {||z, —p||}
is bounded and this implies that {z,} is bounded. Consequently, {wy}, {tn}, {un}
and {y,} are also bounded. O

Lemma 3.2. The following inequality holds for allp € Q and n € N :

20%(5_ ) 20‘71(5 —&p) O‘ngQ
s —pl* < (1= 72l =P+ {5

(1 —anép) L2(6—¢p)
+w%n o~ 2l
+ =gy W) = Dptnss — )}
8 - ;“:2){ (1= 7) (T2 = 1) Awn ||

+ 0u(2 = 0 |G — Gpl2 + 3 6n,i(0n0 = Ad)llm — v}

i=1

Proof. Let p € . Then by the Cauchy-Schwartz inequality and Lemma 2.1(ii), we
get

lwn = plI? = l|2n + On (2 — 2n1) — pl?
= [lzn, — plI* + 02|20 — 2nal® + 200 (20 — p, 20 — T01)
< lwn = plI* + 020 — xn1])* + 20120 — 2o lllzn — pl
= [lzn — Pl + Onlln — 2nall(Onllzn — zna |l + 2[|lz, — pl)
< lan — plI? + 3Maby, || — 21|
= llen = pl* + 3Map == On e = znal) (3.17)

where My := sup,,cn{|lzn — ||, Onllzn — asn_1||} > 0.

Now, by applying Lemma 2.1, (3.9), (3.12), and (3.17) together with the fact
that p = Po(I — 0,G)(p), we obtain

[#n41 = plI> = lanéf(@n) + (I — an D)y, — p|?
= |lan(§f(xn) — Dp) + (I — anD)(yn —p)||2
S (]- - ang)QHyn —PH2 + 2an<£f(xn) - Dpa Tn+1 _p> (318)
< (1= ) {Jlun —plI* - Zém 00 = M)l = v}

+ 20,8 (f(xn) = f(), Tny1 — p) + 20, f(p) — Dp, Zny1 — )
< (1= an@{IPe(I = 0,G)tn = Po(I = 0,G)p|?
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m
*Z(gn,z n,0 — ||un vn,i”Q}
+ 2an£p|\fﬂn = pllllzntr = pll + 200 (S f (p) = Dp, Tns1 — p)
< (1= an{ (I = 02G)tn — (I = 02 G)p?

_Zénz n,0 — ||u7l Uﬂ7i||2}

+ anﬁp(IIxn =pl* + lwns = plI*) + 200 (6f (p) = Dp, @ny1 = p)
=(1- ané)Q{lltn —p—0on(Gt, — Gp)|I?

_Z(snz n,0 — ||un ’UHJHQ}

+ oznfp(llxn = pl* + lznts = pl?) + 200 (Ef (p) — Dp, 2ns1 — 1)
= (1= an&)*{Itn = pII* = 200 (tn — p, Gty — Gp) + 52|Gty — Gp?

m

= 2 (o = A~ vnill?} + an€p(lon =PI + |@nss = pII?)
- 2anl€ ()~ Dp.s )
< (1= and)*{Itn = pI* = 20,1 Gt — G

+021|Gt = Gpl* = > G0 = Al = v}

i=1
+anép(lzn = plI* + 2n41 = plI*) + 200 (Ef () — Dp, @nt1 — p)
_ 0,

< (1= an®)*{llzn = pI* + 3Mza " @ = 20|
— (1l — Tn)H(ng - I)Awn||2

= on(2k = o)l|Gly = GpI* = > Gni(B0 = Al = vail2 |

i=1

+ an€p(lan = Pl + 2ns1 — pl?)
+ 200 (6 f () — Dp, Tnt1 — p)
= ((1 = an&)® + anp)llzn — plI* + anépllznss — p)?

— 0
+ 3M2(1 - ang)Qanal“In - xn—l”

n

+ 20, (¢£(p) — Dp. st — )
(= 0@ {31~ T (T — D Aw, > + 025 — 3, |Gy — G
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+Z5m 0 = Ad)llun = vl }.

By bringing the term anprxn_H — p||? to the left hand side and dividing through by
1 — an&p, we have

2 (1 — 2ang+ (ang)z + anfp)
‘|$n+1*PH S (1_an€p)

(1-a,d)? 0,
* 3M2( anfp) "
2

+ m@ﬂ p) — Dp, 2py1 —p)

_m — T 1 w2
oty 1 = 7lITE2 = 1) Aw |

+ on(2 = o) |Gt — Gpl2 + 3 60,00 = Ad)lwn — vl }

=1

llzn — pI®

|20 — Zn—1]|

_ (1- 20%5"" anép) 12 (ang)Q 2

+3M2Ea:?p)a O%len — Tn_1]|
20
+ m(ﬁf( p) — Dp,xpy1 —p)
(1 —ozng) ]
— G (1= )T = D |
+ 00 (26 — 0,)|| Gt — Gp||* + Zén,i@n,o — ) ||n — Un,in}
=1
C200(E=Ep)\ o 20u(E—Ep) § and®
= (1 ( -« fp))Hx" R s {2(g_gp)
(5 fp) a, e
(1 - ané) D
- m{%u — )T = 1) Aw, |
+ 00 (26— 00) |Gty — Gp|* + Y 6n.i(0n0 — Ai)l|un — 'Un,iHQ},

=1

where M := sup{||z,, — p||? : n € N}. This completes the proof. O
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Lemma 3.3. The following inequality holds for allp € Q and n € N :
2041 = pl1* < (1= and)? [z —pl* +3Ma(1 — ané)QanZ—:Hxn — Zp1|
+ 20, (Ef(x) — Dp, Tpy1 — p)
+2M3(1 — an€)?||Gty — Gpl| +2Ma(1 — )| A*(T§? — 1) Aw|
— (1= ) { it = wall? + llun — ta*},
where My := sup, cn{onl|un — tnl|}, My :=sup,en{Vnlltn — wn|l}-

Proof. Since P¢ is firmly nonexpansive and (I — 0, G) is nonexpansive, then by ap-
plying Lemma 2.1, we get

l[un = pl* = [Pe(1 = 0,G)tn — Po(1 — 0nG)pl|®
< <un - D (I - UnG)tn - (I - UnG)p>

1
5{ Il = I+ (T = 02 Gt — (T = G

2

~ ln = ta + ou(Gln — Gp) |2}
1

< 5 {lhun =PI+l = I = llun =t + 00 (Gt — Gp)I*}
1

= 5 {lltn =PI + lltw = pI2 = lluw = ta]1* = 02| Gt — Gop?

+ 20, (tn — Un, Gt, — Gp)}
1
< §{||un = pl* +lltn = plI* = llun — tal* — 021Gty — Gp|?
+ 203t — a1 Gt — G} }.
Consequently, we obtain

[un = plI* < lltn = pI* = llun = tall* = 02 Gtn = GPII* + 200 [tn — unlll|Gtn — Gpl))

<|tn _pH2 — [Jun — tn”2 + 2M3]|Gt,, — Gp||,
(3.19)

where M3 := sup{oy,||t, — unl }-
neN
By applying Lemma 2.1 and the firmly nonexpansivity of TTIZ 1 we have
1tn = plI* = |1} (wn + 90 A™(T2 — 1) Awn) — pl|?
< (tn = pywp + AN (T2 — 1) Aw, —p)

1 *
§{||tn =l + [Jwn + 1 A*(TL? — 1) Aw, — pl|?
—||(tn —p) — (wn +77LA*(Tan,2 —I)Aw, —p)||2}

1 .
< S{lltn = pII” + llwn = pI* = [t = wn = A" (T = 1) Awn|[*}
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1 *
= §{||tn =l + [fwn = pl* = ([tn — wall® + 12| AT = I) Aw,||?
— 29, (ty, — wn,A*(TS}Z2 — I)Awn>)}

1 *
< §{||tn = pl1? + [|wn = pl* = |ltn — wal[> =2l A*(T]2 = I) Aw,|[?
+ 29 |[tn — wal[[[A*(TS2 — I) Aw,|[}

1
< §{||fn—p|\2+\|wn—p\l2—||tn—wn\|2
“‘2'}’n||tn_wn””A*(TF2 _I)AwnH}a

Sn

From this we obtain

[1tn = pII* < llwn = plI* = Itn — wal* + 2ynlltn — wallllA*(T2? — I) Aw,|]

< lwn = plI* = lltn — wall* + 2Ma || A*(TS72 — 1) Aw, ]|, (3.20)
where My 1= sup{v,|tn — wnl }
neN

Substituting (3.20) in (3.19) and applying (3.17), we get

0
[un — p||2 <|lzn —p||2 + 3M2ana7n||xn — 1|

= lltn = wal® + 2My | A*(T2 — ) Aw,|
= [lun = tall® + 2Ms||Gt,, — Gp||.
Now, by applying (3.13) and (3.21) in (3.18), we obtain

_ Qn
41 —p)* < (1 - anf)z{Hxn = pl” +3Ma0 == [l — 2|
— [[tn — wall? + 2Mu|| A*(T5> — 1) Aw,||
- Hun - ﬁn”2 + 2M3||th - Gp”} + 2an<§f(xn) - Dp7 Tn4+1 — p>

= (1= @€ = pl + BV (1 = n)Pan 2 — 1
+ 2an(§f(2n) — Dp, Tni1 — p)
+2M5(1 — and)?|| Gty — Gpl| + 2My(1 — 0, €)?|| A*(TE2 — 1) Aw,||
= (1= an®{ lltn — wall® + llun — ta]?},
which is the desired inequality. O
Now, we prove the strong convergence theorem for the proposed algorithm.

Theorem 3.1. Let Hy and Hy be two real Hilbert spaces, and C C Hy and QQ C Hs
be nonempty closed conver subsets. Let the linear operator A : Hy — Hy with adjoint
A* be bounded, and suppose that S; : C — CB(C) is a finite family of multivalued
demicontractive mappings with constant \; such that each I — S; is demiclosed at
zero, S;(p) = {p} for all p € NI, Fiz(S;), and A = max{\;}. Let F; : C x C — R
and Fr : Q X @ — R be bifunctions satisfying Assumption 2.1 and Fs is upper
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semicontinuous in the first argument. Suppose that the sequence {x,} defined by the
iterative scheme (3.1) satisfies the assumptions (C1)-(C5), then the sequence {x,}
converges strongly to a point T € €.

Proof. Let & = Po(I — D+ £f)(&). Then, it follows from Lemma 3.3 that
2an<g_ gp))”l’ . Li'||2

s =@l < (1 -

(1 - O‘ngp)
2ay, (g - gp) anEQ 3M2( anf)
= M n n—
+'(1—-anfp){ se—ep T ae—gp)
(ggﬁﬁw Di, w1 — ) }. (3.21)
Next, we claim ngrfoo [|zn, — Z|] = 0. In view of Lemma 2.3, it suffices to show that

hmsup(ff( ) — D%, xpn,+1 — &) < 0 for every subsequence {||x,, — Z||} of {||xn — Z||}
k—4o00

satisfying
liminf(||xn, +1 — £|| = ||2n, — Z||) > 0.
k—4oc0

Suppose that {||z,, — ||} is a subsequence of {||z,, — Z||} such that

lm inf(||zn,+1 — Z|| = ||Tn, — £]]) > 0. (3.22)
k—-+4o00
From Lemma 3.2, we obtain
(1 — a’ﬂké)Z 2
5 . \9n 2K— N th -G
(a0, (2=, ) Gt — Gl
20, (€ = £p) 2 2
<(1- ki) ng - n -
< (1= ey e =2l = onia =l
=+ 2a”k (6 — gp) { Oﬁnkgz
(1 —an,p) L2(£—¢p)
3Ms(1 — an,£)? 0,
¢ S0 = Ol ol
(f &p) Qny,
= (&f(p) = Dp,¥n,41 — )
T m o =)}
Applying the fact that lim «,, = 0 together with (3.22), we get
k—+o00
(1 — O‘"lcg)z 2
0, (2k — 0n,)||Gtrn,, — G 0, k .
ooy e 2 = 0 )G, = G = 0, k= o
Consequently,
IGt,., — Gp|| = 0, k — +o0. (3.23)
By following similar argument, from 3.2 we obtain
[tn, — Vn,ill =0, k= +o0, Vi=1,2,...,m, (3.24)
and

V(1 = T ) (TF2 — 1) Aw,, ||> = 0, k — 4o0.

Sny
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From the definition of ~,,, we have
(T2 = 1) Aw,, ||*
5 -0, k— +oco.
|A(Ts,5, — 1) Awn, |2
By the condition on 7,, it follows that
I(TF2 — 1) Aw, | ?
a —
|A*(T5,2, — 1) Awn, ||

Sny

Since ||A*(T£L?k — I)Aw,, || is bounded, then it follows that

Tny, (1 - Tnk)

0, k— +oo.

H(Tf:fk — D Aw,, || =0, k— +o0. (3.25)
From this, we obtain
|A™(T2 —1)Awn, || < [[A*[[[(T]2 —1)Awn, || = [|Al|[[(T2 —1)Awy, || = 0, (3.26)
k — 4o0. Similarly, from Lemma 3.3 we have
(1= an, &) lItn, = wn, I? < (1= 00, &)?l|l2n, =PI = 241 = I

_ 0,
+ 3M2(1 - ankﬁ)Qankanik”znk - xn}c—ln

Nk

+ 200, (& f (2n,,) — Dp, Tnys1 — )
+2M5(1 = a, £)*(|Gt, — G|
+2May(1 — 0, £)?| A (T2, — I)Awy,|.
By applying (3.22), (3.23), (3.26) together with Remark 3.1 we get
ltn, — Wn, || = 0, k — +oo. (3.27)
Following similar argument, from Lemma 3.3 we obtain
l[tn,, — tn, |l = 0, k — +o0. (3.28)
We now apply (3.24)-(3.28) and Remark (3.1) to obtain the following as k — 400 :

Hw’ﬂk = Ty ” = enk ||xnk - xnrl” - 0; (329)

Upy, — Uny, ” + Z 5nk7i||vnk;i = Uny, ” — 0. (330)
i=1

Applying (3.24)-(3.30) and the triangular inequality further yields the following as

k— 400

[Yni = wnill < o

ltn, — Znell = O, |tn,, — Znp || = 0, ||tin,, — Way |l = 0, [|yn, — wn, || = 0,  (3.31)
and
Yy, — Znll = 0, [ong s — Zn, || = 0 Vi=1,2,...,m. (3.32)
Note that
[Zni+1 = T || < @y [Ef (@ny) = D]l + (1 = @) [Yny — T - (3.33)
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Thus, from (3.31) and the fact that lim o,, =0, we have

k—+oo
”Ink+1 — Ty, || — O, k — +oo.

To complete the proof, we need to show that wy, (x,) C Q. We first show that w,, (x,) C
Niv, Fiz(S;). Let 2* € wy(xy), then by (3.31) we have u,, — z*. Since I — S;
is demiclosed for all ¢ = 1,---,m then it follows from (3.24) that * € Fixz(S;)
for all ¢+ = 1,---,m. This implies that z* € (-, Fiz(S;). Next, we show that
wy(x,) C VI(C,G). It suffices to show that x* = Po(I — 0G)x*. In view of the
(3.28) and the definition of w,, we have

ltn, — Po(I — 00, G)tn, || = 0, k — +o0. (3.34)
Consequently, we get
||tnk - PC(I - UG)tnk ” < ||tnk - PC(I - o'nkG)tnkH
+ ||PC'<I - UnkG)tnk - PC(I - UG)tnk ”
< thk - PC(I - OnkG)tnkH
+ (I = 00, G)tny, — (I — oGy, ||
= ||tnk - PC(I - UﬂkG)tnkH + |U - Jnk'Hthk H
By (3.34) and the fact that limg_, 4o 0, = o, we have ||t,, — Pc(I — 0G)ty, || — 0.
Since o > 0 and {o,,} C (0,2k), then o € (0,2x]. Hence, I — oG is nonexpansive
and consequently Po(I — o@G) is nonexpansive. From (3.31), we have that ¢,, — x*
as k — 4o00. By the demiclosedness principle for nonexpansive mappings, we have
x* = Po(I — oG)z*. Hence, we have w,(x,) C VI(C,G).
Finally, we show that w,(z,) C SEP(Fy, Fy). First, we show that w,, (z,) C EP(F}).
Since t,,, = Trilk (wn, + vnkA*(Tf;?k — I)Awy,, ), we have

1
Fl(tnkvy) + 7<y — gy tny — Wny, _WnkA*(TsP:?k - I)Awnk> >0, Vyed,

ng
which implies that

1 1
<y7tnk7tnk7wnk>77<y7tnk7’ynkA*(TF2 7I)Aw"k> > 07 Vy eC.

Sn
Nk Nk k

Fl(tnk7y)+

It follows from the monotonicity of Fj that

1 1 .
r<y_tnk7tnk —’LUnk> - 7<y_tnk7’ynkf4 (T£2k _I)Awnk> > Fl(yatnk)7 v Yy e C.

Nk Nk
Since t,,, — z*, then it follows from (3.26), (3.27), liminfy_, { oo 7, > 0, and condition
(B4) that

Fi(y,z*) <0, VyecC. (3.35)
Now, for y € C, let y; := ty + (1 —t)a™* for all ¢ € (0,1]. This implies that y; € C, and
it follows from (3.35) that F}(y;, 2*) < 0. Thus, by applying Assumptions (B1)-(B4),
we have
0= Fi(ye,yt) < tF1(ye, y) + (1 — ) F1(ys, ")
S tFl (yt7 y)
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Hence, we have

Fi(ys,y) >0, VyecC. (3.36)
Letting ¢ — 0, by condition (B3), we have
Fi(z*,y) >0, VyeC. (3.37)

This implies that z* € EP(Fy).

Finally, we show that Az* € FEP(F). Since A is a bounded linear operator
and wy,(z,) = we(wy) by (3.29), then we have Aw,, — Ax*. It then follows from
(3.25) that

T Aw,, — Az*, k — +oo. (3.38)

Sny

By the definition of TgFL > Aw,, , we have

1
By (TE: Aw,, ,y) + —(y — TSFZk Awnk,Tf2k Aw,, — Aw,,) >0, VycqQ.
s n n

Sn
k nk

Since F; is upper semi-continuous in the first argument, it follows from (3.25), (3.38)
and lkim inf s, > 0 that
— 400

Fy(Az*,y) >0, YyeQ. (3.39)

This shows that Az* € EP(F3). Hence, w,,(z,) C £ as required.
Furthermore, from (3.31) we have that w,{tn,} = wy{zn,}. By the boundedness of
{zn,}, there exists a subsequence {xnk]} of {zp, } such that Ty, — z and
lim (¢f(2) — D&, xp, — &) = limsup(&f (&) — DT, 2, — &)
Jj—+oo ’ k—~+o00
= limsup{{f(Z) — D&, t,, — T). (3.40)

k— 400

Since & = Po(I — D 4+ £f)(Z), it follows from (3.40) that
limsup(¢f(2)— D%, xy, —%) = lim <§f(5£)—D§C,xnkj —&) = (£f(2)—Dz, 2" —2) < 0.

k—+o0 Jj—r+oo

(3.41)
Hence, by (3.33) and (3.41), we have
limsup(f(2) — D2, xp,q1 — ) = limsup(f(2) — DT, Tpypt1 — Tny,)
k—+oo k—+oo
+ limsup(¢f (&) — D&, xy, — &)
k—400
= (¢f(#) — Dz,2" — 1) <0. (3.42)
Applying Lemma 2.3 to (3.21), and using (3.42) together with Remark 3.1 and the
condition on a,,, we deduce that lirf [|zn, — Z|| = 0 as required. This completes the
n—-+0oo
proof. O

By the properties of the best approximation operator, we obtain the following result.
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Corollary 3.1. Let H, and Hy be two real Hilbert spaces, and C C Hy and Q C Hy be
nonempty closed convex subsets. Let the linear operator A : Hy — Hs with adjoint A*
be bounded. Let S; : C' — P(C) be a finite family of multivalued mappings such that
Ps, is A\;-demicontractive with A = max{\;} and suppose that I — Pg, is demiclosed at
zero for eachi=1,2,...,m. Let F1 : C xC — R and F5 : Q X Q — R be bifunctions
satisfying Assumption 2.1 and Fy is upper semicontinuous in the first argument. Let
{z,} be a sequence generated as follows:

Algorithm 3.2.
Step 0. Select initial data zg,z; € H; and set n = 1.
Step 1. Given the (n — 1)th and nth iterates, choose 6,, such that 0 < 6,, < 0,, with

0, defined by

0 — {min{@, ﬁ}, if xp # Tp_1, (3.43)
0, otherwise.
Step 2. Compute
Wy, = Ty + Op(Ty, — Tp1). (3.44)
Step 3. Compute
tn =T (wn + 1 A" (TF? — ) Aw,), (3.45)

where
(T2 —1) Aw, |2
Y= AT =D Aw, |2
v, otherwise (v being any nonnegative real number).
(3.46)

if Aw, # TF Aw,,

Step 4. Compute

up = Po(I — 0,G)ty
Yn = 6n,0un + Z?; 5n,ivn,i7 Un,,i € PSi (un) (347>
Tn+1 = angf(xn) + (I - anD)yn

Set n :=n+ 1 and return to Step 1.

Suppose that conditions (C1)-(C5) are satisfied. Then, the sequence {z,} generated
by Algorithm 3.2 converges strongly to a point & € I', where

I':= SEP(Fy, F,) N\VI(C,G) N (] Fiz(S;) # 0.
=1

Proof. Since Pg, satisfies the common endpoint condition, F'(S;) = F(Ps,) and I —.S;
is demiclosed at zero for each i = 1,2, ..., m, hence the result is obtained immediately
from Theorem 3.1. O
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4. APPLICATION AND NUMERICAL EXAMPLES

4.1. Application. In this subsection, we apply our result to study split minimization
problem.

Let H; and Hy be two real Hilbert spaces, C' C H; and (Q C Hs be nonempty closed
convex subsets, and A : H; — Hs be a bounded linear operator with adjoint A*. Let
f:C =R, g:Q — R be two convex and lower semi-continuous mappings. The Split
Minimization Problem (SMP) is formulated as follows:

Find z* € C such that f(z*) < f(z), VxeC, (4.1)
and y* = Az such that g(y*) < g(y), Vy € Q. (4.2)

We denote the solution set of the SMP (4.1)-(4.2) by F and assume that F # (. Let
Fi(z,y) == fly) — f(z) for all ,y € C and Fy(u,v) := g(v) — g(u) for all u,v € Q.
Then, Fi(x,y) and Fy(x,y) satisfy conditions (B1)-(B4). Therefore, Theorem 3.1
provides a strong convergence theorem for approximating the common solution of
split minimization problem, variational inequality problem and common fixed point
problem for a finite family of demicontractive multivalued mappings in Hilbert spaces.

4.2. Numerical Examples. In this subsection, we present some numerical experi-
ments to illustrate the performance of our proposed methods Algorithm 3.1 in com-
parison with Algorithm 1.1, Algorithm 1.2 and Algorithm 1.3. All numerical compu-
tations were carried out using Matlab version R2019(b).

Example 4.1. Let H =R = Hy,C = [-3,0], and Q = (—0o0,0]. Define G : C — H;
and A : Hy — Hy by Gr = 2z and Ar = § for each x € Hj. It then follows

that A*y = % for each y € H,. For i = 1,2,...,5, define multivalued mappings
S;:C — CB(C) by

Si(r) = {[_ i\ﬁﬂho}v x € [-3,-2);
o}, e o

It can easily be verified that S; is a hybrid multivalued mapping with Fiz(S;) = {0}
for each i. Hence, S; is 0-demicontractive. Moreover, for each =,y € C, define the
bifunction F; : C x C — R by Fy(z,y) = xy+y—x— 22, and for each u,v € Q, define
the bifunction Fy : Q@ x Q — R by Fy(u,v) = uv + 10v — 10u — u?. It can easily be
verified that Fy, F5 both satisfy Assumption 2.1. After simple calculation and using
Lemma 2.5, we obtain

T7§F17¢1)(u) — u—r’ VueC,
1+7r
and 0
T(F22) () = L 205 v )
s (v) 5. YveeQ
Choose . ) .
T T
= — D = — = — = — = ——
fl@) = D) = §. €= 52 an = g 60 = o
1
B = — Ml M 07, 0=08,

T+ U T 52n+ 1) " 2 1
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n n+1
Sp =
n+1’

= T+l

It can easily be checked that all the conditions of Theorem 3.1 are satisfied. We
take Tx = 5, Bn = pn = in Algorithm 1.1 and T;x = §; in Algorithm 1.2 for
i=1,2,...,5.

We choose four different initial values as follows with v = 0.01 in each case:

Case I: xo = 870 and xy = —317;

Case II: zyp = —915 and z, = —317;

Case III: o =977 and x7, = —858;

Case IV: xog = 678 and 21 = —446.

We compare the performance of our Algorithm 3.1 with Algorithm 1.1, Algorithm 1.2
and Algorithm 1.3. The stopping criterion used for our computation is |x,1+1 — | <
1072. We plot the graphs of errors against the number of iterations in each case. The
numerical results are reported in Figure 1 and Table 1.

2(n11)

TABLE 1. Numerical results for Example 4.1

Alg. 1.1 Alg. 1.2 | Alg. 1.3 | Alg. 3.1

Case I CPU time (sec) | 0.0469 0.0079 0.0096 0.0390
No of Iter. 18 9 9 5

Case II CPU time (sec) | 0.0102 0.0069 0.0079 0.0146
No. of Iter. 16 9 9 5

Case 111 CPU time (sec) | 0.0102 0.0051 0.0068 0.0105
No of Iter. 18 9 9 5

Case IV CPU time (sec) | 0.0101 0.0050 0.0085 0.0126
No of Iter. 17 9 9 5

Example 4.2. We consider the second example in infinite dimensional Hilbert spaces.
Let Hy = Hy = L*([0,1]) with the inner product defined by (z,y) = fol x(t)y(t)dt
and induced norm ||z| = (fol z(t)|2)2 for all 2,y € Ly([0,1]). Let

C':{xELg([O,l]):/le(t)dtgl} and Q:{uELQ([O,l]):/Oltu(t)dtSQ}.

Then, C' and @ are nonempty closed and convex subsets of real Hilbert spaces H;
and Ha, respectively. Define G : C' — Lo([0,1]) and A : Lo([0,1]) — L2([0,1]) by
(Gz)(t) = 2a(t) and (Az)(t) = Sa(t). Then, G is an inverse strongly monotone
mapping and A is a bounded linear operator. We define F} : C x C — R and

F:QxQ—Rby
x(t
2

~—

Fi(z,y) = (Pi(x),y — ), where P(z(t)) =

and

Fy(z,y) = (P2(2),y — x), where Py(2(t)) = (t)
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FiGURE 1. Top left: Case I; Top right: Case II; Bottom left: Case

IIT; Bottom right: Case IV.

Then, F; and Fy satisfy Assumption 2.1.
Lemma 2.5, we obtain

After simple calculation and applying

2u
Fig\ —
T (u) 2 YueC,
and 5
TP (v) = =
)= Veed
We define S; : C — CB(C) by
1
1
; = : < =
S () {x eC /0 (1) dt 22}
Then, S; is demicontractive for each 3.
Choose
_x(t) B B 1 B 1
(=) = 52, (D)0 = (1), € = Lo = . €0 = s
n n+1 n
6”’0_37174—1’ n,i—m7 Un—m7 0.8, 8=10.9,
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L _n+1

B R M T

It can easily be checked that all the conditions of Theorem 3.1 are satisfied. In
Algorithm 1.1, we take 8,, = pp, = and we define T : L*([0, 1]) — L?([0,1]) by

T'n

D)
1

(Tx)(t) = / te(s)ds for all t € [0,1].
0

while in Algorithm 1.2, we define the mappings T; : L?([0,1]) — L?([0,1]) for each
i=1,2,...,5, by

(Tyx)(t) = /01 t'x(s)ds for all t € [0,1].

It can easily be verified that 7" and 7T; are nonexpansive and thus asymptotically
nonexpansive.

——Algorithm 1.1
——Algorithm 1.2}
——Algorithm 1.3
——Algorithm 3.1

——Algorithm 1.1
——Algorithm 1.2
——Algorithm 1.3
——Algorithm 3.1

10
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9
Iteration number (n) Iteration number (n)
o T T T T T T —
10 ; oL ——Algorithm 1.1}
—— i 10 A
7A:gor!ﬂr:m l'; S W ——Algorithm 1.2
;Algor!thm L N ——Algorithm 1.3|
Agor!t m1.3 ——Algorithm 3.1
——Algorithm 3.1
101kE
)
S
i
102F
1073 . . . . . . . . . . . . i
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8 9 10
Iteration number (n) Iteration number (n)

FI1GURE 2. Top left: Case I; Top right: Case II; Bottom left: Case
IIT; Bottom right: Case IV.

We choose four different initial values as follows with v = 0.05 in each case:
Case I xo =t+3 and 21 =3 + ¢;
Case II: xp =t+1 and z; = t3 + ¢;
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Case III: xg = t* + 12 +t and x; = t3 4+ ¢;

Case IV: zg = 2t° +t? + 3t and z; = 3 + ¢2.

We compare the performance of our Algorithm 3.1 with Algorithm 1.1, Algorithm 1.2
and Algorithm 1.3. The stopping criterion used for our computation is ||zp+1 —Zn| <

10~

2. We plot the graphs of errors against the number of iterations in each case. The

numerical results are reported in Figure 2.
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