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Abstract. We discuss a class of fractional p-Laplacian boundary value problem with a parameter
on time scales. The novelty of this paper is that the existence of infinitely many solutions of the
equation is obtained by using the genus property of critical point theory under the condition of weaker
than the super p times Ambrosetti-Rabinowitz condition. What’s more, the existence of infinitely
many solutions is proved via the symmetric mountain pass theorem with the Ambrosetti-Rabinowitz
condition. At the end, an example is presented to illustrate our main results.
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1. INTRODUCTION

In this paper, we are interested in the following class of fractional p-Laplacian

boundary value problem with a parameter on time scales
L D@, (EDu(t)) = Mf(tu(t), A —ae. t el )
u(a) = u(b) =0,

where J = [a,b] N'T, T is a time scale, a, b € T. 1<p<oo7%<a§1and)\>0.

P, (s) = |s[P7%s (s #0), ®,(0) =0, 1 < p < co. 2D and [ Dy denote the left and
the right Riemann-Liouville fractional derivative operators of order « defined on T,
respectively. f € C(J x R,R) and F(t,u) = [ f(t,s)ds.

The time scale theory proposed by Hilger in 1988 was a unified theory of continu-
ous and discrete calculus, which revealed a profound connection between continuous
calculus and difference equations (see [13]). Most notably, time scale theory can not
only unify the study of continuous and discrete systems, but also quantum systems
simultaneously. To be specific: If the time scale satisfies T = R, then the fractional
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time scale calculus is consistent with the classical fractional calculus, fractional calcu-
lus for T = R has been extensively studied and there are many works on the subject
(see [9], [10], [18], [19]). If the time scale is taken as T = Z, the fractional time
scale calculus becomes the calculus of discrete systems with step size p/ = 1. The
pioneering work on fractional calculus on the discrete setting T = Z appeared in 1957,
related to Kuttner’s work on difference sequences (see [17]). The definitions of dis-
crete fractional derivatives and finite fractional differences were proposed by Atici and
Eloe in 2007 (see [2]). If the time scale is T = ¢"°, the fractional time scale calculus
becomes the discrete fractional g-calculus (see [3]). Therefore, continuous, discrete
and quantum fractional systems can be systematically processed with different time
scale T values. There is no doubt that the time scale theory brings many conveniences
to the establishment of models. Different time scales can produce different applica-
tions, including engineering, physics, economics, biology, population models, control
systems and other scientific and engineering fields (see [4], [11], [15], [23]).

Recently, some work has been done to consider the existence of solutions to bound-
ary value problems on time scales (see [1], [8], [22], [24]). In particular, in [24], the
authors considered a class of second-order Hamiltonian systems on time scales with
three-order boundary conditions as shown below

{uM(t) = f(o(t),u’(t)), A—a.e. teJ
u(a) = 0,u(b) = Cu(n),

where J = [a,b]NT, ( € R, n € (a,b)NT and a, b € T. When f met the Ambrosetti-
Rabinowitz condition, they used the symmetrical mountain pass theorem to prove
that there are infinitely many solutions for this problem.

In addition, fractional calculus theory is an extended version of integer theory.
The first work considered the problem of developing fractional calculus on generic
time scales were [5]-[7] in 2011. Since the fractional differential equation is more
accurately defined, fractional calculus plays an important role in the qualitative theory
of differential equations (see [12], [14], [16]). For example, in [14], the authors studied
the following fractional boundary value problem on time scales
DX({Dyu(t)) = VF(tu(t), A—ae. t e, @

u(a) = u(b) =0,

where 0 < a < 1, ID¢ and 7 D¢ are the left and right Riemann-Liouville fractional
derivatives of order « defined on T, respectively. The authors got the existence of at
least one solution of the above problem by the mountain pass theorem provided F
satisfied the Ambrosetti-Rabinowitz condition.

Inspired by the above research work and research background, we are interested
in the boundary value problem (BVP for short) (1). And it is proved that there are
infinitely many solutions to the BVP (1) by using the genus property of critical point
theory with f satisfying the sub p times growth. Additionally, when f satisfies the
Ambrosetti-Rabinowitz condition, the existence of infinitely many solutions is given
through the symmetric mountain pass theorem.
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As far as we know, there are very few literatures about the existence of solutions
to fractional boundary value problems on time scales through variational methods,
let alone the equation with p-Laplacian. Moreover, sufficient condition is given for
the existence of infinitely many solutions to the BVP (1) without the super p times
Ambrosetti-Rabinowitz condition. On the whole, the research of this paper has certain
theoretical significance, and has some innovative points.

2. PRELIMINARIES

In this part, we will recall some definitions and lemmas. For the rest related
definitions and lemmas, please refer to reference [1], [8], [14]. Let’s first give the
definitions of the following notations. Suppose T is a time scale, a < b. Define
J2 =[a,b), Jr = [a,b], J'=J3NTand J = JgNT.

Definition 2.1 [14] For ¢t € T, we define the forward jump operator ¢ : T — T by
o(t) = inf{s € T : s > t}, while the backward jump operator p: T — T is defined by
p(t) =sup{s € T:s < t}. Put inf@ =supT (i.e., 5(¢t) = ¢ if T has a maximum ¢)
and sup® = inf T (i.e., p(¢t) = ¢ if T has a minimum t), where () denotes the empty
set. If 5(t) > t, we say that t is right-scattered, while if p(t) < ¢, we say that t is
left-scattered. Points that are right-scattered and left-scattered at the same time are
called isolated. If t < sup T and &(t) = t, we say that ¢ is right-dense, while if ¢ > inf T
and p(t) = t, we say that ¢ is left-dense. Points that are right-dense and left-dense
at the same time are called dense. The graininess function i : T — [0, 00) is defined
by ji(t) = &(t) — t. The derivative makes use of the set T, which is derived from the
time scale T as follows. If T has a left-scattered maximum M, then TF = T\ {M},
otherwise, TF = T.

Definition 2.2 [14] Let u be an integrable function defined on J. The left and right
fractional integrals of order 0 < o < 1 for the function u denoted by LI%u(t) and
TIu(t), respectively, are defined by

1 ! a—1
o / (t — o)™ tu(s)As,

alfu(t) =

b
FIput) = o [ (= o) (s,

where I' > 0 is the gamma function.
Definition 2.3 [14] Let ¢t € T and u : T — R. The left and right Riemann-Liouville
fractional derivatives of order 0 < a < 1 for the function u denoted by L D¢u(t) and
T Dgu(t), respectively, are defined by

A

opute) = ( Eféauu))A ~miea (i () “ute)as)

1—«

gt = ( ?Iz—‘*ua))A — = (/ (s o) uls)s)

Definition 2.4 [14] Let ¢ € T and v : T — R. Then the left and right Caputo

A
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fractional derivatives of order 0 < a < 1 for the function u denoted by ~¢DJu(t) and
$¢Dju(t), respectively, are defined by

Tepru(t) = TIeu () = ﬁ / (t - o(s)u (s)As,

b
D) = ~T1 A ) =~ [ (= a) A (94

Lemma 2.1 [1] Suppose p > 1, and the set LZ(JO,R) is a Banach space together
with the norm defined for every u € LX (J° R) as
1
g = ([ luas)” pem

inf{M e R: |u| <M A —a.e. on J°}, p=occ.
Proposition 2.1 [1] Suppose p € R and p > 1, let p € R be such that
s+ =1, then, ifu € IR (JOR) and v € LR (J°R), then u-v € LA (J° R) and
[l vlley < Nullpg - llollz-
For p € R and p > 1, we set the space

IRJOR) ={u:J" > R: / |u(s)|PAs < oo}
o

Bil=

with the norm [|ul| s = (fJO lu(s |pAs> . For BVP (1), we consider the space

W =WiP = {u € IX(J°R), 'Dfu € IR (IO, R) : u(a) = u(d) = O}

fulloy = ( [ loraes [ Goeucrar)

According to [14], [24], the space W with 1 < p < oo is a reflexive Banach space.
Lemma 2.2 The norm ||u||q,p in W is equivalent to

Joll = [ lgDzute |pdt)

By analogy with Proposition 4.1 and Proposition 4.2 in [14], the following two
lemmas can be obtained.

with the norm

Lemma 2.3 Let0 < a<1landl <p < oco. For anyu € W, iflfazz%or
oz>1%, then

ba o [
HUHLA = ﬁ”th U||Lg = AHth uHLZ'
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1 1,1 _
Ifa>5and5+af1, then

[ufloe <

HED?UHLZ = AHED?UHLZ,
where ||u|loo = maxie s |u(t)|.

Lemma 2.4 Let 0 < o <1 and 1 < p < co. Assume that o > % and the sequence
{un} converges weakly to w in W, that is, u, — u as n — oo. Then u, — u in

C(J,R) as n — oo.

For all w € W, we consider the functional ¥ : W — R defined by
1
W (u) :7/ o D&u(t)[P At — /\/ F(t,u(t))At
pJjo Jo

:1\|u||P—A/ Pt u(t)At,
p Jo

where F(t,u) = fou f(t,s)ds. It can be proved that the functional ¥ is continuously
differentiable on W and

V' (u)v :/J0 @, (0 DCu(t))g Do (t) At — A . ft,u(t)v(t)At, Yo e W.

If u € W is a critical point of ¥, then, u is a solution to BVP (1).

3. MAIN RESULTS

In this section, we prove the existence of infinitely many weak solutions of the
BVP (1). A few notations are given at the beginning of this section. Suppose E is a
Banach space, ¥ € C'(E,R) and z € R. Define

Y={ACE-{0}: Aisclosed in E and symmetric about 0},
K.={ueE:V(u)=2z279(u) =0},
U ={ueFE:¥(u) <z}

Definition 3.1 [20], [21] For A € %, if there is an odd mapping ¥ € C(A,R™ \ {0}),
and n is the smallest integer with this property, then the genus of A is called n, and
denoted as y(A) = n.

Lemma 3.1 [20] Let ¥ be a C* even functional on the Banach space E and satisfy
the Palais-Smale ((PS) for short) condition. For any n € N, let ¥,, = {4 € ¥ :
v(A) > n}, z, =infacs, sup,ca Y(u).

(1) If 3, # 0 and z, € R, then z, is the critical value of V.

(2) If there is | € N such that z, = zp11 = Znta =+ = 2ny1 = 2 € R and z # ¥(0),
then v(K,) > 1+ 1.

Remark 3.1 From Remark 7.3 in [20], it can be known that if K, € ¥ and
v(K,) > 1, then K, contains infinitely many different points, that is, ¥ has infinitely
many different critical points in E.
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Now, we assume that f(¢,u) and F(t,u) satisfy the following conditions.
(Hyp) F(t,0) =0 for all ¢ € J, there exists 1 < § < p, such that for all (t,u) € J x R,
F(t,u) > g(t)|ul? and | f(t,u)| < h(t)|u|’~!, where g : J — R* is a bounded continu-

ous function, and h : J — R¥ is a continuous function such that h € LY’ (J°,R).
(Hz) There exists 1 < 9 < 6 < p, such that

ft,w)u <IF(t,u), forte J, ue R\ {0}.

Theorem 3.1 If (Hy)-(Hs) hold, and f(t,u) is odd about u, then the BVP (1) has
infinitely many nontrivial solutions {u,}52 1 with %||un||p = A [0 F(t,un(t))At — 0~
as n — oo.

Proof. According to the definition of ¥, we know that ¥ is even and ¥(0) = 0.
Next, we prove that ¥ satisfies the (P.S) condition in W. Suppose {u,}>2; C W be
a sequence such that U(u,) <k, lim, . ¥'(u,) = 0, where k is a positive constant.
Let’s prove that {u,}52 is bounded in W. Based on (Hs), the definitions of ¥
and U’

v P =0 (up)uy, — u
(1= Dlfuall” =¥ ()it = %) +A |

(f(t, Un () )un(t) — OF (¢, un(t))> At
<kllun|| + 9k,

which means that {u,}22 is bounded in W. On the other hand, according to the
fact that W is a Banach space and f is continuous, it follows from Lemma 2.4 that
Uy, — uw in W as n — oco. That is, ¥ satisfies the (PS) condition.

Let {e,}52, be the standard orthogonal basis of W, that is, ||e,|| = 1 and <
eq,eq >=0,1<g#¢q . For any n € N, define

E, =span{ey, - ,en}, Sp={u€ FE, : ||u| =1},
then for any u € E,,, there exist w; € R (i = 1,--- ,n), such that
u(t) = wiei(t), Vt € J.
i=1

Therefore, for u € E,,

I T OTOE S RO
i=1

n n
=S willledll” = 3 il
=1 i=1

In view of (Hy), for all bounded open interval I C J, there is n > 0 (dependent on I),
such that

F(t,u) > g(t)|u|® > nlul’, V(t,u) €T x R.
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Then, for any v € S,, and 7 > 0,

W (ru) :%pnunp - )\/JO Pt ru(t)) At

It’s easy to prove that [i| Y"1 we;(t)|At > 0. So, there exist ¢ > 0 and @ > 0,
such that for u € S, ¥(wu) < —C.
Let

S ={wu:ue S}, ©={(w, - ,w,) ER": Z|wi|p < wP}.
i=1
Then, for u € S7, ¥(u) < —(, which together with the fact that even functional
U € CY(W,R), yields that S C U—¢ € 3.

In addition, there exists an odd homeomorphism mapping T € C(90,S7). By
some properties of the genus, we obtain v(¥~¢) > v(S¥) = n, so ¥¢ € %,,, that is,
S # 0. Let

n = inf v ’
z Alenzn 21612 (u)
then, from the fact that ¥ is bounded from below on W, we have —o0 < z,, < —( < 0,
that is, for any n € N| z,, is a negative real number. Thus, by Lemma 3.1 and Remark
3.1, ¥ has infinitely many nontrivial critical points, in other words, BVP (1) admits
infinitely many nontrivial solutions.
Finally, define

E, =span{e,}, Z, = @El

Set pn = SUPyez, [jull=1 Hu||LpA Since 0 < pint1 < pin, limy, oo pt, = 0 > 0. For every

n > 1, there exists u, € Z, such that [ju,| =1 and [jun|[z > £2. Furthermore,

according to u,, — 0 in W, we have u,, — 0 in LX (J°,R). Thus, lim,_cc ftn, = u = 0.
Combining (H;), Lemma 2.3 and Holder’s inequality,

Pt u(t) At g% [ nomrar< ;(/J h(t)WAt)”pe (/J |u(t)|pAt>§

Jo

< IRll e el
LA
then, we can get

1 A?
U(u) > =||ul|? — — 0
(u) = pllull 7 HhIILTHuII :

p
—6

which indicates that W(u) is coercive. Therefore, there exists £ > 0, such that ¥(u) >
0 for ||lu]| > & What’s more, for any A € ¥, owing to y(4) > n, one can get
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AN Z, # (. Combining the above, we can get

0

; H 0
sup W(u) > inf ~ W(u) > (II 1P = IRl g llul )
u€A ueZmHuII<£ ueZmHuH<E L}

ul
>~ T e €

which means that

MZ 0
Zn = jnf Zlelg\lf( u) 2 - IIhHLgfef
Notice z, < 0 and lim,, o0 tt, = 0, so, lim, oo 2, = 0.

Lemma 3.2 [20] Let E be a Banach space and let ¥ € C*(E,R) be even, satisfy the
(PS) condition, and have ¥(0) = 0. Suppose that E =Y @ Z, where Y is finite
dimensional, and VU satisfies

(1) there exist o > 0 and p > 0, such that ¥U(u) > o for all u € E with ||u|]| = p, and
(2) for any finite dimensional subspace E' C E, there is R = R(E'), such that
U(u) <0 for all u € E' with ||ul| > R.

Then U possesses an unbounded sequence of critical values.

To get the second result, we make the following assumption.
(H7) There exist 8’ > p and R > 0, such that

0<O0F(t,u) < f(t,u)u, t€J, lul > R.

Theorem 3.2 If (H}) holds, and f(t,u) is odd about u, then the BVP (1) has

infinitely many nontrivial solutions.

Proof. It is easy to know that ¥U(0) = 0 and VU is an even functional. In what
follows, we show that U satisfies the (P.S) condition. Assume that {u, }>2; C W be
a sequence such that U(u,) < k', lim, oo ¥'(uy) = 0, where &’ is a positive constant.
It follows from (H{) that

F(tyu) < —f(t,u)u +m, Y(t,u) € J xR,

1
0’
where m > 0. Then,

K >0(uy) > l\mnup—x/ Pt un(£)) At
p Jo

21||un||p - i// F un () un ()AL — A mAt
P 6 Jo

>(1 — l)H II” + \If (up)up — A mAt

- p 6/ un 0[ un n JO

1
2= gl = G huall = A [ ma
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which means that {u,}52 is bounded in W. Since W is a reflexive space, there exists
{un}22,, such that u, = v in W as n — oo. Then, it follows from Lemma 2.4 that
u, = win C(J,R) as n — oco. Furthermore,

< V'(up) — V'(u), up —u >—0,

(f(t, un(t)) f(M(t))) (un(t) — u(t)) = 0
as n — 0o. Because

lun —ul|P = < ' (up) — V' (u), uy —u >

i\ (f(tun(t)) - f<t7u<t>>) (un(t) — u(t)) At — 0

Jo
as n — 0o, thus, u, — uw in W. In conclusion, ¥ satisfies the (PS) condition.
Let B, denotes the open ball in ¥ with radius r and centered at 0 and let 0B,
and B, represent the boundary and closure of B,., respectively. It is easy to get B 1

is a bounded weak closed set. It can be seen from (Hj) that there exists P; > 0 with
fJO P At < )\’%/—\, such that
F(t,u) < Pilul?, Y(t,u) € J x [-1,1].

Choose p = %7 for any u € W with ||u|]| = p, then ||lull« < Alu| = 1. Based on the
1

above, for any u € 9B, (r < %), we can get
1 /
() > ul? )\/ Pilul” At
p Jo
1 /
> ull? - Alulls [ P
p Jo

1 —n/ ’
>ZpP — AN Y P At

p Jo
And further, for any u € 0B 1,
1
W)z -3 [ Pdt=o>0, vl =p,
pAP Jo

which indicates that the condition (1) of Lemma 3.2 holds.

Based on the fact that all norms are equivalent in finite dimensional space, for any
finite dimensional subspace W of space W, for any u € W, there is a constant G’ > 0,
so that

lullg = ([ ) > &ul, o> 1
According to (Hj), there exist P» > 0 and P; > 0, such that
F(t,u) > Pylul®” — P35, Y(t,u) € J x R.
Then, for u € W, there exists G > 0, such that

F(t,u(t))mzp2||u||§;,—/ PgAt2p2G9’||u||9’_/ PsAt,
Jo a Jo Jo
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which means that

1 !’ 7
¥(w) < [l — ARG +)\/ PAL
JO

Thus, for u € W, ¥(u) — —occ as ||u| — co. Further, there exists R = R(W), such
that for any u € W with |Jul| > R, ¥(u) < 0.

In general, it can be seen from Lemma 3.2 that ¥ admits an unbounded sequence
{cn}22, of critical values with ¢, = U(u,), where w, guarantees that ¥'(u,) = 0
(n=1,2,..).

Proof by contradiction. Suppose ||u,|| < d for n = 1,2, ..., and d is a constant.
Looking at the above discussion, we know that w, — u in W as n — oco. Hence,

1
= [lunll? :Cn“/ F(t un(t))At
p Jo
>cp + AP unl|9, f)\/ PyAt,
A Jo

that is,

1 /
en < =unl? — )\PQHunHHLS, + )\/ Py At < oo.
p a Jo

It contradicts the fact that {c,}>2; is unbounded, thus, {u,}>2; is unbounded.

4. EXAMPLES

We provide an example below to illustrate the derived conclusions.
Example 4.1 Let T=1Z a=X=1%p=2a=0,b=1and J = [0,1] N 3Z
Consider the following fractional boundary value problem
TH3a. (THs L
s DEOo( D2 u(t)) = §f(t,u(t))7 A—ae tel,
u(0) =u(l) =0,

3)

where
ft,u) =u? (2 + 3sin(|t| + 1)),
then
F(t,u) = /0 f(t,s)ds = iu4 (2 + 3sin(|t| + 1))

Therefore, (Hj) holds with R = 1 and ¢ = 3, that is, from Theorem 3.2, the BVP
(3) has infinitely many nontrivial solutions.
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