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1. INTRODUCTION

In this paper we deal with the system of integral equations of Hammerstein type:

uy(t) = fol ki(t,s)f1(s,ui(s), uz(s))ds,
(1.1)

ua(t) = fol ka(t, s) fa(s,u1(s),usz(s))ds,

where k; : [0,1]> — [0,+00) and f; : [0,1] x [0,+00)? — [0,+00) are continuous
functions for 4 = 1,2. This type of equations are often used in applied mathematics,
we refer the reader for more information to monographs [2] and [9]. Citing just a few
examples from the literature, we mention [1], where authors illustrate theoretical
results by models of chemical reactors, beams and thermostats. Interesting, from the
view of applications, are results contained in [8], where Minhds and Sousa considered
a system of integral equations of Hammerstein type that both equations and both
variables can have a different regularity. This allows for the specific applications to
phenomena modeled by coupled systems composed of differential equations of different
orders and distinct boundary conditions.

Existence and localization of positive solutions for a system of Hammerstein inte-
gral equations is one of the most studied topics in this family of equations. It will be
also the aim of this paper.
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In [5] authors establish a localization of the solution of the following operator
system

{Ul =T (u1,u2),

U9 = Tg(’u,l,’UQ),

assuming that for each fixed wus, the operator T; (-, u2) satisfies compression-expansion
type conditions in the line of Krasnosel’skii result and for each fixed w1, the operator
T5(u1,-) fulfills the hypotheses of the Schauder fixed point theorem. This hybrid
approach was applied to a Hammerstein system of the same form as (1.1) and yields
a solution with the first component localized in a conical shell and the second one in
a certain closed convex set.

A similar hybrid technique has been applied in paper [12]. The author considered
the following system of second-order equations with Dirichlet boundary conditions

7u”(t) = f(t,u,v),
="' (t) = g(t, u,v),
u(0) = u(1) =0 =v(0) = (1),

where f:[0,1] xRy xR — R, and ¢ : [0,1] x R4 x R — R are continuous functions.
To obtain solution (u,v), the above system was equivalently rewritten in the form of

ult) = [} G(t,5) f(s,u(s), v(s))ds,

v(t) = fol G(t,5)g(s,u(s),v(s))ds,

where G : [0, 1] x [0, 1] — R denotes the corresponding Green’s function. The localiza-
tion of w is obtained as an application of Krasnosel’skii-Guo compression-expansion
fixed point theorem in cones, while v is located between a couple of well-ordered lower
and upper solutions.

Krasnosel’skii-Guo fixed point theorem is also applied to obtain positive solutions
of iterative systems with nonlinear boundary value problems. It is worth mentioning
recently published paper [10], which is devoted to determining the eigenvalue intervals
of the parameters A1, Ao, ..., A\, for which there exist positive solutions of the iterative
systems of second-order equations with impulses and m-point boundary conditions.

Yang and O’Regan in [15] study the existence of positive continuous solutions to
specific system of nonlinear Hammerstein integral equations

u(t) = fD k(tﬂ S)f(svu(s)7v(s))d57

o(t) = [ k(t, s)g(s,u(s), v(s))ds,

where D C R™ is a bounded closed domain, k € C(D x D,Ry) and f,g € C(D x
Ry x Ry, R;). Under the very conditions which characterize above system and via
fixed point index theory in a cone authors establish existence and multiplicity results.

Whereas in [7], Lan established new coexistence fixed point theorems in product
Banach spaces via the classical fixed point index theory for compact maps defined
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on cones. These results are applied to obtain at least one nonnegative coexistence
solution of system of Hammerstein integral equations of the form

1
wi(t) = /0 kit ) fi(s, un(8), uas), . . wn(5))ds,

where ¢ € {1,...,n}, for each ¢t € [0, 1] the kernel k;(t,-) : [0,1] — Ry is measurable
and f; : [0,1] x R — R, satisfies the Carathéodory conditions.

Also in [16] authors are concerned with the existence and multiplicity of positive
solutions for the following system

b
uit) = / Fa(t,$)gi(5) (5,1 (), un(s), .. un(s))ds,

where ¢ € {1,...,n}, fi € C(la,b] x [0,+00)™,[0,4+00)), ¢; € Lla,b] is almost every-
where positive on [a,b], and k; € C([a, b] X [a,b], [0, +00)).

The paper’s main structure is as follows. Section 2 presents necessary theoretical
background and some preliminary assumptions. Section 3 contains the main results:
the existence and localization theorems. In the last section some examples are pro-
vided in order to illustrate the application of results.

2. PRELIMINARIES

Our approach is based on the well-known Krasnosel’skii-Guo theorem of
compression-expansion cones. Let us remind that a non-empty subset K of a Ba-
nach space X is called a cone if K is closed, convex and Au € K for u € K and A > 0
and K N (—K) = {0}.

Theorem 2.1 [3] Let K be a cone in a Banach space X and suppose that 1 and Qs
are bounded open sets in X such that 0 € Qy and Q; C Qy. Let F : KN(Q\Qy) — K
be a completely continuous operator such that one of the following conditions holds:

(i) ||[Fz| > ||z|| forx € KNOQy and ||Fz| < ||z| for x € K NOQs,
(i) |Fx| < ||z|| forz € KNy and ||Fzx| > ||z| for z € K NINa.
Then F has a fived point in the set K N (Qa\ Q1).

We will work in the Banach space X = C[0,1] x C[0,1] and for u = (u1,us) € X
we make use of the norm

l[ull = max{{jui[|oo, [[uz]loo }

where || - || is the supremum norm in the space C[0,1].

In the sequel, for ¢ = 0,1 and I C [0, 1], we make the following assumptions on the
terms that occur in (1.1). There exists continuous function ®; : [0,1] — [0, +00) such
that:

A ki(t,s) < ®;(s),
(A1) te[vo,u sefvo,u (¢ ) ()

(AQ) = N \ kz(t,s) Z Ciéi(s)7

¢; >0 tel s€(0,1]
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A 3 [ > d P
(A3) d1>086[vo71] 1(8) = d1®a(s),

A | P > dy® .
( 4) d2>0 se[v(hl] 2(8) =2 1(5)

Moreover

A 34 4 \ v >
(As) 520 6120 selot] wiclo) fi(s,ur,u2) > eqfa(s,ur,us),

A i 3 W v > '
(Ag) $30 €30 seip 1] wiCl0,0 fa(s,ur,uz) > eafi(s,uy,us)
We are working with the cone

K = {(u1,u2) € X+ w(t) >0, Itm}l ui(t) > cllull, i=1,2}, (2.1)
€

here c is a positive constant defined as a
¢ =min{c;, c;die;}, i=1,2.

An application of cone (2.1) is crucial because it enables to obtain, in a simple way,
the positive solution of the considered system (1.1). By a term positive solution we
mean function u = (u1, uz), that solves (1.1), with both components w1, us nontrivial
and positive on the interval I. To the best of our knowledge this specific cone has not
been previously used for this purpose. For the first time we exploited it in our recent
papers [13] and [14] to establish sufficient conditions for the existence of positive
increasing solutions to a third order differential equation subject to nonlinear and
nonlocal boundary conditions. The main advantage in using the cone (2.1) is that the
minimum of the functions u; and us on the interval I is compared with the norm ||u||
instead of ||u; |00, which in turn, gives us important information about localization of
both components u; and us, i.e.,

i ; > .
min u;(t) > c|lul]| >0

In comparison, in a vector version of Krasnosel’skil theorem presented in [11] author
considers cones

K, ={veP:v(t)> M|v|e for all t e R}, i=1,2,

where P is the cone of all nonnegative functions from space X = {v € C(R,R) :
v(t) = v(t +w), w >0}, M; € (0,1) is some coefficient, and the corresponding cone
is K = K; x Ko. As a result, there were obtained positive w-periodic solution of
the first-order differential equation system. Also in the papers [5] and [7] mentioned
earlier in the introduction, where a vector approach is employed as well, the common
feature is that in every definition of exploited cones appears only standard supremum
norm. Thus the results obtained in our paper differ from those mentioned.

Note that assumptions (A4;), (A3) often occur in the related literature. Further,
less typical are (Asz) and (A4), which require a link between the bounds for the kernels
k1 and ko, it basically comes down to comparing the functions of one variable. The
most restrictive seem to be the last assumptions regarding the relationship between
functions f1 and fa, but these requirements (As) and (Ag) are necessary to exploit
our cone (2.1).
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3. MAIN RESULTS

Let 0 < r1 < ry. To formulate the existence theorem we will exploit the following
conditions:

(C1) ¢1 min ]2f1(s,u1,u2) J; ®1(s)ds > 1,

Ix[cry,r

(C2) ca min fo(s,uy,ug) [; Po(s)ds > ry,

Ix[ery,r]?

1
(C3) o 1]12%)X7-2]2f1 (s,u1,uz) fo 1 (s)ds < ro,

1
(Cy) o 1&%>7<r2]2f2(s,u1,w) Jo @2(s)ds < ra.

Finally we are ready to present and prove our main results.
Theorem 3.1 Let assumptions (A1) — (Ag) be fulfilled. Assume that there exist r1, 1o,
such that conditions (Cs), (Cy) hold and (C1) or (Ca) are satisfied. Then problem
(1.1) has a positive solution u = (u1,uz), such that r1 < ||(u1,us)| < r9. Moreover
I%ﬂel}l wui(t) > erq, i =1,2.

Proof. Let us remind that K is a cone given by (2.1) and for (u,us) € K we define
operator:

T = (T1,T2), where T;(ui,u2)(t) = /01 ki(t,s)fi(s,ui(s),uz(s))ds, i=1,2.

Our goal is to prove that the operator T" has a fixed point that, in turn, is a solution
of the considered system (1.1).

Let 0 <ry <rpg <p, Q={uveX:|ul <p}, U ={ueX:|u|<r} and
Qo = {u € X : |Jul| <r2}. Note that (KN Q2 \ Q1) C (KNQ,). We will show that
T(KNQ,) C K. By (Ay), for i = 1,2, we have

||Tz‘(U1,U2)Hoo§A Di(s)fi(s,u1(s), uz(s))ds,
then
IT (ug,us)]| < max{/ D, (s)fi(s,u1(s),ua(s))ds, i =1,2}.
0

On the other hand, from (As) we obtain for u = (u,u2) € KNQ,, t € I and s € [0, 1]
1 1
T (uy,u9)(t) = / ki(t, s)fi(s,ui(s),uz(s))ds > / ci®;(8) fi(s,u1(s), ua(s))ds
0 0

> 0/01 D;(s) fils,u1(s), ua(s))ds = ¢f|Ti(ur, u2)|| oo,

hence

min T;(uy, u2)(t) 2 ¢l|Ti(u, uz)llo-
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Moreover, by (Asz), (A3) and (4s), we get

T (ug,ug)( / (t,8)f1(s,ui(s),ua(s))ds 2/0 c1®1(s)er fa(s,ui(s),ua(s))ds
1
/ c1d1Po(s elfg(s,ul(s),UQ(s))dsZc/O Dy (s) f2(s,ur(s), ua(s))ds
> || Ta(u1, ug) | co-
Thus

Iglel}l T (u1,u2)(t) > c||To(u1, u2)||oo-

On the other hand, from (As), (A4) and (Ag), we obtain
1 1
To(u1,uz)(t) = / ka(t, s)fa(s,ui(s), ua(s))ds > / ca®a(s)efi(s, ui(s), uz(s))ds
0 0

2/0 02d2¢1(s)62f1(s,ul(s),uz(s))dsZc/o Dy (s)f1(s,u1(s),ua(s))ds
2 || Ta(ur, ug)loo-

Therefore

min To(u1,u2)(t) > c||Ti(ur, uz)lloo-

Finally, we can conclude that

min T'(uy,uz)(t) > cmax{||Th(ur, uz)|lco; | T2(u1, u2)|loo } = || T (w1, u2)|,

and so T(KNQ,) C K

Obviously (0,0) € Q; and Q; C Q5. Applying the Ascoli-Arzeld theorem, we can
prove that T is a completely continuous operator on K N (2 \ ;).

If u e K NOQe, then |lul] = re and u; € [0,72] for ¢ = 1,2. From (A;), (C3) and
(Ca)

1
T w2)(0) < [0 filsv1 (), a(s))ds
’ 1
< [0’1{2%57(”]2]”2-(5&1,@)/0 D, (s)ds < ra.
Therefore

maX{HTi(ulaUQ)”OOv 1= 132} < ro,

1T ()| < Jlull

If u € K N0y, then |lul| = r1 and w;(t) € [er1,m1] for all t € I, i =1,2. To obtain
reverse inequality |7 (u)|| > ||ul|, it is enough to prove

maX{HTi(ulau2)||oo’ 1= 1,2} Z 1.
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If (Cy) and (As2) hold, we get for t € I
Ty(un,ua)(6) = [ exta(s)a(s,1(5),uals))ds
I

>c¢;  min fl(s,ul,ug)/iil(s)ds >ry.

Ix[ery,r]? I

If (Cy) is satisfied, together with (A3), we obtain

Ty(us, up)(t) > / 2B (5) fa (s, 1 (), ua(s))ds

I

> ¢y min fQ(S,Ul,Ug)/(I)Q(S)dS > .
I

Ix[cry,r1]?
Thus || Ty (u1,u2)||eo = 71 o1 ||T2(u1, u2)||co > 71, which gives
T ()| = 1= ull-

An application of Theorem 2.1 (i) completes the proof.

Taking into account the conditions below we can prove, in a similar way, the second
existence theorem.

(D1) 1 min _fi(s,ui(s), ua(s)) [; @1(s)ds > ra,

Ix[cra,ra]?

(D2) ¢ min _fo(s, ui(s), uz(s)) [; @2(s)ds > ra,

IX[cra,ra]?

(Ds3) o 1]1{(1?6XT1]2f1(87u1(8),’U,Q(S)) fol ®q(s)ds < ryq,

(Dy) o 1]Hxlf[)uoxh]ng(s,ul(s),uQ(s)) fol Dy (s)ds < ry.

Theorem 3.2 Let assumptions (A;) — (Ag) be fulfilled. Assume that there exist
r1,72, such that conditions (D3), (D4) hold and (D1) or (Ds) are satisfied. Then
problem (1.1) has a positive solution (uy,us), such thatry < ||(u1, u2)| < ro. Moreover

min w; () > cry, i =1,2.
tel

4. EXAMPLES

As a first example we will consider the system of second order differential equations
with Dirichlet boundary conditions.
Example 4.1

fu'll +mPu; =2 — tsin(uy + ug),
—uy = V2 +1(e™™ + /uz), (4.1)
U1 (0) = U1(1> = ’U,Q(O) = U2(1) = 0,

where m > 0. The kernel functions corresponding to above system are

1 {sinh (ms)sinh [m(1 —t)], s<t,

kl (ta 8) = Sinh (mt) Sil’lh [m(]- - 8)]7 s>t

m sinh m
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for the first equation and
1-—-t¢ <t
kg(t,s): 5( )7 5§,
t(l—s), s>t

for the second one.
Assumptions (A1), (As) are satisfied for

sinh(ms) sinh[m(1 — s)] sinh(mt) sinh[m(1 —t)]
; d C1 (t) = n - y " y
msinhm tel | sinhm sinh m
Dy(s) =s(1—s) and ca(t) = I}lei}l{t, 1—t}.
(A3) will be satisfied if
sinh(ms) sinh[m(1 — s)] — d1s(1 — s)msinhm > 0.

Hence, for s € [0, 1], consider the auxiliary function

@1(8) =

g1(8) = sinh(ms) sinh[m(1 — s)] — dys(1 — s)msinh m.
Note that g1(0) = g1(1) = 0 and study its first and second order derivative
g1(s) = mcosh(ms) sinh[m (1 — s)] — msinh(ms) cosh[m(1 — s)] — d; (1 — 2s)m sinh m,
g} (s) = —2m? cosh[m(2s — 1)] + 2d;m sinh m.
Requiring the concavity of g1, we obtain
dy sinhm < m cosh[m(2s — 1)]
and by minimizing right-hand side we get

m

sinhm’
To fulfill (A4) we look for constant dy such that
s(1 — s)msinh m — dg sinh(ms) sinh[m(1 — s)] > 0.
Similarly, for s € [0, 1] consider function
92(8) = s(1 — s)msinh m — dy sinh(ms) sinh[m(1 — s)].
Then
g5(s) = (1 —2s)m sinh m — ds[m cosh(ms) sinh[m(1 — s)] — m sinh(ms) cosh[m(1 —s)]],
g4 (s) = —2msinh m + 2m?3dy cosh[m(2s — 1)].
Taking into account that g2(0) = g2(1) = 0 and assuming the concavity of g2, we lead
* mds cosh[m(2s — 1)] < sinhm,

which, in turn, gives
sinhm

dy = ————.
>~ mcoshm
For u; € [0, 73], where i = 1,2 and ¢ € [0, 1] assumptions (A4s5) and (Ag) read

2 —tsin(u; +ug) > e; V2 + 1(e™" + /ug),
V2 +1(e™" + /ug) > ea(2 — tsin(ug + ug)).
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By minimizing left-hand side and maximizing right-hand side of above inequalities,

we get
1 1
=— ey = .
LT VR(1+ ) 27 2em
Taking m =2, ro =4, I = [%, %] and after comparing all above constants we select
c = codges, that is

_ tanh?2
“T et
To meet conditions (C3) and (Cy4) of Theorem 3.1 we compute

1 . .
) sinh(2s) sinh[2(1 — s)]
[0,1]%%(,4]2[2 Esin(ur + uz)]/o 2sinh 2

ds ~ 0.40299,

1
max  [V2 + L(e " + \/@)]/O s(1 - s)ds = 2.

[0,1]x[0,4]*
Obviously for such choice of ro we get the required inequalities. To determine r; we
can exploit condition (C7), namely

ds ~ 0.01601,

c1 min  [2—tsin(u; + u)] /Z Sinh(2s) sinh[2(1 ~ )]

[4,3]x[er1,m]? 1 2sinh 2

thus we take 1 = 0.016. Finally we can conclude that our system (4.1) has a positive
solution (u1,us), such that 0.016 < ||(uq, u2)| < 4.

In the next example we present an application of Theorem 3.2 for the system of
third order equations with non-local boundary conditions.
Example 4.2

11

—Uu; = hl(t
glu au2)a (42)

(1) = 2uy(3),  up(1) = 3uy(})
fori=1,2, hy(t) = H%, ho(t) = ﬁ and g(uy,uz) = Jurug - 2%+,

The explicit form of the Green’s function for the associated linear boundary value
problem is given in [4]. Using the results from this work, we have met the assumption
(Al) for

®i(s) =9s(1 —s) and Pa(s) =16s(1 —s).
while (As) is satisfied for

and ¢ = g, fort € [, 1.

216 %} 864" 127
Therefore set I = [§, 3] N[, 3] = (&, 5. Clearly (A3) and (A4) are fulfilled for
B=2 dy=15,

(9]
[l
|
N
D
)
|
W=
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that satisfy (A4s) and (Ag), respectively. After computations we can conclude that
¢ = cadges = . To apply Theorem 3.2, we have to check that both (D3) and (Dy)

1458 °
hold. Hence
1 ! 1 3 4nr
fUn s - QU1 Tuz 9s(1 — s)ds = = - .22”.7:
[0,1]12%)};1]2 [t+3 e ] /0 s(1 = s)ds 3 2 2 7
1 1 1 8 4"y
Uy - 24 16s(1 —s)ds = = -7y - 2" . — = :
[0,1]12%)),(r1]2 [t2+8 iz ]/0 s( s)ds 8 " 3 3

This gives us restriction 0 < r; < 1. Choosing (D) we obtain

1 1 4
; . Quituz 1—5)ds = . . . 22072
c1  min [ Vuiug } /198( s)ds 516 13 cry

Ix[era,ra)? [T+ 3

il
576’

which leads to inequality

Thus we can take ro = 16757 and we can state that our system (4.2) has a positive
solution (uy,us), such that 0.5 < ||(u, uz)|| < 16757. Observe that the system (4.2)
has also a trivial solution.
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