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1. Introduction

Approximation of a fixed point of a mapping has been studied by many researchers
in various spaces. In 1992, Wittmann [24] proved that an approximation sequence
generated by using a Halpern iterative scheme converges to a fixed point of a non-
expansive mapping in a Hilbert space. In 2010, Saejung [21] proved a convergence
theorem of a Halpern iterative scheme using a nonexpansive mapping in a complete
CAT(0) space. In 2013, Kimura and Satô [16] proved this using a strongly quasi-
nonexpansive and delta-demiclosed mapping in a complete CAT(1) space. In 2021,
Kimura and Sasaki [13] proved convergence to a common fixed point of a finite fam-
ily of strongly quasinonexpansive and delta-demiclosed mappings using a balanced
mapping in a complete CAT(1) space.

On the other hand, a projection method is a famous technique of an approximation
of a fixed point. In 2003, Nakajo and Takahashi [20] introduced the Nakajo–Takahashi
projection method in a Hilbert space. In 2008, Takahashi, Takeuchi and Kubota [23]
introduced the shrinking projection method in a Hilbert space. Further, in 2013,
Kimura, Takahashi and Yao [19] introduced another projection method, which is
called the combining projection method in a Hilbert space. This projection method is
generated by a Halpern iteration using a countable family of a metric projections.
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Several approximation methods for common fixed points of a countable family of
mappings have been proposed in the literature; see, for example, [18, 9, 2]. Unlike
many classical results that deal with finitely many mappings, these studies consider
approximation problems involving countably many mappings. Although the treat-
ment of a countable family may be difficult from a computational point of view, it
is still an interesting topic from the theoretical viewpoint in fixed point theory and
nonlinear analysis.

In particular, as shown in this paper, considering a countable family of mappings
makes it possible to derive several approximation results by using projection meth-
ods. This provides a useful approach for studying common fixed point problems in
nonlinear spaces.

Motivated by these observations, in this paper we study approximation methods for
common fixed points of a countable family of quasinonexpansive and delta-demiclosed
mappings.

In 2023, the authors [10] introduced the combining projection method of balanced
type and proved its convergence to a common fixed point of a finite family of mappings
in a complete CAT(0) space.

Theorem 1.1 (Kimura and Ogihara [10]). Let X be a complete CAT(0) space, T
a quasinonexpansive and continuous mapping of X into itself such that FixT 6= ∅.
Let {αn | n ∈ N} ⊂ [0, 1], {βkn | n, k ∈ N, k ≤ n} ⊂ ]0, 1[ such that

∑n
k=1 β

k
n = 1 for

n ∈ N, and {γn | n ∈ N} ⊂ [0, 1]. Let u ∈ X and define sequences {xn} and {yn}, a
sequence {Un} of mappings of X into itself, and a sequence {Cn} of a subset of X by
x1 ∈ X and

yn = αnxn ⊕ (1− αn)Txn;

Cn = {z ∈ X | d(yn, z) ≤ d(xn, z)} ;

Unx = Argmin
y∈X

n∑
k=1

βknd(PCkxn, y)2 for x ∈ X;

xn+1 = δnu⊕ (1− δn)Unxn

for each n ∈ N, where a mapping PK is the metric projection of X into a nonempty
closed convex subset K of X. Suppose the following conditions hold:

(i) {z ∈ X | d(w, z) ≤ d(w′, z)} is convex for w,w′ ∈ X;

(ii) lim infn→∞ αn < 1;

(iii) limn→∞ βkn > 0 for k ∈ N and
∑∞
n=1

∑n
k=1 |βkn+1 − βkn| <∞;

(iv) limn→∞ γn = 0 and
∑∞
n=1 |γn+1 − γn| <∞.

Then, {xn} is convergent to PFixTu.

To prove this theorem, we applied the following theorem.

Theorem 1.2 (Hasegawa [5], Kimura and Ogihara [10]). Let X be a complete
CAT(0) space, Tk a nonexpansive mapping of X into itself for k ∈ N such that
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F =
⋂∞
k=1 FixTk 6= ∅, {αkn | n, k ∈ N, k ≤ n} ⊂ [0, 1] such that

∑n
k=1 α

k
n = 1 for all

n ∈ N, and {δn | n ∈ N} ⊂ [0, 1]. Let

Unx = Argmin
y∈X

n∑
k=1

αknd(Tkx, y)2

for all x ∈ X and n ∈ N. Define a sequence {xn} by u, x1 ∈ X and

xn+1 = δnu⊕ (1− δn)Unxn

for each n ∈ N. Suppose the following conditions hold:

(a) limn→∞ αkn > 0 for k ∈ N and
∑∞
n=1

∑n
k=1 |αkn+1 − αkn| <∞;

(b) limn→∞ δn = 0,
∑∞
n=1 δn =∞ and

∑∞
n=1 |δn+1 − δn| <∞.

Then, {xn} is convergent to PFu, where PF is the metric projection of X onto F .

In this paper, we introduce a Halpern iteration using a balanced mapping of a
countable family of strongly quasinonexpansive and delta-demiclosed mappings and
prove a convergence to a common fixed point of mappings in a complete CAT(1)
space. Further, we introduce the combining projection method of balanced type in a
complete CAT(1) space.

2. Preliminaries

Let (X, d) be a metric space and T a mapping of X into itself. The set of all
fixed points of T is denoted by FixT . Let f be a function of X into R. Then,
Argmaxx∈Xf(x) is the set of all maximizers of f and Argminx∈Xf(x) is the set of all
minimizers of f .

Let {xn} ⊂ X be a bounded sequence. Then, {xn} is delta-convergent to x0 ∈ X
if for every subsequences {xni} ⊂ {xn},

{x0} = Argmin
y∈X

(
lim sup
i→∞

d(xni , y)

)
,

which is denoted by xn
∆
⇀ x0.

Let x, y ∈ X and γ be a mapping of [0, d(x, y)] into X. A mapping γ is said to be a
geodesic with endpoints x and y if γ(0) = x, γ(d(x, y)) = y and d(γ(s), γ(t)) = |s− t|
for all s, t ∈ [0, d(x, y)]. For D ∈ ]0,∞], we call X a D-geodesic space if a geodesic
with endpoints x and y exists for all x, y ∈ X with d(x, y) < D. In what follows,
when X is a D-geodesic space, every geodesic in X whose length is less than D is
always supposed to be unique. We call such X a uniquely D-geodesic space. Let X
be a uniquely D-geodesic space. The image of a geodesic joining x and y is denoted
by [x, y]. For t ∈ [0, 1], there exists unique z ∈ [x, y] such that

d(x, z) = (1− t)d(x, y) and d(y, z) = td(x, z),

which is denoted by z = tx⊕ (1− t)y.
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For κ ∈ R, the 2-dimensional model space M2
κ with a curvature κ is defined by

M2
κ =



1√
κ
S2 (κ > 0);

E2 (κ = 0);

1√
−κ

H2 (κ < 0),

where E2 is the 2-dimensional Euclidean space, H2 is the 2-dimensional hyperbolic
space and S2 is the 2-dimensional unit sphere.

We define Dκ ∈ ]0,∞] by

Dκ =


π√
κ

(κ > 0);

∞ (κ ≤ 0).

For x, y, z ∈ X, a geodesic triangle 4(x, y, z) with vertices x, y, z ∈ X is defined by
[x, y]∪[y, z]∪[z, x]. For x, y, z ∈ X with d(x, y)+d(y, z)+d(z, x) < 2Dκ, a comparison
triangle to 4(x, y, z) ⊂ X of vertices x̄, ȳ, z̄ ∈ M2

κ is defined by [x̄, ȳ] ∪ [ȳ, z̄] ∪ [z̄, x̄]
with d(x, y) = dM2

κ
(x̄, ȳ), d(y, z) = dM2

κ
(ȳ, z̄) and d(z, x) = dM2

κ
(z̄, x̄). It is denoted

by 4(x̄, ȳ, z̄) ⊂ M2
κ . A point p̄ ∈ [x̄, ȳ] is called a comparison point for p ∈ [x, y] if

d(x, p) = dM2
κ
(x̄, p̄). If for all triangles in X and for all p, q ∈ 4(x, y, z) and their

comparison points p̄, q̄ ∈ 4(x̄, ȳ, z̄), the inequality d(p, q) ≤ dM2
κ
(p̄, q̄) holds, then we

call X a CAT(κ) space. We call X an admissible CAT(κ) space if X is a CAT(κ)
space and d(x, y) < Dκ/2 for every x, y ∈ X. In a CAT(1) space, the following
inequality holds:

Lemma 2.1 (Kimura and Satô [15]). Let X be an admissible CAT(1) space, x, y, z ∈
X and t ∈ [0, 1]. Then, the inequality holds:

cos d(tx⊕ (1− t)y, z) ≥ t cos d(x, z) + (1− t) cos d(y, z).

Let X be an admissible CAT(1) space, and T a mapping of X into itself. Then, a
mapping T is said to be quasinonexpansive if FixT 6= ∅ and the inequality

d(Tx, z) ≤ d(x, z)

holds for all x ∈ X and z ∈ FixT . We know that the set of fixed points of a
quasinonexpansive mapping is closed and convex.

A mapping T is said to be delta-demiclosed if x0 ∈ FixT whenever a sequence
{xn} ⊂ X satisfies

xn
∆
⇀ x0 ∈ X and lim

n→∞
d(xn, Txn) = 0.

A mapping T is said to be strongly quasinonexpansive if T is quasinonexpansive and
for every z ∈ FixT and {xn} ⊂ X satisfying supn∈N d(xn, p) < π/2 and

lim
n→∞

(d(xn, p)− d(Txn, p)) = 0,

it follows that limn→∞ d(xn, Txn) = 0. A mapping T : X → X satisfies condition
(D) if xn → x0 and limn→∞ d(xn, Txn) = 0 implies x0 ∈ FixT . Notice that if T is
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continuous, then it satisfies the condition (D). Moreover, it is easy to see that the
delta-demiclosedness also implies the condition (D).

Let X be an admissible complete CAT(1) space, C a nonempty closed convex
subset of X. We know that there exists a unique point px ∈ X such that

px = Argmin
y∈C

d(x, y)

for each x ∈ X, we define PC : X → C by PCx = px for x ∈ X, and it is called the
metric projection of X onto C. We know that PC is strongly quasinonexpansive and
delta-demiclosed [16].

Let X be an admissible complete CAT(1) space, Tk a mapping of X into itself for

k ∈ {1, 2, . . . , N} and {αk | k ∈ {1, 2, . . . , N}} ⊂ ]0, 1[ such that
∑N
k=1 α

k = 1. Then,
a multivalued mapping U : X → 2X is defined by

Ux ∈ Argmax
y∈X

N∑
k=1

αk cos d(Tkx, y)

for x ∈ X, which is called a balanced mapping of {Tk} and {αk}. The following
theorem shows important properties of balanced mappings.

Theorem 2.1 (Kajimura, Kasahara, Kimura and Nakagawa [8]). Let X be an ad-
missible complete CAT(1) space. Let Tk be a strongly quasinonexpansive and delta-

demiclosed mapping of X into itself for k ∈ {1, 2, . . . , N} such that
⋂N
k=1 FixTk 6= ∅,

{αk | k ∈ {1, 2, . . . , N}} ⊂ ]0, 1[ such that
∑N
k=1 α

k = 1, and U a balanced mapping
of {Tk} and {αk}. Then, the following hold:

• U is single-valued;

• the inequality

N∑
k=1

αk cos d(Tkx, Ux) cos d(Ux,Uy) ≥
N∑
k=1

αk cos d(Tkx, Uy)

holds for x, y ∈ X;

• FixU =
⋂N
k=1 FixTk;

• U is a strongly quasinonexpansive and delta-demiclosed mapping.

Let X be an admissible complete CAT(1) space, u, v ∈ X with u 6= v and α ∈ [0, 1].
Define a 1-convex combination of u and v by

αu
1
⊕ (1− α)v = Argmax

x∈X
{α cos d(u, x) + (1− α) cos d(v, x)} .

Let t ∈ [0, 1]. Then, we know that αu
1
⊕ (1− α)v = tu⊕ (1− t)v, where

α =
sin td(u, v)

sin td(u, v) + sin(1− t)d(u, v)
;

see [12]. The following lemmas are properties of a 1-convex combination.
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Lemma 2.2 (Kimura and Sasaki [12]). Let X be an admissible CAT(1) space. Then,
for x, y, z ∈ X and α ∈ ]0, 1[, the inequality

cos d(αx
1
⊕ (1− α)y, z) ≥ α cos d(x, z) + (1− α) cos d(y, z)

holds.

Lemma 2.3 (Kimura and Sasaki [12]). Let X be an admissible CAT(1) space. Then
for u, y, z ∈ X and α ∈ ]0, 1[, the inequality

1− cos d(αu
1
⊕ (1− α)y, z)

≤ (1− β) (1− cos d(y, z))

+ β

1−

(
1− α+

√
α2 + 2α(1− α) cos d(u, y) + (1− α)2

)
cos d(u, z)

α+ 2(1− α) cos d(u, y)


holds where

β = 1− 1− α√
α2 + 2α(1− α) cos d(u, y) + (1− α)2

.

The following lemmas are important for the proof of Halpern’s type approximation
theorem.

Lemma 2.4 (Aoyama, Kimura and Kohsaka [1], Saejung and Yotkaew [22]). Let
{an} ⊂ [0,∞[, {tn} ⊂ R and {βn} ⊂ ]0, 1[ such that

∑∞
n=1 βn =∞. Suppose that

an+1 ≤ (1− βn)an + βntn

for all n ∈ N. If lim infi→∞
(
aϕ(i)+1 − aϕ(i)

)
≥ 0 implies lim supi→∞ tϕ(i) ≤ 0 for

all nondecreasing function ϕ of N into itself such that limi→∞ ϕ(i) = ∞. Then,
limn→∞ an = 0.

Lemma 2.5 (He, Fang, López and Li [7]). Let X be an admissible CAT(1) space and
p ∈ X. If a sequence {xn} of X satisfies that lim supn→∞ d(xn, p) < π/2 and that

xn
∆
⇀ x ∈ X, then d(x, p) ≤ lim infn→∞ d(xn, p).

3. A convergence theorem of Halpern iteration

In this section, we introduce a Halpern iterative scheme of a countable family of
mappings in a complete CAT(1) space. First, we consider the properties of a balanced
mapping.

Lemma 3.1. Let X be an admissible complete CAT(1) space, {u1, u2, . . . , un+1} ⊂
X, and {αk | k = 1, 2, . . . , n}, {βk | k = 1, 2, . . . , n+ 1} ⊂ ]0, 1[ such that

n∑
k=1

αk =

n+1∑
k=1

βk = 1.

Let

g1 = Argmax
y∈X

n∑
k=1

αk cos d(uk, y) and g2 = Argmax
y∈X

n+1∑
k=1

βk cos d(uk, y).



APPROXIMATION OF A COMMON FIXED POINT IN CAT(1) SPACES 585

Let

M = max
k=1,2,...,n,n+1

{d(uk, g1), d(uk, g2)} < π

2
.

Then,

d(g1, g2) ≤ 4

cosM

n∑
k=1

|βk − αk|

×
(

sin
d(uk, g1) + d(uk, g2)

4
+ sin

d(un+1, g1) + d(un+1, g2)

4

)
.

Proof. If g1 = g2, we get the result obviously. Suppose g1 6= g2. By Lemma 2.1, we
get

n∑
k=1

αk cos d(uk, g1) cos d(g1, g2) ≥
n∑
k=1

αk cos d(uk, g2)

and hence

1− cos d(g1, g2) ≤ 1−
∑n
k=1 α

k cos d(uk, g2)∑n
k=1 α

k cos d(uk, g1)

=

∑n
k=1 α

k(cos d(uk, g1)− cos d(uk, g2))∑n
k=1 α

k cos d(uk, g1)

≤
∑n
k=1 α

k(cos d(uk, g1)− cos d(uk, g2))

cosM
.

and hence

1− cos d(g1, g2) ≤
∑n
k=1 α

k(cos d(uk, g1)− cos d(uk, g2))

cosM
. (3.1)

Similarly, we get

1− cos d(g1, g2) ≤
∑n+1
k=1 β

k(cos d(uk, g2)− cos d(uk, g1))

cosM
. (3.2)

Adding (3.1) and (3.2), we have

2(1− cos d(g1, g2)) ≤
∑n
k=1 α

k(cos d(uk, g1)− cos d(uk, g2))

cosM

+

∑n+1
k=1 β

k(cos d(uk, g2)− cos d(uk, g1))

cosM

=

∑n
k=1(αk − βk)(cos d(uk, g1)− cos d(uk, g2))

cosM

+
βn+1(cos d(un+1, g2)− cos d(un+1, g1))

cosM

≤
∑n
k=1 |βk − αk|| cos d(uk, g1)− cos d(uk, g2)|

cosM

+
(1−

∑n
k=1 β

k)(cos d(un+1, g2)− cos d(un+1, g1))

cosM
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≤
∑n
k=1 |βk − αk|| cos d(uk, g1)− cos d(uk, g2)|

cosM

+

∑n
k=1 |βk − αk|| cos d(un+1, g1)− cos d(un+1, g2)|

cosM

and hence

4 sin2 d(g1, g2)

2

≤ 1

cosM

n∑
k=1

|βk − αk|
∣∣∣∣−2 sin

d(uk, g1) + d(uk, g2)

2
sin

d(uk, g1)− d(uk, g2)

2

∣∣∣∣
+

1

cosM

n∑
k=1

|βk − αk|

×
∣∣∣∣−2 sin

d(un+1, g1) + d(un+1, g2)

2
sin

d(un+1, g1)− d(un+1, g2)

2

∣∣∣∣
=

2

cosM

n∑
k=1

|βk − αk| sin d(uk, g1) + d(uk, g2)

2
sin
|d(uk, g1)− d(uk, g2)|

2

+
2

cosM

n∑
k=1

|βk − αk|

× sin
d(un+1, g1) + d(un+1, g2)

2
sin
|d(un+1, g1)− d(un+1, g2)|

2

≤ 2

cosM

n∑
k=1

|βk − αk| sin d(uk, g1) + d(uk, g2)

2
sin

d(g1, g2)

2

+
2

cosM

n∑
k=1

|βk − αk| sin d(un+1, g1) + d(un+1, g2)

2
sin

d(g1, g2)

2
.

Dividing 2 sin(d(g1, g2)/2) > 0, we get

2 sin
d(g1, g2)

2
≤ 1

cosM

n∑
k=1

|βk − αk|

×
(

sin
d(uk, g1) + d(uk, g2)

2
+ sin

d(un+1, g1) + d(un+1, g2)

2

)
.

and hence

sin
d(g1, g2)

2
≤ 1

2 cosM

n∑
k=1

|βk − αk|

×
(

sin
d(uk, g1) + d(uk, g2)

2
+ sin

d(un+1, g1) + d(un+1, g2)

2

)
≤ 1

cosM

n∑
k=1

|βk − αk|
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×
(

sin
d(uk, g1) + d(uk, g2)

4
+ sin

d(un+1, g1) + d(un+1, g2)

4

)
Since t/2 ≤ sin t for t ∈ [0, π/2[, it follows that

d(g1, g2)

4
≤ 1

cosM

n∑
k=1

|βk − αk|

×
(

sin
d(uk, g1) + d(uk, g2)

4
+ sin

d(un+1, g1) + d(un+1, g2)

4

)
.

Then, we get the desired result. �

The following lemma is an important property to prove a convergence theorem of
a Halpern iteration using a countable family of mappings.

Lemma 3.2. Let X be a complete CAT(1) space with supw,w′∈X d(w,w′) < π/2, Tk
a quasinonexpansive mapping of X into itself for k ∈ N such that

⋂∞
k=1 FixTk 6= ∅,

and {αkn | n, k ∈ N, k ≤ n} ⊂ ]0, 1[ such that
∑n
k=1 α

k
n = 1 for n ∈ N. Let

Unx = Argmax
y∈X

n∑
k=1

αkn cos d(Tkx, y)

for each n ∈ N and x ∈ X. If
∑∞
n=1

∑N
k=1 |αkn+1 − αkn| <∞, then

∞∑
n=1

sup
x∈X

d(Un+1x, Unx) <∞.

Proof. Let x ∈ X and z ∈
⋂∞
k=1 FixTk ⊂

⋂n+1
k=1 FixTk ⊂

⋂n
k=1 FixTk. Put

M = supw,w′∈X d(w,w′) < π/2. By Lemma 3.1, we get

d(Unx, Un+1x)

≤ 4

cosM

N∑
k=1

|αkn+1 − αkn|

×
(

sin
d(Tkx, Unx) + d(Tkx, Un+1x)

4
+ sin

d(Tn+1x, Unx) + d(Tn+1x, Un+1x)

4

)
≤ 8

cosM

n∑
k=1

|αkn+1 − αkn| sin d(x, z)

≤ 8

cosM

n∑
k=1

|αkn+1 − αkn|.

Since
∑∞
n=1

∑n
k=1 |αkn+1 − αkn| <∞, it follows that

∞∑
n=1

sup
x∈X

d(Un+1x, Unx) <∞

and thus we get the desired result. �
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We can prove the following corollary easily by Lemma 3.2.

Corollary 3.1. Let X be a complete CAT(1) space with supw,w′∈X d(w,w′) < π/2, Tk
a quasinonexpansive mapping of X into itself for k ∈ N such that

⋂∞
k=1 FixTk 6= ∅,

{αkn | n, k ∈ N, k ≤ n} ⊂ ]0, 1[ with
∑n
k=1 α

k
n = 1 for n ∈ N, and Un a balanced

mapping of {Tk} and {αkn} for each n ∈ N. If
∑∞
n=1

∑n
k=1 |αkn+1 − αkn| <∞, then,

∞∑
n=1

d(Un+1x, Unx) <∞

and {Unx} is a Cauchy sequence for each x ∈ X.

By Corollary 3.1, there exists a limit of {Unx} for each x ∈ X. In the following
lemma, we consider its properties.

Lemma 3.3. Let X be a complete CAT(1) space with supw,w′∈X d(w,w′) < π/2, Tk
a quasinonexpansive and delta-demiclosed mapping of X into itself for k ∈ N such
that

⋂∞
k=1 FixTk 6= ∅, and {αkn | n, k ∈ N, k ≤ n} ⊂ ]0, 1[ such that

∑n
k=1 α

k
n = 1 for

n ∈ N. Let

Unx = Argmax
y∈X

n∑
k=1

αkn cos d(Tkx, y)

for each n ∈ N and x ∈ X. Suppose the following conditions hold:

(a) limn→∞ αkn > 0 for k ∈ N;

(b)
∑∞
n=1

∑n
k=1 |αkn+1 − αkn| <∞.

Put Ux = limn→∞ Unx for each x ∈ X. Then, the following conditions hold:

(i) limn→∞ supx∈X d(Unx, Ux) = 0;

(ii) FixU =
⋂∞
k=1 FixTk;

(iii) U is quasinonexpansive and delta-demiclosed.

Proof. (i) Let m,n ∈ N such that n ≤ m and x ∈ X. Then, we get

d(Umx, Unx) ≤ d(Umx, Un+1x) + d(Un+1x, Unx)

≤ d(Umx, Un+2x) + d(Un+2x, Un+1x) + d(Un+1x, Unx)

≤ · · ·

≤
m−1∑
l=n

d(Ulx, Ul+1x) ≤
∞∑
l=n

d(Ulx, Ul+1x)

and hence

d(Umx, Unx) ≤
∞∑
l=n

d(Ulx, Ul+1x).
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Letting m→∞, we get

sup
x∈X

d(Ux,Unx) ≤
∞∑
l=n

sup
x∈X

d(Ulx, Ul+1x).

By Lemma 3.2, letting n→∞, we get limn→∞ supx∈X d(Ux,Unx) = 0.
(ii) Let z ∈

⋂∞
k=1 FixTk ⊂

⋂n
k=1 FixTk = FixUn. Then, we get

Uz = lim
n→∞

Unz = lim
n→∞

z = z

and hence z ∈ FixU . Inversely, let z ∈ FixU and w ∈
⋂∞
k=1 FixTk. By Theorem 2.1,

we have
n∑
k=1

αkn cos d(Tkz, Unz) ≥
∑n
k=1 α

k
n cos d(Tkz, w)

cos d(Unz, w)
≥ cos d(z, w)

cos d(Unz, w)

and hence
n∑
k=1

αkn(1− cos d(Tkz, Unz)) ≤ 1− cos d(z, w)

cos d(Unz, w)
.

Fix i ∈ N arbitrarily. Then, it follows that

0 ≤ αin(1− cos d(Tiz, Unz)) ≤ 1− cos d(z, w)

cos d(Unz, w)
.

Since limn→∞ αin > 0, we put limn→∞ αin = αi ∈ ]0, 1]. Letting n→∞, we get

0 ≤ αi(1− cos d(Tiz, z)) ≤ 1− cos d(z, w)

cos d(Uz,w)
= 0

and hence d(Tiz, z) = 0. Since i ∈ N is arbitrary, we get z ∈
⋂∞
k=1 FixTk.

(iii) Let x ∈ X and z ∈
⋂∞
k=1 FixTk ⊂

⋂n
k=1 FixTk. Since Un is quasinonexpansive

for n ∈ N, we get

d(Ux, z) = lim
n→∞

d(Unx, z) ≤ lim
n→∞

d(x, z) = d(x, z)

and thus U is quasinonexpansive. We next show U is delta-demiclosed. Let z ∈⋂∞
k=1 FixTk, and {xi} ⊂ X with xi

∆
⇀ x0 ∈ X and limi→∞ d(xi, Uxi) = 0. By

Theorem 2.1, we get
n∑
k=1

αkn cos d(Tkxi, Unxi) ≥
cos d(xj , z)

cos d(Unxi, z)

and hence

0 ≤
n∑
k=1

αkn(1− cos d(Tkxi, Unxi)) ≤ 1− cos d(xi, z)

cos d(Unxi, z)
.

Fix j ∈ N arbitrarily. Then, it follows that

0 ≤ αjn(1− cos d(Tjxi, Unxi)) ≤ 1− cos d(xi, z)

cos d(Unxi, z)
.

Since limn→∞ αjn > 0, put limn→∞ αjn = αj ∈ ]0, 1]. Letting n→∞, we obtain

0 ≤ αj(1− cos d(Tjxi, Uxi))
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≤ 1− cos d(xi, z)

cos d(Uxi, z)

=
cos d(Uxi, z)− cos d(xi, z)

cos d(Uxi, z)

=
2

cos d(Uxi, z)
sin

d(xi, z) + d(Uxi, z)

2
sin

d(xi, z)− d(Uxi, z)

2

≤ 2

cos d(Uxi, z)
sin

d(xi, z) + d(Uxi, z)

2
sin

d(xi, Uxi)

2

≤ 2

cosM
sin

d(xi, Uxi)

2
,

where M = supw,w′∈X d(w,w′). Letting i → ∞, we have limi→∞ d(Tjxi, Uxi) =
0. Since limi→∞ d(xi, Uxi) = 0, we get limi→∞ d(xi, Tjxi) = 0. By the delta-
demiclosedness of Tj , we obtain x0 ∈ FixTj . Since j ∈ N is arbitrary, it follows
that x0 ∈

⋂∞
k=1 FixTk = FixU and U is delta-demiclosed. Consequently, we com-

plete the proof. �

In the following theorem, we introduce a Halpern iterative scheme using a balanced
mapping of a countable family of strongly quasinonexpansive and delta-demiclosed
mappings in a complete CAT(1) space.

Theorem 3.1. Let X be a complete CAT(1) space with supw,w′∈X d(w,w′) < π/2,
Tk a strongly quasinonexpansive and delta-demiclosed mapping of X into itself for
k ∈ N such that F =

⋂∞
k=1 FixTk 6= ∅, and {αkn | n, k ∈ N, k ≤ n} ⊂ ]0, 1[ such that∑n

k=1 α
k
n = 1 for n ∈ N, {δn | n ∈ N} ⊂ ]0, 1[. Let

Unx = Argmax
y∈X

n∑
k=1

αkn cos d(Tkx, y)

for each n ∈ N and x ∈ X. Let u ∈ X and define a sequence {xn} ⊂ X by x1 ∈ X
and

xn+1 = δnu
1
⊕ (1− δn)Unxn

for each n ∈ N. Suppose the following conditions hold:

(a) limn→∞ αkn > 0 for k ∈ N and
∑∞
n=1

∑n
k=1 |αkn+1 − αkn| <∞;

(b) limn→∞ δn = 0 and
∑∞
n=1 δn =∞.

Then, {xn} converges to PFu.

Proof. Put p = PFu. Then, it follows that

cos d(xn+1, p) = cos d(δnu
1
⊕ (1− δn)Unxn)

≥ δn cos d(u, p) + (1− δn) cos d(Unxn, p)

≥ δn cos d(u, p) + (1− δn) cos d(xn, p)

≥ min{cos d(u, p), cos d(xn, p)}
≥ min{cos d(u, p), cos d(x1, p)}



APPROXIMATION OF A COMMON FIXED POINT IN CAT(1) SPACES 591

for all n ∈ N and hence

sup
n∈N

d(xn, p) ≤ max{d(u, p), d(x1, p)} <
π

2
.

Put

an = 1− cos d(xn, p),

bn = 1−

(
1− δn +

√
δ2
n + 2δn(1− δn) cos d(u, Unxn) + (1− δn)2

)
cos d(u, p)

δn + 2(1− δn) cos d(u, Unxn)
,

σn = 1− 1− δn√
δ2
n + 2δn(1− δn) cos d(u, Unxn) + (1− δn)2

for all n ∈ N. By Lemma 2.3, we get

an+1 = 1− cos d(δnu
1
⊕ (1− δn)Unxn, p) ≤ (1− σn)an + σnbn

for all n ∈ N. We first show
∑∞
n=1 σn = ∞. Put M = supw,w′∈X d(w,w′). Since

δ2
n + (1− δn)2 ≤ 1/2 and δn(1− δn) ≤ 1/4, we get√

δ2
n + 2δn(1− δn) cosM + (1− δn)2 ≤

√
1 + cosM

2
.

Since δn → 0, there exists n0 ∈ N such that for all n ≥ n0, 1 − δn ≥ 1/2. Then, it
follows that

σn ≥ 1− 1− δn√
δ2
n + 2δn(1− δn) cosM + (1− δn)2

=

√
δ2
n + 2δn(1− δn) cosM + (1− δn)2 − (1− δn)√

δ2
n + 2δn(1− δn) cosM + (1− δn)2

=
δ2
n + 2δn(1− δn) cosM√

δ2
n + 2δn(1− δn) cosM + (1− δn)2 + (1− δn)

× 1√
δ2
n + 2δn(1− δn) cosM + (1− δn)2 − (1− δn)

≥ δn + 2(1− δn) cosM(√
1 + cosM

2
+ 1

)√
1 + cosM

2

δn ≥
cosM(√

1 + cosM

2
+ 1

)√
1 + cosM

2

δn

for all n ≥ n0. Since
∑∞
n=n0

δn =∞, we get
∑∞
n=1 σn =∞.

Let ϕ : N→ N be a nondecreasing function such that limi→∞ ϕ(i) =∞. Suppose

lim inf
i→∞

(
aϕ(i)+1 − aϕ(i)

)
≥ 0

and put ni = ϕ(i). Then, we get

0 ≤ lim inf
i→∞

(ani+1 − ani)

= lim inf
i→∞

(cos d(xni , p)− cos d(xni+1, p))
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≤ lim inf
i→∞

(cos d(xni , p)− δni cos d(u, p)− (1− δni) cos d(Unixni , p))

= lim inf
i→∞

(cos d(xni , p)− cos d(Unixni , p))

≤ lim sup
i→∞

(cos d(xni , p)− cos d(Unixni , p)) ≤ 0

and hence limi→∞(cos d(xni , p)− cos d(Unixni , p)) = 0. By Theorem 2.1, we get
ni∑
k=1

αkni cos d(Tkxni , Unixni) cos d(Unixni , p) ≥
ni∑
k=1

αni cos d(Tkxni , p) ≥ cos d(xni , p)

and hence

0 ≤ α1
ni(1− cos d(T1xni , Unixni))

≤
ni∑
k=1

αkni(1− cos d(Tkxni , Unixni)) ≤ 1− cos d(xni , p)

cos d(Unixni , p)
.

Since limi→∞ α1
ni > 0, letting i → ∞, we have limi→∞ d(T1xni , Unixni) = 0. Then,

it follows that

0 ≤ d(xni , p)− d(T1xni , p) ≤ d(xni , p)− (d(Unixni , p) + d(T1xni , Unixni)).

Letting i → ∞, we get limi→∞(d(xni , p) − d(T1xni , p)) = 0. Since T1 is strongly
quasinonexpansive, we get limi→∞ d(xni , T1xni) = 0. Then, we obtain that

d(xni , Unixni) ≤ d(xni , T1xni) + d(T1xni , Unixni)

and thus limi→∞ d(xni , Unixni) = 0. Further, it follows that

0 ≤ |d(xni , u)− d(Unixni , u)| ≤ d(xni , Uni)

and thus
lim inf
i→∞

d(xni , u) = lim inf
i→∞

d(Unixni , u).

Take a subsequence {xnij } of {xni} such that

lim
j→∞

d(xnij , u) = lim inf
i→∞

d(xni , u).

Further, take a subsequence {xnijl } of {xnij } such that xnijl
∆
⇀ x0 ∈ X. Put wl =

nijl . Then, we get liml→∞ d (xwl , Uwlxwl) = 0. By Corollary 3.1, {Uwlx} is a Cauchy
sequence for each x ∈ X and put Ux = liml→∞ Uwlx. Then, we get

d (xwl , Uxwl) ≤ d (xwl , Uwlxwl) + d (Uwlxwl , Uxwl)

≤ d (xwl , Uwlxwl) + sup
x∈X

d (Uwlx, Ux) .

By Lemma 3.3, letting l → ∞, we get liml→∞ d (xwl , Uxwl) = 0. Since U is delta-
demiclosed, we get x0 ∈ FixU =

⋂∞
k=1 FixTk. By Lemma 2.5, we have

lim inf
i→∞

d (u, Unixni) = lim
i→∞

d (u, xni) = lim
l→∞

d (u, xwl) ≥ d(u, x0) ≥ d(u, p)

and hence

lim sup
i→∞

bni = lim sup
i→∞

(
1− cos d(u, p)

cos d(Unixni , p)

)
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= 1− cos d(u, p)

cos(lim infi→∞ d(Unixni , p))
≤ 0.

Using Lemma 2.4, we obtain xn → PFu and get the desired result. �

Corollary 3.2. Let X be a complete CAT(1) space with supw,w′∈X d(w,w′) < π/2,
Tk a strongly quasinonexpansive and delta-demiclosed mapping of X into itself for
k ∈ N such that F =

⋂∞
k=1 FixTk 6= ∅, and {αkn | n, k ∈ N, k ≤ n} ⊂ ]0, 1[ such that∑n

k=1 α
k
n = 1 for n ∈ N, {δn | n ∈ N} ⊂ ]0, 1[. Let

Unx = Argmax
y∈X

n∑
k=1

αkn cos d(Tkx, y)

for each n ∈ N and x ∈ X. Let u ∈ X and define a sequence {xn} ⊂ X by x1 ∈ X
and

xn+1 = δnu⊕ (1− δn)Unxn

for each n ∈ N. Suppose the following conditions hold:

(a) limn→∞ αkn > 0 for k ∈ N and
∑∞
n=1

∑n
k=1 |αkn+1 − αkn| <∞;

(b) limn→∞ δn = 0 and
∑∞
n=1 δn =∞.

Then, {xn} converges to PFu.

Proof. Let

δnu⊕ (1− δn)Unxn = γnu
1
⊕ (1− γn)Unxn

for each n ∈ N. By definition of 1-convex combination, it follows that

γn =
sin δnd(u, Unxn)

sin δnd(u, Unxn) + sin(1− δn)d(u, Unxn)

for n ∈ N. Then, we get

γn =
sin

δnd(u, Unxn)

2
cos

δnd(u, Unxn)

2

sin
d(u, Unxn)

2
cos

((
δn −

1

2

)
d(u, Unxn)

)

≥
δn cos

δnd(u, Unxn)

2

cos

((
δn −

1

2

)
d(u, Unxn)

) ≥ δn cos
δnd(u, Unxn)

2

≥ δn√
2

for all n ∈ N. Since
∑∞
n=1 δn = ∞, we get

∑∞
n=1 γn = ∞. Since δn → 0, we obtain

γn → 0. By Theorem 3.1, we get the desired result. �
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4. Applications

In this section, we prove a convergence theorem with the combining projection
method of balanced type to apply Corollary 3.2 in the unit sphere of a Hilbert space.

Let H be a Hilbert space with an inner product 〈·, ·〉 and a norm ‖ · ‖. We denote
the unit sphere of H by

SH = {x ∈ H | ‖x‖ = 1} .
We define ρ : SH × SH → [0, π] by ρ(x, y) = arccos〈x, y〉 for x, y ∈ SH . Then, we
know that (SH , ρ) is an example of complete CAT(1) spaces. Let C be a nonempty
closed convex subset of SH satisfying d(u, v) < π/2 for all u, v ∈ C. A half space

{z ∈ C | ρ(x, z) ≤ ρ(y, z)}
is convex for x, y ∈ C; see [17].

Let SH be a unit sphere of a Hilbert space H with ρ(u, v) < π for u, v ∈ SH . For
x, y ∈ SH and α ∈ [0, 1], we know that

αx⊕ (1− α)y =
sinαd(x, y)

sin d(x, y)
x+

sin(1− α)d(x, y)

sin d(x, y)
y

and

αx
1
⊕ (1− α)y =

αx+ (1− α)y

‖αx+ (1− α)y‖
,

and for {x1, x2, . . . , xN} ⊂ SH and {αi} ⊂ ]0, 1[ with
∑N
i=1 α

i = 1, we know that

Argmax
y∈SH

N∑
k=1

αi cos ρ(xi, y) =

∑N
i=1 α

ixi

‖
∑N
i=1 α

ixi‖
;

see [3, 14].
In the following theorem, we introduce the combining projection method of bal-

anced type and prove convergence of a sequence to a fixed point of a mapping to
apply Theorem 3.1 in a complete CAT(1) space.

Theorem 4.1. Let X be a complete CAT(1) space with supw,w′∈X d(w,w′) < π/2,
T a quasinonexpansive mapping of X into itself satisfying condition (D), {αn | n ∈
N} ⊂ [0, 1], {βkn | k, n ∈ N, k ≤ n} ⊂ ]0, 1[ such that

∑n
k=1 β

k
n = 1 for n ∈ N, and

{δn | n ∈ N} ⊂ ]0, 1[. Let u ∈ X. Define sequences {yn} and {xn}, a sequence of
subsets {Cn} of X, and a mapping {Un} by x1 ∈ X and

yn = αnxn ⊕ (1− αn)Txn;

Cn = {z ∈ X | d(yn, z) ≤ d(xn, z)} ;

Unxn = Argmax
y∈X

n∑
k=1

βkn cos d (PCkxn, y) ;

xn+1 = δnu
1
⊕ (1− δn)Unxn

for each n ∈ N. Suppose that the following conditions hold:

(a) {z ∈ X | d(z, v) ≤ d(z, v′)} is convex for v, v′ ∈ X;
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(b) lim infn→∞ αn < 1;

(c) limn→∞ βkn > 0 for k ∈ N and
∑∞
n=1

∑n
k=1 |βkn+1 − βkn| <∞;

(d) limn→∞ δn = 0 and
∑∞
n=1 δ

2
n =∞.

Then, {xn} is convergent to PFixTu.

Proof. Let p ∈ FixT . Then, we get

cos d(yn, p) = cos d(αnxn
1
⊕ (1− αn)Txn, p)

≥ αn cos d(xn, p) + (1− αn) cos d(Txn, p)

≥ cos d(xn, p)

and hence d(yn, p) ≤ d(xn, p) for all n ∈ N. This implies that FixT ⊂
⋂∞
n=1 Cn.

Since Cn is a nonempty closed convex set, the metric projection PCn is well-defined
for n ∈ N. Then, we get

∞⋂
k=1

FixPCk =

∞⋂
k=1

Ck ⊃ FixT 6= ∅.

Since the metric projection PCk is strongly quasinonexpansive and delta-demiclosed
for k ∈ N, we get Un is strongly quasinonexpansive and delta-demiclosed for each
n ∈ N. By Theorem 3.1, we get xn → P⋂∞

k=1 Ck
u. Put x0 = P⋂∞

k=1 Ck
u. Since

x0 ∈
⋂∞
k=1 Ck, we have yn → x0. Since lim infn→∞ αn < 1, we can take a subsequence

{αni} of {αn} such that limi→∞ αni ∈ [0, 1[. Then, we have

d(xni , Txi) =
1

1− αni
d(xni , yni) ≤

1

1− αni
(d(xni , x0) + d(x0, yni))

and hence limi→∞ d(xni , Txni) = 0. Since T satisfies condition (D), we get x0 ∈ FixT .
Therefore, we have xn → PFixTu and we get the desired result. �

By Theorem 4.1, we get the following corollary in the unit sphere of a Hilbett
space.

Corollary 4.1. Let SH be a unit sphere of a Hilbert space H with the metric with
ρ, C a nonempty closed convex subset of SH with supw,w′ ρ(w,w′) < π/2. Let T be a

quasinonexpansive mapping of C into itself satisfies condition (D), {βkn | k, n ∈ N, k ≤
n} ⊂ ]0, 1[ such that

∑n
k=1 β

k
n = 1 for n ∈ N, and {δn | n ∈ N} ⊂ ]0, 1[. Let u ∈ C.

Define sequences {yn}, {xn}, {un}, and a sequence of subset {Cn} of C by x1 ∈ C
and

yn =
sinαnd(xn, Txn)

sin d(xn, Txn)
xn +

sin(1− αn)d(xn, Txn)

sin d(xn, Txn)
xn;

Cn = {z ∈ C | ρ(yn, z) ≤ ρ(xn, z)} ;

un =
1

‖
∑n
k=1 β

k
nPCkxn‖

n∑
k=1

βknPCkxn;
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xn+1 =
δnu+ (1− δn)un
‖δnu+ (1− δn)un‖

for each n ∈ N. Suppose that the following conditions hold:

(a) limn→∞ βkn > 0 for k ∈ N and
∑∞
n=1

∑n
k=1 |βkn+1 − βkn| <∞;

(b) limn→∞ δn = 0 and
∑∞
n=1 δn =∞.

Then, {xn} is convergent to PFixTu.

Proof. By the properties of convex combination and 1-convex combination in the unit
sphere of a Hilbert space, we get

yn =
sinαnd(xn, Txn)

sin d(xn, Txn)
xn +

sin(1− αn)d(xn, Txn)

sin d(xn, Txn)
xn = αnxn ⊕ (1− αn)Txn;

1

‖
∑n
k=1 β

k
nPCkxn‖

n∑
k=1

βknPCkxn = Argmax
y∈C

n∑
k=1

βkn cos ρ(PCkxn, y);

δnu+ (1− δn)un
‖δnu+ (1− δn)un‖

= δnu
1
⊕ (1− δn)un

for each n ∈ N. By Theorem 4.1, we complete the proof. �
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[15] Y. Kimura, K. Satô, Convergence of subset a complete geodesic space with curvature bounded

above, Nonlinear Anal., 75(2012), 5079-5085.
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