Fized Point Theory, 27(2026), No. 2, 579-598
DOI: 10.24193/fpt-r0.2026.2.06
http://www.math.ubbcluj.ro/~nodeacj/sfptcj.html

APPROXIMATION OF A COMMON FIXED POINT FOR
A COUNTABLE FAMILY OF MAPPINGS IN COMPLETE
GEODESIC SPACES WITH CURVATURE BOUNDED ABOVE

YASUNORI KIMURA* AND TOMOYA OGIHARA**

*Department of Information Science, Toho University, Miyama, Funabashi,
Chiba 274-8510, Japan
E-mail: yasunori@is.sci.toho-u.ac.jp

**Department of Information Science, Toho University, Miyama, Funabashi,
Chiba 274-8510, Japan
E-mail: 65220050@st.toho-u.jp

Abstract. In this paper, we introduce a Halpern iteration of a countable family of strongly quasinon-
expansive and delta-demiclosed mappings and prove convergence to a common fixed point. Further,
we prove its convergence theorem with the combining projection method of balanced type.

Key Words and Phrases: CAT(1) space, fixed point, balanced mapping, Halpern iteration, metric
projection, projection method, strongly quasinonexpansive, delta-demiclosed mapping.

2020 Mathematics Subject Classification: 47H09, 47H10.

1. INTRODUCTION

Approximation of a fixed point of a mapping has been studied by many researchers
in various spaces. In 1992, Wittmann [24] proved that an approximation sequence
generated by using a Halpern iterative scheme converges to a fixed point of a non-
expansive mapping in a Hilbert space. In 2010, Saejung [21] proved a convergence
theorem of a Halpern iterative scheme using a nonexpansive mapping in a complete
CAT(0) space. In 2013, Kimura and Satd [16] proved this using a strongly quasi-
nonexpansive and delta-demiclosed mapping in a complete CAT(1) space. In 2021,
Kimura and Sasaki [13] proved convergence to a common fixed point of a finite fam-
ily of strongly quasinonexpansive and delta-demiclosed mappings using a balanced
mapping in a complete CAT(1) space.

On the other hand, a projection method is a famous technique of an approximation
of a fixed point. In 2003, Nakajo and Takahashi [20] introduced the Nakajo—Takahashi
projection method in a Hilbert space. In 2008, Takahashi, Takeuchi and Kubota [23]
introduced the shrinking projection method in a Hilbert space. Further, in 2013,
Kimura, Takahashi and Yao [19] introduced another projection method, which is
called the combining projection method in a Hilbert space. This projection method is
generated by a Halpern iteration using a countable family of a metric projections.
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Several approximation methods for common fixed points of a countable family of
mappings have been proposed in the literature; see, for example, [18, 9, 2]. Unlike
many classical results that deal with finitely many mappings, these studies consider
approximation problems involving countably many mappings. Although the treat-
ment of a countable family may be difficult from a computational point of view, it
is still an interesting topic from the theoretical viewpoint in fixed point theory and
nonlinear analysis.

In particular, as shown in this paper, considering a countable family of mappings
makes it possible to derive several approximation results by using projection meth-
ods. This provides a useful approach for studying common fixed point problems in
nonlinear spaces.

Motivated by these observations, in this paper we study approximation methods for
common fixed points of a countable family of quasinonexpansive and delta-demiclosed
mappings.

In 2023, the authors [10] introduced the combining projection method of balanced
type and proved its convergence to a common fixed point of a finite family of mappings
in a complete CAT(0) space.

Theorem 1.1 (Kimura and Ogihara [10]). Let X be a complete CAT(0) space, T
a quasinonexpansive and continuous mapping of X into itself such that FixT # @.
Let {o, | n € N} C [0,1], {B% | n,k € N,k < n} C]0,1[ such that Y ;_, BF =1 for
n €N, and {v, | n € N} C [0,1]. Let u € X and define sequences {x,} and {yn}, a
sequence {U,} of mappings of X into itself, and a sequence {Cy,} of a subset of X by
1 € X and

Yn = QpIp 2] (1 - an)Txna

Cp={2z€X|dyn,2z) <d(xpn,2)};

n

Uz = Argmin Y Yd(Pg, x,,y)? for z € X;
veX k=

Tpt1 = 0pu® (1 — 0,)Uny,

for each n € N, where a mapping Py is the metric projection of X into a nonempty
closed convex subset K of X. Suppose the following conditions hold:

(i) {z € X | d(w,z) <d(w',z)} is convex for w,w’ € X;
(ii) liminf, o ap < 1;
(iii) limp—yoo 8% >0 for k € N and Y07 | S0, [BF 1 — BF] < oo;

(iv) limp oo v = 0 and Y0 [Ynt+1 — Yn| < 00.
Then, {x,} is convergent to Ppixu.

To prove this theorem, we applied the following theorem.

Theorem 1.2 (Hasegawa [5], Kimura and Ogihara [10]). Let X be a complete
CAT(0) space, Ty a nonexpansive mapping of X into itself for k € N such that
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F =M, FixTy # @, {af | n,k € N,k <n} C [0,1] such that Y }_, af =1 for all
n €N, and {0, | n € N} C [0,1]. Let

U,z = Argmin Z ofd(Tyx,y)?
yexX =1

for all x € X and n € N. Define a sequence {x,} by u,z1 € X and
Tnt1 = 0pu ® (1 — 0,)Upzy,

for each n € N. Suppose the following conditions hold:

(a) lim, oo @f >0 fork €N and > 07 S0 ;o | —ak| < oo;

(b) limy, oo 6, =0, > 00 6, =00 and >_oo | |61 — 0,] < 00.

Then, {x,} is convergent to Ppu, where Pr is the metric projection of X onto F.

In this paper, we introduce a Halpern iteration using a balanced mapping of a
countable family of strongly quasinonexpansive and delta-demiclosed mappings and
prove a convergence to a common fixed point of mappings in a complete CAT(1)
space. Further, we introduce the combining projection method of balanced type in a
complete CAT(1) space.

2. PRELIMINARIES

Let (X,d) be a metric space and T a mapping of X into itself. The set of all
fixed points of T is denoted by FixT. Let f be a function of X into R. Then,
Argmax, y f(x) is the set of all maximizers of f and Argmin, ¢y f(z) is the set of all
minimizers of f.

Let {z,} C X be a bounded sequence. Then, {xz,} is delta-convergent to o € X
if for every subsequences {x,.} C {z,},

{zo} = Argmin (lim sup d(a:m,y)> ,

yeX 1—00

which is denoted by z,, A To.

Let z,y € X and ~ be a mapping of [0, d(z, y)] into X. A mapping + is said to be a
geodesic with endpoints x and y if v(0) = x, y(d(z,y)) = y and d(y(s),v(t)) = |s — ]
for all s,t € [0,d(z,y)]. For D € ]0,00], we call X a D-geodesic space if a geodesic
with endpoints z and y exists for all z,y € X with d(z,y) < D. In what follows,
when X is a D-geodesic space, every geodesic in X whose length is less than D is
always supposed to be unique. We call such X a uniquely D-geodesic space. Let X
be a uniquely D-geodesic space. The image of a geodesic joining x and y is denoted
by [z,y]. For ¢ € [0,1], there exists unique z € [x,y] such that

A, 2) = (1 — )d(z,y) and d(y, 2) = td(z, =),
which is denoted by z =tz @& (1 — t)y.
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For k € R, the 2-dimensional model space M? with a curvature & is defined by

1

WS2 (H > 0),

M = {E? (k= 0);
1

H? (k< 0),
(k<)
where E? is the 2-dimensional Euclidean space, H? is the 2-dimensional hyperbolic
space and S? is the 2-dimensional unit sphere.

We define Dy, € ]0,00] by

b — 7R (k> 0);
oo (k<0).

For z,y,z € X, a geodesic triangle A\(z,y, z) with vertices x,y,z € X is defined by
[, y]UJy, z]U[z, z]. For z,y, z € X with d(z,y)+d(y, 2)+d(z,z) < 2D, a comparison
triangle to A\(z,y,z) C X of vertices z, 7,z € M2 is defined by [z,9] U [, 2] U [z, Z]
with d(z,y) = dp2(7,7), d(y, z) = da2(9,2) and d(z,x) = dp2(Z,7). It is denoted
by A(,7,2) C M2. A point p € [Z,7] is called a comparison point for p € [z,y] if
d(x,p) = dp2(Z,p). If for all triangles in X and for all p,q € A(w,y,2) and their
comparison points p, 7 € A(Z, 7, Z), the inequality d(p,q) < dasz(p, ) holds, then we
call X a CAT(k) space. We call X an admissible CAT (k) space if X is a CAT(k)
space and d(z,y) < D,/2 for every z,y € X. In a CAT(1) space, the following
inequality holds:

Lemma 2.1 (Kimura and Sat6 [15]). Let X be an admissible CAT(1) space, z,y,2 €
X andt €[0,1]. Then, the inequality holds:

cosd(tx ® (1 —t)y, z) > tcosd(x,z) + (1 —t)cosd(y, z).

Let X be an admissible CAT(1) space, and T' a mapping of X into itself. Then, a
mapping T is said to be quasinonexpansive if FixT # @& and the inequality

d(Tzx,z) < d(z,z)

holds for all x € X and z € FixT. We know that the set of fixed points of a
quasinonexpansive mapping is closed and convex.

A mapping T is said to be delta-demiclosed if xg € FixT whenever a sequence
{z,} C X satisfies

Tn A 2o € X and lim d(z,,Tz,) =0.
n—oo
A mapping T is said to be strongly quasinonezpansive if T is quasinonexpansive and
for every z € FixT and {z,} C X satisfying sup,,cy d(2y,p) < 7/2 and
lim (d(zn,p) — d(Txy,p)) =0,

n—oo

it follows that lim, oo d(zn,Tz,) = 0. A mapping T: X — X satisfies condition
(D) if x,, = xg and lim,_, d(zy, Tz,) = 0 implies 29 € FixT. Notice that if T is
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continuous, then it satisfies the condition (D). Moreover, it is easy to see that the
delta-demiclosedness also implies the condition (D).

Let X be an admissible complete CAT(1) space, C' a nonempty closed convex
subset of X. We know that there exists a unique point p, € X such that

pr = Argmind(z,y)
yeC

for each x € X, we define Po: X — C by Pox = p, for x € X, and it is called the
metric projection of X onto C. We know that P¢ is strongly quasinonexpansive and
delta-demiclosed [16].

Let X be an admissible complete CAT(1) space, T, a mapping of X into itself for
ke{1,2,...,N}and {o* | k € {1,2,...,N}} C ]0,1[ such that ZkN:1 a® = 1. Then,
a multivalued mapping U: X — 2% is defined by

N
Uz € Argmax Z oF cos d(Tyz,y)
yeX 1

for x € X, which is called a balanced mapping of {Ty} and {a*}. The following
theorem shows important properties of balanced mappings.

Theorem 2.1 (Kajimura, Kasahara, Kimura and Nakagawa [8]). Let X be an ad-
missible complete CAT(1) space. Let Ty, be a strongly quasinonexpansive and delta-
demiclosed mapping of X into itself for k € {1,2,..., N} such that ﬂgil FixTy, # @,
{a* | ke {1,2,...,N}} C]0,1[ such that Zszl a* =1, and U a balanced mapping
of {T}.} and {a*}. Then, the following hold:

o U is single-valued;

e the mequalz'ty

N
Za cosd(Tyx,Uzx) cosd(Ux,Uy) > Z cosd(Tyz, Uy)
k=1 k=1
holds for x,y € X;

o FixU = N1, Fix Ty;

o U is a strongly quasinonexpansive and delta-demiclosed mapping.
Let X be an admissible complete CAT(1) space, u,v € X with u # v and « € [0, 1].

Define a 1-convex combination of u and v by

1
au @ (1 — a)v = Argmax {a cosd(u,z) + (1 — a) cosd(v,x)} .
reX

1

Let ¢t € [0,1]. Then, we know that au @ (1 — a)v = tu & (1 — t)v, where
B sin td(u,v) _

 sintd(u,v) + sin(1 — t)d(u,v)’

see [12]. The following lemmas are properties of a 1-convex combination.
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Lemma 2.2 (Kimura and Sasaki [12]). Let X be an admissible CAT(1) space. Then,
forz,y,z € X and «a €0, 1], the inequality

1
cosd(az @ (1 — a)y, z) > acosd(z, z) + (1 — ) cosd(y, 2)
holds.

Lemma 2.3 (Kimura and Sasaki [12]). Let X be an admissible CAT(1) space. Then
foru,y,z € X and o €0, 1[, the inequality

1 — cosd(au é (1-a)y,z)

< (1 =p)(1—cosd(y, 2))

(1 —a+ /a2 +2a(l —a)cosd(u,y) + (1 — oz)Q) cosd(u, z)
a+2(1 — a)cosd(u,y)

+a(1-

holds where
l1—«

B Va2 +2a(1—a)cosd(u,y) + (1 —a)?

The following lemmas are important for the proof of Halpern’s type approximation
theorem.

B=1

Lemma 2.4 (Aoyama, Kimura and Kohsaka [1], Saejung and Yotkaew [22]). Let

{a,} C[0,00], {tn} CR and {B,} C]0,1[ such that >, B, = co. Suppose that
An41 S (]- - ﬁn)an + Bntn

for all n € N. If liminf, (asa(i)—H - a¢(i)) > 0 implies limsup;_, .ty < 0 for

all nondecreasing function ¢ of N into itself such that lim; o ©(i) = oco. Then,

lim, o ap = 0.

Lemma 2.5 (He, Fang, Lépez and Li [7]). Let X be an admissible CAT(1) space and

p € X. If a sequence {x,} of X satisfies that limsup,, . d(x,,p) < 7/2 and that

Ty = X, then d(z,p) < liminf, o d(z,,p).

3. A CONVERGENCE THEOREM OF HALPERN ITERATION

In this section, we introduce a Halpern iterative scheme of a countable family of
mappings in a complete CAT(1) space. First, we consider the properties of a balanced
mapping.

Lemma 3.1. Let X be an admissible complete CAT(1) space, {uy,uz, ..., Ups1} C
X, and {o* | k=1,2,....n},{Br | k=1,2,...,n+ 1} C]0,1[ such that
n+1

iak = ZB’“ =1.
k=1 k=1

Let
n n+1

g1 = Argmaxz a®cosd(ug,y) and gy = Argmax Z B cos d(ug, y).
YEX ko YEX k=
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Let

M = d d —.
k:l,Qr,I.l.E.l,)fL,n—i-l{ (ukagl)v (ukvg2)} < 2

Then,

4 n
d < k_ ok
(91792) > COSM};|ﬂ « |

o <sin d(ug, 1) + d(uk, 92) . d(unt1,91) + d(un+1;92)> '

1 -+ sin 1

Proof. If g1 = g2, we get the result obviously. Suppose g1 # g2. By Lemma 2.1, we
get

n
Za cosd(ug,g1)cosd(g, g2) > Za cos d(ug, g2)
k=1

k=1
and hence
Sr_, o cosd(ug, go)
o 21 - Bl et
> onq aF(cosd(ug, g1) — cosd(ug, g2))
N Sony ok cosd(uk, g1)
< Soh_, a¥(cosd(ug, g1) — cosd(uy, g2)) .
- cos M
and hence

Sy ot (cos d(ue, 1) = cosdlug, g2))

1-— d < 3.1
cosd(g1,g2) < cos M (3.1)
Similarly, we get
n+1 ok d _ d
1 — cos d(gl,g2) Z ﬁ (COS (uk:7 92) COS (uk7 gl)) ) (32)

cos M
Adding (3.1) and (3.2), we have

>on_y a¥(cosd(ug, g1) — cos d(uy, g2))
cos M
Z"H B¥ (cos d(ug, g2) — cos d(u, 1))
cos M
_ 2 — BF)(cos d(uk, g1) — cos d(ux, g2))
cos M
B (cos d(unt1,92) — cosd(unt1,91))
+
cos M
< ZZ:l |ﬂk - akH COS d(uk‘a gl) — COs d(uk792)|
- cos M
(1-— 2221 5k)(COS d(Un+t1,92) — cosd(tny1,91))
cos M

2(1 — cosd(g1,92)) <

+
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< 22:1 |5k — 04k|| cos d(uy, g1) — cos d(ug, g2)|

cos M
n S 18 = oF|| cosd(upn1,g1) — cosd(upi1, g2)|
cos M
and hence
4Si 2 d(gl?QQ)
2
R I . d(ug,g1) + d(ug, g2) . d(uk,g1) — d(ug, g2)
SCOSM};|B —a”||—2sin ) sin 5
1 n
E_ _k
cos M Z 18 o
k=1
% |—2in d(un+1, 1) ;d(un-u, 92) sin d(un+1,91) ; d(uny1,92)

2 O d d d —d
Zwk_aklsin (ur, 91) + d(uk, g2) . [d(uk, g1) — d(uk, g2)|

cos M ; 2 St 2

=1
T
cosMk:1

d(uni1,91) + d(Uuny1,92) . |d(uni1,91) — d(uny1, g2)|

X sin 5 sin 5
2 ok ke Ak, 1)+ d(ug, g2) . d(gr, g2)
ScosMkZ_:lw — a”|sin 5 sin ——
2 - d n b} d n b} . d )
n $°18* — o] sin (Un+1 91); (Unt1,92) (91292)'

cos M
k=1

Dividing 2sin(d(g1, g2)/2) > 0, we get

. d(91792) 1 & k k
2 < _
St 2 — cosM Z: 18 o

k=1
y (Sm d(uk, g1) -; d(uk, g2) +sin d(tn+1,91) -|2- d(Un41, 92)> _
and hence
. d(g1,92) 1 ok k
< _
St 2 _2cosM;|ﬁ @ ‘
« (sin d(ulmgl) ;‘d(umgz) +sin d(un+1791) ;' d(un+1,g2)>
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% (Sin d(uk7gl) Id(ukag2) + sin d(unJrlvgl) 1’ d(un+1792)>

Since t/2 < sint for ¢t € [0, 7/2], it follows that

d(g1, 92) 1 - k k
< _
4 ~ cos M 1; 18 o’
o (sin d(uk, g1) + d(ug, g2) 4 sin d(un+1,91) + d(unt1,92) .
4 4
Then, we get the desired result. O

The following lemma is an important property to prove a convergence theorem of
a Halpern iteration using a countable family of mappings.

Lemma 3.2. Let X be a complete CAT(1) space with sup,, e x d(w,w") < /2, Ty,
a quasinonexzpansive mapping of X into itself for k € N such that (-, FixTy # &,
and {af | n,k € N,k <n} C]0,1[ such that > ,_, ok =1 forn € N. Let

n
U,z = Argmax Z ok cosd(Ty,y)
veX  km1

for eachn € Nandz e X. If Y07, Zgzl lak, | —ak| < oo, then

(oo}
Z sup d(Up 412, Upx) < 00.
n—1r€X

Proof. Let € X and z € (o, FixTy C N2 FixT, C i, FixTy. Put
M = sup,, ,rex d(w,w') < 7/2. By Lemma 3.1, we get

d(Upx,Upy1)

PR
S COSM Z |OLZ+1 - O[f”
k=1
d T n n n ) n n ) n
o (sin (Thx, Upz) + d(Tx, Upy1) + sin d(Tp12,Upzx) + d(Thy12, Upt12)
4 4
8 N~k k|
S Z |1 — ap|sind(z, 2)
k=1
8 N~k k
= cos M Z IanJrl - an|'
k=1

Since Y07 Yoy ek 4 — af| < oo, it follows that

oo
Z sup d(Up 412, Upx) < 00
ne1 rzeX

and thus we get the desired result. U
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We can prove the following corollary easily by Lemma 3.2.

Corollary 3.1. Let X be a complete CAT(1) space with sup,, e x d(w,w’) < /2, Ty,
a quasinonexpansive mapping of X into itself for k € N such that (-, Fix Ty # &,
{af | n,k € Nk < n} C)0,1[ with Y _,af =1 forn € N, and U,, a balanced
mapping of {Ti} and {a%} for each n € N. If 307 S°0_ |ak | — ak| < oo, then,

oo
Z d(Ups12,Upz) < 00
n=1

and {Upzx} is a Cauchy sequence for each x € X.

By Corollary 3.1, there exists a limit of {U,z} for each x € X. In the following
lemma, we consider its properties.

Lemma 3.3. Let X be a complete CAT(1) space with sup,, e x d(w,w') < /2, Ty,
a quasinonexpansive and delta-demiclosed mapping of X into itself for k € N such
that Ny Fix T}, # @, and {ok | n,k € N,k < n} C]0,1] such that > ,_, af =1 for
n € N. Let

U,z = Argmax Z ok cos d(Tyx,y)
veX ko1

for each n € N and x € X. Suppose the following conditions hold:
(a) lim, oo @f >0 for k € N;

(b) ool Yooy lag iy — ag| < oo
Put Ux = limy, 00 Upx for each x € X. Then, the following conditions hold:
(1) limp— oo SUpyex d(Upz, Uz) = 0;

(ii) FixU = e, FixT};

(iil) U is quasinonexpansive and delta-demiclosed.
Proof. (i) Let m,n € N such that n < m and = € X. Then, we get

d(Upz,Upz) < d(Upx,Upirx) + d(Upy12, Upx)
< d(Upma,Upyox) + d(Upyoz, Ups12) + d(Upg12, Up )

IN

m

—1 00
< Z d(Ull‘, Ul+1x) < Z d(Ul.’L‘, Ul+1l’)
l=n l=n

and hence

M8

d(Upz,Upz) < AUz, Upy1x).

n
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Letting m — oo, we get

sup d(Uz,U,x) < Z sup d(Ujz, Upy12).
rzeX I—n zeX

By Lemma 3.2, letting n — oo, we get lim,,_,o sup,¢ yx d(Uz,Uyx) = 0.
(ii) Let z € Ny Fix Ty C Ni_, FixTy = FixU,,. Then, we get

Uz= lim U,z= lim z=2z
n—oo n—oo

and hence z € FixU. Inversely, let z € FixU and w € (), FixTy. By Theorem 2.1,
we have
S, ok cosd(Tyz, w) o _oos d(z,w)

cos d(Upz,w) ~ cosd(Upz,w)

Z ok cosd(Thz, Upz) >
k=1
and hence
& cosd(z,w)
1-— d(Tpz,Upz)) <1 — —————.
;a"( cos d(Tiz, Unz)) < cosd(Upz,w)
Fix ¢ € N arbitrarily. Then, it follows that
- cosd(z,w)
0<a)(l—cosd(T;z,Upz)) <1— ————"——.
< ap(l = cosd(Tz, Unz)) < cos d(Upz,w)
Since lim,, o af, > 0, we put lim,, o, af, = a* € ]0,1]. Letting n — oo, we get
; cosd(z,w)
0<a*(l1—cosd(T;z,2))<1— —————— =0
< (1= cosd(Tiz, 2)) < cosd(Uz,w)
and hence d(T;z,z) = 0. Since i € N is arbitrary, we get z € (), Fix T}.
(iii) Let # € X and z € (o, Fix T}, C Np_, FixT). Since U, is quasinonexpansive
for n € N, we get

d(Ux,z) = lim d(U,x,z) < lim d(z,2) =d(x, z)
n—o0

n—r oo
and thus U is quasinonexpansive. We next show U is delta-demiclosed. Let z €
Npe; Fix Ty, and {z;} € X with z; A zg € X and lim; o d(x;,Ux;) = 0. By
Theorem 2.1, we get

LA cosd(z;, z)
; «,, COS d(Tkl’i, Unl'z) > W
and hence
cosd(z;, z)

0< "1 = cosd(Thai, Upz;)) <1 — —— 2,
7Zan( cos ( kL ‘r))i COSd(UnI’iaz)

k=1
Fix j € N arbitrarily. Then, it follows that

4 cosd(x;,2)
<o) (1 —cosd(Tjas, Upw;)) <1 — ——————.
0 < a7, (1 = cosd(Tjas, Unai)) cosd(Upxs, 2)

Since lim,, o ad, > 0, put lim, , af = o € ]0,1]. Letting n — oo, we obtain

0 < a’(1—cosd(Tjz;, Ux;))
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cosd(x;, z)
 cosd(Ux;, 2)
_cosd(Uwy, z) — cosd(x;, 2)
B cosd(Ux;, z)

2 d(z; : . 2) — d(Uz;
_ “in (z4,2) +d(Uxy, 2) sin d(z;,2) —d(Ux;, 2)
cosd(Uzx;, z) 2 2
2 . d(zi, 2) +d(Ux,2) . d(z;,Uxy)
<
~ cosd(Ux;, 2) S 2 . 2
< 2 sin d(xz, le)
~ cosM 2 ’

where M = sup,, , ex d(w,w’). Letting i — oo, we have lim; o d(Tjz;, Uz;) =
0. Since lim; oo d(x;,Ux;) = 0, we get lim; o d(z;,Tjz;) = 0. By the delta-
demiclosedness of Tj, we obtain xzo € FixT};. Since j € N is arbitrary, it follows
that zg € (y—, FixT}; = FixU and U is delta-demiclosed. Consequently, we com-
plete the proof. O

In the following theorem, we introduce a Halpern iterative scheme using a balanced
mapping of a countable family of strongly quasinonexpansive and delta-demiclosed
mappings in a complete CAT(1) space.

Theorem 3.1. Let X be a complete CAT(1) space with sup,, ,cx d(w,w’) < 7/2,
Ty a strongly quasinonexpansive and delta-demiclosed mapping of X into itself for
k € N such that F = (\;—, FixTy, # @, and {af | n,k € N,k < n} C]0,1[ such that
Shoiafl=1forneN, {4, |neN}C]0,1[. Let

U,x = Argmax Z ok cos d(Tyx,y)
yeX k21

for eachn € N and x € X. Let u € X and define a sequence {xp,} C X by z1 € X
and

1
Tn+1 = 6nu @ (1 - 5n)Unxn
for each n € N. Suppose the following conditions hold:
(a) lim, oo @f >0 fork €N and > 07 S0 ;|ak | —ak| < oo;

(b) lim, o0 6, =0 and Y o2, 8, = .
Then, {x,} converges to Pru.

Proof. Put p = Pru. Then, it follows that

cosd(xpt1,p) = cosd(dpu 619 (1 =6,)Unzy)
> by, cosd(u,p) + (1 — d,) cos d(Up 2, D)
> 0, cosd(u,p) + (1 — d,,) cosd(xy, p)
> min{cos d(u, p), cosd(x,,p)}
> min{cos d(u,p),cosd(x1,p)}
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for all n € N and hence

™
Sugd(zn,p) < max{d(u,p),d(z1,p)} < 5
ne

Put

an =1 —cosd(xzy,p),

(1 — 0 + /02 4+ 26,(1 — 6,,) cosd(u, Upzy,) + (1 — 5n)2) cosd(u, p)

On +2(1 — 0,) cosd(u, Upxy,) ’
B 1—10,
V02 +26,(1 = 6,) cosd(u, Upzy,) + (1 — 5,2

b, =1-

o, =1

for all n € N. By Lemma 2.3, we get

1
apt1 =1—cosd(bnu® (1 — 0,)Unxn,p) < (1 —0op)an + onby

for all n € N. We first show Y 0, = co. Put M = sup,, ,ex d(w,w’). Since
82 +(1—6,)><1/2and 6,(1 —6,) < 1/4, we get

1 M
V02 +26,(1 —6,)cos M + (1 —0,)2 < ylﬂ%.

Since d,, — 0, there exists nyg € N such that for all n > ng, 1 — 6, > 1/2. Then, it
follows that

S 1-96,
/02 +20,(1 —6,) cos M + (1 —4,,)2
V02 +26,(1—b,) cos M + (1 —6,)% — (1 —6,)
V02 +258,(1 —6,)cos M + (1 —4,,)2
B 02 +26,(1 — 6,)cos M
V02 +26,(1 —6,) cos M + (1 — 6,)2 + (1 — 6,)
y 1
V02 +26,(1 —6,)cos M + (1 —0,)2 — (1 —6,)
0n +2(1 — 0,) cos M 5> cos M

Z n 577,
1+ cosM 1+ cosM 1+ cosM 1+ cosM
#le —s #le —s

for all n > ng. Since 332 6, = oo, we get > 7 | o, = 00.

Let ¢: N — N be a nondecreasing function such that lim;_, ., ¢(i) = co. Suppose

lim inf (ag ) 1 = ag) > 0
and put n; = ¢(i). Then, we get
0 < liminf(an,+1 — an;)
71— 00

= liminf(cosd(xy,,p) — cosd(zn,+1,D))
71— 00
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< liminf(cosd(zn,,p) — On, cosd(u,p) — (1 — dy,) cos d(Un,n,,p))
71— 00

= liminf(cos d(zn,,p) — cos d(Up,xn,, D))
71— 00

< limsup(cos d(zp,,p) — cosd(Up,zn,,p)) <0
1—00

and hence lim;_, o (cosd(z,,,p) — cos d(Up,Zn,,p)) = 0. By Theorem 2.1, we get

Z af“ cos d(Typ,, Up,xn,) cos d(Up, Tn,, D) > Z O, o8 d(Typ,,p) > cosd(Zn,,p)
k=1 k=1
and hence

0<a), (1—cosd(Tizn,,Un,n,))

Uz

< Zaf“(l —cosd(Tyn,, Up,2n,)) <1
k=1

~_cosd(zy,,p)
cosd(Up,xp,,p)
Since lim;_ o a}bi > 0, letting ¢ — oo, we have lim;_, o d(T12n,, Un,Zn,;) = 0. Then,
it follows that
0 <d(zpn,,p) — d(Tizn,,p) < d(Tn,,p) — (A(Un,Tn,,p) + d(T1Zp,, Un, Tn,))-
Letting ¢ — oo, we get lim; o (d(xy,,p) — d(T12yn,,p)) = 0. Since T; is strongly
quasinonexpansive, we get lim; o d(x,,, T1Ty,) = 0. Then, we obtain that
A(@n;, Un,Tn,) < d(@n,, ThTn,) + A(T1%0,, U, Tn,)
and thus lim; o d(zy,,, Un,zp,) = 0. Further, it follows that
0 < |d(zn;, u) — d(Un, T, w)| < d(2n,, Un,)

and thus

liminf d(z,,, v) = iminf d(Uy,, zn,, u).
1—> 00 1—> 00

Take a subsequence {xm]} of {x,,} such that

lim d(x,, ,u) =liminfd(z,,,u).
j—o0 J —>00
Further, take a subsequence {z,, } of {zy, } such that z,, A z9 € X. Put w; =
J1 J Il
n;;, . Then, we get lim; oo d (Zwy s U, T, ) = 0. By Corollary 3.1, {U,,x} is a Cauchy
sequence for each z € X and put Uz = lim;_,oc Uy, . Then, we get
A (T, Uw,) < d (s Uy Tuy) + & (U Ty, Uy, )
< d (T, Uy oy, ) + sup d (Uy,x,Ux) .
zeX

By Lemma 3.3, letting I — oo, we get lim;_, oo d (Z4,, Uyw,) = 0. Since U is delta-
demiclosed, we get zo € FixU = (;—; FixT}. By Lemma 2.5, we have

liminf d (u,Up,zy,) = lim d(u,x,,) = llim d (u, Ty,) > d(u,x0) > d(u,p)
71— 00 — 00

71— 00
and hence

. . cos d(u, p) )
limsupb,,, =limsup (1 — —————"—
PR ( cos d(Un, n,;, p)
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. _ cos d(u, p) <0
cos(liminf;_, o d(Upn,;Zn,, D))

Using Lemma 2.4, we obtain z,, — Ppu and get the desired result. O

Corollary 3.2. Let X be a complete CAT(1) space with sup,, e x d(w,w') < 7/2,
Ty a strongly quasinonexpansive and delta-demiclosed mapping of X into itself for
k € N such that F = (\;—, FixTy # @, and {aF | n,k € N,k < n} C]0,1] such that
Sh_,ak=1forneN, {5, |neN}C]o,1[. Let

n
U,z = Argmax Z ok cos d(Th,y)
YeX k=1

for each n € N and x € X. Let u € X and define a sequence {x,} C X by xq1 € X
and

Tpa1 = 0pt P (1 - 5n)Unxn
for each n € N. Suppose the following conditions hold:
(a) lim, oo @f >0 fork €N and > 07 S0 ok | —ak| < oo;
(b) lim, 00 6, =0 and Y o2, 8, = .

Then, {x,} converges to Pru.
Proof. Let
Onu ® (1 — 6,)Upxp = ynu é (1 =) Unxn
for each n € N. By definition of 1-convex combination, it follows that

sin 8, d(u, Upay)
sin 8, d(u, Upxy,) + sin(1 — 6,)d(u, Upzy,)

Tn =

for n € N. Then, we get
Ond(u, Upxy) Ond(u, Upxy,)

sin cos
= 2 2
" d nLn 1
sin M coS <(6n - ) d(u, Unxn))
2 2
Ond(u, Upxy)
On CO8 ————— Spd(u, Upr)
> 1 > §,, cos —
cos (((5n — 2) d(u, Unwn))
On
>

S

for all n € N. Since Y7, 6, = oo, we get Y > | v, = co. Since d, — 0, we obtain
Yn, — 0. By Theorem 3.1, we get the desired result. (]
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4. APPLICATIONS

In this section, we prove a convergence theorem with the combining projection
method of balanced type to apply Corollary 3.2 in the unit sphere of a Hilbert space.

Let H be a Hilbert space with an inner product (-,-) and a norm || - ||. We denote
the unit sphere of H by

Su={z e H ||z =1}.

We define p: Sy x Sy — [0,7] by p(z,y) = arccos(z,y) for x,y € Sy. Then, we
know that (Sg,p) is an example of complete CAT(1) spaces. Let C' be a nonempty
closed convex subset of Sp satisfying d(u,v) < 7/2 for all u,v € C. A half space

{z€Clp(z,2) <ply 2)}
is convex for x,y € C; see [17].

Let Sy be a unit sphere of a Hilbert space H with p(u,v) < 7 for u,v € Sg. For
z,y € Sy and « € [0, 1], we know that

0z (1—a)y = sin ad(x,y)a7 n sin(1 — a)d(z,y)

sind(z, y) sind(x,y)
and ( )
1 ar + (1 —a)y
ar® (l-a)y= ———F—,
lez + (1 = )y
and for {z1,Ts,...,2n} C Sy and {a’} C |0, 1] with vazl a’ =1, we know that
N N .
ArgmaXZo/ cos p(x;,y) = %;
veSu 1y | > iy |
see [3, 14].

In the following theorem, we introduce the combining projection method of bal-
anced type and prove convergence of a sequence to a fixed point of a mapping to
apply Theorem 3.1 in a complete CAT(1) space.

Theorem 4.1. Let X be a complete CAT(1) space with sup,, ,cx d(w,w’) < 7/2,
T a quasinonezpansive mapping of X into itself satisfying condition (D), {ay | n €
N} C [0,1], {8% | k,n € NJk < n} C ]0,1] such that >_,_, Bk =1 forn € N, and
{6n | n € N} C]0,1]. Let u € X. Define sequences {yn} and {x,}, a sequence of
subsets {C,} of X, and a mapping {U,} by x1 € X and

Yn = QpTn D (1 - an)Txn;

Cn={2z € X |d(yn, 2) < d(zn,2)};

Upx, = Argmax Z B cosd (Po,n, y) ;
vEX ko

1
Tpg1 = 0 @ (1 — 5n)Un1‘n

for each n € N. Suppose that the following conditions hold:
(a) {z € X |d(z,v) <d(z,0)} is convex for v,v' € X;
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(b) liminf, o ap < 1;
(¢) limy o B >0 for k € N and 3277 370, ‘BEJA — B| < oo;

(d) limy, 00 6n, =0 and Y07 62 = cc.

n=1"n

Then, {x,} is convergent to Ppixu.

Proof. Let p € FixT. Then, we get

1
cos d(Yn, p) = cosd(anz, ® (1 — ap)Tzy,p)
> ap cosd(zp,p) + (1 — ap) cosd(Txy, p)
> cosd(xn,Dp)

and hence d(y,,p) < d(zn,p) for all n € N. This implies that FixT C [, Ch.
Since C,, is a nonempty closed convex set, the metric projection Pg, is well-defined
for n € N. Then, we get

oo o0

() FixPo, = () Ck D FixT # @.

k=1 k=1
Since the metric projection Pg, is strongly quasinonexpansive and delta-demiclosed
for £ € N, we get U, is strongly quasinonexpansive and delta-demiclosed for each
n € N. By Theorem 3.1, we get z,, = Pn~ c,u. Put g = Pn~ ¢,u. Since
To € ﬂ;ozl Ck, we have y,, — xg. Since liminf,,_ ., a, < 1, we can take a subsequence
{an,;} of {a,} such that lim; ,o o, € [0,1]. Then, we have

1 1

d(Tn,, yn,) <
(xlyb)_l_%

d(xm ’ Tx‘i) = (d(xnm -730) + d(]}o, Yn, ))

1—ap,

and hence lim;_, oo d(z,;, Tx,,) = 0. Since T satisfies condition (D), we get z¢ € Fix T.
Therefore, we have z,, — Ppix7u and we get the desired result. O

By Theorem 4.1, we get the following corollary in the unit sphere of a Hilbett
space.

Corollary 4.1. Let Sy be a unit sphere of a Hilbert space H with the metric with
p, C a nonempty closed convex subset of Sy with sup,, ,,» p(w,w’) < /2. Let T be a

quasinonexpansive mapping of C into itself satisfies condition (D), {B% | k,n € N,k <
n} C ]0,1[ such that 3 _, B¥ =1 forn € N, and {6, | n € N} C ]0,1[. Let u € C.
Define sequences {yn}, {xn}, {un}, and a sequence of subset {C,} of C by 1 € C
and
sin @, d(y,, Tmn)x sin(1 — o, )d(zy, Tx")x .

sind(z,, Tx,) " sind(zp, Txy) "
Cn ={2€C | p(yn,2) < p(xn, 2)};

1 n
= n 5kP LTns
12 k=1 B Poy | kz::l o

Yn =

Un
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dpu+ (1= 6p)un
10w 4+ (1 = 6p)un|

LTp+1 =

for each n € N. Suppose that the following conditions hold:

(a) lim,oo B >0 for k € Nand > 00 Sop_, |8 — BE| < oo;

(b) lim;, 00 6, =0 and Y o2 | 6, = .

Then, {x,} is convergent to Ppixu.

Proof. By the properties of convex combination and 1-convex combination in the unit
sphere of a Hilbert space, we get

sin o, d(y,, Txy) . sin(1 — a,)d(xp, Txy)
sind(zp, Tx,) " sind(zy,, T'zy,)

Yn = Tp = QpTp D (1 - an)Txn7

1
13 "%—1 B Po, @nl|

dnu~+ (1 = dp)un,
10w + (1 — 6n)un ||

n n
Z B Pc, x, = Argmax Z B cos p(Pe, 0, y);
k=1 vee k4

= d,u é (1= 0n)un

for each n € N. By Theorem 4.1, we complete the proof. O
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