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1. Introduction and Preliminaries

The study of fixed point theory is one of the crucial branch of pure mathematics
because of it’s vast applications in non-linear analysis, computer science, engineering,
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economics etc. The Banach contraction principle (in brief BCP) is the fundamen-
tal theorem in metric fixed point theory. Researchers worldwide have modified this
contraction mainly into two directions, i.e., either they extended the contraction into
some abstract spaces or they extended the BCP by introducing some new contrac-
tions. In 1973, Geraghty [21] introduced a new contraction to extend the famous
BCP. Let Θ denotes all functions θ : R+ → [0, 1) (where R+ = [0,∞)) such that

lim
n→∞

θ(tn) = 1⇒ lim
n→∞

tn = 0.

Geraghty established the following wonderful fixed point theorem by involving θ(∈ Θ)
function.

Theorem 1.1. [21] Let (X, d) be a complete metric space and K : X → X be a
function. Assume that ∃ a function θ ∈ Θ such that the following holds

d(Kx,Ky) ≤ θ(d(x, y))d(x, y), (1.1)

for every x, y ∈ X. Then the function K has a unique fixed point in X.

The inequality (1.1) is greatly known as Geraghty contraction. Theorem [1.1]
influenced many researchers around the globe and they studied different types of
remarkable fixed point theorems in various ways (for example, see [4], [2], [7], [8], [10],
[18], [25], [27], [31], [34], [44], [45] and the references cited therein). On the other side,
one of the outstanding generalization of the BCP was given by Popescu [38] and the
author proved the following theorem.

Theorem 1.2. Let (X, d) be a complete metric space and K : X→ X be an operator.
Assume that ∃ a real number c̃ ∈ [0, 1) such that the following holds

d(Kx,Ky) ≤ c̃
[
d(x, y)+ | d(x,Kx)− d(y,Ky) |

]
, (1.2)

for every x, y ∈ X. Then the operator K has a unique fixed point in X.

The inequality (1.2) is greatly known as P-contraction. Some authors call inequality
(1.2) as E-contraction but we will prefer to call it as P-contraction to honour the
author Popescu. In recent times, many interesting fixed point results involving P-
contraction have been appeared in the literature. Readers can look into [5], [9],
[10], [19], [29] for more details. In 2012, Samet et al. [40] introduced the notion
of α-admissible mappings to study some fixed point results. In fixed point theory,
the concept of α-admissible mappings is a very powerful tool since it covers many
important structures like the structure of a metric space endowed with a partial
order, the structure of a metric space endowed with a graph, the structure of cyclic
mappings via closed subsets of a metric space etc. Due to the reasons mentioned just,
researchers have started to work on α-admissible mappings on a wide scale. To study
some recent fixed point results on α-admissible mappings, readers can view [2], [11],
[10], [19], [23], [24], [31], [35] and the references cited therein. Now, we move to the
definition of α-admissible mapping.

Definition 1.1. [40] Let X 6= ∅ and K : X → X, α : X × X → R+ be two given
mappings. We say K is an α-admissible mapping if

α(x, y) ≥ 1⇒ α(Kx,Ky) ≥ 1, ∀ x, y ∈ X.
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Note. The mapping α is said to be symmetric if α(x, y) = α(y, x) holds for all
x, y ∈ X.
Next, we move to the definition of weakly α-admissible mapping.

Definition 1.2. [35] Let X 6= ∅ and K,L : X → X, α : X × X → R+ be three given
mappings. We say the pair (K,L) is weakly α-admissible if

α(x, y) ≥ 1⇒ α(K(x), LK(x)) ≥ 1, α(L(y),KL(y)) ≥ 1, ∀ x, y ∈ X.

Like weakly α-admissible mapping, in a similar way, we can define weakly µ-
subadmissible mapping.

Definition 1.3. Let X 6= ∅ and K,L : X → X, µ : X × X → R+ be three given
mappings. We say the pair (K,L) is weakly µ-subadmissible if

µ(x, y) ≤ 1⇒ µ(K(x), LK(x)) ≤ 1, µ(L(y),KL(y)) ≤ 1, ∀ x, y ∈ X.

Now we recall some important definitions, results, concepts which will be required
in the proof of our main results.

Definition 1.4. [6] A function h : R+ ×R+ → R is said to be a subclass function of
type I if

x ≥ 1⇒ h(1, y) ≤ h(x, y), ∀ x, y ∈ R+.

Definition 1.5. [6] Let h, F : R+ × R+ → R be two given functions. Then the pair
(F, h) is said to be a upper class of type I if h is a subclass function of type I and

0 ≤ s ≤ 1⇒ F (s, t) ≤ F (1, t),

h(1, y) ≤ F (s, t)⇒ y ≤ st, ∀ s, t, x, y ∈ R+.

Definition 1.6. [6] Let h, F : R+ × R+ → R be two given functions. Then the pair
(F, h) is said to be a special upper class of type I if h is a subclass function of type I
and

0 ≤ s ≤ 1⇒ F (s, t) ≤ F (1, t),

h(1, y) ≤ F (1, t)⇒ y ≤ t, ∀ s, t, x, y ∈ R+.

Next, we move to the definition of C-class function.

Definition 1.7. [22] A continuous mapping F : R+ × R+ → R is called a C-class
function if it satisfies the following two properties:

(1) F(s, t) ≤ s;
(2) F(s, t) = s implies either s = 0 or t = 0, ∀ s, t ∈ R+.

From now we write “ C ” to denote the collection of all C-class functions. Now, we
give the definition of altering distance function.

Definition 1.8. [32] A function ψ : R+ → R+ is said to be an altering distance
function if the following two properties are satisfied:

(1) ψ is non-decreasing and continuous;
(2) ψ(t) = 0⇔ t = 0.
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From now, we will write “ Ψ ” to denote the collection of all altering distance
functions. In 2022, Karapınar and Khojasteh [30] introduced the notion of super
metric spaces, which is one of the recent and marvellous extension of usual metric
spaces.

Definition 1.9. [30] Let X 6= ∅. A mapping m : X × X → R+ is said to be a super
metric space (abbreviated as SMS) if m satisfies the following three conditions:
(C1) if m(x, y) = 0⇒ x = y, ∀ x, y ∈ X;
(C2) m(x, y) = m(y, x), ∀ x, y ∈ X;
(C3) there exists texta “ω ≥ 1” such that for every y ∈ X, ∃ two distinct sequences
{xn}, {yn} ⊂ X with lim

n→∞
m(xn, yn) = 0, such that

lim sup
n→∞

m(yn, y) ≤ ω lim sup
n→∞

m(xn, y).

Then the pair (X,m) is called a SMS.

Note. From (C1) of Definition 1.9, it is clear that if x = y then m(x, y) may not be
equals to 0.
For examples on SMS, we refer the reader to see [28], [30].

Definition 1.10. [30] Let (X,m) be a SMS. Then a sequence {xn} is said to be

(1) convergent and converges to x in X iff lim
n→∞

m(xn, x) = 0.

(2) a Cauchy sequence in X if lim sup
n→∞

{m(xn, xp) : p > n} = 0.

Proposition 1.1. [28] The limit of a convergent sequence is unique in a SMS.

Definition 1.11. [28] Let (X,m) be a SMS. Then (X,m) is said to be complete iff
every Cauchy sequence in X is convergent in X.

From now, we will write CSMS to mean “complete super metric space”. Next, we
introduce the following definition on SMSs.

Definition 1.12. Let (X1,m1) and (X2,m2) be two SMSs and K : X1 → X2 be
a function. Then K is continuous at x ∈ X1 iff {Kxn} converges to a point Kx
whenever {xn} converges to a point x.

Before going to our main results, first we observe that in general a SMS is not
necessarily continuous as seen in the following example.

Example 1.1. Let X = R+ and denote ∆ = {(x, x) : x ∈ X}. Define a mapping
m : X× X→ R+ in the following way.

m(x, y) = x2 + y2, if x 6= y, x 6= 0, y 6= 0;

m(x, x) = 0, if (x, x) ∈ ∆\(0, 0);

m(0, 0) = 1;

m(x, 0) = m(0, x) =
x3

2
, if x ∈ (0,∞).

Clearly, conditions (C1), (C2) of Definition 1.9 are satisfied. To check condition (C3),
we now do the following two cases.
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Case 1. Suppose y 6= 0 and ∃ two distinct sequences {xn}, {yn} such that
limn→∞m(xn, yn) = 0, i.e., limn→∞(x2

n + y2
n) = 0 implies xn → 0 and yn → 0

whenever n→∞. Consequently, we have

lim
n→∞

m(yn, y) = lim
n→∞

(y2
n + y2) = y2 ≤ ωy2 = ω lim

n→∞
(x2
n + y2) = ω lim

n→∞
m(xn, y).

Case 2. Now for y = 0, we are taking xn = 1
2n , yn = 1

2n+1 , n ∈ N (where N denotes

the set of all natural numbers). Then, m( 1
2n ,

1
2n+1 ) =

(
1

2n

)2
+
(

1
2n+1

)2 → 0 whenever
n→∞.

lim
n→∞

m(yn, 0) = lim
n→∞

1

2(2n+ 1)3
= 0 ≤ ω lim

n→∞

1

2(2n)3
= ω lim

n→∞
m(xn, 0).

Hence (X,m) is a SMS which is neither a b-metric space [16] nor a b-metric-like space
[3] nor a JS-metric space [26], as we observe the following. Suppose ∃ a real number
b ∈ [1,∞) for which the following inequality holds.

m(0, x) ≤ b[m(0, 1) + m(1, x)]⇒ x3

2
≤ b[ 1

2
+ 1 + x2] = b[1.5 + x2]⇒ x3

2x2 + 3
≤ b.

Thus (X,m) is neither a b-metric space nor a b-metric-like space since X is unbounded.
Next consider a sequence {xn} given in Case 2. Then limn→∞m(xn, 0) = 0. Suppose
∃ a C ∈ (0,∞) for which the following inequality holds

m(0, y) ≤ C lim sup
n→∞

m(xn, y)⇒ y3

2
≤ C lim sup

n→∞
[
( 1

2n

)2

+ y2]

⇒ y3

2
≤ C[0 + y2]⇒ y

2
≤ C.

Thus (X,m) is not a JS-metric space since X is unbounded. Notice that, here we
have limn→∞m(xn, 0) = limn→∞m(yn, 0) = 0, which means xn → 0(= x∗) and
yn → 0(= y∗) whenever n→∞, but

lim
n→∞

m(xn, yn) = lim
n→∞

[( 1

2n

)2
+
( 1

2n+ 1

)2]
= 0 6= m(x∗, y∗).

Consequently, we conclude that the SMS (X,m) is not continuous.

Motivated from the current ongoing research on Geraghty contractions, α-
admissible mappings, (F, h)-contractions, C-class functions and results on SMSs, next
we are going to extend and generalize Theorem 1.1 as well as P-contraction proposed
by Popescu [38] in the setting of SMSs.

2. Main results

Let (X,m) be a SMS. Suppose K,L : X → X be two operators. For any x, y ∈ X,
we write

Mx,y = max
{
m(x, y),m(x,Ky),m(y, Ly),

m(x,Kx)m(y, Ly)

1 + m(x, y)
,
m(x,Kx)m(y, Ly)

1 + m(Kx,Ly)

}
,

and

M∗x,y = max
{
m(x, y),m(x,Kx),m(y,Ky),

m(x,Kx)m(y,Ky)

1 + m(x, y)
,
m(x,Kx)m(y,Ky)

1 + m(Kx,Ky)

}
.
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We now define two important subsets of X as follows.

C(K,L) = {x ∈ X : Kx = Lx},
i.e., the set of all common coincidence points of the pair (K,L), and

Fix(K,L) = {x ∈ X : x = Kx = Lx},
i.e., the set of all common fixed points (abbreviated as CFP) of the pair (K,L).
Now, we state and prove our first main result.

Theorem 2.1. Let (X,m) be a CSMS and K,L : X → X be two operators. Let
ψ, η : R+ → R+ be two mappings such that ψ ∈ Ψ and η(x) ≤ ψ(x), whenever x > 0.
Also, let α, µ : X × X → R+ be two given mappings such that they are symmetric.
Assume that for θ ∈ Θ, the pair (K,L) satisfies the following inequality

h(α(x, y), ψ(m(Kx,Ly))) ≤ F (µ(x, y), θ(Mx,y)η(Mx,y)), (2.1)

∀ x, y ∈ X with α(x, y) ≥ 1, µ(x, y) ≤ 1, where the pair (F, h) is a special upper class
of type I. Further assume that the pair (K,L) satisfies the following assertions.

(1) The pair (K,L) is a weakly α-admissible and weakly µ-subadmissible map-
pings.

(2) There exists a point x0 ∈ X such that α(x0,Kx0) ≥ 1 and µ(x0,Kx0) ≤ 1.
(3) Either K or L is continuous.

Then we can construct a sequence {xn} in X such that xn → a∗(∈ X). If m(a∗, a∗) = 0
with α(a∗, a∗) ≥ 1 and µ(a∗, a∗) ≤ 1, then a∗ is a CFP of the pair (K,L). Moreover,
if a∗, b∗ ∈ Fix(K,L) such that m(a∗, a∗) = m(b∗, b∗) = 0 together with α(a∗, b∗) ≥ 1
and µ(a∗, b∗) ≤ 1. Then the CFP of the pair (K,L) is unique.

Proof. According to assertion 2, ∃ a x0 ∈ X such that α(x0,Kx0) ≥ 1 and
µ(x0,Kx0) ≤ 1. We now construct an iterative sequence {xn} of points in X
such that x1 = Kx0, x2 = Lx1 and in this way, we can write x2n+1 = Kx2n and
x2n+2 = Lx2n+1, ∀ n ∈ N0(where N0 = {0} ∪ N). Now, by assertion 1, we have
α(x0,Kx0) = α(x0, x1) ≥ 1 implies α(Kx0, LKx0) = α(x1, Lx1) = α(x1, x2) ≥ 1 and
α(Lx1,KLx1) = α(x2, x3) ≥ 1. Again α(x2, x3) ≥ 1 implies that α(Kx2, LKx2) =
α(x3, x4) ≥ α(x3, x4) ≥ 1 and α(Lx3,KLx3) = α(x4, x5) ≥ 1. Continuing in this way,
we can obtain α(Kx2n, LKx2n) = α(x2n+1, x2n+2) ≥ 1 and α(Lx2n−1,KLx2n−1) =
α(x2n, x2n+1) ≥ 1. Hence α(xn, xn+1) ≥ 1, ∀ n ∈ N0. In a similar way, using weakly
µ-subadmissible property we can show that µ(xn, xn+1) ≤ 1, ∀ n ∈ N0. Suppose ∃
a c ∈ N such that m(x2c, x2c+1) = 0. Then x2c = x2c+1 = Kx2c, i.e., x2c is a fixed
point of K. Now to show that x2c is a fixed point of L, it is sufficient to show that
x2c = x2c+1 = x2c+2. Consider m(x2c+1, x2c+2) > 0. Since α(x2c, x2c+1) ≥ 1 and
µ(x2c, x2c+1) ≤ 1 thus by inequality 2.1, we have

h(1, ψ(m(x2c+1, x2c+2)))

= h(1, ψ(m(Kx2c, Lx2c+1)))

≤ h(α(x2c, x2c+1), ψ(m(Kx2c, Lx2c+1)))

≤ F (µ(x2c, x2c+1), θ(Mx2c,x2c+1
)η(Mx2c,x2c+1

))

≤ F (1, θ(Mx2c,x2c+1
)η(Mx2c,x2c+1

)).
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Since the pair (F, h) is a special upper class of type I, so we have

ψ(m(x2c+1, x2c+2)) ≤ θ(Mx2c,x2c+1
)η(Mx2c,x2c+1

). (2.2)

Now,

Mx2c,x2c+1
= max

{
m(x2c, x2c+1),m(x2c, x2c+1),m(x2c+1, x2c+2),

m(x2c, x2c+1)m(x2c+1, x2c+2)

1 + m(x2c, x2c+1)
,
m(x2c, x2c+1)m(x2c+1, x2c+2)

1 + m(x2c+1, x2c+2)

}
.

Then, from 2.2, we have

ψ(m(x2c+1, x2c+2)) ≤ θ(max{m(x2c, x2c+1),m(x2c+1, x2c+2)})η(max{m(x2c, x2c+1),

m(x2c+1, x2c+2)}).
Since we have taken m(x2c, x2c+1) = 0, consequently we have

ψ(m(x2c+1, x2c+2)) ≤ θ(m(x2c+1, x2c+2))η(m(x2c+1, x2c+2))

< η(m(x2c+1, x2c+2)) ≤ ψ(m(x2c+1, x2c+2)),

which is a contradiction, since we have assumed m(x2c+1, x2c+2) > 0. Thus, we must
have m(x2c+1, x2c+2) = 0, i.e., x2c = x2c+1 = x2c+2. Hence, x2c is a CFP of K and L.
Now suppose if m(x2c−1, x2c) = 0 ⇒ x2c−1 = x2c = L(x2c−1), then x2c−1 is a fixed
point of the operator L. Now, we will show that x2c−1 is also a fixed point of K, i.e., it
is sufficient to show that x2c = x2c+1. Suppose on the contrary, i.e., m(x2c, x2c+1) > 0.
Then m(x2c, x2c+1) = m(Lx2c−1,Kx2c) = m(Kx2c, Lx2c−1). Now by using inequality
2.1 and keeping in mind that the functions α, µ both are symmetric, we have the
following.

ψ(m(x2c, x2c+1)) = ψ(m(Kx2c, Lx2c−1)) ≤ θ(Mx2c,x2c−1)η(Mx2c,x2c−1), (2.3)

where Mx2c,x2c−1
= max{m(x2c, x2c−1),m(x2c, x2c+1)} = m(x2c, x2c+1). Clearly,

from 2.3, we arrive at a contradiction, since we have assumed m(x2c, x2c+1) > 0. Thus,
we have m(x2c, x2c+1) = 0 ⇒ x2c = x2c+1. Hence, we assume that m(xn, xn+1) 6= 0,
∀ n ∈ N, i.e., xn 6= xn+1, ∀ n ∈ N. Suppose n is a positive even integer, i.e., n = 2e,
for some e ∈ N. Since α, µ both are symmetric so α(x2e, x2e−1) = α(x2e−1, x2e) ≥ 1
and µ(x2e, x2e−1) = µ(x2e−1, x2e) ≤ 1. Thus we have

h(1, ψ(m(xn, xn+1)))

= h(1, ψ(m(x2e, x2e+1)))

= h(1, ψ(m(Kx2e, Lx2e−1)))

≤ h(α(x2e, x2e−1), ψ(m(Kx2e, Lx2e−1)))

≤ F (µ(x2e, x2e−1), θ(Mx2e,x2e−1
))η(Mx2e,x2e−1

))

≤ F (1, θ(Mx2e,x2e−1))η(Mx2e,x2e−1)),

implies

ψ(m(x2e, x2e+1)) ≤ θ(Mx2e,x2e−1
)η(Mx2e,x2e−1

) < η(Mx2e,x2e−1
). (2.4)

Now
Mx2e,x2e−1

= max{m(x2e, x2e−1),m(x2e, x2e+1)}.
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If we choose max{m(x2e, x2e−1),m(x2e, x2e+1)} = m(x2e, x2e+1), then from 2.4, we
arrive at a contradiction. Hence, we have

max{m(x2e, x2e−1),m(x2e, x2e+1)} = m(x2e−1, x2e).

Consequently, from 2.4, we obtain

ψ(m(x2e, x2e+1)) < ψ(m(x2e−1, x2e)).

Now, ψ is an altering distance function, so we have

m(x2e, x2e+1) < m(x2e−1, x2e).

Thus, in general, we can write

m(x2n, x2n+1) < m(x2n−1, x2n), ∀ n ∈ N. (2.5)

Next, we suppose that n is an odd positive integer, i.e., n = 2r + 1, for some r ∈ N.
Now, we have

h(1, ψ(m(xn, xn+1)))

= h(1, ψ(m(x2r+1, x2r+2)))

= h(α(x2r, x2r+1), ψ(m(Kx2r, Lx2r+1)))

≤ F (µ(x2r, x2r+1), θ(Mx2r,x2r+1))η(Mx2r,x2r+1))

≤ F (1, θ(Mx2r,x2r+1
))η(Mx2r,x2r+1

)),

implies

ψ(m(x2r+1, x2r+2)) ≤ θ(Mx2r,x2r+1
)η(Mx2r,x2r+1

) < η(Mx2r,x2r+1
). (2.6)

Now

Mx2r,x2r+1
= max{m(x2r, x2r+1),m(x2r+1, x2r+2)}.

If we choose max{m(x2r, x2r+1),m(x2r+1, x2r+2)} = m(x2r+1, x2r+2), then from 2.6,
we arrive at a contradiction. Thus

max{m(x2r, x2r+1),m(x2r+1, x2r+2)} = m(x2r, x2r+1).

Consequently, from 2.6, we have

ψ(m(x2r+1, x2r+2)) < ψ(m(x2r, x2r+1))

implies

m(x2r+1, x2r+2) < m(x2r, x2r+1)

(by using the property of altering distance function ψ). So, in general, we can write

m(x2n+1, x2n+2) < m(x2n, x2n+1), ∀ n ∈ N. (2.7)

Thus, combining inequality 2.5 and 2.7, we obtain

m(xn, xn+1) < m(xn−1, xn), ∀ n ∈ N. (2.8)

Hence, the sequence {m(xn, xn+1)}∞n=0 is a decreasing sequence which is bounded by
0. Consequently, ∃ a non negative real number, say l∗ ∈ R+ such that

lim
n→∞

m(xn, xn+1) = l∗.
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Our goal is to show that l∗ = 0. Suppose on the contrary, i.e., l∗ > 0. Then, from
2.4, 2.6, we have

ψ(m(xn, xn+1)) ≤ θ(m(xn−1, xn))η(m(xn−1, xn)).

Now considering limit as n→∞, we have

ψ(l∗) ≤ θ(l∗)η(l∗) < η(l∗) ≤ ψ(l∗),

a contradiction (since l∗ > 0). Hence, we must have l∗ = 0, i.e.,

lim
n→∞

m(xn, xn+1) = 0. (2.9)

Our next aim is to show that x2n 6= x2p and x2n+1 6= x2p+1 for n 6= p. we will show
it by the method of contradiction. Without loss of generality, we may suppose that
Case A. ∃ p, n ∈ N0 such that x2p = x2n, with p > n.
Case B. ∃ p, n ∈ N0 such that x2p+1 = x2n+1, with p > n.
Now in Case A, utilizing 2.8, we have

m(x2n, x2n+1) = m(x2n,Kx2n) = m(x2p,Kx2p) = m(x2p, x2p+1) < m(x2n, x2n+1),

which is a contradiction. Again in Case B, utilizing 2.8, we have

m(x2n+2, x2n+1) = m(Lx2n+1, x2n+1) = m(Lx2p+1, x2p+1) = m(x2p+2, x2p+1)

< m(x2n+2, x2n+1),

which is a contradiction. Thus, we have the following observation. For any n ∈ N,
there is at most one p 6= n such that xp = xn. In fact, if ∃ three different integers
a, b, c such that xa = xb = xc then there are two distinct numbers q, r ∈ {a, b, c} such
that q ≡ r mod 2. Now, if we take q = a and r = b, then xa 6= xb by our assumption in
Case A and Case B, but that is a contradiction. Next, our aim is to show that {xn}∞n=0

is a Cauchy sequence. Since we have already shown that limn→∞m(xn, xn+1) = 0,
so it is sufficient to show that the sub sequence {x2n} is a Cauchy sequence in order
to prove that the sequence {xn}∞n=0 is a Cauchy sequence. Therefore, by using the
property of super metric spaces, we have

lim
n→∞

m(x2n, x2n+2) ≤ ω lim
n→∞

m(x2n+1, x2n+2).

By using 2.9, we have
lim
n→∞

m(x2n, x2n+2) = 0. (2.10)

Now, by using 2.10 and Case A, we have

lim
n→∞

m(x2n, x2n+4) ≤ ω lim
n→∞

m(x2n+2, x2n+4). (2.11)

But, we have
lim
n→∞

m(x2n+2, x2n+4) ≤ ω lim
n→∞

m(x2n+3, x2n+4).

By using 2.9, we have lim
n→∞

m(x2n+3, x2n+4) = 0. Consequently, from 2.11,

lim
n→∞

m(x2n, x2n+4) = 0.

Now, proceeding in this way, one can show that

lim
n→∞

m(x2n, x2n+2p) = 0, ∀ n, p ∈ N.
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It means {x2n}∞n=0 is a Cauchy sequence, i.e., {xn}∞n=0 is a Cauchy sequence. Since,
(X,m) is a CSMS, consequently the sequence {xn} will convergence to some point in
X, say a∗, which means x2n+1 → a∗ and x2n+2 → a∗ whenever n → ∞. First, we
suppose that K is continuous. Then, we have

a∗ = lim
n→∞

x2n+2 = lim
n→∞

x2n+1 = lim
n→∞

K(x2n) = K( lim
n→∞

x2n) = Ka∗.

Now if m(a∗, La∗) > 0 with m(a∗, a∗) = 0 and α(a∗, a∗) ≥ 1, µ(a∗, a∗) ≤ 1, then by
2.1, we have

h(1, ψ(m(Ka∗, La∗)))

≤ h(α(a∗, a∗), ψ(m(Ka∗, La∗)))

≤ F (µ(a∗, a∗), θ(Ma∗,a∗)η(Ma∗,a∗))

≤ F (1, θ(Ma∗,a∗)η(Ma∗,a∗)).

Since the pair (F, h) is a special upper class of type I, so we have

ψ(m(Ka∗, La∗)) ≤ θ(Ma∗,a∗)η(Ma∗,a∗). (2.12)

Now,

Ma∗,a∗ = max
{
m(a∗, a∗),m(a∗, a∗),m(a∗, La∗),

m(a∗, a∗)m(a∗, La∗)

1 + m(a∗, a∗)
,
m(a∗, a∗)m(a∗, La∗)

1 + m(Ka∗, La∗)

}
.

Thus, from 2.12, we have

ψ(m(a∗, La∗)) ≤ θ(m(a∗, La∗))η(m(a∗, La∗)) < η(m(a∗, La∗)) ≤ ψ(m(a∗, La∗)),

a contradiction. Thus, we must have m(a∗, La∗) = 0. Hence a∗ = Ka∗ = La∗. In
a similar way, if we take L is continuous then we can show that a∗ = Ka∗ = La∗.
Now suppose that the self mappings K,L have two CFP, i.e., a∗ and b∗ satisfying
m(a∗, a∗) = m(b∗, b∗) = 0 together with α(a∗, b∗) ≥ 1, µ(a∗, b∗) ≤ 1. Our goal is to
show that m(a∗, b∗) = 0. Suppose on the contrary, i.e., m(Ka∗, Lb∗) = m(a∗, b∗) > 0.
Consequently, from 2.1, we have

h(1, ψ(m(Ka∗, Lb∗)))

≤ h(α(a∗, b∗), ψ(m(Ka∗, Lb∗)))

≤ F (µ(a∗, b∗), θ(Ma∗,b∗)η(Ma∗,b∗))

≤ F (1, θ(Ma∗,b∗)η(Ma∗,b∗)),

implies

ψ(m(Ka∗, Lb∗)) ≤ θ(Ma∗,b∗)η(Ma∗,b∗).

It can be easily checked that Ma∗,b∗ = m(a∗, b∗). Hence, we have

ψ(m(a∗, b∗)) ≤ θ(m(a∗, b∗))η(m(a∗, b∗)) < η(m(a∗, b∗)) ≤ ψ(m(a∗, b∗)),

a contradiction. Thus, we have m(a∗, b∗) = 0⇒ a∗ = b∗. �



FAMOUS FIXED POINT RESULTS IN THE FRAMEWORK 539

Note. The inequality given in 2.1 is called as generalized (α,µ)(F, h)(ψ,η)-Geraghty
contraction. Before going to our next result, we now introduce two important defini-
tions on a SMS.

Definition 2.1. Let (X,m) be a SMS and let α, µ : X × X → R+ be two mappings.
Then, the space (X,m) is said to be (α, µ)- regular if for any sequence {xn} ⊂ X
such that α(xn, xn+1) ≥ 1, µ(xn, xn+1) ≤ 1 and xn → a∗ as n → ∞, we have
α(xn, a

∗) ≥ 1, µ(xn, a
∗) ≤ 1, ∀ n ∈ N.

Definition 2.2. A SMS (X,m) is said to satisfy condition(M) if for any sequence
{xn} ⊂ X with xn → a∗ whenever n→∞ implies m(a∗, y) ≤ lim

n→∞
m(xn, y), ∀ y ∈ X.

The continuity of the mappings K or L in Theorem 2.1 can be replaced by the
(α, µ)-regularity property of the SMS (X,m) provided the super metric m satisfies the
condition(M).

Theorem 2.2. Let (X,m) be a CSMS together with condition(M). Suppose K,L :
X→ X be two mappings satisfying all the hypotheses of Theorem 2.1 except assertion
3. Suppose in place of assertion 3, the following assertion is satisfied.

Assertion 3∗ : The SMS (X,m) is (α, µ)− regular.

Then we can construct a sequence {xn} in X such that xn → a∗(∈ X) and that a∗

is a CFP of the pair (K,L). Moreover, if a∗, b∗ ∈ Fix(K,L) such that m(a∗, a∗) =
m(b∗, b∗) = 0 together with α(a∗, b∗) ≥ 1 and µ(a∗, b∗) ≤ 1. Then the CFP of the pair
(K,L) is unique.

Proof. Following the proof of Theorem 2.1, we can construct a sequence {xn} ⊂ X
such that xn → a∗(∈ X) with α(xn, xn+1) ≥ 1, µ(xn, xn+1) ≤ 1, ∀ n ∈ N0. By
our assumption, (X,m) satisfies (α, µ)-regularity property. Thus we have α(xn, a

∗) ≥
1, µ(xn, a

∗) ≤ 1, ∀ n ∈ N0 implies α(x2n, a
∗) ≥ 1, α(x2n+1, a

∗) ≥ 1 and µ(x2n, a
∗) ≤

1, µ(x2n+1, a
∗) ≤ 1, ∀ n. Thus, by inequality 2.1, we have

h(1, ψ(m(x2n+1, La
∗)))

≤ h(α(x2n, a
∗), ψ(m(Kx2n, La

∗)))

≤ F (µ(x2n, a
∗), θ(Mx2n,a∗)η(Mx2n,a∗))

≤ F (1, θ(Mx2n,a∗)η(Mx2n,a∗)).

Since the pair (F, h) is a special upper class of type I, so we have

ψ(m(x2n+1, La
∗)) ≤ θ(Mx2n,a∗)η(Mx2n,a∗), (2.13)

where

Mx2n,a∗ = max
{
m(x2n, a

∗),m(x2n, x2n+1),m(a∗, La∗),

m(x2n, x2n+1)m(a∗, La∗)

1 + m(x2n, a∗)
,
m(x2n, x2n+1)m(a∗, La∗)

1 + m(x2n+1, La∗)

}
.

Now, n → ∞ in 2.13, and keeping in mind that the super metric m satisfies the
condition(M) property, we have

ψ(m(a∗, La∗)) ≤ θ(m(a∗, La∗))η(m(a∗, La∗)). (2.14)
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Now, assume that m(a∗, La∗) > 0. Hence, from 2.14, we obtain

ψ(m(a∗, La∗)) ≤ θ(m(a∗, La∗))η(m(a∗, La∗)) < η(m(a∗, La∗)) ≤ ψ(m(a∗, La∗)),

a contradiction. Thus, we must have m(a∗, La∗) = 0 ⇒ a∗ = La∗. In a similar way,
by using α(x2n+1, a

∗) ≥ 1, µ(x2n+1, a
∗) ≤ 1 and keeping in mind that α, µ both are

symmetric and m satisfies condition(M), we can show that Ka∗ = a∗. Thus, we have
a∗ = Ka∗ = La∗. Further, by using the technique of Theorem 2.1, we can show that
CFP of K and L is unique. �

We now do two important observations.
Observation 1. In [43], the authors have worked on the SMS and they have
considered two self mappings T and S. Above equation (26) in their paper, they
have used an argument which is “ Now suppose that k, n ∈ N and k > n. If
yn = yk, we have T k(y0) = Tn(y0). ” On the other hand, the authors have
constructed a sequence {yn} such that y2n+2 = Ty2n+1 and y2n+1 = Sy2n, i.e.,
y1 = S0, y2 = Ty1 = TSy0, y3 = Sy2 = STSy0, y4 = Ty3 = TSTSy0, and so on.
That means any term of that sequence can not be written as a single power of any
particular operator T or S, i.e., one can not write yn = Tny0 or yk = Sky0. Hence,
the argument used by S. K. Shah et al. [43] is not correct, but one can overcome such
difficulty in the SMS by using our technique given in Theorem 2.1.
Next, we move to our second observation.
Observation 2. In [42], the authors have proved some interpolative fixed point
results in the setting of SMSs. We have observed that in Theorem 3.2 below
equation (7) or in Theorem 3.7 below equation (14), they are using the fact that
limn→∞m(xn+1, Uu) = m(u, Uu), which is not correct. Since in general a SMS may
not be continuous which we have already shown in Example 1.1. Thus, to rectify
those results, authors must mention that either their SMS is continuous or the super
metric m satisfies condition(M) to overcome such error.
Now, we state two important results as a corollary of our main results.

Corollary 2.1. Let (X,m) be a CSMS and K : X → X be an operator. Let ψ, η :
R+ → R+ be two mappings such that ψ ∈ Ψ and η(x) ≤ ψ(x), whenever x > 0. Also,
let α, µ : X× X→ R+ be two given mappings such that they are symmetric. Assume
that for θ ∈ Θ, the mapping K satisfies the following inequality

h(α(x, y), ψ(m(Kx,Ky))) ≤ F (µ(x, y), θ(M∗x,y)η(M∗x,y)), (2.15)

∀ x, y ∈ X with α(x, y) ≥ 1, µ(x, y) ≤ 1, where the pair (F, h) is a special upper class
of type I. Further assume that the mapping K satisfies the following assertions.

(1) The mapping K is a weakly α-admissible and weakly µ-subadmissible map-
pings.

(2) There exists a point x0 ∈ X such that α(x0,Kx0) ≥ 1 and µ(x0,Kx0) ≤ 1.
(3) The mapping K is continuous.

Then we can construct a sequence {xn} in X such that xn → a∗(∈ X) and that a∗ is
a fixed point of the mapping K. Moreover, if a∗, b∗ ∈ Fix(K) such that m(a∗, a∗) =
m(b∗, b∗) = 0 together with α(a∗, b∗) ≥ 1 and µ(a∗, b∗) ≤ 1. Then the fixed point of
the mapping K is unique.
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Proof. Proof follows from the proof of Theorem 2.1, by considering K = L. �

Next, we state our second corollary

Corollary 2.2. Let (X,m) be a CSMS together with condition(M). Suppose K : X→
X be a mapping satisfying all the hypotheses of Corollary 2.1 except assertion 3.
Suppose in place of assertion 3, the following assertion is satisfied.

Assertion 3∗ : The SMS (X,m) is (α, µ)− regular.

Then we can construct a sequence {xn} in X such that xn → a∗(∈ X) and that a∗ is
a fixed point of the mapping K. Moreover, if a∗, b∗ ∈ Fix(K) such that m(a∗, a∗) =
m(b∗, b∗) = 0 together with α(a∗, b∗) ≥ 1 and µ(a∗, b∗) ≤ 1. Then the fixed point of
the mapping K is unique.

Proof. Proof follows from the proof of Theorem 2.2, by considering K = L. �

Before going to our example, first we focus on the following example, which was
introduced by Erdal Karapınar and Andreea Fulga (see [28]) as Example 3 in their
paper.

Example 2.1. Let X = [0, 1], ω = 1 and the application m : X×X→ R+ be defined
as follows:

m(x, y) = xy, for all x 6= y, x, y ∈ (0, 1);

m(x, y) = 0, for all x = y, x, y ∈ [0, 1];

m(0, y) = m(y, 0) = y, for all y ∈ (0, 1];

m(1, y) = m(y, 1) = 1− y

2
, for all y ∈ [0, 1).

The authors claimed that this (X,m) is a SMS.

Some authors use example 2.1 to support their main results or they use the above
example’s main structure in their application (see, for example, [1], [43]). Now, we
do the following observation.
Observation 3. Let us consider a sequence {xn}∞n=0 ⊂ X, where xn =

1
n+2 , n ∈ {0, 1, 2, 3, · · · }. Let us also consider two distinct real numbers p, q be-

tween (0, 1), i.e., p, q ∈ (0, 1) with p 6= q. Now, we have the following

lim
n→∞

m(xn, p) = lim
n→∞

xnp = 0 and lim
n→∞

m(xn, q) = lim
n→∞

xnq = 0.

Now, according to the Definition 1.10, limn→∞m(xn, p) = 0 implies xn → p whenever
n→∞. Again, according to the Definition 1.10, limn→∞m(xn, q) = 0 implies xn → q
whenever n → ∞. That means {xn} converges to both p, q ∈ (0, 1). In fact, {xn}
converges to any real number between (0, 1) whenever n → ∞. But it contradicts
Proposition 1.1, since the limit of a convergent sequence is unique, which was proved
by Erdal Karapınar and Andreea Fulga in the same paper. Hence, the example, given
by Erdal Karapınar and Andreea Fulga, is not correct. Moreover, to show that their
constructed SMS is not a JS-metric space, the authors have considered a sequence
{zn} such that limn→∞ zn = 1, i.e., limn→∞m(zn, 1) = 0. But, it can be observed
that one can not find such type of sequence {zn}, which converges to 1 because of



542 S.K. GHOSH, R.P. AGARWAL, N. KUMARI AND E. KARAPINAR

their constructed super metric m along with their chosen space X as [0, 1]. So, it
essential to rectify the example. In our next example, we have corrected the example
to support our main result.

Example 2.2. Let X = ∆1 ∪ {0, 1, 2} ∪ ∆2, where ∆1 = (0, 1) and ∆2 =
{3, 4, 5, 6, · · · }. Define the application m : X× X→ R+ in the following way:

m(x, y) = x+ y, for all x 6= y, x, y ∈ ∆1 ∪ {2} ∪∆2;

m(x, y) = 0, for all x = y, x, y ∈ ∆1 ∪ {0} ∪∆2;

m(0, y) = m(y, 0) = y, for all y ∈ ∆1 ∪ {2} ∪∆2;

m(1, y) = m(y, 1) = (y + 1)(| y − 1 |), for all y ∈ ∆1 ∪∆2.

m(x, y) = max{x, y}, if x, y ∈ ∆2 and both are even or both are odd;

m(x, y) = 1, if x, y ∈ ∆2 with one of them is odd and other one is even;

m(1, 1) = m(2, 2) = 10;m(1, 2) = m(2, 1) = 3;m(1, 0) = m(0, 1) = 2.

Clearly, here conditions (C1), (C2) of Definition 1.9 are satisfied. Consider two se-
quences {xn}, {yn} such that xn = 1

2n , yn = 1
2n+1 , where n ∈ N and observe

that they are distinct with limn→∞m(xn, yn) = 0. In fact, for those two sequences,
there always exists a “ω ≥ 1” such that for every y ∈ X, we have

lim sup
n→∞

m(yn, y) ≤ ω lim sup
n→∞

m(xn, y).

Hence (X,m) is a SMS which is complete also. Take wn = 1 − 1
n , where n ∈ N and

observe that limn→∞m(wn, 1) = 0, i.e., wn → 1 as n → ∞, i.e., {wn} ∈ C(m,X, 1)
(see the paper on JS-metric space [26]). Suppose there exists a C > 0 such that
following inequality holds.

(y + 1)(| y − 1 |) = m(1, y) ≤ C lim sup
n→∞

m(wn, y) = C lim sup
n→∞

[wn + y] ≤ C[1 + y],

which implies | y − 1 |≤ C, but one can not find any fixed C, since y ∈ ∆2. Hence,
(X,m) is not a JS-metric space. Moreover, (X,m) is neither a metric space nor a
b-metric space nor a b-metric like space. To verify this, we have the following. Let
us take three positive integer 2p, 2p+ 1, 2q ∈ ∆2 such that p < q. Then, we have the
following.

m(2p, 2q) ≤ b[m(2p, 2p+ 1) + m(2p+ 1, 2q)]⇒ 2q ≤ b[1 + 1]⇒ q ≤ b.

Since, q is unbounded so one can not find any fixed b. Now, we define two mappings
K,L : X→ X in the following way

K(0) = 0,K(1) = 0,K(2) = 1, L(0) = 0, L(1) = 1, L(2) = 0.

K(x) =

{
x
x+1 , if x ∈ ∆1 ,

x+ 1, if x ∈ ∆2.

L(x) =

{
x
x+2 , if x ∈ ∆1 ,

x+ 2, if x ∈ ∆2.
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Consider Ω = {(0, 0), (1, 1), (2, 2), (1, 0), (0, 1)} and define two functions α, µ : X×X→
R+ in the following way.

α(x, y) =

{
1.2, if (x, y) ∈ Ω ,

0, otherwise.

µ(x, y) =

{
.8, if (x, y) ∈ Ω ,

2, otherwise.

Take h(x, y) = xy, and F (s, t) = st. Define ψ(x) = x
3 , θ(x) = e−

x
15 , η(x) = x

3.2 .
Here the pair (K,L) is a weakly α-admissible mapping. To show that we have the
following.

α(x, y) ≥ 1⇒ (x, y) ∈ Ω.

Now,

α(0, 0) ≥ 1 ⇒ α(K0, LK0) = α(0, 0) ≥ 1 and

α(L0,KL0) = α(0, 0) ≥ 1.

α(1, 1) ≥ 1 ⇒ α(K1, LK1) = α(0, 0) ≥ 1 and

α(L1,KL1) = α(1, 0) ≥ 1.

α(2, 2) ≥ 1 ⇒ α(K2, LK2) = α(1, 1) ≥ 1 and

α(L2,KL2) = α(0, 0) ≥ 1.

α(1, 0) ≥ 1 ⇒ α(K1, LK1) = α(0, 0) ≥ 1 and

α(L0,KL0) = α(0, 0) ≥ 1.

α(0, 1) ≥ 1 ⇒ α(K0, LK0) = α(0, 0) ≥ 1 and

α(L1,KL1) = α(1, 0) ≥ 1.

In a similar way, it can be shown that the pair (K,L) is a weakly µ-subadmissible
mapping. Also, observe that α(1,K1) ≥ 1, µ(1,K1) ≤ 1. The mappings α, µ both
are symmetric. Now, for α(x, y) ≥ 1, µ(x, y) ≤ 1 we have the following cases.
Case 1. Consider x = 0, y = 0. Then

ψ(m(Kx,Ly)) = ψ(m(0, 0)) = 0⇒ α(0, 0)ψ(m(K0, L0)) ≤ µ(0, 0)θ(M0,0)η(M0,0).

Case 2. Consider x = 1, y = 1. Then

ψ(m(Kx,Ly)) = ψ(m(0, 1)) = ψ(2) =
2

3
. Now,

Mx,y = max{m(1, 1),m(1, 0),m(1, 1),
m(1, 0)m(1, 1)

1 + m(1, 1)
,
m(1, 0)m(1, 1)

1 + m(0, 1)
}

= max{10, 2, 10,
20

11
,

20

3
} = 10.

Consequently, θ(Mx,y)η(Mx,y) = e−
2
3

10
3.2 .

Hence, α(1, 1)ψ(m(K1, L1)) ≤ µ(1, 1)θ(M1,1)η(M1,1).
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Case 3. Consider x = 2, y = 2. Then

ψ(m(Kx,Ly)) = ψ(m(1, 0)) = ψ(2) =
2

3
. Now,

Mx,y = max

{
m(2, 2),m(2, 1),m(2, 0),

m(2, 1)m(2, 0)

1 + m(2, 2)
,
m(2, 1)m(2, 0)

1 + m(1, 0)

}
= max

{
10, 3, 2,

6

11
,

6

3

}
= 10.

Consequently, θ(Mx,y)η(Mx,y) = e−
2
3

10
3.2 .

Hence, α(2, 2)ψ(m(K2, L2)) ≤ µ(2, 2)θ(M2,2)η(M2,2).
Case 4. Consider x = 1, y = 0. Then

ψ(m(Kx,Ly)) = ψ(m(0, 0)) = 0⇒ α(1, 0)ψ(m(K1, L0)) ≤ µ(1, 0)θ(M1,0)η(M1,0).

Case 5. Consider x = 0, y = 1. Then

ψ(m(K0, L1)) = ψ(m(0, 1)) = ψ(2) =
2

3
. Now,

Mx,y = max

{
m(0, 1),m(0, 0),m(1, 1),

m(0, 0)m(1, 1)

1 + m(0, 1)
,
m(0, 0)m(1, 1)

1 + m(0, 1)

}
= max{2, 0, 10, 0, 0} = 10.

Consequently, θ(Mx,y)η(Mx,y) = e−
2
3

10
3.2 .

Hence, α(0, 1)ψ(m(K0, L1)) ≤ µ(0, 1)θ(M0,1)η(M0,1).
In fact, one can check that here all the conditions of Theorem 2.2 are satisfied and 0
is the unique CFP of K and L.

Note. In the above example, one can not apply Theorem 2.1 due to the following
reason.
Consider a sequence {xn}, defined by xn = 1− 1

n+1 , where n ∈ N. Now,

lim
n→∞

m(xn, 1) = lim
n→∞

[(
1− 1

n+ 1
+ 1
)(
| 1− 1

n+ 1
− 1 |

)]
= lim
n→∞

[(
2− 1

n+ 1

)(
| − 1

n+ 1
|
)]

= 0,

which means xn → 1, whenever n→∞. Now,

Kxn = K
[
1− 1

n+ 1

]
=

1− 1
n+1

2− 1
n+1

,K1 = 0, Lxn = L
[
1− 1

n+ 1

]
=

1− 1
n+1

3− 1
n+1

, L1 = 1.

Next, we check the following.

lim
n→∞

m(Kxn,K1) = lim
n→∞

m

(
1− 1

n+1

2− 1
n+1

, 0

)
= lim
n→∞

[
1− 1

n+1

2− 1
n+1

]
=

1

2
6= 0,

and

lim
n→∞

m(Lxn, L1) = lim
n→∞

m

(
1− 1

n+1

3− 1
n+1

, 1

)
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= lim
n→∞

[(
1− 1

n+1

3− 1
n+1

+ 1

)(
|

1− 1
n+1

3− 1
n+1

− 1 |

)]
=

8

9
6= 0.

Hence, applying Definition 1.12, we can conclude that both K and L are not contin-
uous, i.e., Theorem 2.1 is not applicable in example 2.2.
Like Geraghty contraction, there is another important generalization of the BCP
given by Popescu [38] as we mentioned it earlier. The author introduced a new type
of contraction, named as P -contraction which greatly improves the famous BCP. It
should be noted that in a SMS, a mapping that satisfies Banach contraction always
satisfies P -contraction whereas the converse is not true. Before going to our second
main result, we first introduce the following definition.

Definition 2.3. Let K be a self mapping defined on a SMS (X,m) with m(x, x) =
0, ∀ x ∈ X and α : X×X→ R+ be another function. Then, the mapping K is called
an almost generalized (α,F(ψ,ϕ), φ) type P-contraction if K satisfies the following
inequality.

ψ(m(Kx,Ky)) ≤ F(ψ(A(x, y)), ϕ(A(x, y))) + φ(B(x, y))ψ(B(x, y)), (2.16)

for all x, y ∈ X, with α(x, y) ≥ 1, where F ∈ C, ψ,ϕ ∈ Ψ, φ : R+ → R+ is a function
with lim

x→y+
φ(x) exists for all y ∈ R+ and

A(x, y) = m(x, y)+ | m(x,Kx)−m(y,Ky) |,

B(x, y) = min{m(x,Kx),m(y,Ky),m(y,Kx)),m(x,Ky)}.

We write ΛP (X, α,F(ψ,ϕ), φ)m to denote the collection of all almost generalized
(α,F(ψ,ϕ), φ) type P -contraction in the setting of the SMS (X,m).
Note. The last part of the contraction proposed in the Definition 2.3 is inspired by
the famous Berinde type contraction (see [13]).
Now, we prove our second main result.

Theorem 2.3. Let (X,m) be a CSMS with m(x, x) = 0, ∀ x ∈ X. Let K : X→ X, α :
X× X→ R+ be two given mappings. Suppose that the following assertions hold.

(1) K is an α-admissible mapping;
(2) K ∈ ΛP (X, α,F(ψ,ϕ), φ)m;
(3) there exists a x0 ∈ X such that α(x0,Kx0) ≥ 1;
(4) either K is continuous or (X,m) is α-regular satisfying condition(M).

Then K has a fixed point in X.

Proof. From assumption 3, there exists a point x0 ∈ X such that α(x0,Kx0) ≥ 1.
Clearly, we can construct a Picard iterative sequence {xn} in X such that xn+1 =
Kxn, ∀ n ∈ N0. If there exists a ñ ∈ N0 for which xñ = xñ+1 holds, then xñ is the fixed
point of the mapping K and consequently, our proof will be completed. Thus, from
now we will assume that xn 6= xn+1 for each n ∈ N0, i.e., m(xn, xn+1) > 0, ∀ n ∈ N0.
Our goal is to show that limn→∞m(xn, xn+1) = 0. Since K is an α-admissible mapping
and α(x0, x1) = α(x0,Kx0) ≥ 1, we obtain α(x1, x2) = α(Kx0,Kx1) ≥ 1. Continuing
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in this way, we get α(xn, xn+1) ≥ 1, ∀ n ∈ N0. Now, K ∈ ΛP (X, α,F(ψ,ϕ), φ)m,
consequently, by putting x = xn, y = xn+1 in 2.16, we have

ψ(m(Kxn,Kxn+1)) ≤ F(ψ(A(xn, xn+1)), ϕ(A(xn, xn+1))) (2.17)

+φ(B(xn, xn+1))ψ(B(xn, xn+1)).

Clearly, B(xn, xn+1) = 0, since m(xn+1,Kxn) = 0. Thus, inequality 2.17 becomes

ψ(m(xn+1, xn+2)) = ψ(m(Kxn,Kxn+1)) (2.18)

≤ F(ψ(A(xn, xn+1)), ϕ(A(xn, xn+1))) ≤ ψ(A(xn, xn+1)),

where A(xn, xn+1) = m(xn, xn+1)+ | m(xn, xn+1) − m(xn+1, xn+2) |. Suppose there
exists a n̂ ∈ N0 for which m(xn̂, xn̂+1) ≤ m(xn̂+1, xn̂+2). Then, from 2.18, we obtain

ψ(m(xn̂+1, xn̂+2)) ≤ F(ψ(A(xn̂, xn̂+1)), ϕ(A(xn̂, xn̂+1))) ≤ ψ(A(xn̂, xn̂+1))

implies

ψ(m(xn̂+1, xn̂+2)) ≤ F(ψ(m(xn̂+1, xn̂+2)), ϕ(m(xn̂+1, xn̂+2)) ≤ ψ(m(xn̂+1, xn̂+2))

implies

F(ψ(m(xn̂+1, xn̂+2)), ϕ(m(xn̂+1, xn̂+2)) = ψ(m(xn̂+1, xn̂+2)).

Now, by using second property of C-class function, we have either ψ(m(xn̂+1, xn̂+2)) =
0 or ϕ(m(xn̂+1, xn̂+2)) = 0 implies m(xn̂+1, xn̂+2) = 0 implies xn̂+1 = xn̂+2,
a contradiction. Hence we have m(xn+1, xn+2) ≤ m(xn, xn+1), ∀ n ∈ N0, i.e.,
{m(xn, xn+1)}∞n=0 is a decreasing sequence which is bounded below by 0. Thus we
have limn→∞m(xn, xn+1) = b, where b ≥ 0. Now, we wish to show that b = 0, sup-
pose on the contrary, i.e., b > 0. Taking limit as n→∞ and using the fact that F is
a continuous mapping, from 2.18, we get

ψ(b) ≤ F(ψ(b), ϕ(b)) ≤ ψ(b)

implies
F(ψ(b), ϕ(b)) = ψ(b)

implies either ψ(b) = 0 or ϕ(b) = 0 implies b = 0, a contradiction. Thus we must have

lim
n→∞

m(xn, xn+1) = 0. (2.19)

Now, suppose that n, p ∈ N with p > n. If xn = xp, then we have Kp(x0) = Kn(x0).
Thus, we obtain Kp−n(Knx0) = Kn(x0). Hence, Knx0 is a fixed point of Kp−n.
Again, we have

K(Kp−n(Knx0)) = Kp−n(K(Knx0)) = K(Knx0),

which means K(Knx0) is a fixed point of Kp−n. Thus, we obtain K(Knx0) = Knx0.
Consequently, Knx0 is a fixed point of K. So without loss of generality, we may
suppose that xn 6= xp. Therefore

lim
n→∞

m(xn, xn+2) ≤ ω lim
n→∞

m(xn+1, xn+2).

By using 2.19, we have lim
n→∞

m(xn, xn+2) = 0. Again, since lim
n→∞

m(xn, xn+2) = 0, we

have
lim
n→∞

m(xn, xn+3) ≤ ω lim
n→∞

m(xn+2, xn+3).



FAMOUS FIXED POINT RESULTS IN THE FRAMEWORK 547

Consequently, by applying mathematical induction, we conclude that

lim
n→∞

{m(xn, xp) : p > n} = 0,

which implies that {xn}∞n=0 is a Cauchy sequence. Since (X,m) is a CSMS, hence the
sequence {xn} will converge to a point in X, say a∗. Now, we discuss the following
two cases.
Case 1. Suppose that K is a continuous mapping, then we have

a∗ = lim
n→∞

xn+1 = lim
n→∞

K(xn) = K( lim
n→∞

xn) = Ka∗.

Suppose K is not continuous. Hence, we discuss the second case.
Case 2. Here xn → a∗ as n→∞ with α(xn, xn+1) ≥ 1. Since (X,m) is α-regular so
α(xn, a

∗) ≥ 1. Thus, we have

ψ(m(Kxn,Ka
∗)) ≤ F(ψ(A(xn, a

∗)), ϕ(A(xn, a
∗))) + φ(B(xn, a

∗))ψ(B(xn, a
∗)).
(2.20)

Now, considering lim sup in both sides of 2.20 and using 2.19 together with condi-
tion(M), we have

ψ(m(a∗,Ka∗)) ≤ F(ψ(m(a∗,Ka∗)), ϕ(m(a∗,Ka∗))) ≤ ψ(m(a∗,Ka∗))

implies

F(ψ(m(a∗,Ka∗)), ϕ(m(a∗,Ka∗))) = ψ(m(a∗,Ka∗))

implies either ψ(m(a∗,Ka∗)) = 0 or ϕ(m(a∗,Ka∗)) = 0 implies m(a∗,Ka∗) = 0
implies a∗ = Ka∗. �

Next, we state and prove a theorem on uniqueness of fixed points of the operator K.

Theorem 2.4. In addition to the hypotheses of Theorem 2.3, suppose that for every
a∗1, a

∗
2 ∈ Fix(K), we have α(a∗1, a

∗
2) ≥ 1. Then K has a unique fixed point in X.

Proof. We use method of contradiction to obtain our desired result. Suppose there
are two fixed point of K, i.e., a∗1, a

∗
2 ∈ Fix(K) with Ka∗1 = a∗1 6= a∗2 = Ka∗2. Clearly,

from our assumption, we have α(a∗1, a
∗
2) ≥ 1, which implies

ψ(m(Ka∗1,Ka
∗
2)) ≤ F(ψ(A(a∗1, a

∗
2)), ϕ(A(a∗1, a

∗
2))) + φ(B(a∗1, a

∗
2))ψ(B(a∗1, a

∗
2)),

where

A(a∗1, a
∗
2) = m(a∗1, a

∗
2)+ | m(a∗1,Ka

∗
1)−m(a∗2,Ka

∗
2) |,

B(a∗1, a
∗
2) = min{m(a∗1,Ka

∗
1),m(a∗2,Ka

∗
2),m(a∗2,Ka

∗
1)),m(a∗1,Ka

∗
2)}.

Clearly, from the above inequality, we have

F(ψ(m(a∗1, a
∗
2)), ϕ(m(a∗1, a

∗
2))) = ψ(m(a∗1, a

∗
2))

implies either ψ(m(a∗1, a
∗
2)) = 0 or ϕ(m(a∗1, a

∗
2)) = 0 ⇒ m(a∗1, a

∗
2) = 0 ⇒ a∗1 = a∗2,

which is our desired result. �

We now give an example to support our result.
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Example 2.3. Let X = [0, 2] ∪ [3,∞) and m : X×X→ R+ be a mapping defined as

m(x, y) = (x− y)2; ∀ x, y ∈ X \ {1},
m(1, x) = m(x, 1) = (1− x3)2, ∀ x ∈ X.

Clearly, (X,m) is a CSMS with m(x, x) = 0, ∀ x ∈ X. We now define two mappings
K : X→ X and α : X× X→ R+ in the following way.

K(x) =

{
1, if x ∈ [0, 2],

0, if x ∈ [3,∞).

α(x, y) =

{
1.5, if x, y ∈ [0, 2] ∪ [3, 5],

0, if x, y ∈ (5,∞).

Now, for α(x, y) ≥ 1⇒ x, y ∈ [0, 2] ∪ [3, 5]. Hence, we do the following cases.
Case 1. x, y ∈ [0, 2] ⇒ m(Kx,Ky) = m(1, 1) = 0.
Case 2. x, y ∈ [3, 5] ⇒ m(Kx,Ky) = m(0, 0) = 0.
Case 3. If x ∈ [0, 2] and y ∈ [3, 5] ⇒ m(Kx,Ky) = m(1, 0) = 1. In this case, we
calculate the following quantity.

m(x, y)+ | m(x,Kx)−m(y,Ky) |

=

{
(x− y)2+ | m(x, 1)−m(y, 0) |, if x 6= 1,

(1− y3)2+ | m(1, 1)−m(y, 0) |, if x = 1.

=

{
(y − x)2+ | (1− x3)2 − y2 |, if x 6= 1,

(y3 − 1)2 + y2, if x = 1.

=

{
(y − x)2+ | y2 − (x3 − 1)2 | > 1.5,

(y3 − 1)2 + y2 > 1.5.

By using MATLAB, we have checked that when x 6= 1 then the minimum value of
m(x, y)+ | m(x,Kx)−m(y,Ky) | is 2.018371 and for x = 1 it is trivial. A 3D view of
x 6= 1 case is given in figure-1.

Thus, from any case, we can write the following

m(Kx,Ky) = 1 =
(2

3

)(3

2

)
≤ 2

3

[
m(x, y)+ | m(x,Kx)−m(y,Ky) |

]
+B(x, y).

Here α(5,K5) ≥ 1, K is an α-admissible mapping as well as continuous function.
Moreover, consider F(s, t) = s − t, ψ(x) = x, ϕ(x) = x

3 , φ(x) = 1. Hence, K ∈
ΛP (X, α,F(ψ,ϕ), φ)m. Thus, by applying Theorem 2.3, we can ensure the existence of
a fixed point of the operator K. Here 1 is that fixed point, which is unique. Next, we
mention an interesting note.

Note. Erdal Karapınar and Farshid Khojasteh introduced the concept of a SMS and
they proved BCP in the context of a SMS in Theorem 2.6 in their paper (see [30]).
Consider x = 2, y = 3, then from Example 2.3, we have m(K2,K3) = m(1, 0) = 1.
Hence, there does not exists any ã ∈ (0, 1) for which the following inequality

m(K2,K3) ≤ ãm(2, 3),
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Figure 1. 3D view of x 6= 1 case.

holds. Hence, Theorem 2.6 (i.e. BCP in the setting of a SMS) of Karapınar and
Khojasteh is not applicable in Example 2.3.

Next, we investigate one of the classical problem of metric fixed point theory in the
setting of a SMS. In [39], Billy E. Rhoades introduced the following open question.

“ What are the contractive conditions which are strong enough to generate a fixed

point but which do not force the map to be continuous at fixed point? ”

Pant attained first solution to this open problem (see [37]). Motivated by the work
of Pant, many interesting fixed point results in this direction have been appeared in
the literature (see, for example, [12], [14], [15], [20]). Next inspired by the famous
Dass and Gupta contraction ([17]), we state our another main result on Rhoades open
question in the setting of a SMS.

Theorem 2.5. Let (X,m) be a CSMS such that the super metric m is continuous
together with m(x, x) = 0, ∀ x ∈ X. Let K,L : X→ X be two mappings such that for
any x, y ∈ X the following assertions hold.

(1) There exists a function λ : R+ → R+ such that λ(s) < s for s > 0 and

m(Kx,Ly) ≤ λ(Dc(x, y)), (2.21)

where

Dc(x, y) = max
{
m(x, y),m(x,Kx),m(y, Ly), a1

m(x,Kx)[1 + m(y, Ly)]

1 + m(x, y)
,

a2
m(y, Ly)[1 + m(x,Kx)]

1 + m(x, y)

}
,
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0 < a1, a2 < 1.

(2) For a given ε > 0, there exists a δ(ε) such that

ε < Dc(x, y) < ε+ δ implies m(Kx,Ly) < ε.

Then K and L have a unique CFP a∗ ∈ X and the sequence xn → a∗ for any x0 ∈ X,
where x2n+1 = Kx2n, x2n+2 = Lx2n+1, n ∈ N0. Also, atleast one of K and L is
discontinuous at a∗ iff Dc(xn, a

∗) 9 0 whenever xn → a∗ or Dc(a
∗, yn) 9 0 whenever

yn → a∗.

Proof. Suppose x0 be any point in X with x0 6= Kx0, x0 6= Lx0. Let us define a
sequence {xn} in X in the following way x2n+1 = Kx2n, x2n+2 = Lx2n+1, n ∈ N0.
Suppose there exists a c ∈ N such that m(x2c, x2c+1) = 0. Then x2c = x2c+1 = Kx2c,
i.e., x2c is a fixed point of K. Now to show that x2c is a fixed point of L, it is sufficient
to show that x2c = x2c+1 = x2c+2. Consider m(x2c+1, x2c+2) > 0. Then putting
x = x2c and y = x2c+1 in 2.21.

m(x2c+1, x2c+2) = m(Kx2c, Lx2c+1) ≤ λ(Dc(x2c, x2c+1)),

where

Dc(x2c, x2c+1) = max
{
m(x2c, x2c+1),m(x2c, x2c+1),m(x2c+1, x2c+2),

a1
m(x2c, x2c+1)[1 + m(x2c+1, x2c+2)]

1 + m(x2c, x2c+1)
,

a2
m(x2c+1, x2c+2)[1 + m(x2c, x2c+1)]

1 + m(x2c, x2c+1)

}
= m(x2c+1, x2c+2).

Now, by property of λ, we get

m(x2c+1, x2c+2) ≤ λ(m(x2c+1, x2c+2)) < m(x2c+1, x2c+2),

a contradiction. Thus m(x2c+1, x2c+2) = 0⇒ x2c+1 = x2c+2. Hence, x2c is a CFP of
K and L. Now, if m(x2c−1, x2c) = 0 then x2c−1 = x2c = Lx2c−1. In a similar way, we
can show that x2c−1 is a fixed point of K. Hence, we assume that m(xn, xn+1) 6= 0,
∀ n ∈ N0. Suppose that bn = m(xn, xn+1), ∀ n ∈ N0. By using inequality 2.21, we
have

b1 = m(x1, x2) = m(Kx0, Lx1) ≤ λ(Dc(x0, x1)), where

Dc(x0, x1) = max
{
m(x0, x1),m(x0,Kx0),m(x1, Lx1),

a1
m(x0,Kx0)[1 + m(x1, Lx1)]

1 + m(x0, x1)
, a2

m(x1, Lx1)[1 + m(x0,Kx0)]

1 + m(x0, x1)

}
= max

{
m(x0, x1),m(x1, x2), a1

m(x0, x1)[1 + m(x1, x2)]

1 + m(x0, x1)

}
= A.

We now consider the following three cases.
Case 1. If A = m(x1, x2), then m(x1, x2) ≤ λ(m(x1, x2)) < m(x1, x2), a contradic-
tion.
Case 2. If A = m(x0, x1), then m(x1, x2) ≤ λ(m(x0, x1)) < m(x0, x1).
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Case 3. Suppose

A = a1
m(x0, x1)[1 + m(x1, x2)]

1 + m(x0, x1)
,

which means

max{m(x0, x1),m(x1, x2)} ≤ a1
m(x0, x1)[1 + m(x1, x2)]

1 + m(x0, x1)
. (2.22)

We now consider the following two sub-cases.
Sub-case 3a. Suppose max{m(x0, x1),m(x1, x2)} = m(x1, x2), i.e,

m(x0, x1) < m(x1, x2). (2.23)

On the other hand,

m(x1, x2) < a1
m(x0, x1)[1 + m(x1, x2)]

1 + m(x0, x1)
<

m(x0, x1)[1 + m(x1, x2)]

1 + m(x0, x1)

implies m(x1, x2) < m(x0, x1), a contradiction to 2.23.
Sub-case 3b. Suppose max{m(x0, x1),m(x1, x2)} = m(x0, x1), i.e,

m(x1, x2) < m(x0, x1). (2.24)

Moreover, from 2.22, we obtain

m(x0, x1) ≤ a1
m(x0, x1)[1 + m(x1, x2)]

1 + m(x0, x1)
<

m(x0, x1)[1 + m(x1, x2)]

1 + m(x0, x1)
.

implies m(x0, x1) < m(x1, x2), a contradiction to 2.24. Thus, from Case 2, we have

m(x1, x2) < m(x0, x1).

Next, we do the following.

b2 = m(x2, x3) = m(Kx2, Lx1) ≤ λ(Dc(x2, x1)),

where

Dc(x2, x1) = max
{
m(x2, x1),m(x2,Kx2),m(x1, Lx1),

a1
m(x2,Kx2)[1 + m(x1, Lx1)]

1 + m(x2, x1)
, a2

m(x1, Lx1)[1 + m(x2,Kx2)]

1 + m(x2, x1)

}
= max

{
m(x1, x2),m(x2, x3), a2

m(x1, x2)[1 + m(x2, x3)]

1 + m(x1, x2)

}
.

Again, by using the the previous technique (i.e. used in b1), we can show that

m(x2, x3) < m(x1, x2).

Thus, in general, we can write m(xn, xn+1) < m(xn−1, xn) ∀ n ∈ N. Since {bn} is
a strictly decreasing sequence in R+, hence it will converge to a non-negative real
number, say b∗ ≥ 0. We consider b∗ > 0. Then there exists a positive integer l such
that l ≤ n implies

b∗ < bn < b∗ + δ(ε).

Now, from assertion 2 and bn < bn−1, we have

bn < b∗ (n ≥ l),
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which is a contradiction. Thus, we must have b∗ = 0, i.e.,

lim
n→∞

m(xn, xn+1) = 0. (2.25)

Now, by using the technique given in Theorem 2.1, we can show that {xn} is a Cauchy
sequence. Since (X,m) is a CSMS so it will converge to a point in X, say a∗, which
means x2n+1 → a∗ and x2n+2 → a∗ as n → ∞. Now, we show that a∗ is a CFP of
K and L, i.e., a∗ = Ka∗ = La∗. Suppose, a∗ 6= Ka∗, i.e., m(a∗,Ka∗) > 0. Then,
putting x = a∗ and y = x2n+1 in 2.21, we have

m(Ka∗, x2n+2) = m(Ka∗, Lx2n+1) ≤ λ(Dc(a
∗, x2n+1)). (2.26)

Now, taking limit as n → ∞ in both sides of 2.26 together with 2.25 and m is
continuous, we have

m(a∗,Ka∗) ≤ λ(m(a∗,Ka∗)) < m(a∗,Ka∗),

a contradiction. Thus, we obtain m(a∗,Ka∗) = 0 ⇒ a∗ = Ka∗. Next, we suppose
that a∗ 6= La∗. Then, by using 2.21 with x = x2n, y = a∗, we have

m(x2n+1, La
∗) = m(Kx2n, La

∗) ≤ λ(Dc(x2n, a
∗)). (2.27)

Now, taking limit as n → ∞ in both sides of 2.27 together with 2.25 and m is
continuous, we have

m(a∗, La∗) ≤ λ(m(a∗, La∗)) < m(a∗, La∗),

a contradiction. Thus, we obtain m(a∗, La∗) = 0 ⇒ a∗ = La∗. Consequently, we
get a∗ = Ka∗ = La∗. Our next intention is to show that a∗ is a unique CFP of K
and L. Suppose on the contrary, i.e., take a∗∗ be another CFP of K and L. Since
a∗ 6= a∗∗ ⇒ m(a∗, a∗∗) > 0. By using 2.21, we have

m(a∗, a∗∗) = m(Ka∗, La∗∗) ≤ λ(Dc(a
∗, a∗∗)) = λ(m(a∗, a∗∗)) < m(a∗, a∗∗),

a contradiction. Thus m(a∗, a∗∗) = 0 ⇒ a∗ = a∗∗, i.e., a∗ is a unique CFP of K
and L. Finally, our aim is to prove that atleast one of the self mapping K and L
is discontinuous at a∗ iff Dc(xn, a

∗) 9 0 whenever xn → a∗ or Dc(a
∗, yn) 9 0

whenever yn → a∗. First, we are assuming Dc(xn, a
∗) → 0 whenever xn → a∗ and

Dc(a
∗, yn) → 0 whenever yn → a∗. Now, we will show that whenever zn → a∗ as

n → ∞ implies Kzn → Ka∗ and Lzn → La∗. Here, we are not considering the
trivial case, i.e., except a few finite terms, all terms of {zn} are equal to a∗. Since, in
that case it is obvious. So, we are considering that each term of the sequence {zn}
is distinct. Since zn → a∗, consequently by our assumption, we have Dc(zn, a

∗)→ 0
and Dc(a

∗, zn)→ 0 whenever n→∞. Now,

Dc(zn, a
∗)→ 0

⇒ max
{
m(zn, a

∗),m(zn,Kzn),m(a∗, La∗),

a1
m(zn,Kzn)[1 + m(a∗, La∗)]

1 + m(zn, a∗)
, a2

m(a∗, La∗)[1 + m(zn,Kzn)]

1 + m(zn, a∗)

}
→ 0

⇒ m(zn,Kzn)→ 0,
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and

Dc(a
∗, zn)→ 0

⇒ max
{
m(a∗, zn),m(a∗,Ka∗),m(zn, Lzn),

a1
m(a∗,Ka∗)[1 + m(zn, Lzn)]

1 + m(a∗, zn)
, a2

m(zn, Lzn)[1 + m(a∗,Ka∗)]

1 + m(a∗, zn)

}
→ 0

⇒ m(zn, Lzn)→ 0.

Now observe that the sequences {zn} and {Kzn} are two distinct sequences such that
lim

zn→a∗
m(zn,Kzn) = 0. Suppose they are not distinct. Hence there exists a n∗ ∈ N0

such that zn∗ = Kzn∗ , i.e., m(zn∗ ,Kzn∗) = 0. Putting x = zn∗ and y = zn∗ in 2.21,
we have

m(zn∗ , Lzn∗) = m(Kzn∗ , Lzn∗) ≤ λ(Dc(zn∗ , zn∗)), where (2.28)

Dc(zn∗ , zn∗)

= max
{
m(zn∗ , zn∗),m(zn∗ ,Kzn∗),m(zn∗ , Lzn∗), a1

m(zn∗ ,Kzn∗)[1 + m(zn∗ , Lzn∗)]

1 + m(zn∗ , zn∗)
,

a2
m(zn∗ , Lzn∗)[1 + m(zn∗ ,Kzn∗)]

1 + m(zn∗ , zn∗)

}
= m(zn∗ , Lzn∗).

Clearly, from 2.28, we arrive at a contradiction, if we consider m(zn∗ , Lzn∗) > 0.
Thus, we must have m(zn∗ , Lzn∗) = 0 ⇒ zn∗ = Lzn∗ , i.e., zn∗ is a CFP of K and L,
which can not be possible since a∗ is the unique CFP of K and L. In a similar way,
one can show that the sequences {zn} and {Lzn} are two distinct sequences such that

lim
zn→a∗

m(zn, Lzn) = 0. Now, by using third condition of Definition 1.9, we have

lim
n→∞

m(Kzn, a
∗) ≤ ω lim

n→∞
m(zn, a

∗)

⇒ lim
n→∞

m(Kzn, a
∗) = 0 [since m(x, y) ≥ 0]

⇒ lim
n→∞

Kzn = a∗ = Ka∗,

and

lim
n→∞

m(Lzn, a
∗) ≤ ω lim

n→∞
m(zn, a

∗)

⇒ lim
n→∞

m(Lzn, a
∗) = 0 [since m(x, y) ≥ 0]

⇒ lim
n→∞

Lzn = a∗ = La∗.

Since the sequence {zn} is arbitrary which converges to a∗, so the self mappings K
and L both are continuous at a∗. For the converse part suppose that K and L both
are continuous at a∗. Let {xn} and {yn} be any two sequences such that xn → a∗

and yn → a∗ whenever n→∞. Then by continuity of K and L we have

lim
n→∞

m(Kxn,Ka
∗) = 0 and lim

n→∞
m(Lyn, La

∗) = 0.
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Now,

Dc(xn, a
∗) = max

{
m(xn, a

∗),m(xn,Kxn),m(a∗, La∗),

a1
m(xn,Kxn)[1 + m(a∗, La∗)]

1 + m(xn, a∗)
, a2

m(a∗, La∗)[1 + m(xn,Kxn)]

1 + m(xn, a∗)

}
→ 0

(using the continuity of the super metric m), and

Dc(a
∗, yn) = max

{
m(a∗, yn),m(a∗,Ka∗),m(yn, Lyn),

a1
m(a∗,Ka∗)[1 + m(yn, Lyn)]

1 + m(a∗, yn)
, a2

m(yn, Lyn)[1 + m(a∗,Ka∗)]

1 + m(a∗, yn)

}
→ 0

(using the continuity of the super metric m). �

Next, we prove a power contraction, where we assume the commutativity of the
self mappings K and L, i.e., KLx = LKx, for all x ∈ X.

Corollary 2.3. Suppose that all the hypotheses of Theorem 2.5 are satisfied by two
mappings Kp and Lq, where p, q ∈ N and K,L are two self mappings from X into X
satisfying commutativity property. Then a∗ is the unique CFP of K and L.

Proof. By the proof of Theorem 2.5, we obtain a∗ is a unique CFP of Kp and Lq, i.e.,
a∗ = Kpa∗ = La∗. Then Ka∗ = K(Kpa∗) = Kp(Ka∗) and by using commutativity
of property Ka∗ = K(Lqa∗) = Lq(Ka∗). Thus Ka∗ = Kp(Ka∗) = Lq(Ka∗), i.e.,
Ka∗ is a CFP of Kp and Lq. But by the uniqueness of CFP of Kp and Lq, we
have a∗ = Ka∗. Again, La∗ = L(Lqa∗) = Lq(La∗) and by using commutativity of
property La∗ = L(Kpa∗) = Kp(La∗). Hence, La∗ is a CFP of Kp and Lq. From the
uniqueness of CFP, we have a∗ = Ka∗ = La∗, a∗ is a CFP of K and L. Next, we show
that the uniqueness of CFP of the operators K and L. Let a∗∗ be another CFP of K
and L, i.e., a∗∗ = Ka∗∗ = La∗∗ implies a∗∗ = Kpa∗∗ = Lqa∗∗. By the uniqueness of
CFP of Kp and Lq, we obtain a∗ = a∗∗. Hence, a∗ is the unique CFP of K and L. �

Example 2.4. Let X = R+ and m : X× X→ R+ be an application defined as

m(x, y) = (x− y)2, ∀ x, y ∈ X.

It is easy to verify that (X,m) is a SMS. Let us define two self mappings K and L in
the following way

K(x) =

{
1, if x ∈ [0, 1] ,

0.7, if x ∈ (1,∞).

L(x) =

{
1, if x ∈ [0, 1] ,

0.75, if x ∈ (1,∞).

One can check that here 1 is the CFP of K and L, which is unique. Observe that both
of the self mappings are discontinuous at x = 1. Now, we have the following.

For x, y ∈ [0, 1]⇒ m(Kx,Ky) = 0 and 0 ≤ Dc(x, y) ≤ 1. (2.29)

For x, y ∈ (1,∞)⇒ m(Kx,Ky) = 0.0025 and 0 < Dc(x, y) <∞. (2.30)

For x ∈ [0, 1] and y ∈ (1,∞)⇒ m(Kx,Ky) = 0.0625 and 0 < Dc(x, y) <∞. (2.31)



FAMOUS FIXED POINT RESULTS IN THE FRAMEWORK 555

For x ∈ (1,∞) and y ∈ [0, 1]⇒ m(Kx,Ky) = 0.09 and 0 < Dc(x, y) <∞. (2.32)

The self mappings K and L satisfy the assertion 1 of Theorem 2.5 with

λ(s) =


0.09, if 0.09 < s

0.0625, if 0.0625 < s ≤ 0.09
4s
5 , if 0 < s ≤ 0.0625

and both the self mappings satisfy the assertion 2 of Theorem 2.5 with

δ(ε) =


1, if 0.09 ≤ ε
0.09−ε

2 , if 0.0625 ≤ ε < 0.09
0.0625−ε

2 , if 0.0025 ≤ ε < 0.09
0.0025−ε

2 , if 0 < ε < 0.0025

for any a1, a2 ∈ (0, 1). Now for x, y ∈ (1,∞), we have Kx = Ky = 0.7, Lx = Ly =
0.75 and

Dc(x, y) = max
{

(x− y)2, (x− 0.7)2, (y − 0.75)2,

a1
(x− 0.7)2[1 + (y − 0.75)2]

1 + (x− y)2
, a2

(y − 0.75)2[1 + (x− 0.7)2]

1 + (x− y)2

}
> 0.09.

From definition of λ, we have λ(s) < s for s > 0. Thus, for x, y ∈ (1,∞), we have

m(Kx,Ly) = 0.0025 < λ(Dc(x, y)).

In fact, it can be checked that if we consider the other cases given by 2.29, 2.31, 2.32,
then also the assertion 1 of Theorem 2.5 holds. Moreover, one can also check that our
constructed δ(ε) satisfies assertion 2 of Theorem 2.5. Here, (X,m) is a CSMS which
is continuous satisfying m(x, x) = 0, ∀ x ∈ X. Consider two sequences {xn}∞n=0,
{yn}∞n=0 in X and defined them as xn = 1 + 1

2n+1 , yn = 1 + 1
2n+2 , n ∈ N0. Then

one can check that xn → 1 and yn → 1 but Dc(xn, 1) 9 0 whenever xn → 1 and
Dc(1, yn) 9 0 whenever yn → 1.

3. Application

First, we recall some basic definitions of fractional calculus (see [33], [41]). For a
continuous function g : R+ → R, the Caputo derivative of fractional order β is defined
as

CDβg(p) =
1

Γ(n− β)

∫ p

0

(p− q)n−β−1g(n)(q)dq (n− 1 < β < n, n = [β] + 1),

where [β] denotes the integer part of the positive real number β and Γ is the gamma
function. Let us denote X = C([0, 1],R), where C([0, 1],R) is set of all continuous
functions from [0, 1] into R. Next, we define a mapping m : X× X→ R+ as

m(x, y) = sup
p∈[0,1]

(| x(p) | + | y(p) |).
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Clearly, here (X,m) is a CSMS satisfying condition(M). In this section, we present an
application of Corollary 2.2 to find a solution of the following fractional thermostat
model inspired by [36].

CDβx(p) = −f(p, x(p)) (0 ≤ p ≤ 1, 1 < β ≤ 2) (3.1)

with boundary conditions x′(0) = 0, σCDβx(p) +x(t) = x′(0), where σ > 0, 0 < t ≤ 1
are given constants and x(p) ∈ X, CDβ is the Caputo derivative of fractional order
β and f : [0, 1] × R → R is a continuous function. According to [36], any function
x(p) ∈ X is a solution of 3.1 iff

x(p) =

∫ 1

0

G(p, q)f(q, x(q))dq, (3.2)

where G(p, q) is the Green’s function (based on β), which is presented by

G(p, q) = σ +Rt(q)−Rp(q)
and Rp : [0, 1]→ R is characterized by

Rp(q) =

{
(p−q)β−1

Γ(β) , if q ≤ p
0, if q > p.

Let us write Ξ to denote all functions ξ : R+ → R+ such that

(1) ξ(s) ≤ s, ∀ s ∈ R+,
(2) ξ is non-decreasing.

Now we prove our existence theorem.

Theorem 3.1. Consider the fractional thermostat model given by 3.1. Let ζi : R ×
R→ R (for i = 1, 2) be any two given functions. Assume that the following assertions
hold.

(1) Suppose there exists a x0 ∈ X such that ζ1(x0(p),Kx0(p)) ≥ 0,
ζ2(x0(p),Kx0(p)) ≤ 0 for all p ∈ [0, 1], where K : X → X is a function
that is characterized by

Kx(p) =

∫ 1

0

G(p, q)f(q, x(q))dq;

(2) there exists a constant Q and a ξ ∈ Ξ such that

| f(p, x(p)) | + | f(p, y(p)) |≤ Qξ
(√ log[(| x(p) | + | y(p) |)2 + 1]

1 +M∗x,y

)
,

where x, y ∈ X, ζ1(x(p), y(p)) ≥ 0, ζ2(x(p), y(p)) ≤ 0 for all p ∈ [0, 1] together
with

Q(σ +
2

Γ(β + 1)
) ≤ 1;

(3) for any p ∈ [0, 1] and x, y ∈ X, ζ1(x(p), y(p)) ≥ 0 implies
ζ1(Kx(p),K2x(p)) ≥ 0, ζ1(Ky(p),K2y(p)) ≥ 0 and ζ2(x(p), y(p)) ≤ 0 im-
plies ζ2(Kx(p),K2x(p)) ≤ 0, ζ2(Ky(p),K2y(p)) ≥ 0. Also, suppose that
ζ1(a, b) ≥ 0⇔ ζ1(b, a) ≥ 0 and ζ2(a, b) ≤ 0⇔ ζ2(b, a) ≤ 0;
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(4) for any p ∈ [0, 1], if {xn} is a sequence in X such that xn → x∗ in
X and ζ1(xn(p), xn+1(p)) ≥ 0, ζ2(xn(p), xn+1(p)) ≤ 0, ∀ n ∈ N, then
ζ1(xn(p), x∗(p)) ≥ 0, ζ2(xn(p), x∗(p)) ≤ 0 for each n ∈ N.

Then, the problem 3.1 has at least one solution in X.

Proof. In 3.2, we have already mentioned that to find a solution of 3.1 is equivalent
to find a solution of 3.2. Hence, to find a solution of 3.1 is similar to find a fixed point
of the operator K defined in assertion 1. Now, let x, y ∈ X such that ζ1(x(p), y(p)) ≥
0, ζ2(x(p), y(p)) ≤ 0 for all p ∈ [0, 1]. By assertion 2, we get the following

| Kx(p) | + | Ky(p) |

=|
∫ 1

0

G(p, q)f(q, x(q))dq | + |
∫ 1

0

G(p, q)f(q, y(q))dq |

=| σ
∫ 1

0

f(q, x(q))dq +

∫ t

0

(t− q)β−1

Γ(β)
f(q, x(q))dq −

∫ p

0

(p− q)β−1

Γ(β)
f(q, x(q))dq |

+ | σ
∫ 1

0

f(q, y(q))dq +

∫ t

0

(t− q)β−1

Γ(β)
f(q, y(q))dq −

∫ p

0

(p− q)β−1

Γ(β)
f(q, y(q))dq |

≤ σ
∫ 1

0

| f(q, x(q)) | dq +

∫ t

0

(t− q)β−1

Γ(β)
| f(q, x(q)) | dq

+

∫ p

0

(p− q)β−1

Γ(β)
| f(q, x(q)) | dq

+ σ

∫ 1

0

| f(q, y(q)) | dq +

∫ t

0

(t− q)β−1

Γ(β)
| f(q, y(q)) | dq

+

∫ p

0

(p− q)β−1

Γ(β)
| f(q, y(q)) | dq

= σ

∫ 1

0

[
| f(q, x(q)) | + | f(q, y(q)) |

]
dq

+

∫ t

0

(t− q)β−1

Γ(β)

[
| f(q, x(q)) | + | f(q, y(q)) |

]
dq

+

∫ p

0

(p− q)β−1

Γ(β)

[
| f(q, x(q)) | + | f(q, y(q)) |

]
dq

≤ σ
∫ 1

0

Qξ
(√ log[(| x(p) | + | y(p) |)2 + 1]

1 +M∗x,y

)
dq

+

∫ t

0

(t− q)β−1

Γ(β)
Qξ
(√ log[(| x(p) | + | y(p) |)2 + 1]

1 +M∗x,y

)
dq

+

∫ p

0

(p− q)β−1

Γ(β)
Qξ
(√ log[(| x(p) | + | y(p) |)2 + 1]

1 +M∗x,y

)
dq
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≤ σ
∫ 1

0

Qξ
(√ log[m(x, y)2 + 1]

1 +M∗x,y

)
dq +

∫ t

0

(t− q)β−1

Γ(β)
Qξ
(√ log[m(x, y)2 + 1]

1 +M∗x,y

)
dq

+

∫ p

0

(p− q)β−1

Γ(β)
Qξ
(√ log[m(x, y)2 + 1]

1 +M∗x,y

)
dq

≤ σQ
∫ 1

0

√
log[m(x, y)2 + 1]

1 +M∗x,y
dq +Q

∫ t

0

(t− q)β−1

Γ(β)

√
log[m(x, y)2 + 1]

1 +M∗x,y
dq

+Q

∫ p

0

(p− q)β−1

Γ(β)

√
log[m(x, y)2 + 1]

1 +M∗x,y
dq

= σQ

√
log[m(x, y)2 + 1]

1 +M∗x,y

∫ 1

0

dq +Q

√
log[m(x, y)2 + 1]

1 +M∗x,y

∫ t

0

(t− q)β−1

Γ(β)
dq

+Q

√
log[m(x, y)2 + 1]

1 +M∗x,y

∫ p

0

(p− q)β−1

Γ(β)
dq

≤ σQ

√
log[m(x, y)2 + 1]

1 +M∗x,y
+

2Q

Γ(β + 1)

√
log[m(x, y)2 + 1]

1 +M∗x,y

≤

√
log[m(x, y)2 + 1]

1 +M∗x,y
Q
[
σ +

2

Γ(β + 1)

]
≤

√
log[m(x, y)2 + 1]

1 +M∗x,y
.

Hence, for every p ∈ [0, 1], we have the following

| Kx(p) | + | Ky(p) |≤

√
log[m(x, y)2 + 1]

1 +M∗x,y
.

In LHS of the above inequality, we consider the supremum and we have the following

m(Kx,Ky) ≤

√
log[m(x, y)2 + 1]

1 +M∗x,y
.

Taking square on both sides of the above inequality, we obtain

m(Kx,Ky)2 ≤ log[m(x, y)2 + 1]

1 +M∗x,y
≤

log[(M∗x,y)2 + 1]

1 +M∗x,y
.

In Corollary 2.2, we consider ψ(s) = s2;

θ(s) =

{
1

1+s , if s > 0;
1
2 , if s = 0;
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η(s) = log[1 + s2] together with h(x, y) = y and F (s, t) = t. Let us define two
functions α, µ : X× X→ R+ in the following way.

α(x, y) =

{
2, if ζ1(x(p), y(p)) ≥ 0, ∀ p ∈ [0, 1]

0, otherwise.

µ(x, y) =

{
0, if ζ2(x(p), y(p)) ≤ 0, ∀ p ∈ [0, 1]

2, otherwise.

Clearly, then by assertion 1, the mapping K is weakly α-admissible and weakly
µ-subadmissible mapping. Further from assertion 4, for any sequence {xn} in X
such that xn → x∗ with α(xn, xn+1) ≥ 1, µ(xn, xn+1) ≤ 1 implies α(xn, x

∗) ≥
1, µ(xn, x

∗) ≤ 1 for each n ∈ N, i.e., the SMS (X,m) is (α, µ)-regular. Hence, by ap-
plying Corollary 2.2, we conclude that there exists a point a∗ in X such that Ka∗ = a∗,
i.e., a∗ is a solution of the equation 3.1. Thus, our proof is completed. �

4. Conclusion

In this paper, we have studied some famous fixed point results in the context of
SMSs. Our results are supported by suitable examples. Moreover, we have rectified
some errors in some of the published papers in the framework of SMSs. Lastly, we
have given an application in fractional thermostat model to show the applicability of
our obtained new findings.
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contraction, An. Ştiint. Univ. ”Ovidius” Constanta Ser. Mat., 26(2018), 73-98.

[20] H. Garai, L.K. Dey, Y.J. Cho, On contractive mappings and discontinuity at fixed points, Appl.
Anal. Discrete Math., 14(2020), 33-54.

[21] M.A. Geraghty, On contractive mappings, Proc. Amer. Math. Soc., 40(1973), 604-608.

[22] S.K. Ghosh, C. Nahak, An extension of Karapınar and Sadaranganis’ result through the C-class
functions by using α-admissible mapping with applications, Filomat, 35(2021), 973-993.

[23] S.K. Ghosh, C. Nahak, R.P. Agarwal, Fixed point results using weak αw-admissible mapping

in Gb-metric spaces with applications, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat.
RACSAM, 116(2022), 57.

[24] S.K. Ghosh, C. Nahak, R.P. Agarwal, Study of implicit relation in w-distance and (η, θ, Z,

ϕ)β-contraction in wt-distance with an application, Fixed Point Theory, 24(2023), 185-212.
[25] V. Gupta, W. Shatanawi, N. Mani, Fixed point theorems for (ψ, β)-Geraghty contraction type

maps in ordered metric spaces and some applications to integral and ordinary differential equa-
tions, J. Fixed Point Theory Appl., 19(2017), 1251-1267.

[26] M. Jleli, B. Samet, A generalized metric space and related fixed point theorems, Fixed Point

Theory Appl., 2015(2015), 61.
[27] E. Karapınar, A discussion on “α-ψ-Geraghty contraction type mappings”, Filomat, 28(2014),

761-766.

[28] E. Karapinar, A. Fulga, Contraction in rational forms in the framework of super metric spaces,
Mathematics, 10(2022), 3077.



FAMOUS FIXED POINT RESULTS IN THE FRAMEWORK 561

[29] E. Karapinar, A. Fulga, H. Aydi, Study on Pata E-contractions, Adv. Difference Equ.,

2020(2020), 539.

[30] E. Karapınar, F. Khojasteh, Super metric spaces, Filomat, 36(2022), 3545-3549.
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