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1. INTRODUCTION

In 1695, fractional calculus was presented as a major field of mathematics. It
happened approximately simultaneously with the development of classical calculus.
Researchers have discovered that fractional calculus may accurately portray a range
of nonlocal events in the disciplines of architecture and natural science. The most
common fields of fractional calculus are rheology, dynamical cycles in self-comparable
and porous structures, diffusive transport equivalent to dispersion, liquid stream, op-
tics, viscoelasticity, and others. On the other hand, it has been demonstrated that
fractional differential equations are a helpful tool for modeling a variety of occurrences
and that fractional-order models are more appropriate than integer-order models in
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several real-world situations. In [1, 2, 18, 17, 20, 23, 21, 22, 24, 25, 32] are the re-
search papers related to fractional differential systems theory, readers will find several
intriguing conclusions related to fractional dynamical systems.

Many researchers have looked at boundary value issues using fractional-order dif-
ferential equations and inclusions with a variety of boundary conditions, including
anti-periodic, classical, multi-point, periodic, fractional-order, nonlocal, and integral
boundary conditions. A growing number of researchers are advancing fractional exis-
tence for fractional calculus using almost sectorial operators. The researcher devised
a new strategy for identifying moderate solutions for the system under study. In addi-
tion, fractional calculus, semigroups, multivalued analysis, noncompactness measure,
the Laplace transform, Wright-type function, and fixed point theorem, the scholars
developed a theory that allowed them to derive various features of related semigroups
created by almost sectorial operators. We can refer to [19, 22, 27, 28, 30] for more
information.

Hilfer [11] presented another type of fractional derivative, which containing the R-L
derivative, as well as the Caputo fractional derivative. Nowadays HF' calculus has an
important role in researchers. Many scholars have recently expressed a strong interest
in this field, which has prompted on the work in [9, 10, 16, 29]. In [12, 14, 4] researchers
used Schauder’s fixed point theorem to arrive at their conclusions via almost sectorial
operators. Researchers recently used the nondense domain, semigroup, cosine families,
numerous fixed point approaches, and a measure of noncompactness to build nonlocal
fractional differential systems with or without delay. In [15, 26] author established
their results via Ménch fixed point theorem with MNC. In [5, 6, 7] the authors
developed the ideas of differential systems via Darbo-Sadovskii fixed point method
with measure of noncompactness.

Our goals in this article are to examine the existence of HF' neutral differential
equations via almost sectorial operators, which is motivated by the theory proposed
in the preceding articles. In this paper, we shall examine the following topic: HF'D
equations contain almost sectorial operators with nonlocal condition

Dgfu(ﬁ) = Au(ﬁ) + %(3,115), 3 € 7 = (Oa b]7 (1'1>

18P0 Ou(0) + N(wy) = € € Bw, 3 € (—00,0], (1.2)
where A denote the almost sectorial operator, which generate an analytic semigroup
{T(3),3 >0} onY. Dgf denotes the HF D of order n, 0 < n < 1 and type ¢, 0 <
¢ < 1. Let u(:) be the state in a Banach space Y with norm || - ||. The histories
uy @ (—00,0] = Bw, u;(a) = u(3 +a), a < 0 associated with phase space Bw. Set
Z =[0,b], and let § : Z X Bw — Y be the Y-valued function and nonlocal term
N:Bw-—-Y.

The structure of the article is broken down as follows. The principles of fractional
calculus, semigroup, phase spaces, almost sectorial operators, and measure of non-
compactness are covered in Section 2. In Section 3, we presented the existence mild
solution of system. In Section 4, we continue our study to extend to result to existence
of a neutral system with nonlocal condition. We provide an example in Section 5, to
demonstrate our main ideas. Finally, some conclusions are offered.
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2. PRELIMINARIES

Here, we introduce basic definitions, theorems and lemma that are applied every
part of the paper.

Let C be the collection of all continuous functions from Z to Y, where Z = [0, b]
and 7' = (0,b] with b > 0. Take

X = {uel: lim 3T =Ou(3) exists and finite },
3—0

which is the Banach space and its norm on || - ||x, defined as

e = sup {3107 Jlu(z)1}.
;€T

Set Bp(Z) = {u € C such that ||ul| < P}. We note that, let
u(3) =3y (5), 5 € (0,0]

then, u € X if f y € C and |jul|x = |ly||. We introduce § with ||§||r»(z,z+) through
§ € LP(Z,RT) for some p along with 1 < p < co. Also LP(Z,Y) denote the Banach
space of functions § : Z x Bw — Y which are the Bochner integrable normed by
I8l Lo (z,v)-

Definition 2.1 [31] The fractional integral of order n for the function § : [b,00) — R
having the lower limit b is presented by

IR () R
I[:]Jr%’(é)_ F(n)/b (3—w)1—ﬂdw 3>0a UGR .

Definition 2.2 [31] The R-L derivative has order n >0,k —1<n <k, k € N, and
the function § : [b, +00) — R, presented by

1 db o FW)
Ly — A e +
Dy, §() = =) da’f/b (3_w)n+1_kdw, 3>bweRT

Definition 2.3 [31] The Caputo derivative has order n >0, k—1<n <k, ke N
for a function § : [b, +00) — R, is defined as

1 ™) _
CDZ+§(3) = T =) /b G _w)n+1—kdw = [lﬁr”gk(é)’ 3>0b, weERT,

Definition 2.4 [11] The HF D of order 0 < n < 1 and type ¢ € [0, 1] for the function
5 : [b,+00) — R, presented by

DZ’f%(z) — [féi_")cD(Iéi_n)(l_Og)](5)~
Remark 2.5

(1) (=0, 0<n<1,and b =0, then the HFD corresponds to the classical
R-L fractional derivative:

d
D% (3)

T dw

1078 () =" DI, )
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(2) If ( = 1,0 <n < 1, and b = 0, then the HFD corresponds to the classical
Caputo fractional derivative:

d

%3(5) =¢ Dg+3(3)-

Now we define the abstract phase space Bw. Let w : (—o00,0] — (0,+00) be
w(3)d3 < +00. Now, for every n > 0, we have

DI'F(5) =1,

continuous along [ = fi)oo

B = {0:[-n,0] = Y such that §(3) is bounded and measurable},
and set the space B with the norm

16/l{=n.0p = sup [6(7)[|, for all 5 € B.

TE[—n,0]
Now, we define
%w:{é (—00,0] = Y 3Vn > 0,0|- noe%&/ |5||[To]d7'<+oo}
If Bw is endowed with ||0]l@w = f_ T)|0]|(r,01dT, for all 6 € Bw, therefore
(Bw, || - ||) is a Banach space. Now, we deﬁne the space

Buw' = {u: (—o00,b] =Y such that ulz € C, £ € Bw}.
Consider the seminorm || - ||, in Bw’ defined by
[ullo = Il + sup{lu(m)] : 7 € [0, 8]}, u € Buw'.

Lemma 2.6 Suppose u € Buw’, then for ;3 € Z,u; € Bw. Moreover,

0
Hu@)] < llugllsw < [I€llsw +1 sup [u(r)], wherel :/ w(3)ds < oo.

rel0,3] —o0

Definition 2.7 [22] For -1 < ¢ <0, 0 < ¢ < 7, we define the family of closed
linear operators @i, the sector S, = {§ € C\{0} with |arg 8] < ¢} and A: D(4) C
Y — Y that satisfy

(i) o(8) €S, ;

(ii) H(G — A)_1H < Kslv|?, for all ¢ < § < 7 and there exists Ks is a constant
then A € 93 is known as almost sectorial operator on Y.
Proposition 2.8 [22] Suppose u € @Z for =1 <9 <0 and 0 < ¢ < 5. Then
succeeding are satisfied:

(a) T(3) is analytic and - T(3) = (M) T(), 3 € Sz s

(b) T(3 +w) = TGIT(w) for cvery w3 € S5

(©) ITG)Lyy < Koz~ "1, 5 > 0; where the constant kg > 0;

(d) ]f ET = {u €Y :lim; o+ T(3)u = u} then D(A?) C S provided 6 > 1+ ¥;
) (

(e = [, e T (w)dw , v € C and Re(v) > 0.
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Let {n(ﬁ)}aésng {9, (5)}363%79; be the operator families defined as follows:
Sifs) = [ W Tk,

Q,(5) = [ new,(7(e)de,
0
where 20,,(3) be the Wright-type function:
_ (="
mn(ﬁ)_ZF(l—nk)(k—l)!’ BecC. (2.1)

keN

Let —1 < ¢ < o0, p > 0, the given properties are hold.

(a) 2,(0) =0, §>0;

(b) [y~ 020, (6)d0 = Fihs:

(c) fooo ﬁe*paﬂﬁn(%ﬁ)de =e P,
Theorem 2.9 [31] For each fized 3 € S%—W Sy (3) and Qn(3) are the bounded and
linear operators on Y. Besides

HSU(Z’)H < Hsa—n(1+19)7 ||Qn(3)H < szj—n(urﬂ)7 5> 0,

where ks and k, are constant dependent only on n and V.

Theorem 2.10 [31] S,,(3) and Q,(3) are continuous in the uniform operator topology,
for 3 >0, for every d > 0, the continuity is uniform on [d,o0).

Lemma 2.11 System (1.1)-(1.2) is identical to an integral equation presented by

B P I A

Definition 2.12 The mild solution of the Cauchy problem (1.1)-(1.2), is a function
u(z) € C(Z',Y), that satisfies

u(3) =S¢ (3)[£(0) = N(u;)] + /05 Kn(3 — w)F(w,uy)dw, 3 €T, (2.2)

where S, ¢(3) = I 7K, (3), Kn(3) = 3771Q,(3)- ie.,

u(3) = Sp.c(3) [£(0) = N(u;)] + /05(3 —w)"71Qy (5 — w)F (wy ) dw, 5 € T.
Lemma 2.13 [12]

(1) K,,(3) and S;,,c(3) are strongly continuous, for 3 > 0.
(2) Ky(3) and S;.¢(3) are bounded linear operators on'Y', for every fived 3 € Sz,
we have
—1—n9 P(_nﬁ)

1Co (3| < kp3 ull, [|SncGuf < T ) )

Definition 2.14 [13] Suppose ET is the positive cone of an order Banach space
(E,<). Let @ be the function defined on the set of all bounded subset of the Banach
space Y with values in ET is known as measure of noncompactness (M NC) on Y iff

rps¢ DT u) (2.3)
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B (conv(2)) = ®(Q) for all bounded subset Q@ C Y, where conv(€2) denoted the closed
convex hull of Q.

Now, we recall some concepts on the Hausdorff measure of noncompactness.
Definition 2.15 [13] For a bounded set B in a Banach space Y, the Hausdorff
measure of noncompactness p is defined as

w(B) = inf{e > 0 : B can be covered by a finite number of balls with radii e}. (2.4)

Lemma 2.16 [13] Suppose Y is a Banach space and B,C CY are bounded. Then,
the succeeding properties satisfy.
(i) B is precompact if f u(B) = 0;
(i) u(B) = u(B) = plconv(B)), where B and conv(B) are denote the closure
and convez hull of B, respectively;

) If B C C then u(B) < p(C);

) (B +C) < u(B) + u(C), such that B+ C ={ay +az:a; € B,as € C};
(v) p(BUC) < max{p(B), u(C)};

) p(AB) = [A\|u(B) for every A € R, when'Y be a real Banach space;

) if the operator ¥ : D(V) CY — Yy is Lipschitz continuous with constant k1
then we know p(¥(B)) < k1u(B) for any bounded subset B C D(¥), where
Y1 is the another Banach space and p represent the Hausdorff measure of
noncompactness in Yi.

Definition 2.17 [5] The operator ¥ : D(¥) CY — Y is said to be a u—contraction if
there exists a positive constant 1 < 1 such that u(¥(B)) < k1u(B) for any bounded
closed subset B C D(¥).

Theorem 2.18 [13] if {ux}3, is a sequence of Bochner integrable functions from
T into Y with the estimation |lug(3)|| < u1(3) for almost all 3 € T and every k > 1,
where py € L*(Z,R), then the function ©(3) = p({ur(3) : k > 1}) be in L'(Z,R) and

satisfies
ﬂ<{/()3uk(w)dw: k>1}) <2/03ga(w)dw.

Lemma 2.19 [5] Let B C Y be a bounded set, then there ezists a countable set By C B
such that w(B) < 2u(By). We denote by p. the Hausdorff measure of noncompactness
in the space C.

Lemma 2.20 [5] Let B C C be bounded and equicontinuous, then

(1) u(B(3)) is continuous on [0,b],
(2) pe(B) = max (u(B()).

Lemma 2.21 [31](Darbo-Sadovskii theorem) Let B C Y be a bounded, closed, and
conver set. If U : D(U) CY — Y is a continuous and p — contraction operator.
Then, ¥ has at least one fized point in B.

3. EXISTENCE

We require the succeeding hypotheses:
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(Hy1) Let A be the almost sectorial operator of the analytic semigroup 7'(3), 3 > 0
in Y such that ||T(3)|| < K1 where K1 > 0 be the constant.
(Hs) The function §: Z x Bw — Y satisfies:

(a) Caratheodory condition: §(-,u) is strongly measurable forevery u € Bw
and §(3,-) is continuous for a.e. 3 € Z, F(-,-) : [0,S] — Y is strongly
measurable;

(b) there exists a constant 0 < 71 < 1 and m € Lﬁ(I,R"‘) and non-
decreasing continuous function f : Rt — R* such that ||F(;,u)| <

m(3) fF(3AHO=O|u|)), u €Y, 3 € T where f satisfies lim kinf Ik —
—00

(c) there exists a constant 0 < 7y < n and h € L (Z,R™) such that, for all
bounded subset M CY, u(F(3, M)) < h(3)5(M) for ae. 3 €.

(H3) The function N : C(Z,Y) — Y is continuous, compact operator and there
exists L1 > 0 be the value such that ||[N(uy) — N(uz)|| < Ly|jug — uz|.

Theorem 3.1 Suppose (Hy) — (H3) holds, then the HF system (1.1)-(1.2) has a
solution on T provided, £(0) € D(A%) with 6 > 1+ 9.
Proof. Consider the operator ¥ : Bw’' — Bw’, defined

. ‘Ill(ﬁ)aﬁ € (_0070]’
U(u(3)) = {Sn,g(z)[f(ﬂ) — N(up)] + f2(6 - w)" Q5 — ) (w, 1) dw, 3 € T
(3.1)

For ¥, € Bw, we define T by
~ v , € (—o0, 0],
T(;) = 1), 3€( ]
Sm((?))f(o)a 3 € Iv

then U € Bw'. Let u(3) = 3 @=O[y(3) + ¥(3)], —oo < 3 < b. It can be casily
shown that u satisfies from Equation (2.2) if f v satisfies vy and

() = =Snc(G)N (OO 4+ 3y))
+ /03 G—w)"1Q,G— w)%(w,w(lJr”ﬁ)(l_o [, + \/I\/w])dw.

Let Bw” = {v € Bw' : vy € Bw}. For any v € Bw’,
[v]lo =[[vollsw + sup{[[v(w)|| : 0 < w < b}
=sup{[lo(w)[| : 0 < w < b}

Hence, (Bw”, || - ||) is a Banach space.
For P > 0, choose Bp = {v € Bw” : ||v]p < P}, then Bp C Bw” is uniformly
bounded, and for v € Bp, from Lemma 2,

[0 + W3l < [[0;llBew + [[¥]l5w

L(—nv) ) —ng—
<[P+ o2 C(A=m)—n? 1)+ U1 (g0
(P e ™ 1l

=P.
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Let us introduce an operator ® : Bw” — Bw”, defined by

07 3 € (—O0,0],
Pu(s) = —Snc@NEUTE oy + W) + 76— w) 17 (3 — w)
xF (w, w0y, + T, ])dw, ;€T

Next to show that ® has a fixed point.

Step 1: We have to prove there exists a positive value P such that ®(Bp(Z))
Bp(Z). Assume the statement is false i.e., there for each P > 0, there exits v
Bp(Z), but ®(v?) not in Bp(Z), that is,

<
€

o7 < P < sup 0070 07 (5|
< PO -5, (N GOIORE 1 3,

Ly (-0) /3 (5 — )1
0

Q5 — w)F(w, wIFMA=ORE L, ]) Hdw
< pAtmN(-0) [||3n’<(5)| [Lallvy + @, + IN(0)]]]

+ - W) V)0, — w)llm(b)f(P’)dw}

- ['(=nv) )=
<y o{ o =D =19-1[L P (0
DL =) —n9) " (L P+ IN O]
b

+ W“pm(b)f(P/)}
< Hpb(l-ﬁ-nﬁ)(l—é)M*’

where M* = oo be A= =1=L[ Ly P!+ | N(0)|[] + b5 m(b) f(P').

The above inequality is divided by P and applying the limit as P — oo, we obtain
1 <0, which is the contradiction. Therefore, ®(Bp(Z)) C Bp(Z).

Step 2: In this section, we are proving, the operator ® is continuous on Bp(Z).
For ® maps, Bp(Z) into Bp(Z). For any v*, v € Bp(Z), k = 0,1,2,... such that

lim v* = v, then we have
k—o0

lim v*(3) = v(3), and lim 370Dk (5) = ;04700 (5),

k—o0 k—oc0

By using the hypothesis (Hs),

~

FGoun(3) = F (3,3 A=D P (5) + T(G))) — F (5,30 ED(w(3) + V()
=35(,u(3)) as k — oo.

Next, let us consider the values:

Fp(w) = g(%w(l-&-nﬂ)(l—())[vf} + ‘T’w]) and F(w) = S(w,w“*”ﬂ)(l—c”[vw + \j,w])_
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Then, from hypotheses (Hs) and Lebesgue’s dominated convergence theorem, we have
obtained

3
/ (3— w) " V|| Fr(w) — F(w)|ldw — 0 as k — oo, 3€ 1. (3.2)
0

Take Ny (3) = N (3= wk + U,]) and N(3) = N (0O, + §,]), from
(Hy), we have

INe(3) = NG| — 0 as k — oo. (3.3)

From the above equation, we can written as:

L(=nv 1-n)—nd—1
[0 = 0], < e O W)~ )|

+ Iﬁ:p%HFk(w) — F(w)||ds. (3.4)

From above equations, we obtain H<I>vk - <I>v||b — 0 as k — oo.Therefore, ¢ is
continuous on Bp.

Step 3: Next, we have to prove ® is equicontinuous. For u € Bp(Z), and 0 < 37 <
32 < b. For our convenience, we can take Hfbu(gg) — <I>u(31)H = Z, we have

=_ H _ (-0 (S,],C(;,Q)N(;,S*m”“o oy, + )
+ /0 " (52— )10 (52 — w)F w0, WOy, \wa])dw>
o B ( — SN Gy, +04,))
+ /0 "5 = @)1 0y (1 — W)F (OO, \f/w])dw> H

< Hzé”"ﬂ)(lC)Sn,g(az)N(aé””ﬂ)(lC)[vw LT,

=05 (NI 1) H
N HzaS*"‘”(l_C)Sn,g(32)N(3§1+”ﬂ)(1_o o, +0,.])
O Nl 4,

+ ‘ (14n9)( /

— 5t (1+n9)(1-¢) / 2’1 _ w 7] 197](52 _ w)g(w7w(1+7]19)(1—c) [er + (I\IwawH
9]

~

n(32 — w)&(w,w“*"ﬂ)(lfo [vw + Vo)) dw

(32 —w)" " Q
+ ‘3(1+W)( / (51— @)1 Q32 — W) (w, w O]y, + T, ] duw
0
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31 ~
o B / (51— w)"71Qy (51 — w)F (w, w TNy, + ww})de
0
32 -
N Haéwnﬂ)(l—o/ (32 — )11 Qy (32 — )3 (w0, A=y, 1 \I,waWH

31
5
< ZI,».
i=1

Therefore,
[Pu(32) — Pu)|| = > _ L.
14+n0)(1— 14nd)(1—
O N R )

1+79)(1— 1+79)(1— ~
—35 B C)Sn,c(?)Z)N(Zg o O[Um +‘IJ31])

From hypotheses (Hs) and Equation 3.3, we have obtained I; become to zero as
32 — 51

~

1+n9)(1— 1+4n9)(1—
I, = 3; +n9)( C)Sn,c(ﬁ)N(ﬁg +n9)( C)[vé1 +\II31])

14+79)(1— 14+79)(1— =~
—35 e C)Sn,c(él)N(ﬁg e C)[”al +‘I’31])H

1+n9)(1— 1+n9)(1—
3570708, (32) — 50T, (1)

IN

1 9)(1— =
HN@& -0, %J)H.

By the strong continuity of S, ¢(3) and hypothesis (Hs3), we have obtained Iy — 0 as
32 — 31

~

(+n0y1-¢) [ 9
Iy =55 / (32 — w)"1Qy (52 — w)F (w, WM [y, + T ])dw
0

31 R
R R / (31— @)1 Qy (32 — )& (w, w Ty, + T ) ) dw
0

31
<H (/ SO0 (-1 ) (A=0 w)"_1>
0

X Qy (32 — w)g(W,w(H"ﬁ)(l*Q [V, + \le])de

31
14+n9)(1— — 14+n9)(1— —
([ 3870700~ = 005, - )

. w)"’“”)m(b)f(P’)de-

<kKp

Implies, we have gotten I3 — 0 as 320 — 31.

~

31
I, = H3§1+7719)(1—C)/ (31 - W)n_lgn(Z)Z _ w)g(w’w(l-i-”]ﬁ)(l—o[vw + \pw])dw
0
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31 T
_ 3§1+m9)(1*C) / (51 . UJ)n_lQn(Z?l o w)g(w7w(1+m9)(1—0 [vw + ‘I/w])de
0

IA

31
‘351—“719)(1_()/0 (31 —w)" (9,2 —w) — Q4,31 — w)]

> g(w,w(urm?)(l—c) [vw + \wa])dw

< [jsremmce | 5= @) Qa2 — @) — Qo —w)}m(b)f(P’)de-

Since Qy(3) is uniformly continuous in operator norm topology, we obtain Iy — 0 as
32 — 31-

32 ~
Iy = ‘aéHnﬂ)(lC)/ (32 — W)”_lQn(Zaz . w)g(w7w(1+m9)(1—4)[vw + \Ifw])dw
31

32
3él-i—m”(l—C)/ (32 _ w)—nﬂ—lm(b)f(Pl)dw
31

< Kp

Integrating and 32 — 31 = Is = 0. Therefore, ® is equicontinuous on Z.

Step 4: Prove that ® : Bp(Z) — Bp(Z) is a pe-contraction operator. Let B C Bp,
then by Lemma 2.19 there exists a countable set By such that By = {u;} C B and
®(By) becomes a countable set of ®(B). Thus, p.(P(B)) < 2u:(P(By)). Since ®(By)
is bounded and equicontinuous, then from Lemma 2.20, we get

ne(2(Bo)) = max (1(®(Bo)))- (3.5)
Then,
< 2#0((1)(30))

- z;él[%?g] (1(®(Bo)(3)))

=2 mas (1 = 8,c@N B+ 60 Q) fs — 5 Bolw)) ) )

3€[0,b

<2 mas (= 8,c0N @0 )+ ([ 60 Qs — 5o Bafe)as) ).

3€[0,b

Since N is compact, then S, ¢(3)N(By) is relatively compact, we get

@) <2 max (1 67710, - 5 Bole))ds) ).

3€[0,b

From Theorem 2.18, we write

@) < 4 max ([ (607106 - @5 Bolw)

3€[0,b

S

<4 mas ([ 6= 06 - (50 Bow) ) d

3€[0,b

<y o ([ -0 )

3€[0,0]
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s s (L1607 a0) 7' ([ o)

< 4”pKn||h||Lﬁ(I,R+) x w(B),

—n9—1
1(®(B)) < #apio(B), where, K, = [(_1177;7_11)1)(1"7,1 )], R = A Kgllhl] et

Therefore, from Definition 2.17 ® is a p.-contraction operator. Hence, by Lemma
2.21, ® has atleast one fixed point, which is the mild solution.

4. NEUTRAL SYSTEMS

Neutral systems have gotten increased attention in the present generation due to
important applications in several domains of applied mathematics. Several partial
neutral systems that emerge in challenges related to heat flow in materials, wave
propagation, visco-elasticity, and other neutral advancements benefit from neutral
systems with or without delay. For a very instructive treatment of neutral systems
that are involved in differential equations.

Consider the HF neutral evolution equations have the forms,

DI [u(3) — H(ouy))] = AuG) +§(ouy),  3€Z = (0,0], (4.1)
1870 Ou(0) + N(w,) = € € Bw, 3 € (—00,0], (4.2)
where H : 7 x Bw — Y is an appropriate function.
Proposition 4.1 Suppose 0 < n < 1, 0 < g < 1 and for all w € D(A), then there
exists a kg > 0 such that
nkel'(2 — q)
3"0(1+ (1 —q))

Consider the following hypotheses:

(H4) The function H : TxBw — Y is continuous and there exists ¢ > 0, 0 < ¢ < 1
such that H € D(A?) for any u € Y, 3 € Z, AH (-, u) is strongly measurable,
then there exists M,, > 0, M, > 0 such that 1,72 € Y and AYH (3, ) satisfy
the following:

|AZH (3,71.()) — ATH (3,72(3))|| € Mz 0= 191 (5) — 72(5) |
|A7H (3,u(3))|| < M, (1430007 Jug5.,).

187Qy (3)ull < Jull, 0 <35 <d.

Take ||A79|| = M.
Definition 4.2 A continuous function u : (—oo,b] — Y is said to be mild solution of
(4.1)-(4.2), that satisfied

u(3) = Sp.c(3) [£(0) — N(u;) — H(0,£(0))] + H(3,u;)
" /3 (35— w)"'AQy(3 — w)H (w, uy)dw
0

+ /05 (3 — w)(n—l)Qn(;) — w)g(w, Uw)dw.
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Theorem 4.3 Suppose (Hy) — (Hy) holds, then the HF system (4.1)-(4.2) has a
solution on T provided, £(0) € D(A%) with 6 > 1+ 9.
Proof. Consider the operator ¥ : Bw’ — Bw’, defined

‘111(5)7 3 € (=00,0],

0.¢(3)[€(0) = N(u;) — H(0,£(0))] + H(3,u;)
+k@—m"%@@—wku@m
+f0(5 w)"1Q, (3 — w)F (w,uy)dw, 3 € Z.

For ¥, € Bw, we define T by

@(3) _ \111(5)7 3 € (—O0,0],
Snc(3)€(0), €T,

then U € Buw'. Let u(3) = 3T 0=O[u(3) + ¥(3)], —0o < 3 < b. It can be easily
shown that u satisfies from (4) if f v satisfies vy and

v(3) = = Sy (3) [N GO o, 4+ W,]) + H(0,£(0))]
+ H(Zh (5(14_”19)(1_0 [Uz + @3]))

3 ~
+ / (6 —w)" 180, — w)H (w, T O=Oy, 1+ T ])dw
0

U(u(3)) = (4.3)

~

+ /3(3 —w)"71Q, (5 — w)F (w, w Ty, + W, ))dw.
0

Let Bw"” = {v € Bw' : vy € Bw}. For any v € Bw',
[0llo =llvollsw + sup{[o(w)]| : 0 < w < b}
=sup{|[v(w)] : 0 < w < b}.
Hence, (Bw”, ||-||) is a Banach space. For P > 0, choose Bp = {v € Bw” : ||v||, < P},
then Bp C Bw"” is uniformly bounded, and for v € B p, from Lemma 2.6,
v + Wsllmw < [vs]lmw + [[¥]lBw
['(=nv)

L(C(1=n) —nd)

<i(p+

=P.

Kpac(l—”])_ﬂﬁ—l) + ||\:[j1 ||Bw

Let us introduce an operator @ : Bw” — Bw”, defined by

07 3 S (_0070]7
=8yc(3) [N (G 0=0 v, + W,]) + H(0,£(0))]
Pu(z) = +H (3, (3(1‘””9)(1_0 v, + ¥ 3))
306 )RR 5 — ) (o, =, 1 B
+f0 )70, (5 — w)F (w, wH A=y, 4 \T/w])dw, 3 €T

Next to show that ® has a fixed point.



518 C.S. VARUN BOSE, R. UDHAYAKUMAR, A. SHUKLA AND K.S. NISAR

Step 1: We have to prove there exists a positive value P such that ®(Bp(Z))
Bp(Z). Assume the statement is false i.e., there for each P > 0, there exits v
Bp(Z), but ®(v") not in Bp(T), that is,

[o"|l < P < supst 0O (@07 (3))

<
€

< ) (1=Q) [H . nc(z)[N(j(Hnﬁ)(l—c)[vf + @3]) +H(O,§(O))] H

+ || H (3,300l 4 8,)) |

+/03(2a—cu)”‘1
+ [

< pUF=o [”Sn cOI[Lallvy + T+ INO)] + M, I€]]

3
+ [6-wo
0

MM (L BN 4 [ 00,6 - () ()|
0

80, (3 — w)H (w,w =[P 4§ 1) || de

Qn(3— W)S(wvw(HW)(l*C) [l + @w]) Hdw]

oo

AT H (w, w9 P \f}w]) Hdw

- ['(—nv) )
< p(I+n)(1 C)|: ) CA=M=n9=1TF P/ 4 1N (Q +M1/U ¢
= T —n) —nqo) ™ [Li P+ [N(0)] €]

T MM, (14 000 pr y Mumi—gl0 1+ 0)

1 + p(L+n9)(1=C) prypna
ql'(1 +nq) ( )

b= ,
+ W“pm(b)f(P )}
< K)pb(1+m9)(17C) (M* +M**)7
where
Moki1—4I'(1 +q)
qI'(1 +nq)
The above inequality is divided by P and applying the limit as P — oo, we obtain
1 <0, which is the contradiction. Therefore, ®(Bp(Z)) C Bp(Z).
Step 2: The operator ® is continuous on Bp(Z). For ® maps, Bp(Z) into Bp(Z).
For any v*, v € Bp(T), k=0,1,2,... such that hm v* = v, then we have

Jim 0(3) = v(5) and JLH;O JEHO=GE(g) = 100y

M — n;lMon(l + b(1+m9)(1*€“))p/ + (1 + b(1+m9)(1*<1))bnq.

By (HQ)v R N
§Goue(3) = (5,5 G) + T(5)]) = F(5,30 T D u() + V()
=5(,u(3)) as k — oo.

Take
Fi(w) = S(w7w(1+m9)(1_o)[v£ + ‘I’w]) and F(w) = g(w’w(uw)(l—c))[% + \pw])_
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Then, from hypotheses (Hs) and Lebesgue’s dominated convergence theorem, we can
obtain

3
/ (5 — )TV F(w) — F(w)|ldw — 0 as k — 00,3 € I. (4.4)
0

Take Nj(3) = N (3000 [k 4 T,]) and N(3) = N (0O, 4+ §,)), from
(Hy), we have

Ne(3) =N (G)|| = 0 as k — oo. (4.5)
Next,
Hy,(3,u,(3)) = H (3,370 Wk 1 W]), H(3,u(3)) = H (35,3070 v, + T,)).
From hypotheses (Hs), we have obtained
H(3,ux(3)) = H(3,u(3)) as k — oo. (4.6)

Now,

ko L'(—nY) C1=m)—mi—1 _
| 0" — Pul|, < T —n) _W)Hpb D= INRG) = NG|

b=
+ 1k (55 ux(3)) — H3,u5)l + "ipnTHFk(w) — Fw)||ds.  (4.7)
Using (4.4), (4.5) and (4.6) we obtain ||®v* — <I>va — 0 as k — oo. Therefore, ® is
continuous on Bp.

Step 3: Next, we have to prove @ is equicontinuous. For u € Bp(Z), and 0 < 3; <
32 < b, we have

| Pu(z2) — Pu(z1)|| = Haéunm(l—c) ( Sy (3) [N(égmw)u—c) v, + @52])
b .
+ H(0,6(0))] + H (52, (35" oy, +034,)))
32 ~
+ / (G —w)"'AQ, (o — w)H (w, w0y 4T, ])dw
0
32 ~
+ / (32— w)" 1 Q, (52 — w)&(w,w(lﬂﬂ)(l_o [V + \I!w])dw)
0
— a0 ( = S [N G0y, 4+ W, 1) + H(0,€(0))]
+ H (3, 60Ty, + 04,)))

31 ~
+ / (G —w)" ', (1 — w)H (w, w0y, + T, ]) dw
0

+ /51(51 — W) Qy (51 — w)F (w, w Ty, 4 E@])dw) H
0

9)(1— 9)(1— =
< Hz’gH—n ) (1 C)Sn,g(éz)[N(jéHn ) (1 C)[”az _‘_\1,52]) +H(07§(0))]
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1+n9)(1— 1+n9)(1— =
- 5% e 0877,((32) [N(Zﬁg =0 [Ual + \Ilél]) + H(O>§(O))] H

; Haé”"“)“‘“sn,<<az> [NGEFO=O 5, ) + H(0,£(0))]

L INa=0g, (NGO 4 7)1 H(0,£(0))] H

o~

1 9)(1— 1 9)(1—
4 Héé +n9)( C)H(”’(zé +n9)( C)[U32 +\I’52]))

o~

1 I)(1— 1 9)(1—
) (WA LLRRIe +‘II“]))H

3 .

1 9)(1—
N ‘55 +09)(1-C)

S—

3 N

(1+n9)(1-¢)
2

S~

31
14+n9)(1— ~
+ 55 +n9)(1-¢)

S—

3

=

o~

3§1+m9)(1*4)

S—

32
+ 3;14-7719)(1—()

1
31
1+n9)(1—

+ 5; n9)(1-¢)

S— o

3

—_

(1479)(1-C)

— 31 (31 — W)nilgn(ﬁ - W)S(va(prnﬁ)(lio [V, + @w])dw

31

S~

+ 5gl+m9)(1*4)

S—

3

=

~

3(1+m9)(1f<) (31 — w)"‘lgn(m _ w)&(w,w(1+"19)(1_<) [V, + \Ifw])dw

1

S—

1

Now, we consider the following terms:

- Haé”"““osn,c<32> NGS5 ) + H(0,£(0))]

=308, G [N (ST [y, + 0y,)) + H(0,£(0))] H

(31— )"0 (32 — ) H (0,00, 1 T
(31 —w)"'AQ, (32 — w) H (w, wHmM A=)y 4 W,,])dw

(31— w)"'AQ, (31 — w)H (w, WA=y, 4 W,,])dw

(1 —w)" 19, (52 — w)&(w,w(““"ﬂ)(l_o [V, + \f'w])dw

(52 - w)nilAQnQQ - w)H(w, w(ler”(liO [Uw + \I/w])dw

(32 —w)"'AQ, (32 — w) H (w, W A=C)py 4 @w])dw

(G2 — W) 1 Q, (32 — w)&(w,w(lﬂﬂ)(lfo [ve, + @w])dw

32 T
n 5;1+W)(1_C) / (32 — w)"™ Q,(32 — w)g(w,w(1+m9)(1—C) [, + \Ifw])de
3
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9)(1— ?)(1— I
< HaéHn )(1 C)Sn,c(ZJQ)(N(églJm (1 0[7);,2 —|—\1132])

L R
NGO, JHII“D)H'

From hypotheses (H3) and obtained derivation, we get I; tends to zero as 3o — 31.

I, 3él+m?)(1708n,4(32) [N(éi(l1+n19)(17<)[/uél + @31]) + H(O,f(O))]
_ 9)(1— =~
N0 (NGO, + B, +H<o,5<0>>]H

1 1+n9)(1—
35 0TI, 52) — 3T (31)

IN

X

NI, 4 @J)H(o&(o»H.

By the strong continuity of S, ¢(3) and (Hz), we get Io — 0 as 32 — 31.

Iy = ||351+W)(1_C)H(527 (5;1—“”9)(1_() [v5, + @52]))
o 39_‘—“19)(1_0}1(517 (3§1+"ﬂ)(1_0 [Ual + CI}751])) H
< MoM{U(l + P/)||3él+m9)(1—c) _3g1+m9)(1—<)H.

From hypotheses (Hy), we obtain Is — 0 as 32 — 31.

31 ~
I, = 3§1+W)(17<) / (32 — w)"_lAQn(;,g — w)H(w,w(HW)(l_O [, + \Ilw])dw
0

31 N
. 3§1+7]19)(1—C) / (51 _ w)n_lAQn(Z)Z o W)H<w,w(1+m9)(1—c) ['Uw + \ij])de
0
31
(/ N U B T m“)
0
X AQy (32 — w)H(w, W) (=0 [, + \i'w])dw

31
H (/ I e w>"_1> H
0

AqH(UJ, W) (1=¢) ['Uw + (I\/w])

IN

IN

X dw

K710, - )|

<M{Uﬂl_qnf(1 +q) (1+ b(1+ms)(1f<)p/)
= qD(1+1nq)

31
0
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Implies, Iy — 0 as 32 — 31.

31 ~
I5 = ngl+m9)(1_o / (51 — w)nilAQn(gg — W)H(w,w(lJrnﬁ)(liC) [Uw + \ij])dw
0

31 -
_ 551-&-7719)(1—() / (51 o W)nilAQn(Zl - w)H(w, L) (1=0) [Uw + \I'w])dw
0

< ‘

31
3glJrnﬂ)(lfC) / (31 — w)"*l [Qn(32 —w) — Q31 — w)]
0
X AH(4,<),LL1(1'~'7”9)(1_O [V + ‘T’w])dWH
< MoM,, (1 + b+ 10 pr)
31
3514»7719)(17() / (51 — W)n_l [Qn(32 - CU) - Qn(31 - LU)} dw
0

X

Since 9, (3) is uniformly continuous in operator norm topology, Is — 0 as 32 — 31.

I =

(+no)1-¢) [* =
‘32 ! / (32 — w)"1AQ, (32 — w) H (w, w IOy, + 0,,])dw
31

< pHE(-0) /32(32 oy
31

AqH(w7 (1) (A=¢) [v,, + @w]) Hdw

Al_an(Zﬂ —w) H

X

32

M, k1-qn'(1 + q) - - -
< (14 b0+ =0) pryp(iem c)/ (32 — )",

Integrating and 3o — 31 = Is = 0.

31

- Hégww)uo /31(32 )10, (5 — W) (w0 WO, 4 B,
0
_ 5§1+m9)(1—<) /031(31 — W) Q, (30 — w)g<w7w(1+m9)(1—0 [V + \wa])de
: H (/ 3 g = w>”1>
X Q32 — w)F (w, w Ty, \f'w])dw
(/21 351%19)(170(32 —w)"t - 5§1+m9)(17<) (31 — w)n_1>
0

G =) () ()|

< Kp

Implies I7 — 0 as 32 — 31.

~

31
IS _ 3§1+m9)(1—<)‘/ (31 _ W)n_lgn(32 _ w)g(w’w(l—i-nﬁ)(l—g)[vw + \Pw])dw
0
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31 T
_ 3§1+m9)(1*C) / (51 . UJ)n_lQn(Z?l o w)g(w7w(1+m9)(1—0 [vw + ‘I/w])de
0
) ( n—1

31
1 9)(1— _
<H3§+n ( <>/0 - w)

[0 (32— ) — D51 — )] w1y, \wabde

< a9 [P - @yfse = ) - 41— @m0 (P |

Since Q,(3) is uniformly continuous in operator norm topology, we obtain Is — 0 as
32 — 31

32 ~
o= 584709 [ 52 = 710y 52 - 3 10O, 4 B )|
31

32
< rp |00 / (32— w) "I (B) F(P')dw
31

Integrating and 30 — 31 = Iy = 0. Therefore, ® is equicontinuous on Z.
Step 4: Prove that ® : Bp(Z) — Bp(Z) is a u.—contraction operator. Let B C B p,
then by Lemma 2.19 there exists a countable set By such that

By = {uy = 30Oy (3) + Ui (3)]} € B
and ®(Bp) becomes a countable set of ®(B). Thus, u.(®(B)) < 2u.(®(Bp)). Since
®(By) is bounded and equicontinuous, then from Lemma 2.20, we get

te(®(Bo)) = ax (1(®(Bo))).

Then, it become

1e(®(B)) < 2p(®(Bo))
=2 max (u(®(Bo)(3)))
= 2321[%)2 ( —8,,c(3)[N(Bo) + H(0,£(0))] + H (3, Bo(3))

+ =7y - ) (o, Bo(w)
/0(5— w)"” lQn(z—w)S(w,Bo(w))dw)>

<2 e [ = 8,66 [V (80 + H0.6000) ) +

»€10.6] (H(3,Bo(3)))

.
w6000, - ) (o, Do)
23",

j=1

IN

+ u(/: (3= w)" Q5 — w)F(w, Bo(W))dWH



524 C.S. VARUN BOSE, R. UDHAYAKUMAR, A. SHUKLA AND K.S. NISAR

Consider the following:

Ji = max u( — 8,.0(3) [N (Bo) + H(O, 6(0))]>-

3€(0,0]

Since N is compact, then S, ¢(3)[N(Bo) + H(0,£(0))] is relatively compact, we get
J1 becomes zero. Next consider,

- H(;. B
Jz érg[gfz]u( (3,Bo(3)))

ga = ([0 R0y 5 - ) H o Bl ) )

3€[0,b

From hypotheses (H,) and properties of function H and AQ,,, we obtain, that terms
are relatively compact. So Jy and J3 become zero. Therefore,

@) <2 (n( [ 6= 010,05 - 3 Balw)) o))

3€[0,b

From Theorem 2.18, we write

@) <4 mas ([ (=006 - )5 (e Bolw) o

3€[0,0]

<t ([76-006 - opu((e Bolw) ) o

3€[0,0]

<y mas ([ =) (B

3€[0,0]

< 4wy max (/03(5 cu))lwaclctf)lq(/o3 ||h(w>||qdw) ;u(B)

< 4"<5pK77Hh||Lﬁ(I,R+> X p(B)
ie., pe(®(B)) < Kipe(B),

—nd—1
Where, K77 = (_17;977_1)[)( 11]*771 ) , K1 :4KPK7ZHh||Lﬁ(I’]R+)'

Therefore, from Definition 2.20 ® is a p. — contraction operator. Hence, by Lemma
2.21 ® has atleast one fixed point, which is the mild solution.

5. EXAMPLE

Consider the HF neutral differential system with non-local condition of the form

l)o%-*’-C [u(57 T) + foﬂ /)(Oé, T)u(57 T)dOé] = uTT(za T) + X (33 foéo Xl(w - 3)11(3, T)dw> ,
u(avo) = U(ZMT) =0,3€7Z,

18P0, 7) + T N ul,r)da = w(0,7), 7 € [0,7), 5 € (—00,0),
(5.1)
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2

where Dg’f denoted the HF'D of order n = 2/3, type ¢ and x, x1, p and N are the
required functions. To change this system into an abstract structure, let Y = L2[0, 7
and A: D(A) CY — Y is defined as Ax = 2’ with

D(A) ={z €Y : z,2" are absolutely continuous, =" € Y, x(0) = z(r) = 0}

and

Ar = Zk2<l’, Qk>9ka o€ D(A)a
k=1

where g (z) = \/gsin(k:x), k € N is the orthogonal set of eigen vectors of A.

We know that A is the almost sectorial operator of the analytic semigroup {7'(3),¢ > 0}
in Y, T(3) is noncompact semigroup on Y with u(7T(3)B) < p(B), where p denoted
the Hausdorff measure of noncompactness and there exists a constant ; > 1, satisfy
sup [|T'(3)[| < K.

€z

3
Define, §: ZxBw —Y, H: T XxBw —Y and N : Bw — Y are the appropriate
functions, which satisfy the hypotheses (Hy) — (Hy),

3(57u3)(7—)7 = X(37 /3 Xl(w - 5)u(5, T)d&]),
H(zou,)(r) = / " plenT)us, 7)o

N(u;) (1) = /OWN(OZ,T)U(j,T)dOZ.

We also provide some acceptable conditions for the above-mentioned functions in
order to validate all of the Theorem 4.3 assumptions, and we conclude that the Hilfer
fractional system (4.1)-(4.2) has a mild solution.

6. CONCLUSION

We concentrated on the existence of mild solution of the Hilfer fractional neutral
differential equations with infinite delay via almost sectorial operator in this study.
The major conclusions are established by applying the results and ideas belonging to
almost sectorial operators, fractional calculus, measure of noncompactness and fixed
point method. Finally, to explain the principle, we offered an example. In the future,
we will study the exact controllability of the Hilfer fractional differential system with
infinite delay via almost sectorial operators using fixed point method.
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