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1. Introduction

In 1695, fractional calculus was presented as a major field of mathematics. It
happened approximately simultaneously with the development of classical calculus.
Researchers have discovered that fractional calculus may accurately portray a range
of nonlocal events in the disciplines of architecture and natural science. The most
common fields of fractional calculus are rheology, dynamical cycles in self-comparable
and porous structures, diffusive transport equivalent to dispersion, liquid stream, op-
tics, viscoelasticity, and others. On the other hand, it has been demonstrated that
fractional differential equations are a helpful tool for modeling a variety of occurrences
and that fractional-order models are more appropriate than integer-order models in
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several real-world situations. In [1, 2, 18, 17, 20, 23, 21, 22, 24, 25, 32] are the re-
search papers related to fractional differential systems theory, readers will find several
intriguing conclusions related to fractional dynamical systems.

Many researchers have looked at boundary value issues using fractional-order dif-
ferential equations and inclusions with a variety of boundary conditions, including
anti-periodic, classical, multi-point, periodic, fractional-order, nonlocal, and integral
boundary conditions. A growing number of researchers are advancing fractional exis-
tence for fractional calculus using almost sectorial operators. The researcher devised
a new strategy for identifying moderate solutions for the system under study. In addi-
tion, fractional calculus, semigroups, multivalued analysis, noncompactness measure,
the Laplace transform, Wright-type function, and fixed point theorem, the scholars
developed a theory that allowed them to derive various features of related semigroups
created by almost sectorial operators. We can refer to [19, 22, 27, 28, 30] for more
information.

Hilfer [11] presented another type of fractional derivative, which containing the R-L
derivative, as well as the Caputo fractional derivative. Nowadays HF calculus has an
important role in researchers. Many scholars have recently expressed a strong interest
in this field, which has prompted on the work in [9, 10, 16, 29]. In [12, 14, 4] researchers
used Schauder’s fixed point theorem to arrive at their conclusions via almost sectorial
operators. Researchers recently used the nondense domain, semigroup, cosine families,
numerous fixed point approaches, and a measure of noncompactness to build nonlocal
fractional differential systems with or without delay. In [15, 26] author established
their results via Mönch fixed point theorem with MNC. In [5, 6, 7] the authors
developed the ideas of differential systems via Darbo-Sadovskii fixed point method
with measure of noncompactness.

Our goals in this article are to examine the existence of HF neutral differential
equations via almost sectorial operators, which is motivated by the theory proposed
in the preceding articles. In this paper, we shall examine the following topic: HFD
equations contain almost sectorial operators with nonlocal condition

Dη,ζ
0+ u(z) = Au(z) + F

(
z, uz

)
, z ∈ I ′ = (0, b], (1.1)

I
(1−η)(1−ζ)
0+ u(0) +N(uz) = ξ ∈ Bw, z ∈ (−∞, 0], (1.2)

where A denote the almost sectorial operator, which generate an analytic semigroup

{T (z), z ≥ 0} on Y. Dη,ζ
0+ denotes the HFD of order η, 0 < η < 1 and type ζ, 0 ≤

ζ ≤ 1. Let u(·) be the state in a Banach space Y with norm ‖ · ‖. The histories
uz : (−∞, 0] → Bw, uz(a) = u(z + a), a ≤ 0 associated with phase space Bw. Set
I = [0, b], and let F : I × Bw → Y be the Y -valued function and nonlocal term
N : Bw → Y .

The structure of the article is broken down as follows. The principles of fractional
calculus, semigroup, phase spaces, almost sectorial operators, and measure of non-
compactness are covered in Section 2. In Section 3, we presented the existence mild
solution of system. In Section 4, we continue our study to extend to result to existence
of a neutral system with nonlocal condition. We provide an example in Section 5, to
demonstrate our main ideas. Finally, some conclusions are offered.



HILFER FRACTIONAL SYSTEM 507

2. Preliminaries

Here, we introduce basic definitions, theorems and lemma that are applied every
part of the paper.

Let { be the collection of all continuous functions from I to Y , where I = [0, b]
and I ′ = (0, b] with b > 0. Take

X =
{
u ∈ { : lim

z→0
z(1+ηϑ)(1−ζ)u(z) exists and finite

}
,

which is the Banach space and its norm on ‖ · ‖X , defined as

‖u‖X = sup
z∈I′

{
z(1+ηϑ)(1−ζ)‖u(z)‖

}
.

Set BP (I) = {u ∈ { such that ‖u‖ ≤ P}. We note that, let

u(z) = z(1+ηϑ)(ζ−1)y(z), z ∈ (0, b]

then, u ∈ X iff y ∈ { and ‖u‖X = ‖y‖. We introduce F with ‖F‖Lp(I,R+) through

F ∈ Lp(I,R+) for some p along with 1 ≤ p ≤ ∞. Also Lp(I, Y ) denote the Banach
space of functions F : I × Bw → Y which are the Bochner integrable normed by
‖F‖Lp(I,Y ).
Definition 2.1 [31] The fractional integral of order η for the function F : [b,∞)→ R
having the lower limit b is presented by

Iηb+F(z) =
1

Γ(η)

∫ z

b

F(ω)

(z− ω)1−η dω z > 0; η ∈ R+.

Definition 2.2 [31] The R-L derivative has order η > 0 , k − 1 ≤ η < k, k ∈ N, and
the function F : [b,+∞)→ R, presented by

LDη
b+F(z) =

1

Γ(k − η)

dk

dzk

∫ z

b

F(ω)

(z− ω)η+1−k dω, z > b, ω ∈ R+.

Definition 2.3 [31] The Caputo derivative has order η > 0, k − 1 ≤ η < k, k ∈ N
for a function F : [b,+∞)→ R, is defined as

CDη
b+F(z) =

1

Γ(k − η)

∫ z

b

Fk(ω)

(z− ω)η+1−k dω = Ik−ηb+ Fk(z), z > b, ω ∈ R+.

Definition 2.4 [11] The HFD of order 0 < η < 1 and type ζ ∈ [0, 1] for the function
F : [b,+∞)→ R, presented by

Dη,ζ
b+ F(z) = [I

(1−η)ζ
b+ D(I

(1−η)(1−ζ)
b+ F)](z).

Remark 2.5

(1) If ζ = 0, 0 < η < 1, and b = 0, then the HFD corresponds to the classical
R-L fractional derivative:

Dη,0
0+ F(z) =

d

dω
I1−η
0+ F(z) =L Dη

0+F(z).
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(2) If ζ = 1, 0 < η < 1, and b = 0, then the HFD corresponds to the classical
Caputo fractional derivative:

Dη,1
0+ F(z) = I1−η

0+

d

dω
F(z) =C Dη

0+F(z).

Now we define the abstract phase space Bw. Let w : (−∞, 0] → (0,+∞) be

continuous along l =
∫ 0

−∞ w(z)dz < +∞. Now, for every n > 0, we have

B =
{
δ : [−n, 0]→ Y such that δ(z) is bounded and measurable

}
,

and set the space B with the norm

‖δ‖[−n,0] = sup
τ∈[−n,0]

‖δ(τ)‖, for all δ ∈ B.

Now, we define

Bw =

{
δ : (−∞, 0]→ Y 3 ∀n > 0, δ|−n,0 ∈ B &

∫ 0

−∞
w(τ)‖δ‖[τ,0]dτ < +∞

}
.

If Bw is endowed with ‖δ‖Bw =
∫ 0

−∞ w(τ)‖δ‖[τ,0]dτ, for all δ ∈ Bw, therefore

(Bw, ‖ · ‖) is a Banach space. Now, we define the space

Bw′ =
{
u : (−∞, b]→ Y such that u|I ∈ {, ξ ∈ Bw

}
.

Consider the seminorm ‖ · ‖b in Bw′ defined by

‖u‖b = ‖ξ‖Bw + sup{‖u(τ)‖ : τ ∈ [0, b]}, u ∈ Bw′.

Lemma 2.6 Suppose u ∈ Bw′, then for z ∈ I, uz ∈ Bw. Moreover,

l|u(z)| ≤ ‖uz‖Bw ≤ ‖ξ‖Bw + l sup
r∈[0,z]

|u(r)|, where l =

∫ 0

−∞
w(z)dz <∞.

Definition 2.7 [22] For −1 < ϑ < 0, 0 < ϕ < π
2 , we define the family of closed

linear operators Θϑ
ϕ, the sector Sϕ = {θ ∈ C\{0} with |arg θ| ≤ ϕ} and A : D(A) ⊂

Y → Y that satisfy

(i) σ(A) ⊆ Sϕ ;
(ii)

∥∥(θ − A)−1
∥∥ ≤ Kδ|ν|ϑ, for all ϕ < δ < π and there exists Kδ is a constant

then A ∈ Θϑ
ϕ is known as almost sectorial operator on Y .

Proposition 2.8 [22] Suppose u ∈ Θϑ
ϕ for −1 < ϑ < 0 and 0 < ϕ < π

2 . Then
succeeding are satisfied:

(a) T (z) is analytic and dk

dzk
T (z) = (−A)kT (z), z ∈ Sπ

2−ϕ;

(b) T (z + ω) = T (z)T (ω) for every ω, z ∈ Sπ
2−ϕ;

(c) ‖T (z)‖L(Y ) ≤ κ0z
−ϑ−1, z > 0; where the constant κ0 > 0;

(d) If ΣT = {u ∈ Y : limz→0+ T (z)u = u} then D(Aθ) ⊂ ΣT provided θ > 1 + ϑ;

(e) (ν − A)−1 =
∫∞

0
e−vωT (ω)dω , ν ∈ C and Re(ν) > 0.
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Let {η(z)}z∈Sπ
2
−ϕ , {Qη(z)}z∈Sπ

2
−ϕ be the operator families defined as follows:

Sη(z) =

∫ ∞
0

Wη(ε)T (zηε)dε,

Qη(z) =

∫ ∞
0

ηεWη(ε)T (zηε)dε,

where Wη(β) be the Wright-type function:

Wη(β) =
∑
k∈N

(−β)k−1

Γ(1− ηk)(k − 1)!
, β ∈ C. (2.1)

Let −1 < ι <∞, p > 0, the given properties are hold.

(a) Wη(θ) ≥ 0, z > 0;

(b)
∫∞

0
θιWη(θ)dθ = Γ(1+ι)

Γ(1+ηι) ;

(c)
∫∞

0
η

θ(η+1) e
−pθWη( 1

θη )dθ = e−p
η

.

Theorem 2.9 [31] For each fixed z ∈ S0
π
2−ϕ

, Sη(z) and Qη(z) are the bounded and

linear operators on Y . Besides∥∥Sη(z)
∥∥ ≤ κsz−η(1+ϑ),

∥∥Qη(z)
∥∥ ≤ κpz−η(1+ϑ), z > 0,

where κs and κp are constant dependent only on η and ϑ.
Theorem 2.10 [31] Sη(z) and Qη(z) are continuous in the uniform operator topology,
for z > 0, for every d > 0, the continuity is uniform on [d,∞).
Lemma 2.11 System (1.1)-(1.2) is identical to an integral equation presented by

u(z) =
ξ(0)−N(uz))

Γ(ζ(1− η)
z(1−η)(ζ−1)+η) +

1

Γ(η)

∫ z

0

(z− ω)η−1
[
Auω + F

(
ω, uω

)]
dω.

Definition 2.12 The mild solution of the Cauchy problem (1.1)-(1.2), is a function
u(z) ∈ C(I ′, Y ), that satisfies

u(z) = Sη,ζ(z)
[
ξ(0)−N(uz)

]
+

∫ z

0

Kη(z− ω)F
(
ω, uω

)
dω, z ∈ I, (2.2)

where Sη,ζ(z) = I
ζ(1−η)
0 Kη(z), Kη(z) = zη−1Qη(z). i.e.,

u(z) = Sη,ζ(z)
[
ξ(0)−N(uz)

]
+

∫ z

0

(z− ω)η−1Qη(z− ω)F
(
ω, uω

)
dω, z ∈ I.

Lemma 2.13 [12]

(1) Kη(z) and Sη,ζ(z) are strongly continuous, for z > 0.
(2) Kη(z) and Sη,ζ(z) are bounded linear operators on Y , for every fixed z ∈ Sπ

2−ϕ,
we have∥∥Kη(z)u
∥∥ ≤ κpz−1−ηϑ‖u‖,

∥∥Sη,ζ(z)u∥∥ ≤ Γ(−ηϑ)

Γ(ζ(1− η)− ηϑ)
κpz

ζ(1−η)−ηϑ−1‖u‖. (2.3)

Definition 2.14 [13] Suppose E+ is the positive cone of an order Banach space
(E,≤). Let Φ be the function defined on the set of all bounded subset of the Banach
space Y with values in E+ is known as measure of noncompactness (MNC) on Y iff
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Φ(conv(Ω)) = Φ(Ω) for all bounded subset Ω ⊂ Y , where conv(Ω) denoted the closed
convex hull of Ω.

Now, we recall some concepts on the Hausdorff measure of noncompactness.
Definition 2.15 [13] For a bounded set B in a Banach space Y , the Hausdorff
measure of noncompactness µ is defined as

µ(B) = inf{ε > 0 : B can be covered by a finite number of balls with radii ε}. (2.4)

Lemma 2.16 [13] Suppose Y is a Banach space and B, C ⊆ Y are bounded. Then,
the succeeding properties satisfy.

(i) B is precompact iff µ(B) = 0;
(ii) µ(B) = µ(B) = µ(conv(B)), where B and conv(B) are denote the closure

and convex hull of B, respectively;
(iii) If B ⊆ C then µ(B) ≤ µ(C);
(iv) µ(B + C) ≤ µ(B) + µ(C), such that B + C = {a1 + a2 : a1 ∈ B, a2 ∈ C};
(v) µ(B ∪ C) ≤ max{µ(B), µ(C)};
(vi) µ(λB) = |λ|µ(B) for every λ ∈ R, when Y be a real Banach space;
(vii) if the operator Ψ : D(Ψ) ⊆ Y → Y1 is Lipschitz continuous with constant κ1

then we know ρ(Ψ(B)) ≤ κ1µ(B) for any bounded subset B ⊂ D(Ψ), where
Y1 is the another Banach space and ρ represent the Hausdorff measure of
noncompactness in Y1.

Definition 2.17 [5] The operator Ψ : D(Ψ) ⊆ Y → Y is said to be a µ−contraction if
there exists a positive constant κ1 < 1 such that µ(Ψ(B)) ≤ κ1µ(B) for any bounded
closed subset B ⊆ D(Ψ).
Theorem 2.18 [13] if {uk}∞k=1 is a sequence of Bochner integrable functions from
I into Y with the estimation ‖uk(z)‖ ≤ µ1(z) for almost all z ∈ I and every k ≥ 1,
where µ1 ∈ L1(I,R), then the function ϕ(z) = µ

({
uk(z) : k ≥ 1

})
be in L1(I,R) and

satisfies

µ

({∫ z

0

uk(ω
)
dω : k ≥ 1

})
≤ 2

∫ z

0

ϕ(ω)dω.

Lemma 2.19 [5] Let B ⊂ Y be a bounded set, then there exists a countable set B0 ⊂ B
such that µ(B) ≤ 2µ(B0). We denote by µc the Hausdorff measure of noncompactness
in the space {.
Lemma 2.20 [5] Let B ⊂ { be bounded and equicontinuous, then

(1) µ(B(z)) is continuous on [0, b],
(2) µc(B) = max

z∈[0,b]

(
µ(B(z))

)
.

Lemma 2.21 [31](Darbo-Sadovskii theorem) Let B ⊂ Y be a bounded, closed, and
convex set. If Ψ : D(Ψ) ⊆ Y → Y is a continuous and µ − contraction operator.
Then, Ψ has at least one fixed point in B.

3. Existence

We require the succeeding hypotheses:
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(H1) Let A be the almost sectorial operator of the analytic semigroup T (z), z > 0
in Y such that ‖T (z)‖ ≤ K1 where K1 ≥ 0 be the constant.

(H2) The function F : I ×Bw → Y satisfies:
(a) Caratheodory condition: F(·, u) is strongly measurable forevery u ∈ Bw

and F(z, ·) is continuous for a.e. z ∈ I, F(·, ·) : [0, S] → Y is strongly
measurable;

(b) there exists a constant 0 < η1 < η and m ∈ L
1
η1 (I,R+) and non-

decreasing continuous function f : R+ → R+ such that
∥∥F(z, u)

∥∥ ≤
m(z)f(z(1+ηϑ)(1−ζ)‖u‖), u ∈ Y, z ∈ I where f satisfies lim inf

k→∞
f(k)
k = 0;

(c) there exists a constant 0 < η2 < η and h ∈ L
1
η2 (I,R+) such that, for all

bounded subset M ⊂ Y, µ(F(z,M)) ≤ h(z)β(M) for a.e. z ∈ I.
(H3) The function N : C(I, Y ) → Y is continuous, compact operator and there

exists L1 > 0 be the value such that ‖N(u1)−N(u2)‖ ≤ L1‖u1 − u2‖.
Theorem 3.1 Suppose (H1) − (H3) holds, then the HF system (1.1)-(1.2) has a
solution on I provided, ξ(0) ∈ D(Aθ) with θ > 1 + ϑ.
Proof. Consider the operator Ψ : Bw′ → Bw′, defined

Ψ(u(z)) =

{
Ψ1(z), z ∈ (−∞, 0],

Sη,ζ(z)
[
ξ(0)−N(uz)

]
+
∫ z

0
(z− ω)η−1Qη(z− ω)F

(
ω, uω

)
dω, z ∈ I.

(3.1)

For Ψ1 ∈ Bw, we define Ψ̂ by

Ψ̂(z) =

{
Ψ1(z), z ∈ (−∞, 0],

Sη,ζ(z)ξ(0), z ∈ I,

then Ψ̂ ∈ Bw′. Let u(z) = z(1+ηϑ)(1−ζ)[v(z) + Ψ̂(z)], −∞ < z ≤ b. It can be easily
shown that u satisfies from Equation (2.2) iff v satisfies v0 and

v(z) = −Sη,ζ(z)N
(
z(1+ηϑ)(1−ζ)[vz + Ψ̂z]

)
+

∫ z

0

(z− ω)η−1Qη(z− ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω.

Let Bw′′ = {v ∈ Bw′ : v0 ∈ Bw}. For any v ∈ Bw′,

‖v‖b =‖v0‖Bw + sup{‖v(ω)‖ : 0 ≤ ω ≤ b}
= sup{‖v(ω)‖ : 0 ≤ ω ≤ b}.

Hence, (Bw′′, ‖ · ‖) is a Banach space.
For P > 0, choose BP = {v ∈ Bw′′ : ‖v‖b ≤ P}, then BP ⊂ Bw′′ is uniformly

bounded, and for v ∈ BP , from Lemma 2,

‖vz + Ψ̂z‖Bw ≤ ‖vz‖Bw + ‖Ψ̂‖Bw

≤ l
(
P +

Γ(−ηϑ)

Γ(ζ(1− η)− ηϑ)
κpz

ζ(1−η)−ηϑ−1

)
+ ‖Ψ1‖Bw

= P ′.
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Let us introduce an operator Φ : Bw′′ → Bw′′, defined by

Φv(z) =


0, z ∈ (−∞, 0],

−Sη,ζ(z)N
(
z(1+ηϑ)(1−ζ)[vz + Ψ̂z]

)
+
∫ z

0
(z− ω)η−1Qη(z− ω)

×F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω, z ∈ I.

Next to show that Φ has a fixed point.
Step 1: We have to prove there exists a positive value P such that Φ(BP (I)) ⊆
BP (I). Assume the statement is false i.e., there for each P > 0, there exits vP ∈
BP (I), but Φ(vP ) not in BP (I), that is,∥∥vP∥∥ ≤ P < sup z(1+ηϑ)(1−ζ)∥∥(ΦvP (z)

)∥∥
≤ b(1+ηϑ)(1−ζ)∥∥− Sη,ζ(z)N(z(1+ηϑ)(1−ζ)[vPz + Ψ̂z]

)∥∥
+ b(1+ηϑ(1−ζ))

∫ z

0

(z− ω)η−1

∥∥∥∥Qη(z− ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vPω + Ψ̂ω]

)∥∥∥∥dω
≤ b(1+ηϑ)(1−ζ)

[
‖Sη,ζ(z)‖

[
L1‖vPz + Ψ̂z‖+ ‖N(0)‖

]
+

∫ z

0

(z− ω)(η−1)‖Qη(z− ω)‖m(b)f(P ′)dω

]
≤ b(1+ηϑ)(1−ζ)

[
Γ(−ηϑ)

Γ(ζ(1− η)− ηϑ)
κpb

ζ(1−η)−ηϑ−1
[
L1P

′ + ‖N(0)‖
]

+
b−ηϑ

ηϑ
κpm(b)f(P ′)

]
≤ κpb(1+ηϑ)(1−ζ)M∗,

where M∗ = Γ(−ηϑ)
Γ(ζ(1−η)−ηϑ)b

ζ(1−η)−ηϑ−1
[
L1P

′ + ‖N(0)‖
]

+ b−ηϑ

ηϑ m(b)f(P ′).

The above inequality is divided by P and applying the limit as P → ∞, we obtain
1 ≤ 0, which is the contradiction. Therefore, Φ(BP (I)) ⊆ BP (I).
Step 2: In this section, we are proving, the operator Φ is continuous on BP (I).
For Φ maps, BP (I) into BP (I). For any vk, v ∈ BP (I), k = 0, 1, 2, ... such that
lim
k→∞

vk = v, then we have

lim
k→∞

vk(z) = v(z), and lim
k→∞

z(1+ηϑ)(1−ζ)vk(z) = z(1+ηϑ)(1−ζ)v(z).

By using the hypothesis (H2),

F(z, uk(z)) = F
(
z, z(1+ηϑ)(1−ζ))[vk(z) + Ψ̂(z)]

)
→ F

(
z, z(1+ηϑ)(1−ζ))[v(z) + Ψ̂(z)]

)
= F(z, u(z)) as k →∞.

Next, let us consider the values:

Fk(ω) = F
(
ω, ω(1+ηϑ)(1−ζ))[vkω + Ψ̂ω]

)
and F (ω) = F

(
ω, ω(1+ηϑ)(1−ζ))[vω + Ψ̂ω]

)
.
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Then, from hypotheses (H2) and Lebesgue’s dominated convergence theorem, we have
obtained ∫ z

0

(z− ω)(η−1)‖Fk(ω)− F (ω)‖dω → 0 as k →∞, z ∈ I. (3.2)

Take Nk(z) = N
(
z(1+ηϑ)(1−ζ)[vkz + Ψ̂z]

)
and N (z) = N

(
z(1+ηϑ)(1−ζ)[vz + Ψ̂z]

)
, from

(H4), we have

‖Nk(z)−N (z)‖ → 0 as k →∞. (3.3)

From the above equation, we can written as:∥∥Φvk − Φv
∥∥
b
≤ Γ(−ηϑ)

Γ(ζ(1− η)− ηϑ)
κpb

ζ(1−η)−ηϑ−1
∥∥Nk(z)−N (z)

∥∥
+ κp

b−ηϑ

ηϑ

∥∥Fk(ω)− F (ω)
∥∥ds. (3.4)

From above equations, we obtain
∥∥Φvk − Φv

∥∥
b
→ 0 as k → ∞.Therefore, Φ is

continuous on BP .
Step 3: Next, we have to prove Φ is equicontinuous. For u ∈ BP (I), and 0 ≤ z1 <
z2 ≤ b. For our convenience, we can take

∥∥Φu(z2)− Φu(z1)
∥∥ = Ξ, we have

Ξ =

∥∥∥∥− z
(1+ηϑ)(1−ζ)
2

(
Sη,ζ(z2)N

(
z
(1+ηϑ)(1−ζ)
2 [vz2 + Ψ̂z2 ]

)
+

∫ z2

0

(z2 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

)
− z

(1+ηϑ)(1−ζ)
1

(
− Sη,ζ(z1)N

(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

)
+

∫ z1

0

(z1 − ω)η−1Qη(z1 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

)∥∥∥∥
≤
∥∥∥∥z(1+ηϑ)(1−ζ)

2 Sη,ζ(z2)N
(
z
(1+ηϑ)(1−ζ)
2 [vz2 + Ψ̂z2 ]

)
− z

(1+ηϑ)(1−ζ)
2 Sη,ζ(z2)N

(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

)∥∥∥∥
+

∥∥∥∥z(1+ηϑ)(1−ζ)
2 Sη,ζ(z2)N

(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

)
− z

(1+ηϑ)(1−ζ)
1 Sη,ζ(z1)N

(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

)∥∥∥∥
+

∥∥∥∥z(1+ηϑ)(1−ζ)
2

∫ z1

0

(z2 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

− z
(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
+

∥∥∥∥z(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω
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− z
(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1Qη(z1 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
+

∥∥∥∥z(1+ηϑ)(1−ζ)
2

∫ z2

z1

(z2 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
≤

5∑
i=1

Ii.

Therefore, ∥∥Φu(z2)− Φu(z1)
∥∥ =

5∑
i=1

Ii.

I1 =

∥∥∥∥z(1+ηϑ)(1−ζ)
2 Sη,ζ(z2)N

(
z
(1+ηϑ)(1−ζ)
2 [vz2 + Ψ̂z2 ]

)
− z

(1+ηϑ)(1−ζ)
2 Sη,ζ(z2)N

(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

)∥∥∥∥.
From hypotheses (H3) and Equation 3.3, we have obtained I1 become to zero as
z2 → z1.

I2 =

∥∥∥∥z(1+ηϑ)(1−ζ)
2 Sη,ζ(z2)N

(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

)
− z

(1+ηϑ)(1−ζ)
1 Sη,ζ(z1)N

(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

)∥∥∥∥
≤
∥∥∥∥z(1+ηϑ)(1−ζ)

2 Sη,ζ(z2)− z
(1+ηϑ)(1−ζ)
1 Sη,ζ(z1)

∥∥∥∥∥∥∥∥N(z(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

)∥∥∥∥.
By the strong continuity of Sη,ζ(z) and hypothesis (H3), we have obtained I2 → 0 as
z2 → z1.

I3 =

∥∥∥∥z(1+ηϑ)(1−ζ)
2

∫ z1

0

(z2 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

− z
(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
≤
∥∥∥∥(∫ z1

0

z
(1+ηϑ)(1−ζ)
2 (z2 − ω)η−1 − z

(1+ηϑ)(1−ζ)
1 (z1 − ω)η−1

)
×Qη(z2 − ω)F

(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
≤κp

∥∥∥∥(∫ z1

0

z
(1+ηϑ)(1−ζ)
2 (z2 − ω)η−1 − z

(1+ηϑ)(1−ζ)
1 (z1 − ω)η−1

)
× (z2 − ω)−η(1+ϑ)m(b)f(P ′)dω

∥∥∥∥.
Implies, we have gotten I3 → 0 as z2 → z1.

I4 =

∥∥∥∥z(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω
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− z
(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1Qη(z1 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
≤
∥∥∥∥z(1+ηϑ)(1−ζ)

1

∫ z1

0

(z1 − ω)η−1
[
Qη(z2 − ω)−Qη(z1 − ω)

]
× F

(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
≤
∥∥∥∥z(1+ηϑ)(1−ζ)

1

∫ z1

0

(z1 − ω)η−1
[
Qη(z2 − ω)−Qη(z1 − ω)

]
m(b)f(P ′)dω

∥∥∥∥.
Since Qη(z) is uniformly continuous in operator norm topology, we obtain I4 → 0 as
z2 → z1.

I5 =

∥∥∥∥z(1+ηϑ)(1−ζ)
2

∫ z2

z1

(z2 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
≤ κp

∥∥∥∥z(1+ηϑ)(1−ζ)
2

∫ z2

z1

(z2 − ω)−ηϑ−1m(b)f(P ′)dω

∥∥∥∥.
Integrating and z2 → z1 =⇒ I5 = 0. Therefore, Φ is equicontinuous on I.
Step 4: Prove that Φ : BP (I)→ BP (I) is a µc-contraction operator. Let B ⊂ BP ,
then by Lemma 2.19 there exists a countable set B0 such that B0 = {uk} ⊂ B and
Φ(B0) becomes a countable set of Φ(B). Thus, µc(Φ(B)) ≤ 2µc(Φ(B0)). Since Φ(B0)
is bounded and equicontinuous, then from Lemma 2.20, we get

µc(Φ(B0)) = max
z∈[0,b]

(
µ(Φ(B0))

)
. (3.5)

Then,

≤ 2µc(Φ(B0))

= 2 max
z∈[0,b]

(
µ(Φ(B0)(z))

)
= 2 max

z∈[0,b]

(
µ

(
− Sη,ζ(z)N(B0) +

∫ z

0

(z− ω)η−1Qη(z− ω)F
(
ω,B0(ω)

)
dω

))
≤ 2 max

z∈[0,b]

(
µ

(
− Sη,ζ(z)N(B0)

)
+ µ

(∫ z

0

(z− ω)η−1Qη(z− ω)F
(
ω,B0(ω)

)
dω

))
.

Since N is compact, then Sη,ζ(z)N(B0) is relatively compact, we get

µc(Φ(B)) ≤ 2 max
z∈[0,b]

(
µ

(∫ z

0

(z− ω)η−1Qη(z− ω)F
(
ω,B0(ω)

)
dω

))
.

From Theorem 2.18, we write

µc(Φ(B)) ≤ 4 max
z∈[0,b]

(∫ z

0

µ

(
(z− ω)η−1Qη(z− ω)F

(
ω,B0(ω)

))
dω

)
≤ 4 max

z∈[0,b]

(∫ z

0

(z− ω)η−1Qη(z− ω)µ

(
F
(
ω,B0(ω)

))
dω

)
≤ 4κp max

z∈[0,b]

(∫ z

0

(z− ω)−ηϑ−1h(ω)µ(B)dω

)
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≤ 4κp max
z∈[0,b]

(∫ z

0

(z− ω)
−ηϑ−1

1−q dω

)1−q(∫ z

0

∥∥h(ω)
∥∥qdω) 1

q

µ(B)

≤ 4κpKη‖h‖
L

1
η1

(I,R+) × µ(B),

µc(Φ(B)) ≤ κ1µc(B), where, Kη =

[(
1−η1
−ηϑ−1

)
b

(
−ηϑ−1
1−η1

)]
, κ1 = 4κpKη‖h‖

L
1
η1

(I,R+) .

Therefore, from Definition 2.17 Φ is a µc-contraction operator. Hence, by Lemma
2.21, Φ has atleast one fixed point, which is the mild solution.

4. Neutral Systems

Neutral systems have gotten increased attention in the present generation due to
important applications in several domains of applied mathematics. Several partial
neutral systems that emerge in challenges related to heat flow in materials, wave
propagation, visco-elasticity, and other neutral advancements benefit from neutral
systems with or without delay. For a very instructive treatment of neutral systems
that are involved in differential equations.

Consider the HF neutral evolution equations have the forms,

Dη,ζ
0+

[
u(z)−H(z, uz))

]
= Au(z) + F

(
z, uz

)
, z ∈ I ′ = (0, b], (4.1)

I
(1−η)(1−ζ)
0+ u(0) +N(uz) = ξ ∈ Bw, z ∈ (−∞, 0], (4.2)

where H : I ×Bw → Y is an appropriate function.
Proposition 4.1 Suppose 0 < η < 1, 0 < q ≤ 1 and for all u ∈ D(A), then there
exists a κq > 0 such that

‖AqQη(z)u‖ ≤ ηκqΓ(2− q)
zηqΓ(1 + η(1− q))

‖u‖, 0 < z < d.

Consider the following hypotheses:

(H4) The function H : I×Bw → Y is continuous and there exists q > 0, 0 < q < 1
such that H ∈ D(Aq) for any u ∈ Y, z ∈ I, AqH(·, u) is strongly measurable,
then there exists Mw > 0, M ′w > 0 such that γ1, γ2 ∈ Y and AqH(z, ·) satisfy
the following:∥∥AqH(z, γ1(z))− AqH(z, γ2(z))

∥∥ ≤Mwz
(1+η)(1−ηϑ)‖γ1(z)− γ2(z)‖Bw,∥∥AqH(z, u(z))

∥∥ ≤M ′w(1 + z(1+η)(1−ηϑ)‖u‖Bw
)
.

Take ‖A−q‖ = M0.
Definition 4.2 A continuous function u : (−∞, b]→ Y is said to be mild solution of
(4.1)-(4.2), that satisfied

u(z) = Sη,ζ(z)
[
ξ(0)−N(uz)−H(0, ξ(0))

]
+H(z, uz)

+

∫ z

0

(z− ω)η−1AQη(z− ω)H(ω, uω)dω

+

∫ z

0

(z− ω)(η−1)Qη(z− ω)F(ω, uω)dω.
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Theorem 4.3 Suppose (H1) − (H4) holds, then the HF system (4.1)-(4.2) has a
solution on I provided, ξ(0) ∈ D(Aθ) with θ > 1 + ϑ.
Proof. Consider the operator Ψ : Bw′ → Bw′, defined

Ψ(u(z)) =


Ψ1(z), z ∈ (−∞, 0],

Sη,ζ(z)
[
ξ(0)−N(uz)−H(0, ξ(0))

]
+H(z, uz)

+
∫ z

0
(z− ω)η−1AQη(z− ω)H(ω, uω)dω

+
∫ z

0
(z− ω)η−1Qη(z− ω)F

(
ω, uω

)
dω, z ∈ I.

(4.3)

For Ψ1 ∈ Bw, we define Ψ̂ by

Ψ̂(z) =

{
Ψ1(z), z ∈ (−∞, 0],

Sη,ζ(z)ξ(0), z ∈ I,

then Ψ̂ ∈ Bw′. Let u(z) = z(1+ηϑ)(1−ζ)[v(z) + Ψ̂(z)], −∞ < z ≤ b. It can be easily
shown that u satisfies from (4) iff v satisfies v0 and

v(z) =− Sη,ζ(z)
[
N
(
z(1+ηϑ)(1−ζ)[vz + Ψ̂z]

)
+H(0, ξ(0))

]
+H

(
z,
(
z(1+ηϑ)(1−ζ)[vz + Ψ̂z]

))
+

∫ z

0

(z− ω)η−1AQη(z− ω)H
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

+

∫ z

0

(z− ω)η−1Qη(z− ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω.

Let Bw′′ = {v ∈ Bw′ : v0 ∈ Bw}. For any v ∈ Bw′,

‖v‖b =‖v0‖Bw + sup{‖v(ω)‖ : 0 ≤ ω ≤ b}
= sup{‖v(ω)‖ : 0 ≤ ω ≤ b}.

Hence, (Bw′′, ‖·‖) is a Banach space. For P > 0, choose BP = {v ∈ Bw′′ : ‖v‖b ≤ P},
then BP ⊂ Bw′′ is uniformly bounded, and for v ∈ BP , from Lemma 2.6,

‖vz + Ψ̂z‖Bw ≤ ‖vz‖Bw + ‖Ψ̂‖Bw

≤ l
(
P +

Γ(−ηϑ)

Γ(ζ(1− η)− ηϑ)
κpz

ζ(1−η)−ηϑ−1

)
+ ‖Ψ1‖Bw

= P ′.

Let us introduce an operator Φ : Bw′′ → Bw′′, defined by

Φv(z) =



0, z ∈ (−∞, 0],

−Sη,ζ(z)
[
N
(
z(1+ηϑ)(1−ζ)[vz + Ψ̂z]

)
+H(0, ξ(0))

]
+H

(
z,
(
z(1+ηϑ)(1−ζ)[vz + Ψ̂z]

))
+
∫ z

0
(z− ω)η−1AQη(z− ω)H

(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

+
∫ z

0
(z− ω)η−1Qη(z− ω)F

(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω, z ∈ I.

Next to show that Φ has a fixed point.
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Step 1: We have to prove there exists a positive value P such that Φ(BP (I)) ⊆
BP (I). Assume the statement is false i.e., there for each P > 0, there exits vP ∈
BP (I), but Φ(vP ) not in BP (I), that is,∥∥vP∥∥ ≤ P < sup z(1+ηϑ)(1−ζ)∥∥(ΦvP (z)

)∥∥
≤ b(1+ηϑ)(1−ζ)

[∥∥− Sη,ζ(z)[N(z(1+ηϑ)(1−ζ)[vPz + Ψ̂z]
)

+H(0, ξ(0))
]∥∥

+
∥∥H(z, z(1+η)(1−ηϑ)[vPz + Ψ̂z]

)∥∥
+

∫ z

0

(z− ω)η−1

∥∥∥∥AQη(z− ω)H
(
ω, ω(1+ηϑ)(1−ζ)[vPω + Ψ̂ω]

)∥∥∥∥dω
+

∫ z

0

(z− ω)η−1

∥∥∥∥Qη(z− ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vPω + Ψ̂ω]

)∥∥∥∥dω]
≤ b(1+ηϑ)(1−ζ)

[
‖Sη,ζ(z)‖

[
L1‖vPz + Ψ̂z‖+ ‖N(0)‖+M ′w‖ξ‖

]
+

∫ z

0

(z− ω)(η−1)

∥∥∥∥A1−qQη(z− ω)

∥∥∥∥∥∥∥∥AqH(ω, ω(1+η)(1−ηϑ)[vPω + Ψ̂ω]
)∥∥∥∥dω

+M0Mw(1 + b(1+η)(1−ηϑ))P ′ +

∫ z

0

(z− ω)(η−1)‖Qη(z− ω)‖m(b)f(P ′)dω

]
≤ b(1+ηϑ)(1−ζ)

[
Γ(−ηϑ)

Γ(ζ(1− η)− ηϑ)
κpb

ζ(1−η)−ηϑ−1
[
L1P

′ + ‖N(0)‖+M ′w‖ξ‖
]

+M0Mw

(
1 + b(1+ηϑ)(1−ζ))P ′ + M ′wκ1−qΓ(1 + q)

qΓ(1 + ηq)

(
1 + b(1+ηϑ)(1−ζ)P ′

)
bηq

+
b−ηϑ

ηϑ
κpm(b)f(P ′)

]
≤ κpb(1+ηϑ)(1−ζ)(M∗ +M∗∗

)
,

where

M∗∗ = κ−1
p M0Mw

(
1 + b(1+ηϑ)(1−ζ))P ′ + M0κ1−qΓ(1 + q)

qΓ(1 + ηq)

(
1 + b(1+ηϑ)(1−ζ))bηq.

The above inequality is divided by P and applying the limit as P → ∞, we obtain
1 ≤ 0, which is the contradiction. Therefore, Φ(BP (I)) ⊆ BP (I).
Step 2: The operator Φ is continuous on BP (I). For Φ maps, BP (I) into BP (I).
For any vk, v ∈ BP (I), k = 0, 1, 2, ... such that lim

k→∞
vk = v, then we have

lim
k→∞

vk(z) = v(z) and lim
k→∞

z(1+ηϑ)(1−ζ)vk(z) = z(1+ηϑ)(1−ζ)v(z).

By (H2),

F(z, uk(z)) = F
(
z, z(1+ηϑ)(1−ζ))[vk(z) + Ψ̂(z)]

)
→ F

(
z, z(1+ηϑ)(1−ζ))[v(z) + Ψ̂(z)]

)
= F(z, u(z)) as k →∞.

Take
Fk(ω) = F

(
ω, ω(1+ηϑ)(1−ζ))[vkω + Ψ̂ω]

)
and F (ω) = F

(
ω, ω(1+ηϑ)(1−ζ))[vω + Ψ̂ω]

)
.
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Then, from hypotheses (H2) and Lebesgue’s dominated convergence theorem, we can
obtain ∫ z

0

(z− ω)(η−1)‖Fk(ω)− F (ω)‖dω → 0 as k →∞, z ∈ I. (4.4)

Take Nk(z) = N
(
z(1+ηϑ)(1−ζ)[vkz + Ψ̂z]

)
and N (z) = N

(
z(1+ηϑ)(1−ζ)[vz + Ψ̂z]

)
, from

(H4), we have

‖Nk(z)−N (z)‖ → 0 as k →∞. (4.5)

Next,

Hk(z, uk(z)) = H
(
z, z(1+η)(1−ηϑ)[vkz + Ψ̂z]

)
, H(z, u(z)) = H

(
z, z(1+η)(1−ηϑ)[vz + Ψ̂z]

)
.

From hypotheses (H5), we have obtained

H(z, uk(z))→ H(z, u(z)) as k →∞. (4.6)

Now,∥∥Φvk − Φv
∥∥
b
≤ Γ(−ηϑ)

Γ(ζ(1− η)− ηϑ)
κpb

ζ(1−η)−ηϑ−1
∥∥Nk(z)−N (z)

∥∥
+ ‖Hk(z, uk(z))−H(z, uz)‖+ κp

b−ηϑ

ηϑ

∥∥Fk(ω)− F (ω)
∥∥ds. (4.7)

Using (4.4), (4.5) and (4.6) we obtain
∥∥Φvk − Φv

∥∥
b
→ 0 as k → ∞. Therefore, Φ is

continuous on BP .
Step 3: Next, we have to prove Φ is equicontinuous. For u ∈ BP (I), and 0 ≤ z1 <
z2 ≤ b, we have∥∥Φu(z2)− Φu(z1)

∥∥ =

∥∥∥∥z(1+ηϑ)(1−ζ)
2

(
− Sη,ζ(z2)

[
N
(
z
(1+ηϑ)(1−ζ)
2 [vz2 + Ψ̂z2 ]

)
+H(0, ξ(0))

]
+H

(
z2,
(
z
(1+ηϑ)(1−ζ)
2 [vz2 + Ψ̂z2 ]

))
+

∫ z2

0

(z− ω)η−1AQη(z2 − ω)H
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

+

∫ z2

0

(z2 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

)
− z

(1+ηϑ)(1−ζ)
1

(
− Sη,ζ(z1)

[
N
(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

)
+H(0, ξ(0))

]
+H

(
z1,
(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

))
+

∫ z1

0

(z− ω)η−1AQη(z1 − ω)H
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

+

∫ z1

0

(z1 − ω)η−1Qη(z1 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

)∥∥∥∥
≤
∥∥∥∥z(1+ηϑ)(1−ζ)

2 Sη,ζ(z2)
[
N
(
z
(1+ηϑ)(1−ζ)
2 [vz2 + Ψ̂z2 ]

)
+H(0, ξ(0))

]
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− z
(1+ηϑ)(1−ζ)
2 Sη,ζ(z2)

[
N
(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

)
+H(0, ξ(0))

]∥∥∥∥
+

∥∥∥∥z(1+ηϑ)(1−ζ)
2 Sη,ζ(z2)

[
N
(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

)
+H(0, ξ(0))

]

− z
(1+ηϑ)(1−ζ)
1 Sη,ζ(z1)

[
N
(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

)
+H(0, ξ(0))

]∥∥∥∥
+

∥∥∥∥z(1+ηϑ)(1−ζ)
2 H

(
z2,
(
z
(1+ηϑ)(1−ζ)
2 [vz2 + Ψ̂z2 ]

))
− z

(1+ηϑ)(1−ζ)
1 H

(
z1,
(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

))∥∥∥∥
+

∥∥∥∥z(1+ηϑ)(1−ζ)
2

∫ z1

0

(z2 − ω)η−1AQη(z2 − ω)H
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

− z
(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1AQη(z2 − ω)H
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
+

∥∥∥∥z(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1AQη(z2 − ω)H
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

− z
(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1AQη(z1 − ω)H
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
+

∥∥∥∥z(1+ηϑ)(1−ζ)
2

∫ z2

z1

(z2 − ω)η−1AQη(z2 − ω)H
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
+

∥∥∥∥z(1+ηϑ)(1−ζ)
2

∫ z1

0

(z2 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

− z
(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
+

∥∥∥∥z(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

− z
(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1Qη(z1 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
+

∥∥∥∥z(1+ηϑ)(1−ζ)
2

∫ z2

z1

(z2 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
≤

9∑
i=1

Ii.

Now, we consider the following terms:

I1 =

∥∥∥∥z(1+ηϑ)(1−ζ)
2 Sη,ζ(z2)

[
N
(
z
(1+ηϑ)(1−ζ)
2 [vz2 + Ψ̂z2 ]

)
+H(0, ξ(0))

]
− z

(1+ηϑ)(1−ζ)
2 Sη,ζ(z2)

[
N
(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

)
+H(0, ξ(0))

]∥∥∥∥
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≤
∥∥∥∥z(1+ηϑ)(1−ζ)

2 Sη,ζ(z2)

(
N
(
z
(1+ηϑ)(1−ζ)
2 [vz2 + Ψ̂z2 ]

)
−N

(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

))∥∥∥∥.
From hypotheses (H3) and obtained derivation, we get I1 tends to zero as z2 → z1.

I2 =

∥∥∥∥z(1+ηϑ)(1−ζ)
2 Sη,ζ(z2)

[
N
(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

)
+H(0, ξ(0))

]
− z

(1+ηϑ)(1−ζ)
1 Sη,ζ(z1)

[
N
(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

)
+H(0, ξ(0))

]∥∥∥∥
≤
∥∥∥∥z(1+ηϑ)(1−ζ)

2 Sη,ζ(z2)− z
(1+ηϑ)(1−ζ)
1 Sη,ζ(z1)

∥∥∥∥
×
∥∥∥∥N(z(1+ηϑ)(1−ζ)

1 [vz1 + Ψ̂z1 ]
)
H(0, ξ(0))

∥∥∥∥.
By the strong continuity of Sη,ζ(z) and (H3), we get I2 → 0 as z2 → z1.

I3 =
∥∥z(1+ηϑ)(1−ζ)

2 H
(
z2,
(
z
(1+ηϑ)(1−ζ)
2 [vz2 + Ψ̂z2 ]

))
− z

(1+ηϑ)(1−ζ)
1 H

(
z1,
(
z
(1+ηϑ)(1−ζ)
1 [vz1 + Ψ̂z1 ]

))∥∥
≤M0M

′
w(1 + P ′)

∥∥z(1+ηϑ)(1−ζ)
2 − z

(1+ηϑ)(1−ζ)
1

∥∥.
From hypotheses (H4), we obtain I3 → 0 as z2 → z1.

I4 =

∥∥∥∥z(1+ηϑ)(1−ζ)
2

∫ z1

0

(z2 − ω)η−1AQη(z2 − ω)H
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

− z
(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1AQη(z2 − ω)H
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
≤
∥∥∥∥(∫ z1

0

z
(1+ηϑ)(1−ζ)
2 (z2 − ω)η−1 − z

(1+ηϑ)(1−ζ)
1 (z1 − ω)η−1

)
× AQη(z2 − ω)H

(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
≤
∥∥∥∥(∫ z1

0

z
(1+ηϑ)(1−ζ)
2 (z2 − ω)η−1 − z

(1+ηϑ)(1−ζ)
1 (z1 − ω)η−1

)∥∥∥∥
×
∥∥∥∥A1−qQη(z2 − ω)

∥∥∥∥∥∥∥∥AqH(ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]
)∥∥∥∥dω

≤M
′
wκ1−qηΓ(1 + q)

qΓ(1 + ηq)

(
1 + b(1+ηϑ)(1−ζ)P ′

)
×
∥∥∥∥(∫ z1

0

(z2 − ω)η(q−1)
[
z
(1+ηϑ)(1−ζ)
2 (z2 − ω)η−1 − z

(1+ηϑ)(1−ζ)
1 (z1 − ω)η−1

])
dω

∥∥∥∥.
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Implies, I4 → 0 as z2 → z1.

I5 =

∥∥∥∥z(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1AQη(z2 − ω)H
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

− z
(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1AQη(z1 − ω)H
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
≤
∥∥∥∥z(1+ηϑ)(1−ζ)

1

∫ z1

0

(z1 − ω)η−1
[
Qη(z2 − ω)−Qη(z1 − ω)

]
× AH

(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
≤M0M

′
w(1 + b(1+ηϑ)(1−ζ)P ′)

×
∥∥∥∥z(1+ηϑ)(1−ζ)

1

∫ z1

0

(z1 − ω)η−1
[
Qη(z2 − ω)−Qη(z1 − ω)

]
dω

∥∥∥∥.
Since Qη(z) is uniformly continuous in operator norm topology, I5 → 0 as z2 → z1.

I6 =

∥∥∥∥z(1+ηϑ)(1−ζ)
2

∫ z2

z1

(z2 − ω)η−1AQη(z2 − ω)H
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
≤ b(1+ηϑ)(1−ζ)

∫ z2

z1

(z2 − ω)η−1

∥∥∥∥A1−qQη(z2 − ω)

∥∥∥∥
×
∥∥∥∥AqH(ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)∥∥∥∥dω
≤ M ′wκ1−qηΓ(1 + q)

qΓ(1 + ηq)

(
1 + b(1+ηϑ)(1−ζ)P ′

)
b(1+ηϑ)(1−ζ)

∫ z2

z1

(z2 − ω)ηq−1dω.

Integrating and z2 → z1 =⇒ I6 = 0.

I7 =

∥∥∥∥z(1+ηϑ)(1−ζ)
2

∫ z1

0

(z2 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

− z
(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
≤
∥∥∥∥(∫ z1

0

z
(1+ηϑ)(1−ζ)
2 (z2 − ω)η−1 − z

(1+ηϑ)(1−ζ)
1 (z1 − ω)η−1

)
×Qη(z2 − ω)F

(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
≤ κp

∥∥∥∥(∫ z1

0

z
(1+ηϑ)(1−ζ)
2 (z2 − ω)η−1 − z

(1+ηϑ)(1−ζ)
1 (z1 − ω)η−1

)
× (z2 − ω)−η(1+ϑ)m(b)f(P ′)dω

∥∥∥∥.
Implies I7 → 0 as z2 → z1.

I8 =

∥∥∥∥z(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω
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− z
(1+ηϑ)(1−ζ)
1

∫ z1

0

(z1 − ω)η−1Qη(z1 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
≤
∥∥∥∥z(1+ηϑ)(1−ζ)

1

∫ z1

0

(z1 − ω)η−1

×
[
Qη(z2 − ω)−Qη(z1 − ω)

]
F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
≤
∥∥∥∥z(1+ηϑ)(1−ζ)

1

∫ z1

0

(z1 − ω)η−1
[
Qη(z2 − ω)−Qη(z1 − ω)

]
m(b)f(P ′)dω

∥∥∥∥.
Since Qη(z) is uniformly continuous in operator norm topology, we obtain I8 → 0 as
z2 → z1.

I9 =

∥∥∥∥z(1+ηϑ)(1−ζ)
2

∫ z2

z1

(z2 − ω)η−1Qη(z2 − ω)F
(
ω, ω(1+ηϑ)(1−ζ)[vω + Ψ̂ω]

)
dω

∥∥∥∥
≤ κp

∥∥∥∥z(1+ηϑ)(1−ζ)
2

∫ z2

z1

(z2 − ω)−ηϑ−1m(b)f(P ′)dω

∥∥∥∥.
Integrating and z2 → z1 =⇒ I9 = 0. Therefore, Φ is equicontinuous on I.
Step 4: Prove that Φ : BP (I)→ BP (I) is a µc−contraction operator. Let B ⊂ BP ,
then by Lemma 2.19 there exists a countable set B0 such that

B0 = {uk = z(1+ηϑ)(1−ζ)[vk(z) + Ψ̂k(z)]} ⊂ B
and Φ(B0) becomes a countable set of Φ(B). Thus, µc(Φ(B)) ≤ 2µc(Φ(B0)). Since
Φ(B0) is bounded and equicontinuous, then from Lemma 2.20, we get

µc(Φ(B0)) = max
z∈[0,b]

(
µ(Φ(B0))

)
.

Then, it become

µc(Φ(B)) ≤ 2µc(Φ(B0))

= 2 max
z∈[0,b]

(
µ(Φ(B0)(z))

)
= 2 max

z∈[0,b]

(
µ

(
− Sη,ζ(z)

[
N(B0) +H(0, ξ(0))

]
+H(z, B0(z))

+

∫ z

0

(z− ω)η−1AQη(z− ω)H
(
ω,B0(ω)

)
dω

+

∫ z

0

(z− ω)η−1Qη(z− ω)F
(
ω,B0(ω)

)
dω

))
≤ 2 max

z∈[0,b]

[
µ

(
− Sη,ζ(z)

[
N(B0) +H(0, ξ(0))

)
+ µ

(
H(z, B0(z))

)
+ µ

(∫ z

0

(z− ω)η−1AQη(z− ω)H
(
ω,B0(ω)

)
dω

))
+ µ

(∫ z

0

(z− ω)η−1Qη(z− ω)F
(
ω,B0(ω)

)
dω

)]
≤ 2

4∑
j=1

Jj .
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Consider the following:

J1 = max
z∈[0,b]

µ

(
− Sη,ζ(z)

[
N(B0) +H(0, ξ(0))

])
.

Since N is compact, then Sη,ζ(z)
[
N(B0) + H(0, ξ(0))

]
is relatively compact, we get

J1 becomes zero. Next consider,

J2 = max
z∈[0,b]

µ
(
H(z, B0(z))

)
J3 = max

z∈[0,b]
µ

(∫ z

0

(z− ω)η−1AQη(z− ω)H
(
ω,B0(ω)

)
dω

))
.

From hypotheses (H4) and properties of function H and AQη, we obtain, that terms
are relatively compact. So J2 and J3 become zero. Therefore,

µc(Φ(B)) ≤ 2 max
z∈[0,b]

(
µ

(∫ z

0

(z− ω)η−1Qη(z− ω)F
(
ω,B0(ω)

)
dω

))
.

From Theorem 2.18, we write

µc(Φ(B)) ≤ 4 max
z∈[0,b]

(∫ z

0

µ

(
(z− ω)η−1Qη(z− ω)F

(
ω,B0(ω)

))
dω

)
≤ 4 max

z∈[0,b]

(∫ z

0

(z− ω)η−1Qη(z− ω)µ

(
F
(
ω,B0(ω)

))
dω

)
≤ 4κp max

z∈[0,b]

(∫ z

0

(z− ω)−ηϑ−1h(ω)µ(B)dω

)
≤ 4κp max

z∈[0,b]

(∫ z

0

(z− ω)
−ηϑ−1

1−q dω

)1−q(∫ z

0

∥∥h(ω)
∥∥qdω) 1

q

µ(B)

≤ 4κpKη‖h‖
L

1
η1

(I,R+) × µ(B)

i.e., µc(Φ(B)) ≤ κ1µc(B),

where, Kη =

[(
1−η1
−ηϑ−1

)
b

(
−ηϑ−1
1−η1

)]
, κ1 = 4κpKη‖h‖

L
1
η1

(I,R+) .

Therefore, from Definition 2.20 Φ is a µc−contraction operator. Hence, by Lemma
2.21 Φ has atleast one fixed point, which is the mild solution.

5. Example

Consider the HF neutral differential system with non-local condition of the form
D

2
3 ,ζ

0+

[
u(z, τ) +

∫ π
0
ρ(α, τ)u(z, τ)dα

]
= uττ (z, τ) + χ

(
z,
∫ z

∞ χ1(ω − z)u(z, τ)dω

)
,

u(z, 0) = u(z, π) = 0, z ∈ I,
I

(1− 2
3 )(1−ζ)

0+ u(0, τ) +
∫ π

0
N (α, τ)u(z, τ)dα = u(0, τ), τ ∈ [0, π], z ∈ (−∞, 0),

(5.1)
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where D
2
3 ,ζ

0+ denoted the HFD of order η = 2/3, type ζ and χ, χ1, ρ and N are the

required functions. To change this system into an abstract structure, let Y = L2[0, π]
and A : D(A) ⊂ Y → Y is defined as Ax = x′ with

D(A) =
{
x ∈ Y : x, x′ are absolutely continuous, x′′ ∈ Y, x(0) = x(π) = 0

}
and

Ax =

∞∑
k=1

k2〈x, %k〉%k, % ∈ D(A),

where %k(x) =
√

2
π sin(kx), k ∈ N is the orthogonal set of eigen vectors of A.

We know that A is the almost sectorial operator of the analytic semigroup {T (z), t ≥ 0}
in Y , T (z) is noncompact semigroup on Y with µ(T (z)B) ≤ µ(B), where µ denoted
the Hausdorff measure of noncompactness and there exists a constant K1 ≥ 1, satisfy
sup
z∈I
‖T (z)‖ ≤ K1.

Define, F : I ×Bw → Y, H : I ×Bw → Y and N : Bw → Y are the appropriate
functions, which satisfy the hypotheses (H1)− (H4),

F
(
z, uz

)
(τ), = χ

(
z,

∫ z

∞
χ1(ω − z)u(z, τ)dω

)
,

H(z, uz)(τ) =

∫ π

0

ρ(α, τ)u(z, τ)dα

N(uz)(τ) =

∫ π

0

N (α, τ)u(z, τ)dα.

We also provide some acceptable conditions for the above-mentioned functions in
order to validate all of the Theorem 4.3 assumptions, and we conclude that the Hilfer
fractional system (4.1)-(4.2) has a mild solution.

6. Conclusion

We concentrated on the existence of mild solution of the Hilfer fractional neutral
differential equations with infinite delay via almost sectorial operator in this study.
The major conclusions are established by applying the results and ideas belonging to
almost sectorial operators, fractional calculus, measure of noncompactness and fixed
point method. Finally, to explain the principle, we offered an example. In the future,
we will study the exact controllability of the Hilfer fractional differential system with
infinite delay via almost sectorial operators using fixed point method.
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