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1. INTRODUCTION

In 1922, Banach [3] put the main stone of the fixed point theorem in metric spaces.
Since then, many authors have studied this topic and the Banach contraction theo-
rem has been extended to more general spaces (see, for example, [8, 9]). The study
of modular spaces as generalizations of normed spaces was pioneered by Nakano [13].
Subsequently, Nourouzi [14] introduced the notion of probabilistic modular spaces,
contributing to the development of modular space theory. In 2013, Shen and Chen
[17], inspired by the structure of probabilistic modular spaces and the formulation
of fuzzy metric spaces by George and Veeramani [7], extended the classical theory
by incorporating fuzzy concepts, thereby giving birth to the notion of fuzzy modular
spaces. In the same year, Wongkum et al. [21] further advanced this area by estab-
lishing fuzzy analogue of the Banach fixed point theorem within the context of fuzzy
modular spaces.

On the other hand, it is well known that functional equations are an essential tool
in mathematics, as they describe functions through relations between their values
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at different points. Studying their solutions helps uncover important properties of
functions and often leads to new results in areas such as analysis, algebra and number
theory. This makes the investigation of functional equations a valuable direction in
both pure and applied mathematics. But in many cases, finding the exact solution
of an equation is very difficult, and only approximate solutions are available. This
raises important questions about how close these approxiamte solutions are to the
exact ones, and whether the exact solution can be recovered from them. The theory
of Ulam stability deals with such problems. Actually, when we talk about Ulam
stability theory, we want to know if there exists an exact solution to an equation
which we already know one of its approximate solutions (in some sense). This theory
was initiated in 1940 by S. M. Ulam [20], who asked about the stability of the group
homomorphism equation. Since then, the theory has been developed and extended
by many researchers to cover a wide range of functional equations, e.g., [1, 2, 4, 5, 6,
12, 15, 19, 18, 22, 24]..

In 2016, Wongkum and Kumam [23], employed Khamsi’s fixed point technique
[11] to establish the generalized Ulam-Hyers-Rassias stability of the following sextic
functional equation

flaxy + bxa,y, 2) + flax) — bxa,y,2) = 2af(x1,y,2),

f(x,ay1 + bya, 2) + f(x, ay1 — bya, 2) = 20 f(z,y1,2) + 26° f (2, 92, 2),

flx,y,a21 +bz) + fa,y,a21 —bza) = ab® (fz,y,21 + 22) + f(2,, 21 — 22))
+2a(a® — b?) f(x,y, 21),

where a,b € Z \ {0} with a # £1,+b, and the unknown function f is defined from
linear space into fuzzy modular space. The assumptions of lower semi-continuity and
[-homogeneity were identified as necessary conditions for their approach. It is worth
noting, however, that while the introduction of [23] states an intention to apply the
fixed point method of Wongkum et al. [21], the actual proof relies on Khamsi’s fixed
point theorem.

Next, in 2021, Ramdoss et al. [16] proved the Hyers-Ulam stability of the general-
ized n-variable mixed-type functional equation

n—1
S kit ) + fhrn +a) k| D flwit )+ flzn+a)
i=1,j=i+1 i=1,j=i+1
(1-k)? &

=5 Z (f (@) + f(=zi)) + klg;_k]; Z (K f(z:) — fkzy))

for positive integers n,k > 2, in a fuzzy modular space by using the fixed point
technique given in [21].

Furthermore in 2024, Jakhar et al. [10] proved the Hyers-Ulam stability of the
mixed type cubic and quartic functional equation in fuzzy modular spaces

glu~+ 2v) + g(u — 2v) = 4 (g(u +v) + g(u — v)) — 24g(v) — 6g(u) + 3g(2v)

by using the fixed point method of [21].
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Our purpose is to give a fixed point result in fuzzy modular spaces improving a
result of Wongkum et al. [21]. In fact, by introducing supplementary assumptions
absent from the previous result, we establish a theorem that is structurally analogous
to the Banach contraction principle. Next, as application of our result we will prove
the Ulam stability of the following general linear functional equation:

S OKi(F(fi(wr,...,2n)) = H(@1, ... 2), 21,20 € X, (1.1)
i=1

where F' is a mapping from a vector space X into a S-homogeneous fuzzy modular
space (Y, i, 7 ), with 8 €]0,1], and p lower semi-continuous, m and n are positive
integers with m > 1 and for each i € N,,, := {1,2,...,m}, f; is a mapping from X"
into X, (K;);en,, is a family of non zero commuting endomorphisms of Y and H is a
mapping from X" into Y.

Notice that, since the equation (1.1) generalizes several functional equations studied
in the literature, many known results concerning the stability of such equations in
fuzzy modular spaces can be derived as special cases of our findings. Finally, we
conclude the paper with some corollaries, a remark and an example to illustrate our
results.

This paper is organized as follows: In Section 2, we recall some basic definitions
and properties of a fuzzy modular space. In Section 3, we show a Banach contraction
type fixed point theorem in such spaces, improving a result of [21]. In Section 4, using
this fixed point theorem, we present a result on Ulam stability of the equation (1.1).
We end with some corollaries and an example to illustrate our results.

2. PRELIMINARY

In this section, we recall some basic definitions and properties of a fuzzy modular
space. These notions are standard in the literature and are presented here for the
convenience of the reader.

Definition 2.1. A real function p on an arbitrary vector space E is said to be a
modular if it satisfies the following conditions:

e p(z) =0if and only if z =0,

* p(x) = p(—a),

o plax + By) < p(x) + p(y) for all x,y € F and o, f > 0 with a + 8 = 1.
A modular space £, is defined by corresponding modular p, that is

E,={x € E:p(Ax) > 0as A —0}.

Definition 2.2. A binary operation 7 : [0,1] x [0,1] — [0, 1] is a continuous ¢-norm
if it satisfies the following conditions:

T is commutative and associative,

T is continuous,

atl = a for every a € [0, 1],

atb < erd whenever a < ¢, b < d and a,b, c,d € [0,1].

Definition 2.3. A fuzzy set p in F is a function with domain E and value in [0, 1].
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Definition 2.4. The triple (E, u,7) is said to be a fuzzy modular space (F'M-space)
if E is a real or complex vector space, 7 is a continuous t-norm, and p is a fuzzy set
on E x R, satisfying the following conditions, for all z,y € E, s,t > 0 and o, >0
with a + 8 = 1:

(@, t) >0,

p(z,t) =1 for all t > 0 if and only if z =0,

w(z,t) = p(—m,t),

plaz + By, s +t) > p(z, s)Tu(y,t),

the mapping ¢t — u(x,t) is continuous at each fixed z € E.

Example 2.1. Let E be a real complex vector space, p be a modular on E, and let
T be a continuous t-norm. For every ¢ > 0, define

w(z,t) !

=——— =xz€k.
t+p(x)
Then (E, u, 7) is a F-M-space.

Remark 2.1. If (E, u, 7) is a F M-space, then the mapping u(z, .) is a non-decreasing
function for all z € E.

Definition 2.5. If the fuzzy modular p has this property: for every x € E and a non

zero real A\, the equality

HO, 1) = (e, #)

holds for some fixed 5 €]0,1]. Then (E,u,7) is said to be a S-homogeneous fuzzy
modular space.

Notice that the S-homogeneity plays a fundamental role in fuzzy modular spaces,
as it establishes a scaling law, that is, a precise principle governing the behavior of
the fuzzy modular under scalar multiplication. This property guarantees the coherent
interaction between vector scaling and the modular parameter, thereby ensuring the
well-posedness of notions such as convergence, continuity, and the induced topology.
Moreover, S-homogeneity is indispensable in the development of fixed point theory
and stability results, serving as the analogue of the homogeneity property in normed
spaces, where scalar multiplication of a vector results in a predictable rescaling of its
norm.

Definition 2.6. We say that the fuzzy modular space (F,pu,7) satisfies the lower
semi-continuity if, for any sequence (x,) of F and u-converging to a point = € E,

< 1 .
pla,t) < lim infp(z,,t)
for all ¢ > 0.

Notice that, the lower semi-continuity condition in fuzzy modular spaces is a reg-
ularity assumption that guarantees the coherence of modular convergence, supports
the induced topology, and provides the technical foundation for applying limit-based
arguments in fixed point and stability theory.
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3. A FIXED POINT RESULT IN FUZZY MODULAR SPACES

We assume some familiarity with certain definitions, notions and properties of fuzzy
modular spaces, which can be found in [17].
Notice that in [21], the authors proved the following result:

Theorem 3.1 (Theorem 6, [21]). Let E be a real vector space equipped with a
B-homogeneous fuzzy modular p and the strongest triangular morm T, such that
(E, p, 7m) is p-complete. Suppose that at each © € E, p(xz,t) — 1 as t — +oo.
If f: E — E is an inner contraction with constant q €]0, 1], then f has a unique fized
point.

The following theorem is our main result. It improves Theorem 3.1, and it is
structurally analogous to the Banach contraction principle.

Theorem 3.2. Let (E,u,7m) be a p-complete S-homogeneous fuzzy modular space
where Ty, is the minimum t-norm, such that limy_, oo w(&,t) = 1 for each £ € E. If
J: E — E is a pu-inner contraction with constant q €]0,1[, i.e:

p(JE—JE gty > (e —€1), €€ €EB, t>0,

then there exists a unique fized point £ of J such that for all & € E, (J"E), p-
converges to £*.
If in addition q < 275, then for every £ € X and t > 0, we have

_ 98

pre-enzu(se-e ST nze (31)
_ 98

e - 602 (g - 6 CLZ). (32

Moreover, if u is lower semi-continuous, then for every £ € X andt >0

n * (1 - 2Bq)t
M(Jffat)ZM<Jffa25qn . n € N. (3.3)
Proof. The existence and uniqueness of £* the fixed point of J is shown in the real
case in [21], the same proof works also in the complex case.

Now, assume that ¢ < 277 and fix £ € X and t > 0, we claim that for every n > 2,
we have

n—1
u(J"(S) (G Z(ZBQ)i_l)t) > p(J(€) = & 1) (3.4)

=1

The case n = 2 is easy. Let n > 2 and assume that (3.4) is satisfied. Then

u(ﬂ“(o e (2P 1273 (@2 t)
=1

1

u((J”“(f) _J©) +

S(T(€) =€), (2P Vg + 328 1) t>

=2

2
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>p (J”“(g) = J(§), (2% Vg + Z(Q%)“) t) Tmit(J(€) = &,1).

But, the contractivity of J gives
w770 - (. Dy S0 )

=2
n—1

> u(J"(f) —& (@ 42 Z@ﬁq)“)t)'

j=1

Using the assumption (3.4) on n, we get
n

u(,]nﬂ(g) —J(€), (28 D¢ + Z(%)“)t) > pu(J(§) —@,1).

=2

It follows that (3.4) holds for every n > 2. Next, since 2°¢ < 1, one gets

n—1
. 28
2Bg)n—t 4 28 28q)-1 < .
2" + ;:1( q) S 195

Since t — u(&,t) is non-decreasing, for every n > 2, we have
n 2ﬁt n n— = i—
w706 g 2u(7© -6 @02 Tt )

Therefore (3.1) holds true. Furthermore,
t 4 )

" = 68) = (56" = I(E) + 57O ~ ). g +

: t (1—2%g)t
> min (M (5*_Jn(§)>25+1)>ﬂ(c](§)_f7225+1 .
Letting n tend to infinity, we get (3.2), since (J™(§))n p-converges to £*.
Now, whenever m — n > 2, we have:
")

B (TE) — T™E)) > (5 - I,

Using (3.1) we get
(1- 2Bq)t>

w0 - 0.0 2 (10 - L2

If 1 happens to be lower semi-continuous, then we get

u(J"(&) = &, t) = limsup pu(J"(§) — J™(£), t)

m——+00
Py
> (6 - & S5 ).

Therefore (3.3) holds true, and this finishes the proof.
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Remark 3.1. Theorem 3.1 is given in real modular space framework, but our result
holds in both real and complex situations. We even go beyond that and obtain
the approximation inequalities (3.1), (3.2) and (3.3) showing how the iterations of
J behave with respect to the fixed point of J. So our result is more similar to the
Banach contraction principle than that of [21].

4. APPLICATION OF THEOREM 3.2 IN ULAM STABILITY

In this section, using Theorem 3.2, to prove the stability of (1.1) in a [-
homogeneous fuzzy modular spaces.

Let X and Y be vector spaces over K € {R,C}. On Y we consider a complete
B-homogeneous F M-space structure (Y, p,7,), with 8 €]0,1] and p lower semi-
continuous. Fix positive integers m and n, with m > 1, and for each + € N,, :=
{1,2,...,m}, fi : X™ — X. Let (K;)ien,, be a family of non zero commuting en-
domorphisms of Y, each K; being continuous with respect to the topology of the
FM-space (Y, i1, ) as in Theorem 14 of [17]. For every nonempty subset I of N,,,
we will write Ky for Y. _; K;. In case I = {1,2,...,m}, we will write K instead of
K{I,Q,...,m}'

We will denote an element (x1,...,2,) of X" by T.

iel

Theorem 4.1. Let H: X" =Y and x : X — X" so that
D Ki(H(xo f;(7) = Y Ki (H(fiox(x1),..., fio x(wn))) (4.1)
i=1 i=1

for every T € X™. Suppose there exist 6 : X™x ]0,4+o00[— [0,1], a proper subset
I of Ny, and positive numbers w; and non-zero real numbers «;, for i & I, so that
t — 0(x,t) is non-decreasing for every T € X™, K possesses an eigenvalue M # 0,
whose corresponding eigenspace Yar contains F(X) and H(X™), and for every j € 1,
1€l,peN,, e X", yeY,z e X andt >0, we have

Jim 0(z1) =1, (4.2)

fiox = Idx, (4.3)

0(fiox(x1),..., fiox(wn),t) > 0(T, wit), (4.4)
fo(fiox(@1),..., fiox(zn)) = fioxo fp(T), (4.5)
O(x(fi o x(2)),t) = 6(x(x), wit), (4.6)

Sl _ 1
|avs|w; | M 1P 28’
and Ki(y) = auy. (4.8)

If F: X =Y satisfies

0<

i (Z K(F(f,(F))) - H(a:),t) > 0(@1), TEX"1>0, (4.9)
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then there exists G : X — 'Y, a unique solution of (1.1) fulfilling:

1—28¢)|M|Pt
1 (Glw) - Flz),1) 2 6 (><<x>, <q>") L weX, t>0,  (410)
225-1—1
. . g a7t
with apwy = mingr |a;|lw; and ¢ := SR il

Proof. Let x € X. Denoting x(z) by T = (z1,...,2y) in (4.9) and using (4.3), we
have

M(F(z) — — Ki(F(fiox(z) — H(x(z))) |,t ) = 0(x(z),1),
ﬂ( (; NE: X )) > X
for all z € X and ¢t > 0. Then

wl| Py - ;K (Frox(e) = HOa) | 3775 | 2 00d@).1)
Equivalently,
I ZK (fiox(z)) — H(x(2)) | .t | = 0(x(x),|M|°t). (4.11)
iZ1
Define
NO(gat) = t—&-g(g)’ gGYX, t>0,

with

o(g) := inf{a >0, u(g(x),as) > 0(x(x),|M|’s), zecX,s>0}
Then, o is a modular on Y. Therefore, (Y, g, 7,n) is a FM-space. Let us show
that (YX, uo, 7, ) is complete. Notice first that by (4.2), for arbitrary z € X and
A €]0, 1], there exists ¢y > 0 so that

O(x(x), |M[to) > 1 \.
Let (gn)n be a Cauchy sequence in Y, § > 0 and € > 0 be given, such that ety <
d(1 — €). Then there exists ng € N satlsfymg

Eto
1—¢€

p(gn - gm) < m,n > ng.

Therefore

1(gn(x) = gm(x),6) = p (gn(x) — gm(2), ;i)

> 0 (x(x),to|M|°)
>1-XA z€X, n,m2>ng.

Then, (gn(z)), is a Cauchy sequence in (Y, u,*m,). Since the space is complete,
(gn(x))r is convergent in (Y, p, *,,) for every 2 € X. Define g : X — Y by

g(z) = ngrfwgn(x), reX.
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Since p is lower semicontinuous, then

! (gn(x) ~9(@), - ) 2 lim sup <gn(a:) — gr(), 1€_te>

1—¢€ m—=+00 k>,

> O(x(x), [M|°), x€X, t>0.

Then, po(gn — g,t) > 1 —¢, for all n > ng. Thus (g,), i a convergent sequence
in (YX, o, 7). Therefore, (YX, ug,7,) is complete. Now, we show that pg is 3-
homogeneous. Let g € YX, ¢t > 0 and A € K\ {0}. Since y is S-homogeneous, we

get
t
H9:8) = FT ot~ (| )

AP
Then, j is B-homogeneous. Also, we get lim; o po(g,t) = 1, for every g € YX.
Let £ € YX, define J¢: X — Y by

JE( }:K’ (fiox(®)—H(x(x) |, ¢eYX zeX. (4.12)
i€l

Let g,h € YX and a is a positive constant so that p(g — h) < a. Then

B
w(g(x) — h(z),t) >0 (X(x), Wa't) , zeX, t>0.

For every x € X and ¢t > 0,

Blo
u(Jg(w)—Jh(xm>%M<g<ﬁox<x>)_ M o (e, Ml )

|Zj¢1 o[

. ¢ M [Py || M7
>mind | x(fiox()), =747
igl ( al g o]

t|M|? M|P
Z9<X(gc)7| [Pl |>.

al ngl ay|[PH
Therefore

t g ail7 X
Ho Jg—Jh,W > po(g — hyt), g,heYi, t>0.

1
|2 er QJ‘B+
OéowolM‘ﬁ

min;g; |oviw;. Therefore, by Theorem 3.2, there exists a unique mapping G € Y¥ so
that JG = G, limy,— o0 pto(T"F — G, t) = 1 and for every ¢ > 0,

That means that J is a pg-inner contraction with ¢ = and qqwg =

1—29¢)t
po (F = G,t) = po (F—JF7(226+1q>). (4.13)
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Since limy,— 400 po(J"F—G, t) = 1, it follows p—lim, 4 (J"F)(z) = G(z), for every
x € X. Now, we prove that G satisfies equation (1.1). First, observe that

YK (GE) = 3K, ( lim (J’“F)(fi(x))>
=1 i=1

k——+oo

Next, we demonstrate that for every k € N,
- k = = _ 1 = n
p( > Kyo(J'F)o f,(z) — H(T),t | > 0(z, qfk), TeX" t>0. (4.14)
p=1

The case k = 0 is just (4.9). Now, we fix £ € N and suppose that (4.14) holds. Then
for every T € X",

m m

ZK;D °© (Jk—HF) o fp(T) = ZKP © (J(JkF)) o fp(T)

p=1 p=1

:ZKP

Y (Z K (P (i (x(Fol)))) - H(x(fp(x))))ﬂ

iZI

_ ‘Ml K, (Z K, ((J’“F)(fp(ﬁOWC))))>

gl i€l

= { K (K(fox(@)) + YK, (H(x))]

=YK (Z K, ((FF)f(Frox@))) - H(Fro x(m))) +H(®),

with for every i ¢ I, f o X(@) = (fi o x(21), .-, fi 0 X(wn))). Hence,

i (Z K, o (J** f) o fo(T) — H(T), t)

p=1
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;}ZKN[ZKP E)(fp(fiox(@ ))—H(fiox(w)],t

il

> min Zal lZK Jk fp fiox(® ))—H(fiox(sc)] ,t\M|Bfi

I
ga iZI p=1

(= tIM|]a
> min 0 (soi ox(@). “=
t|M P o |w;
> min6 577‘ |,|€O%|wz>
il q

t|M|Ba0w0 _ t
> 9 ( T == 9 ,T, F .

Then (4.14) holds for every k € N. Letting k¥ — +o00 in (4.14), we get:

m

kgxfw K,o(J*F)o f,(7) = HX), T&X".

Consequently,
ZKPOGOfp(E) =H(Z), Z:=(x1,...,2,) € X™
p=1

Now, we are in a position to prove that (4.10) holds true. By (4.11) we get
W(F (@) — JF(@),1) 2 6(x(@), [MPt), weX, t>0.
Then p(F — JF) < 1. Therefore, by using (4.13), we obtain

28+1
—F)< F-TF
p(G—F) < 1— Qﬂqp( )
This means that p(G — F) < 12 25 , whereby we get (4.10). O

Using Theorem 4.1, we get the stability for numerous equations. One of them is
Cauchy inhomogeneous equation

F($1+IQ)7F(I1)7F(SC2) :H(I’l,l’g). (415)

Corollary 4.1. Let (X, ||||) be a normed space, L,L' € Ry, p €] — 00,0[. Assume
that H : X? =Y is symmetric and biadditive, F : X —'Y satisfies:

t
F - F - F - H t) >
p(F(z1 + x2) (z1) (z2) (x1,22),1) > t+ Lz [P +L'||J;2||P’

for every x1,x2 € X and everyt > 0. Then, there exists a unique solution G : X =Y
o (4.15) so that:

W(Glz) — F(a),1) > 12t

X, t>0. 4.16
Wi L e €N (4.16)
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Example 4.1. Let L, L' € R, and p € R*. Assume that X =Y = R and (R, py 7m)
is the F'M-space with

w(x,t) = r€R,t>0.

t+ [z’
Suppose that H : R? — R define by H(z,y) = zy for every o,y € Rand F : R — R
satisfy
1 S 1
t+ |F(z1 + x2) — F(z1) — F(x2) — wyxe| — t+ L|zq|P + L' |22P

for every x1,z5 € R and every ¢t > 0. Then, using Corollary 4.1, there is a unique
function G : R — R such that

G(z1 + 22) — G(x1) — G(x2) = w122

and
1 1-2P

(= [G@) —F@)] -~ Q- 2)t+ 27 L+ L)ap

r €R.

Now, using Theorem 4.1, we show the stability of Jordan-von Neumman inhomo-
geneous equation:

F(SCl + $2) + F(IL‘l — 502) - 2F(l’1) - 2F(IE2) = H(xl,l’g). (417)
Set:
HF(x1,29) := F(x1 + 22) + F(x1 — x2) — 2F (x1) — 2F(22) — H(x1,22).

Corollary 4.2. Let || || is a norm on X, L, L' € Ry, p,w € R such that p < —1 and
wy > 2. Assume also that H is a biadditive given mapping and F : X =Y satisfy:

t
> ’ )
~ bt Ll [P + Ll

p(HF(z1,22),1)

for every 1,z € X and everyt > 0. Then, there exists a unique solution G : X =Y
of (4.17) such that:

t
G(z) - F(z),t) > ————, ze€X, t>0, 4.18
W(Gla) = F@).1) > g (118)
with K = % and wo := min(27?7,w,y).

Now, we will give some comments about the condition (4.1).

Remark 4.1. 1) The constant functions from X™ into Y satisfy (4.1).
2) If Hy,Hs : X™ — Y satisfy (4.1), then a1 Hy + asHs also satisfy (4.1), for
every fixed scalars aq, as.
3) If we take the situation in Corollary 4.1, then the condition (4.1) has the form

H(.’L‘l + X9, 21 + .%‘2) — H(.’El,.’L‘l) — H(.’EQ,.’EQ) = H(2x1,2x2) — 2H(.’171,.’172). (419)
Let p: X — Y. Then, H : X?> — Y defined by
H(z1,22) = p(x1 + 22) — p(x1) — p(22) (4.20)
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is a solution to (4.19). Note that if H is symmetric and biadditive (i.e
H(zy,29) = H(xo,x1) and H(z1,22 + 23) = H(x1,22) + H(21,22)), then
(4.20) holds with p(z) = $H(z,z) for z € X. Therefore (4.19) is satisfied for
every symmetric and biadditive H : X2 — Y.

4) Consider the situation in Corollary 4.2, then the condition (4.1) has the form

H(.I] + X9, 21 + xg) + H(Z‘l — T9, X1 — .1‘2) - 2H(l‘1,$1) — 2H($2,l‘2)
:H(2I1,2$2)—|—H(0,0) —4H([E175L‘2) (421)
Note that if H is biadditive, therefore we get (4.21) holds true.

4.1. Open Problem. Determine whether Theorem 4.1 can be extended to settings
where condition (4.1) (respectively, inequality (4.7)) is replaced by a weaker assump-
tion. More precisely, is it possible to establish an analogous stability result under less
restrictive conditions?

5. FURTHER DISCUSSIONS

The study of Ulam stability in fuzzy modular spaces is not only a theoretical
pursuit but also has potential for practical use. Fuzzy modular structures naturally
appear in situations where uncertainty, vagueness, or incomplete information cannot
be ignored. In such cases, stability results play an important role, since they ensure
that approximate solutions of functional equations remain close to exact ones, even
when the available data is imprecise or affected by noise.

More specifically, these results may be useful in information theory and decision-
making models, where fuzzy data must be handled carefully to ensure reliability and
consistency. In approximation theory, stability provides a safeguard that approximate
functions or operators preserve essential properties under small perturbations, which
is particularly valuable in numerical analysis with uncertain data. Likewise, in control
theory and dynamical systems, Ulam stability helps guarantee that small changes in
parameters or initial conditions do not lead to significant deviations, supporting the
development of robust and reliable models.

From a broader mathematical perspective, Ulam stability in fuzzy modular spaces
can be regarded as a general framework that extends earlier results from normed,
modular, and probabilistic metric spaces. This opens several directions for further
work, such as exploring stability in Banach algebras, operator equations, or stochastic
models involving fuzzy components.

5.1. Open problem. A natural question for future research is whether the methods
used in this paper can be adapted to study Ulam-type stability of functional equations
in probabilistic fuzzy modular spaces, where fuzziness and randomness are combined.
Addressing this problem would expand the reach of stability theory to models that
incorporate both uncertainty and stochastic effects.

6. CONCLUSION

In this paper, we examined the Ulam stability of a general linear functional equation
within the framework of fuzzy modular spaces, using an analogue of the Banach
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contraction principle. Our results contribute to the understanding of how the Ulam
stability concepts can be extended to fuzzy modular frameworks, highlighting the
flexibility of these spaces in handling functional equations under uncertainty.

For future research, it would be interesting to study the Ulam stability of similar
equations in broader contexts that generalize fuzzy modular spaces. Examples include
intuitionistic fuzzy modular spaces, probabilistic modular spaces, and others. Such
investigations could deepen our insight into Ulam stability behavior in more complex
fuzzy environments and expand potential applications in areas such as fuzzy analysis
and information science.
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