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1. INTRODUCTION

In this paper, we study the following convolution equations with nonlocal boundary

condition
{(G*UU@)+Af@ﬂKU)=0, t€(0,1),
u'(0) =0, u(l)=p(u),

where A > 0 is a parameter, p(u) = fol u(s)da(s) is a Stieltjes integral with the
function « which is of bounded variation and monotone increasing on [0, 1], and
f:10,1] %[0, +00) — (0, 400) is continuous. There are two different nonlocal elements
in problem (1.1)y: one is the convolution a * u” (see [10]), which appears in the
equation itself; the other is Stieltjes integral ¢(u), which occurs in the boundary
condition.

In recent years, many papers have been devoted to the study of nonlocal differen-
tial equations boundary value problems, see, such as, [6]-[11], [14] and [17]. Convolu-
tion equations have recently gained much attention, on account of their applications
in wave propagation dynamics, image and signal processing, geophysics, univariate
splines over uniform knots and B-splines, potential theory, evolution of populations
and mathematical analysis (see [1], [3]-[5], [7], [13]).
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We recall that both the elliptic equation and the fractional derivative can be real-
ized in the form of a particular convolution. If v” in the equation of (1.1), is replaced
by Au and a = §p the Dirac delta with mass concentrated at zero, we have the typical
elliptic boundary value problem (see [2], [15], [16], [18]):

Au(z) + Af(z,u(z)) =0, z€(0,1),

which is related to the equilibrium equations of continuum mechanics-bars, beams,

strings. Besides, if a(t) = %, 1 < a < 2, we have the Caputo fractional order

time-derivative and the nonlinear fractional evolution equation:
Dfu(t) + Af(t,u(t)) =0, te(0,1).

To the best of our knowledge, there are few papers dealing with the combination of
convolution equations and nonlocal boundary conditions. In [11], the authors studied
the existence of at least a positive solution and monotonicity of solutions of problem
(1.1),, without considering the influence of the choice of A on the solution. In [8], the
author considered nonlocal differential equations with convolution coefficients of the
form

—M((axu?)(1))u"(t) = Mf(t,ut), te(0,1), (1.2)
where A > 0 and ¢ > 1 are parameters and both M : [0,400) — R and
f:0,1] x [0, 4+00) — [0,+00) are continuous functions. Considering the influence
of the choice of A on the solution, the author demonstrated that, subject to given
boundary data, problem (1.2) will not admit a positive solution when A is sufficiently
large. Greatly inspired by above works, in this paper, we study the positive solutions
of problem (1.1),. We demonstrate the existence, multiplicity, and nonexistence re-
sults for positive solutions of problem (1.1), for different values of A. Furthermore, it
is worth mentioning that the rang of solutions in this paper is different from that in
[11].

The paper is organized as follows. In Section 2, we state some notations as well as
recall Lemmas which will be used later, and we give some properties of the associated
Green function. Section 3 is concerned with the existence, multiplicity and nonexis-
tence of positive solutions for (1.1)x. An example is also given to illustrate the main
results in Section 4.

2. PRELIMINARIES AND LEMMAS

Here we present some basic knowledge and definitions which will be used in the
sequel. As we all know, we denote the finite convolution by *, namely,

t
(Fr)0) = [ Ft=s)gs)ds, e 0.
0
where f,g: [0, +00) — R. Suppose 8 > 0, and gg is the standard kernel, namely,
0=
)= ——,
T T)

Especially, g1(t) = 1, go(t) = t. We say that a € L} _(Ry) is of type PCy (see [11]),
if the following condition is satisfied

t>0.
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(PCy): There exists a nonnegative kernel ¢ € AC(R,) such that ¢ *a = g; on
(0, +00).

We will use the following assumption:

(H1) a € AC(R4) is of type PCy and non-increasing.

For f(t,x) : [0,1] x [0,4+00) — (0,+00) a continuous function and given numbers
0<a<b<1land0<c<d< 400, we will denote, respectively, the numbers

f[am,b]x[c,d] = f(tv y)a f[j)z{b]x[c,d] = f(ta y)

min max
(t,y)€E€la,b] x[c,d] (t,y)€la,b] x[c,d]
Remark 2.1 If a is of type PCy, there exists a nonnegative kernel ¢ € AC(R,) such
that cxa = g;. Let b = gy * ¢. Then b € AC'(R,) is nonnegative and monotone
increasing. Besides, it follows from (b a)(t) = (g1 x c*x a)(t) = (g1 * g1)(t) = g2(t)
that bxa = gs.

Lemma 2.2 [11] Assume that (H;) holds. Then a function u € C?([0,1]) is a solution
of (1.1) if and only if it satisfies the integral equation

u(t):go(u)—i-)\/o G(t, 5)f (s, uls))ds, t € [0,1], (2.1)

where
b(l—s)—b(t—s), 0<s<t<I1,
G(t,s) =
b(1 —s), 0<t<s<l,

and b is given in Remark 2.1.

Lemma 2.3 Suppose that (Hy) holds. Then the function G(t,s) emerged in Lemma
2.2 satisfies the following properties:

(1) G:[0,1] x [0,1] = [0, 400) is continuous and G(1,s) = G(t,1) =0;

(2) G(s) :== tren[aa)%] G(t,s) =b(1—s), s€][0,1];

)

(3) G(t, s) is bounded and G(t, s) is non-increasing with respect to t.

Proof. By direct computations we obtain (1) and (2). Since b(t) = (g1 * ¢)(t) =
fg c(s)ds, we have V' (t) = c(t). Thus,
—b(t—s5)=—c(t—s), 0<s<t<l1.
Gty f )= el
0, 0<t<s<l.

By using the properties of ¢, G¢(¢,s) is bounded, and G(t, s) is non-increasing with
respect to t. The proof of (3) is finished.

Set E = C([0,1]). Obviously, E is a Banach space with the usual supremum norm
| - ||. We define the operator Fy : E — E as

1
(Fyu) () = () + A / G(t,5)f (s, u(s))ds, t € [0,1]

Let
K={ueFE:uz0, p(u) = Colull}, B(0,p)={uveK:|ul <p}
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where

Cp = min {gp(l), Seig)lfl) ﬁ /01 G(t, s)da(t)} .

Obviously, the problem of finding a solution to (1.1), is equivalent to the problem of
finding a fixed point to the operator equation F\u = u. It is easy to prove that K is
a cone, and B(0, p) is a open set.

From now on in this paper, we always assume that Cp > 0 and 0 < (1) < 1.

Lemma 2.4 [11] Assume that (Hy) holds. Then any solution uw € K of (1.1)5 is
NON-iNcreasing.

Lemma 2.5 Assume that (Hy) holds. Then Fy : K — K is a completely continuous
operator.

Proof. For u € K, by the continuity of G(t,s), we know Fyu € E. It follows from
Lemma 2.3 that

(Fyu)(t) > Collul| + )\/0 G(t, 5)f(s, u(s))ds > 0, te[0,1].

Applying ¢ on both sides of the expression of F), we have

o(Fru) = p(u)p(1) + A / / G(t, 5) (5. u(s))dsda(t)

> p(u)Co + /\sei(%f,l) ﬁ/o G(t, s)da(t)/o G(s)f(s,u(s))ds

1
> ¢l [wu) o f g<s>f<s,u<s>>ds]
> Coll Faul).
Therefore, F(K) C K.

Next, we show that F) is compact. Let D be a bounded set in K, and then there
exists 0 < @ < 400 such that ||u|| < @ for each u € D. Then

1
[|Faul] < o1)||ull + max)\/ G(t,s)f(s,u(s))ds
tefo,1] Jo

1
< p(Q+ M0 /O G(s)ds < +ox.

Consequently, F(D) is uniformly bounded.
Since G(t, s) is uniformly continuous on [0,1] x [0,1], for any & > 0, there exists
d > 0 such that for any s € [0,1] and t1, ¢2 € [0,1], when [t2 — t1| < 0, we have

g

IGta, 5) — Gltr, 8)| < ———.
A0.11%10,01]
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Then, for any v € D, when |tz —t1] < § and #1,t3 € [0, 1], we have

|[(Fau)(t2) — (Fau)(t)] < /\/0 |G(ta,5) = G(t1, 8)|f (s, u(s))ds

1
< )\f[Jc\fl]X[Ole] /0 |G(ta, ) — G(t1, 8)|ds < .

This implies that F (D) is equicontinuous. Hence, by the Arzela-Ascoli theorem, we
know that F) is compact.

Finally, we show that F is continuous. Assume u,,u € K and |u, — u|| — 0
(n = o0). Then

|[(Fxun)(t) — (Fxu)(t)] < [@(un) — o(u)] + A/0 G(t, )| f (s, un(s)) = f(s,u(s))|ds

1
< o()]Jun — ull + /\/O G(s)|f(s,un(s)) — f(s,u(s))|ds
— 0, n— oo.

This implies that F) is continuous. Therefore, F)\ : K — K is completely continuous.
This completes the proof.

Lemma 2.6 [11], [12] Let U be a bounded open set, and with K a cone in a real
Banach space X, suppose both that Ux = U N K 2 {0} and that Ux # K. Assume
that T : Ux — K is completely continuous such that x # Tx, for any x € OUg. Then
the fixed point index ik (T,Uk) has the following properties.

(1) If there ezists e € K \ {0} such that © # Tz + Xe for each x € Uk and X > 0,
then ’iK(T, UK) =0.

(2) If px # Tx for x € OUk and p > 1, then ix (T, Ux) = 1.

(3) If ik (T, Uk) # 0, then T has a fized point in Uk.

(4) Let U} be a open set in X with U}, CUk. If ig(T,Uk) =0 and ix(T,Ux) =1,
then T has a fized point in Uk \ Ux. The same result holds if ix(T,Ux) = 1 and
ix(T,Uk) = 0.

3. MAIN RESULTS

Theorem 3.1 Suppose that (Hy) holds; in addition, assume that

(H2)
liminf min J{tx) = +00
z—-+00 te[0,1] x
Then there exist 0 < A, < \* such that
(i) (1.1)x has at least two positive solutions in K if 0 < X < Ay;
(i1) (1.1)x has no positive solutions in K if X > X\*;
(#ii) (1.1)x has at least one positive solution in K if X = A and A = \*.

Proof. By 0 < ¢(1) < 1, there exists Ag > 0 sufficiently small such that

1
(1) + M0 f o / G(s)ds < 1. (3.1)
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Fix A € (0, \g]. By (Hz), there exists Ry > 1 such that
f(t,{L‘) > Noz, = >CyoRy, 0<t<1,

where
1 _1
Ny > (C’O/\ max/ G(t,s)ds) .
tel0,1] Jo

We next prove that a fixed point of Fy is on 0B(0,1) or in B(0,1). We may
suppose that F has no fixed points on dB(0,1) (otherwise, the proof is finished).
We will utilize Lemma 2.6 to prove that F) has a fixed point in B(0,1). Assume
by contradiction that there exist u € 9B(0,1) and p > 1 such that pu = Fyu. For
A € (0, Ao, we conclude

1 1
1=l = 1Pl < 1Pl < 00+ ofeo / G(s)ds,

which contradicts (3.1). Consequently, we have

It follows from Lemma 2.6 that F) has a fixed point in B(0,1). Consequently,
F) has a fixed point on dB(0,1) or in B(0,1), which is a solution of (1.1)). Now we
prove u € K is a positive solution. It follows from Lemma 2.4 that u is non-increasing.
Thus, u(t) > u(1) = @(u) > Collul|, t € [0,1]. If |ju| = 0, then u(t) = 0 for ¢ € [0, 1],
and

0= (axu")(t)==Af(t,u(t)) <0,
a contradiction. Therefore, ||ul| > 0 and u(t) > Collul| > 0, t € [0,1].

Next, we are going to prove that another fixed point of F) is on dB(0, Ry) or in
B(0, Rx\)\B(0,1). We suppose that Fz # x for x € 0B(0, Ry) (otherwise, the proof
is finished). We will show that F) has a fixed point in B(0, Ry)\B(0,1). Suppose
there exist u € OB(0, Ry) and 1y > 0 such that u = Fhu + n21. It follows that
o(u) = Collul| = CoRx > 0. Then

u(t) = (Fxu)(t) +n2 > (Fau)(t) = ¢(u) > Collul| = CoRy, ¢ €[0,1],

and
By = [luf
= [[Fxu+ n21]|
1
> A max]/ G(t,s)f(s,u(s))ds
0

te0,1

1

>\ G(t, ) Nou(s)d

> tIen[g,}i]/o (t, 8)Nou(s)ds
1

> ANy max/ G(t,s)CoRyds
tef0,1) Jo

> R)n
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which is a contradiction. Hence, we deduce that

ik (F,B(0,R))) =0.

By Lemma 2.6, there exists a fixed point of F on B(0, Ry)\B(0,1). In conclusion,
for A € (0, \g], one fixed point of Fy is on 0B(0,1) or in B(0,1), and another fixed
(1.1

point of Fy is on dB(0, Ry) or in B(0,R))\B(0,1). Hence, (1.1)) has at least two

positive solutions in K for A € (0, A\g].
Denote

S ={X >0:(1.1), has at least two positive solutions for X € (0, \']}, (3.2)

S1 ={A>0:(1.1), has at least one positive solution} . (3.3)

We note that S # & since A\g € S. It follows that S; # @. Define A\, = supsS,
A* = sup S;. It is obvious that A* > A,.

Now we claim that A\* < +o00. Indeed, if \* = 400, there exists {(A,, un)} such
that {\,} is an increasing positive sequence, A, — 0o as n — 0o, and

un(t) = @(u,) + )\n/o G(t,s)f(s,un(s))ds, te€]0,1].

Define
a=inf{funl[}, B = sup{[junll}.
We show below that o > 0 and 8 < +o0.
(i) If @ = 0, then there exists {u,, } which satisfies klilf lten, || = 0. Tt follows
— 400

from f(t,z) > 0 that there exists 0 < d < 1 such that
f(t,z) >Nz, 0<z<d, tel0,1],

where )

1
N’ > (Co)\l max / G(ts)ds)
tel0,1] Jo

Then for k large enough, |u,, || < d and 0 < u,, (t) < d, t € [0,1]. Similar to the
proof of Lemma 2.5, we can obtain u,, € K. From Lemma 2.4, we see that u,, is
non-increasing. Therefore,

Uny, (t) > unk(l) = ‘P(unk) > COHu”k I, te [07 1]'

Explicit computations show that, for k£ large enough,

1
e || = ©(tiny) + Ay ma / Gt ) (5, (5))ds
t€[0,1] 0

1
>\ tIen[gﬁ]/o G(t, 8)N'uy, (s)ds

1
> ||ty [[A1CoN' max/ G(t,s)ds
te(0,1] Jo

> [lung |-

This is clearly a contradiction.
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(ii) If B = +oo, then there exists {u,,} such that _lir+n |tn, || = +oco. From (Hyz),
J—+o0
there exists R’ > 1 such that
ft,#) > N'z, xz>CoR', tel0,1].

Similar to the proof of case (i), we get a contradiction. Thus o > 0 and 8 < 400 as
we wanted. It follows that

@(un) > CO”un” > Coor > 0,
and

B > un(0)

1
::w<un>+fxnjﬁ G(0,5) (5, 1un (5))ds
>)\n/0 G(0,3)f(s,un(s))ds

1
> )\n/ G(O,s)f[’gil]x[coaﬁ]ds — 00, N — 400,
0

which contradicts 8 < +o00. Therefore, \* < 4o0.

Finally, we prove (1.1), has one positive solution when A = A\*. From the definition
of \*, we know that there exists {(Am, tm)} such that Ay < Ao < -+ < Ay < Ajpg1 <
s limy, oo Ay = ¥, and

1
(€)= 1) + [ Gl 0 3)) .

Similar to the previous proof, we can find that there exist a; > 0 and 8; < +o00 such
that 0 < a1 < |lum|| € 81 < +o0, which implies {u,,} is uniformly bounded. Since
1 1
lul ()] = ')\m/ Gi(t, 8)f(s,um(s))ds| < )‘*f[o]v{ux[o,ﬁl]/ |G(t, s)|ds < +o0,
0 0
it follows from Arzela-Ascoli theorem that {u,,} is relatively compact, and there is

a subsequence of {u,,}, for convenience, still denoted by itself, such that lim wu,, =
m—0o0

ux«. Since

1
U () = ©(um) + )\m/o G(t,s)f(s,um(s))ds >0, te]l0,1],

then .
us- (t) = p(uxe) + A* /0 Gt 5)f(s,une(s))ds > 0, ¢ [0,1],

and wuy« is a solution of (1.1)+. By the same argument as in the proof of Lemma 2.5,
we obtain uy~ € K. It follows from Lemma 2.4 that uy- is non-increasing. Hence,
U\ * (t) Z ’U,)\*(l) = QD(U,)\*) Z Co”’u,)\* || Z C()Oél > 0, t e [O, 1]

Therefore, (1.1) has at least one positive solution when A = A*. Similarly, (1.1) has
at least one positive solution when A = A.. The proof is complete.
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Theorem 3.2 Assume that (Hy)-(Hz) hold. Further assume that the following con-
dition holds:
(Hs) f(t,z) is non-decreasing with respect to x for t € [0, 1].
Then there exist 0 < A, < \* such that
(1) (1.1)x has at least two positive solutions in K if 0 < A < Ay
(#i) (1.1)x has at least one positive solution in K if Ay <X < \*;
(791) (1.1)x has no positive solutions in K if X > \*.

Proof. Let S and S; be defined by (3.2) and (3.3), respectively. Set A, = sup .S and
A* = sup S;. By Theorem 3.1, (i) and (iii) are fulfilled, and (1.1)) has at least one
positive solution in K if A = A\, and A = \*.

It remains to prove that (1.1), has at least one positive solution in K if A, < A < A*.
Let uy«(t) be a positive solution of (1.1)~ and fix A € (0,\*). We consider the
following problem

{ (axu")(t) + A\F(t,u(t)) =0, te(0,1),
u'(0) =0, u(l) = p(u),
where F(t,u(t)) = f(t,u(t)), and 4(t) = min{u(t),ur~(¢)} for ¢t € [0,1]. It is easy to

check that (2.1) can be rewritten as

u(®) :/\/0 H(t, 5)f(s, uls))ds,
where

Ht,s) = 1_;(/)(1) /0 G(r, s)da(r) + G(t,5), s € 0,1]

By Lemma 2.3, H(t, s) is continuous and non-increasing with respect to t. We define
an operator by

1
(Thu)(t) = )\/O H(t,s)F(s,u(s))ds, te]0,1].

By arguments similar to Lemma 2.5, we have T\ : K — K is completely continuous.
Choose sufficiently large Ry > |luj+|| such that

F(t,z) < Ry, te€]0,1], z €[0,+00).

Take Ry = max {Rl7 N Ry m[gui fol H(t, s)ds} + 1. We suppose that Thz # x for = €
telo,

0B(0, Ry) (otherwise, the proof is finished). Suppose that there exist ug € 9B(0, Rp)
and po = 1 such that poug = Thug. Thus

1
Ry = |Jug|| < |lpouol] = || Tauo]l < A* Ry max / H(t,s)ds < Ry,
t€(0,1] Jo

which is a contradiction. Consequently, we deduce that

’ik(T,\, B(O7 RO)) =1.
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Itz

x

= 400, we deduce liminf min Fltez) _ +00.
z—=0 tefo,1] *

In addition, since liminf min
z—0 t€[0,1]

Then there exists 0 < rg < Ry such that
F(t.x) > Moz, tel0,1], z €[0,ro],

where My > (ACy m[g)f] fol H(t,s)ds)~!. We suppose that there exist u € dB(0,r)
telo,

and 19 > 0 such that u = Thu+ 1. Since G(¢, s) is non-increasing with respect to ¢,
we have

u(t) = Thu(t) + 1o
> Thu(l) +no
= @(Thu) +no
> Col|Txull +no

> Co max (u(s) —no) +no
s€[0,1]

> CO”“”? te [071]
Then

ro = [Jull
= [Txu+ nol||

1
> A max/ H(t,s)F(s,u(s))ds
tel0,1] Jo

1
>\ H(t, s) M, d
> tren[gﬁ(]/o (t, s) Mou(s)ds

1
> A\My max/ H(t, s)Corods
te(0,1) Jo

> To.
This contradiction shows that

iK(T)\, B(O,To)) =0.

By Lemma 2.6 we conclude that T has a fixed point u € B(0, Ry)\B(0, 7). According
to the monotonicity of f, we see that F(¢,u(t)) < f(t,ux~(t)) for ¢ € [0,1]. Then,

1
u(t) = Thu(t) < )\*/O H(t,s)f(s,ux(s))ds =ux-(t), te€]0,1].

Therefore v = Thu = Fyu, and F) has a fixed point u € B(0, Ry)\B(0, 7). The proof
is now complete.
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4. EXAMPLE

Example 4.1 We consider the positive and non-increasing solutions for the following
nonlocal boundary value problem

(ODfu)(t) + M f(tu) =0, 0<t<l, 1<a<?2,
W' (0) =0, u(l)=p(u),

where ¢(u) = fol u(s)d(3s), f(t,z) = e'(z+1)%, and a(t) = go—a(t) = Tz—ay- Then
there exists ¢ = t*7IT(2 — a)(1 < a < 2) such that (H;) is satisfied. It is easy to
verify that the conditions (Hz) and (H3) hold. Therefore, it follows from Theorem
3.2 that there exist 0 < A\, < A\* such that

(7) (4.1) has at least two positive solutions in K if 0 < A < A,;

(#i) (4.1) has at least one positive solution in K if A, <X < A%

(791) (4.1) has no positive solutions in K if A > A*.

(4.1)
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