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Abstract. In this present work, we define the notion of proximally generalized nonexpansive and
proximally quasi-contractions in case of multi-valued non-self mappings. Using projective operator,
we propose Mann’s iteration and Ishikawa’s iteration associated with multi-valued non-self mappings
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1. INTRODUCTION

Assume that M and N are nonempty subsets of a metric space (X,d). If M N
N = 0, a mapping I" from M to N, does not have a solution for the fixed point
equation I'(§) = £. At this situation, it is desire to determine an approximate solution
¢ such that the error d(&,T'¢) is minimum.The purpose of theorems on best proximity
point is to find sufficient conditions such that the minimization problem méin d(&,T¢),

possess the existence of solution. In this sequel, many mathematicians proved the
best proximity point theorems for different kind of contractions. We refer the reader
for more existence theorems of best proximity point [8, 9, 20, 23, 24, 25].

The concept of multi-valued mappings plays an important role in many areas such
as game theory, control theory, differential equations, economics and convex optimiza-
tion. Initially, the theorems on fixed points for the mappings setvalued contractions
and setvalued nonexpansive through the Hausdorff metric which was introduced by
Markin in [16]. For detail analysis, we suggest [5, 6, 14, 17].

Later, the researchers want to find the approximate solution of fixed point equations
for multi-valued mappings when it is non-self case. In [2], Abkar and Gabeleh derived
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the existence result for best proximity point for the case of multi-valued non-self
mappings. For more research article, we refer [3, 12, 18] and references therein.
Here we state a result which was proved by Fan [11].

Theorem 1.1. Let M # 0, be a convexr compact subset of a normed linear space X
and I' : M — X be continuous on M. Then there exists an element £ € M such that
€ — Te|l = dist(Té, M) = in f{|[T€ — | s c € M]}.

In [26], Sastry et al. proved convergence results on fixed points in Hilbert space for
various type of multi-valued mappings by using Mann and Ishikawa iterative process.
In the similar manner, Panyanak [19], has proved the convergence results in Banach
space setting. For more details on the convergence results we refer [1, 4, 5, 7, 8, 10,
6, 14, 17, 13, 21] and references therein.

In this research article, we define proximally generalized nonexpansive and prox-
imally quasi-contractive multi-valued mappings and we construct the Mann and
Ishikawa iteration in the setting of non-self multi-valued mappings and projective
operator. Also, we prove the convergence theorems on best proximity point for multi-
valued mappings through Ishikawa and Mann iterative process. For this, we define a
new class of mappings which satisfies a condition, called Condition (I*). This condi-
tion relaxes the assumption on compactness on domain. Some of our results extend
the work of Shahzad and Zegeye [27].

2. PRELIMINARIES

The following notions are used subsequently:
Let M, N be nonempty subsets of a given Banach space B.

d(M,N) = dist(M,N) = inf{||¢ = ([ : £ € M,( € N};
My ={£€ M:|¢—|| =dist(M,N)for some( € N};
No={C e N:||¢ —| =dist(M,N) for some¢ € M};
d(§, N) =inf{ll¢ — ¢l : ¢ € N}
CL(B) = {U : Uis closed in B}; and2? = {U : U C B}.

Assume that T': M — 2V, A point £ € M is said to be best proximity point of T,

if d(&,T¢) = d(M, N). The set of all best proximity point of " is denoted by Bst(T).
A set S C B, is said to be proximinal if for £ € B, there exists s € S such that

(&, s) = d(&,5) = inf{]| — (][ : C € S}.

For example, every convex and closed subset of a uniformly convex Banach space is

proximinal.

We consider the set

p(X)={M C X : M # 0, bounded, closed, convex}.

Let H(M, N) = maz{supgc s d(§, N),sup;cy d(¢, M)}, Hausdorff distance on p(X),
where M, N € p(X).

From the well known iteration process such as Mann’s and Ishikawa’s iteration for
self mappings, we give the Mann’s type and Ishikawa’s type sequence construction for
non-self mappings as following:
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Let B be a Banach space. Let (M, N) be a pair of convex subsets of B. Let the
map I' : M — 2V be a multi-valued. Assume I'§y C Ny for every & € My. And
we take Pr(u) = {v € Tu : |ju — v|| = d(u,Tu)}. If Tu is convex, closed subset of a
reflexive and strictly convex space, then Pr(u) contains one element. Now we define
following:

(I1) The sequence of Mann’s iteration, for & € My, we have I'§y C Ny. Choose

Co € Pr&p, then there exists ug € My such that ||ug — (|| = d(M, N). Define
&1 = (1 —00)& + doup. By continuing this process, we define in general, for
each n > 0, &, € My, we have I'§,, C Ny. Choose (,, € Pr&,, then there exist
un € My such that ||u, — (|| = d(M, N). Define &,11 = (1 — 0,)&n + Ontin,
where {0, } satisfies 0 < §,, < 1.

(I2) The sequence of Ishikawa’s iteration, for £, € My, we have I'¢y C Ny. Choose
Co € Pr&, then there exist vg € My such that ||vg — (p|| = d(M, N). Define
uo = (1 —no)&o + novo. Then T'ug C Ny. Choose zy € Prug, then there exist
wg € My such that |jwg — zg]| = d(M, N). Define & = (1 — do)&o + dowo.
By continuing this process, we define in general, for each n > 0, &, € My,
we have ', C Ny. Choose (,, € Pr&,, then there exist v, € My such that
lvn, — Cull = d(M,N). Define w, = (1 — n,)&: + Nnvpn. Then Tu,, C Np.
Choose z,, € Pruy, then there exist w, € My such that |w, —z,| = d(M, N).
Define &,+1 = (1 — 0,)&n + Snwy, where {0, }, {n,} is a sequence such that
0<0dp,n, <1.

We extend the definitions in [26], for multi-valued mappings of the form I' : M — 27V,

Definition 2.1. The multi-valued mapping I' : M — 2V is

(i) nonexpansive if H(IE,T() < ||€ — (|| for every £,¢ € M.
(ii) quasi-nonexpansive if 7 is best proximity point of I and satisfies

dT¢, 7) < |I§ =7

for every £ € M.
(iii) proximally generalized nonexpansive if

H(TE,TC) <all§ — ¢l + B{d(&, TE) + d(¢,T'¢) — 2d(M, N)}
+{d(§, T'¢) +d(¢, T€) — 2d(M, N)}

for all ¢,( € M, where «, 8,y satify a + 28 + 2y < 1.
(iv) proximally quasi-contractive if k € [0, 1), with

H(ngl—r) SHI’H&X{H& - C”v d(gv Fg) - d(Mv N)a d(g,FC) - d(Ma N)v
for all £, € M.

Definition 2.2. [2] If My # 0 then the pair (M, N) has P-property iff for any
§1,&2 € My and (1,2 € No

{d(&,m =d(M,N)

dEr Co) = dar, vy o082 = (G G).
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Lemma 2.3. [28] Let B be a Banach space. Then B is uniformly convex space iff
for every constant k > 0, the norm ||.||* of B is uniformly conver on B, (closed ball
with radius K centered at the origin), there exists strictly increasing and continuous
function ¢ : [0,00) — [0,00) with ¢(0) =0 such that

(1= 8)€ + 6CI12 < (1= 8) €N + 81Kl — 61 — )s(lE — I,

for all &,¢ € By, 0 € [0,1].

Lemma 2.4. [15] Let k € [0,1]. Then for &,{ € H, where H is Hilbert space,
11 = £)€ + KCI1* = (1 = R + &I = K(1 = w)lIE ¢

Lemma 2.5. [26] Let {0}, {n.} be two sequences such that (i) 0 < 6p,mn < 1, ()
M — 0 and (iii) > 0nnn = 0o0. Let {yn} be a non-negative real sequence such that
> 0nnn (1 — 0y ) ¥ is bounded. Then {y,} has a subsequence which converges to zero.

Lemma 2.6. [22] Let {£,} be a real sequence such that &,4+1 < 0§, + n, where
& >0,m, >0 and limy, o, = 0,0 <6 < 1. Then lim,,_, &, = 0.

In the next section, we prove our main results on multi-valued non-self mappings.

3. MAIN RESULTS

In this section, first we extend the condition (I) in [27], to the case of non-self
mappings.

Definition 3.1. The mapping I' : M — () is said to satisfy Condition (I*) if
there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0, f(r) > 0 for
r € (0,00) such that d(z,Tx) — d(M, N) > f(d(z, Bst(T")) for all z € M.

Theorem 3.2. Let M, N be two convexr subsets of uniformly convex Banach space
B. Suppose T' : M — p(N) is a multi-valued mapping with Bst(T') # 0 such that
Pr is nonexpansive. Let {&,} be Ishikawa’s type iteration defined by (Iy). Assume
that T satisfies condition (I*) and the sequences {0, },{nn} satisfy the following: (i)
0<8p,mm <1, (i) n, = 0 and (i) 3 6,my = 00. Then the sequence {&,} converges
to a best proximity point of T'.

Proof. Let T be a best proximity point of I'. By Lemma 2.3, we have

€41 _TH2 = ||(1_6n>€n+6nwn_7—”2
< (1=6n)llén — 7'”2 + On|wn — 7'”2 — 6n(1 = 6n)0([|6n — wal]).
Since I'7 is proximinal, there exist 7* € I't such that |7 — 7*|| = d(M, N). Because

of 7 is best proximity point of I', we get 7* € Pr(7). Now by P-property, we have
[€nt+1 — 7'”2 < (1 =6n)llén — 7'”2 + 0nll2n — 7'*”2 = 0n(1 = 8n)o([[€n — wall)-
Since Pr(uy,) is singleton implies Pr(uy) = {zn}. Then we have

120 = 77| = d(Pr(un), 7).
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Therefore
[enr1 = 71> < (1= 6u)ll€n — 7II* + nd(Pr(un), 7%)*
—0n(1— 5n)¢(”§n - wnH)
< (1=6)&n — 7I* + 6, H*(Pruy, Pr7)
—0,(1 - 6n)¢(”€n - wnH)
< (T=0n)én _T||2+5n||un _T||2' (3.1)
Now
l|wn — 7'”2 = (T = 1) + Nnvn — TH2

(1 - nn)llgn - 7-||2 + N lJvn — 7'”2 — (1 — nn)d)(an - UNH)
(1 =) 160 — 7'”2 + 1 lCn — 7'*”2 = (L = 1n)@([[€n — vall)-

Since Pr(&,) is singleton implies Pr(&,) = {(,}. Then we have
1Gn = 77 = d(Pr(&n), 7).

IN N

Therefore

< (1=8)én — TH2 + 5nd(PF(§n)vT*)2 = 0n(1 = 8n)0([€n — vall)

< (L =m)lén — 7P + 0o H? (Prén, Prr) = 10 (1 = 0a)6([|€n — vall)
< Nn =TI = 101 = 70)6([1€n — wall)- (3.2)
Therefore (3.1) becomes,

= 72

€0 = 7II* = 8n2 (1 = 70)([I€n — vall)  (3.3)

€0 = 7II* = l€n+1 = 7II*.

||fn+1 - TH2
61 (1 = 1) 9([[€n — vnll)
Then

Z S (1 = 0n) o160 — vall) < €1 — THZ < 0.
n=1

By Lemma 2.5, there exist a subsequence {&,, — vn, } such that ¢(||&,, — v, ||) = 0
as k — oo and hence [|&,, — vy, || = 0.
By triangle inequality, we have

||£nk - an ” ||£nk - vnk” + ||’Unk - an ”

<
< léne = vng [l + d(M, N)
||£nk - an H - d(Ma N) < ||€nk - Unk”'

Since ¢y, € Pré&p,, implies [|€,, — Coill = d(€ny > Tén,)- Since ||§n, — Vn, || = 0 implies
d(&,,T¢n,) —d(M,N) — 0. By condition (I*), we get d(&,, ,Bst(I')) — 0. There-
fore, there exists a subsequence of &,, (we assume same sequence by without loss of

generality) such that [|&,, — 7| < 5% for some 73, € Bst(T') for all k. From (3.3), we
get

1
||€nk+1 _TkH < Hé-Wk _TkH < 27]c
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Now we prove that {7} is Cauchy sequence in M;. For,

||Tk+1 - Tk” < ”Tk-‘rl - gnk+1 || + ||§nk+1 - Tk”
< 1 1
= gt T on
< 1
- 9k-1"

This implies that {74} is a Cauchy sequence in My and thus converges to 7" € M.
Now we have

d(7i, T7") d(7i, U1i) + H(T73, T7")

d(M,N) + |7 —7'||.
As k — oo, we obtain d(7/,I'7") = d(M,N). Then 7" € Bst(T'). Clearly, we have
&n, — T

Now replacing 7’ in place of 7, we get, the sequence {||&, —7'||}, is a nonincreasing

by (3.3). Since ||&,, —7'|| = 0 as k — oo, then it gives that ||§, — 7'|] — 0. Hence the
theorem follows. O

<
<

Remark 3.3. If we assume M = N, the above result reduces to the result proved by
Shahzad and Zegeye [27].

To support our main result, we provide the following example:

Example 3.1. Let X = R? with Euclidean norm. Assume M = {(0,z) : = €
0,1]},N = {(1,z) : ¢ € [0,1]} and T" : M — P(N) defined by I'(0,z) = {(1,y) :
y € [0,z]} for € [0,1/2],T(0,z) = {(1,1/2)} for = € (1/2,1]. Therefore, Bst(I') =
{(0,z) : z € [0,1/2]}. Also, one can observe that
{2}y ifzel0,1/2],
Fr(0,2) = {{(1,1/2)} if 7 € (1/2,1].
Now we verify Pr is nonexpansive. If (0,z), (0,y) € M with x,y € [0,1/2].
H(Pp(0,2), Pr(0,y)) = H{(1L,2)},{(1,9)})
[ (L,2) = (1,y) |
= [10,2) = (0,9) |-
If (0,2),(0,y) € M with z € [0,1/2],y € (1/2,1]. Since 1/2 <y < 1,
H(Pp(0,z), Pr(0,y)) = H{(1,2)}{(1,1/2)})
< [10,2)=(0,9) -

If (0,2),(0,y) € M with z,y € (1/2,1].

H(Pp(0,2), Pr(0,y)) = H{(1,1/2)},{(1,1/2)}) =0
< [10,2) = (09) |-
We choose the function f : [0,00) — [0,00) defined by f(z) = x/3. Then one can

easily verify that I" satisfies condition (1*).

Let 0, = 0y = \/%H,n eN.If & = (0,z) € M with = € [0,1/2] then one can
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observe that &, = (0,z) for all n € N. So the Ishikawa sequence {,} converges to
(0,2) € Bst(I'). If & = (0,x2) € M with € (1/2,1] the the Ishikawa sequence
becomes &, 11 = (1— \/%H)(O, x)+ \/%H(O, 1/2). Using Matlab coding, we obtain the

following convergence table for approaching the best proximity point of I'.

TABLE 1. Convergence of Ishikawa iteration to best proximity point
via Matlab coding with & = (0,0.7) € M.

Ishikawa Iteration
0, 0.558578643762691
0, 0.524758248017538
0, 0.512379124008769
0, 0.506843011451668

[INGNJURN NI e
NN N TN
=L

262 (0, 0.500000000000001)
263 (0, 0.500000000000001)
264 | (0, 0.500000000000000)

056 Convergence of Ishikawa Iteration
. T : :

0.55
0.54
0.53
0.52 4

051

0.5

The figure shows convergence of Ishikawa iteration to the best proximity point by
using the continuous data points from 0.7 to 300.

Corollary 3.1. Let M, N be two convex subsets of uniformly convexr Banach space
B. Suppose T' : M — 2N is a multi-valued mapping with Bst(T') # () such that Pr
is nonexpansive. Assume T'(§) is closed convex in N for every & € M. Let {&,} be
Ishikawa’s type iteration defined by (Is). Assume that T' satisfies condition (I*) and
the sequences {0}, {nn} satisfy the following: (i) 0 < 6p,mn < 1, (%) n, — 0 and
(#i) > dpnn = 00. Then the sequence {£,} converges to a best proxzimity point of T.
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Theorem 3.4. Let M, N be two convexr subsets of uniformly convexr Banach space
B. Suppose T : M — p(N) is a multi-valued mapping with Bst(T") # 0 such that Pr
is nonexpansive. Let {£,} be Mann’s type iteration defined by (I;). Assume that T
satisfies condition (I*) and the sequence {9, } satisfies the following: (i) 0 < 4§, < 1,
(i) > 8, = co. Then the sequence {&,} converges to a best proximity point of T

Proof. The result is similar to that of Theorem 3.2. (|

Corollary 3.2. Let M, N be two convexr subsets of uniformly convex Banach space
B. Suppose T' : M — 2N is a multi-valued mapping with Bst(T') # () such that Pr
is nonexpansive. Assume T'(€) is closed convexr in N for every & € M. Let {£,} be
Mann’s type iteration defined by (I;). Assume that T' satisfies condition (I*) and
the sequence {0,} satisfies the following: (i) 0 < &, < 1, (i) >, = co. Then the
sequence {&,} converges to a best proximity point of T.

Theorem 3.5. Let M, N be two convex subsets of uniformly convexr Banach space B.
Suppose I' : M — p(N) is a multi-valued mapping with Bst(T') # () such that Pr is
prozimally generalized nonexpansive. Let {£,} be Ishikawa’s type iteration defined by
(I5). Assume that T satisfies condition (I*) and the sequences {6}, {nn} satisfy the
following: (i) 0 < 6y < 1, (#) = 0 and (i) >, 0nnn = 0o. Then the sequence
{&n} converges to a best prozimity point of T.

Proof. From the above theorem, we have
[ntr —7I* < (1 =8u)lI€n — 7|1 + 80 H?(Prug, Prr)
=00 (1 = 6n) (160 — wall)- (34)
Since Pr is a proximally generalized nonexpansive non-self map, we have
H(Pruy, Pr7) < aollun, — 7| + 8{d(wn, Pru,) + d(7, Pr7) — 2d(M,N)}
+v{d(7, Pruy) + d(uy, Pr7) —2d(M, N )}

< allup — 7| + B{l|lun — 7|| + d(7, Pru,) — d(M, N)}
+v{d(7, Pruy) + ||un, — 7|| + d(7, Pr7) — 2d(M, N)}
< allup = 7| + B{llun — 7| + d(7, Pr7) + H(Pr, Pruy,)

_d(MyN)}+’V{d(T,PpT)+H(PFT,PF’LLn)
Hlun — 7l = d(M, N)}
= (a+B+)un — 7|+ (B+)H(PrT, Pruy).
Hence
(a+B+7),
TR L

Since (UL < 1, it gives H(Prun, Pr7) < [[un — 7. From (3.4), we get

H(PFUna PFT)

€1 = 7lI* < (1= 8a)ll&n — 7II* + dnllun — 7%,
which is inequality (3.1). Similarly one can prove that the inequality (3.2),
lun = 7I* = 1l&n = 7II* = 10 (1 = 1) (1€n — vnl))-
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Now proceeding in the same way as in Theorem 3.2, the result follows. (|

Remark 3.6. If we assume M = N, the above result reduces to the result proved by
Sastry and Babu [26].

Corollary 3.3. Let M, N be two convexr subsets of uniformly convex Banach space
B. Suppose T' : M — 2N is a multi-valued mapping with Bst(T') # () such that Pr
is prozimally generalized nonexpansive. Assume T'(§) is closed convex in N for every
& e M. Let {&,} be Ishikawa’s type iteration defined by (Is). Assume that T satisfies
condition (I*) and the sequences {0n}, {nn} satisfy the following: (i) 0 < 6,1 < 1,
(ii) nn, — 0 and (#3) Y 6pnn = 0o0. If M is compact, then the sequence {&,} converges
to a best proximity point of T'.

Theorem 3.7. Let M, N be two convexr subsets of uniformly convex Banach space
B. Suppose T' : M — p(N) is a multi-valued mapping with Bst(T') # 0 such that
Pr is prozimally generalized nonexpansive. Let {£,} be Mann’s type iteration defined
by (I). Assume that T satisfies condition (I*) and the sequence {6,} satisfies the
following: (i) 0 < 6, < 1, (ii) > §, = co. Then the sequence {&,} converges to a best
proximity point of .

Corollary 3.4. Let M, N be two convexr subsets of uniformly convex Banach space
B. Suppose T' : M — 2N is a multi-valued mapping with Bst(T') # () such that Pr
is prozimally generalized nonexpansive. Assume I'(§) is closed convex in N for every
&€ M. Let {&,} be Mann’s type iteration defined by (I1). Assume that T' satisfies
condition (I*) and the sequence {0,} satisfies the following: (i) 0 < §, < 1, (ii)
>0, = 0o. Then the sequence {&,} converges to a best prozimity point of T.

Theorem 3.8. Let M, N be two convex bounded subsets of Hilbert space X. Suppose
I': M — o(N) is a multi-valued mapping with Bst(T') # 0 such that Pr is prozimally
quasi-contractive. Let {&,} be Ishikawa’s type iteration defined by (I5). Assume the
sequences {0, },{nn} satisfy the following: (i) 0 < 6, < 1, (i) Ny — 0 as n — 00,
with ¢ < 6, < 1 — k2 for some ¢ > 0. Then the sequence {&,} converges to a best
prozimity point of T'.

Proof. Let T be a best proximity point of I'. By Lemma 2.4, we have

[€n+1 _T||2 = |1 _6n)§n+5nwn_7|‘2
= (1=0,)l6n — 7—||2 + On [lwy, — TH2 = 0n(1 = n)[1€n — wn‘|2(35)
Since I'7 is proximinal, there exist 7* € I'r such that |7 — 7*|| = d(M, N). Because

of 7 is best proximity point of T', we get 7* € Pr(7). Now by P-property, we have
l[wn =7l = [lzn — 77|. (3.6)
Since Pr(uy,) is singleton implies Pr(uy) = {zn}. Then we have
Iz, — 7%|| = d(Prug,, 7).
Therefore, we obtain

lwn — 7| < d(Prup, ™) < H(Prug, Pr7). (3.7)
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Now
H(Prt, Pru,) < rmax{||T —uy,|,d(r, Pr7) — d(M, N),
d(tp, Pruy) —d(M, N),d(r, Pru,) — d(M, N),
d(up, PrT) —d(M,N)}
kmax{||T — up||, d(un, Pruy,) — d(M, N),
d(r, Pr7) + H(Pr7, Pruy,) — d(M, N),
lwn, — 7|| + d(7, Pr7) — d(M, N)}
= rkmax{||T — u,||, d(un, Pru,) — d(M, N), H(Pr7, Pruy,),

[un = 7]}

IN

Suppose H(Pr7, Pru,) is maximum, then we have
H(Prr, Pru,) < kH(Pr7, Pruy,) < H(PrT, Pruy).
Therefore, we get
H(Prr, Pru,) < rmax{||T — unl|,d(un, Pru,) — d(M,N)}.
Then
H?(Prr, Pruy,) w2 max{||T — un||?, [d(wn, Pru,) — d(M, N)]?}
{7 — un|® + [d(un, Pru,) — d(M, N)]*}. (3.8)

Now by Lemma 2.4, we obtain

<
<

[un = 71> = (1 =n2)&n + mnvn — 7
= I=m)lén — 7_||2 + N llon — T||2 = (1 =m)[€n — 'Un||2

and

[d(un, Prun) —d(M, N)]? (llun = zall = d(M, N)]?
[llun = wall + wp = 2o — d(M, N)]?
”(1 - nn)fn + MpUn — wn”2
(1 =na)ll€n — wn||2 + N flvn — wn||2
=1 (1 = 10)[|€n — Un||2'

IA A

Therefore, (3.8) becomes
HQ(PFTv Pru,) < 52[(1 — ) |[€n — TH2 + Mullvn — TH2 + (1 =m)l€n — wnH2
+1nl|vn — wn||2 =20 (1 = n0) |60 — Un||2]~
So
lwn = 71> < K21 = na)ln — 71> + mmllvn = 711 + (1 = 1) 160 — wa]?
+nllvn — wn||2 =200 (1 = na)1€n — UHHQ]' (3.9)
In the same way,

[on =7l = 11¢n = 77 (3.10)
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Since Pr(&,) is singleton implies Pr(&,) = {(,}. Then we have
[Gn = 771 = d(Pr&n, 77).
Therefore, we obtain
lvn, — 7| < d(Pr&n, ) < H(Pr&,, Prr). (3.11)

Now
H(Prr,Pr&,) < smax{||r — &, d(r, Pr7) —d(M,N),d(&,, Pr&,) — d(M, N),
d(r, Pr&,) — d(M,N),d(&,, Pr7) — d(M,N)}
KmaX{HT - gnHvd(mean) - d(M, N)7
d(r, Pr7) + H(Pr7, Pr&,) — d(M,N), (3.12)
[€n = 7l + d(7, Pr7) — d(M, N)}

- Iﬂ?maX{HT - gnHad(Evu Pan) - d(Ma N)a H(PFTa Pl‘gn)v ||€n - T”}
Suppose H(Prr, Prg,) is maximum, then we have

H(Prt, Pr&,) < kH(Prr, Pr&,) < H(Prr, Pré&,).

IN

Therefore, we get

H(Prr, Pr&p) < wmax{||T — &ll, d(&n, Prén) — d(M, N)}.

Then
HQ(PFTy Pan) '%2 maX{HT - §n||27 [d(gm Pan) - d(Mv N)}Q}

KT = &all* + [d(&n, Prén) — d(M, N)?}. (3.13)

IN N

Now consider

[A(&n, Prén) — d(M, N)J? (1€ = Gall = d(M, N)J?
[1€n = vnll + llva = Call = d(M, N)J?

”fn *'UnHQ'

IN N

Therefore, we obtain
[on = 711> < &2[[I€n = 7II* + [[€n — vnl?).
Then (3.9) becomes
[|wn — 7-||2 < 52(1 =) |16 — T||2 + "'@477n||€n - 7_HQ + “47711”571 - 'UnH2
_2527771(1 — ) [|€n — UHHZ + “2(1 = m)l€n — wnH2
10 [[on — wn[®
= ”2(1 /i ﬁznn)an - 7—”2 - ’{277n(2 — 2, — HQ)HEn - ”nuz

+"52(1 — ) [[€n — wn||2 + H2nn||vn - wn||2
HQ”&TL - 7—”2 - 527771(2 —2nn — “2>”§n - Un||2
+’€2(1 — M )[|€n — wn”2 + "327771”“71 - wn||2~

IN
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Substituting above in (3.5), we obtain

nsr =717 < [1=6,(1 = &)]I€n = 7[> = K260 (2 = 205 — £2)[|€n — vnl|®
+525n77n”'un - wn||2 - 571(1 —0p — K® + ’<5277n)||§n - wn||2

Since ¢ < 6, < 1—+k?, we have 1 —6,(1 —k?) < 1—c¢(1—k?) =6 (say) and 0 < § < 1.
Since 7,, — 0, there exists Ny such that n,, < (2—x2)/2,¥n > Nj so that 2—2n,, —x% >
0,¥n > Ni. Also we have 1 — 6, — k? + k%1, > (1 — k%) — (1 — K2) + K21, > 0,Vn.
Therefore, we obtain for sufficiently large n,

i =717 < Olln — 7l + £2(1 = £)mnllvn — wal|®
< 5H£n - TH2 + 52(1 - Hg)nnD27

where D is the diameter of My. Now, by Lemma 2.6, the sequence &, — 7, which
completes the proof. O

Remark 3.9. If we assume M = N, the above result reduces to the result proved by
Sastry and Babu [26].

Corollary 3.5. Let M, N be two convex bounded subsets of Hilbert space X. Suppose
': M — 2V is a multi-valued mapping with Bst(T') # () such that Pr is prozimally
quasi-contractive. Assume T'(§) is closed convex in N for every & € M. Let {&,} be
Ishikawa’s type iteration defined by (I2). Assume the sequences {6}, {nn} satisfy the
following: (i) 0 < 6,,mn < 1, (i) np — 0 as n — oo, with ¢ < 8, < 1 — k> for some
¢ > 0. Then the sequence {&,} converges to a best proximity point of T.

Theorem 3.10. Let M, N be two convex bounded subsets of Hilbert space X. Suppose
I': M — p(N) is a multi-valued mapping with Bst(T') # 0 such that Pr is prozimally
quasi-contractive. Let {&,} be Mann’s type iteration defined by (I ). Assume the
sequence {8, } satisfies the following: (i) 0 < &, < 1, with ¢ < 8, < 1 — k% for some
¢ > 0. Then the sequence {£,} converges to a best prozimity point of T'.

Corollary 3.6. Let M, N be two convex bounded subsets of Hilbert space X. Suppose
[': M — 2V is a multi-valued mapping with Bst(T') # () such that Pr is proximally
quasi-contractive. Assume T'(§) is closed convex in N for every & € M. Let {&,}
be Mann’s type iteration defined by (I). Assume the sequence {8,} satisfies the
following: (i) 0 < 6, <1, withc < §, <1— k2 for some ¢ > 0. Then the sequence
{&n} converges to a best proximity point of T.
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