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Abstract. The purpose of this paper is to study the existence of a unique solution of a nonlinear
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model. Our analysis is based on a Rus’s fixed point theorem involving two metrics.
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1. INTRODUCTION

In this paper, we are concerned with the existence of a unique solution of the
following fractional boundary value problem

D u(t) + f(t,u(t)) =0, a<t<b,
w'(a) =0, BDu(b)+u(n) =0,

where °D¢, denotes the Caputo fractional derivative of order o, 1 < o <2, 8 >0
and a < n <b.

Problem (1.1) has been treated in [9] in the particular case a = 0 and b = 1, where
the authors used as main tool Guo-Krasnoselskii’s fixed point theorem on cones.

On the other hand, Problem (1.1) can be considered as the fractional analogue to
the following problem

{ u(t) + g(t,u ))1= 0, 0<t<l, (12)

(1.1)
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which was studied in [6]. Moreover, Problem (1.2) models a thermostat insulated
at ¢ = 0 with the controller at ¢ = 1 adding or discharging heat depending on the
temperature detected by the sensor at ¢t = 7.

In the present work, the main tool used in the proof of our result is a Rus’s fixed
point theorem involving two metrics.

2. BACKGROUND

We start this section recalling some definitions and results about fractional calculus
theory. This material appears in [10, §].
Definition 2.1 Suppose a > 0 and f : [a,b] — R. The Riemann-Liouville fractional
integral of order « is defined as
f(@) if =0,
I+ f)(t) = 1

m/a (t—s)*""f(s)ds, if a>0.

Definition 2.2 Let o > 0 and f : [a,b] — R. The Caputo fractional derivative of
order « is defined by

. f(t) if a=0,
(Da+f)(t){ "D f)(t), if a>0 and n=[a]+]1

(Here [« denotes the integer part of «).
Lemma 2.3 Suppose that f € C(a,b) N L'(a,b) with a fractional derivative of order
a > 0 belonging to C(a,b) N L(a,b). Then
S (DG ) = f(t) +eo+ et —a) + -+ ena(t —a)"
for any t € [a,b], where ¢; € R, i =0,1,--- ,n—1and n = [o] + 1.

Lemma 2.4 For f € L'(a,b) and a, 3 > 0, we have:
(a) “Dg I3 f(t) = f(t),
(b) I (17 ) (8) = (157 ) (8).

Next, we recall some results in connection with our Problem (1.1) which will be
used later, and they appear in [2].

Lemma 2.5 Let g € C[a,b]. Then u € C[a, b] is a solution to the fractional boundary
value problem

{ CD:;u(t) +g(t) =0, a<t<b, (2.1)

u'(a) =0, BD u(b) +u(n) =0,
where 1 < a <2, 8>0and a <n<b,if

b
u(t) = / Gt 5)g(s)ds,
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being G(t, s) the Green’s function given by
G(t,s) = B+ Hn(s) = Hi(s),

where, for r € [a, b], the function H, : [a,b] — R is defined by

(r—r)o-t

HT‘(T) = F(Ol) ’
0, a<r<rt<bd

a<7<r<b,

Remark 2.6 In (Proposition 1 of [2]), it is proved the following facts:

—a a—1
(a) max{G(t,s) : t,s € [a,b]} =B+ %.
(b) min{G(t,s) : t,s € [a,b]} = B — (b}(noz;l_.

Notice that, taking into account Remark 2.6 (b), when BI'(a) > (b —n)*~ 1, we
have G(t,s) > 0, and, thus, by Remark 2.6 (a),

(n—a)—t

I(c)
Next, we state the fixed point theorem due to Rus which is the main tool used in the
proof of our result. This result appears in [11].

0<Glt,s)<B+

Theorem 2.7 Let X be a nonempty set and d and p two metrics on X such that
(X,d) is a complete metric space. Suppose that T': X — X is a continuous mapping
with respect to the metric d on X and

(7) there exists ¢ > 0 such that
d(Tz,Ty) < cp(x,y) forany z,y€ X,
(#4) there exists o € (0, 1) satisfying
p(Tz,Ty) < ap(x,y) forany z,y€ X,
then T has a unique fixed point.

3. MAIN RESULT

In what follows, we suppose that ST'(a) > (b —n)*~! and, therefore, G(t,s) > 0.

Our point of starting in this section is to prove that the Green’s function G(t, s)
appearing in Lemma 2.5 is of Holder-type respect to the first variable.

Previously, we recall the following well known fact.

Suppose that f : [0,1] — R is a concave function with f(0) = 0 then |f(z)— f(y)| <
£l = y).

Particularly, we have that, when 0 < <1
|£C5—y5‘ < |x_y|ﬂ7 for any T,y € [071]a

since the function f(x) = 2 is concave and f(0) = 0.
Now, we need the following result.
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Lemma 3.1 Suppose that 0 < 8 <1 and t1,12, s € [a,b] with s < ¢1,t5. Then
[(tr = )7 = (ta — 5)°| < |t — 22|

Proof. Since t1,tq,s € [a,b] and s < t1, 9, we have

tQ—S

tl_sgl and 0 < A

0< <1,

and, taking into account the above mentioned fact, it follows

tl—S 6_ tQ—S p
b—a b—a

= |t; — ta]”.

|(tr = 5)7 = (t2 = 5)°| = (b— a)’

tl—S tg—sﬁ
b—a b—a

< (b—a)ﬂ

Proposition 3.2 The function G(—, s) is (o — 1)-Holder on [a, b], this is
1 -1
t — G(t < ——t1 — ta]®
G(t1, ) G(Q’S”—F(a)‘ 1=t
for any t1,t2,s € [a,b].

Proof. Recall that the function G(¢, s) has the following expression
G(t,s) =B+ MHy(s) — Huls),
where, for r € [a, b], the function H, : [a,b] — R is defined as
(r—r)o-t
HT‘(T) = F(O[) ’
0, a<r<rt<bd

a<7<r<b,

Moreover, in our case 1 < a <2, thisis, 0 <a—1<1.

Fix s € [a,b] and t1,¢3 € [a,b]. We can consider the following cases.
Case 1. tq,ty < s.

In this case, we have

G(t2,s) = G(t1,5)| = My (s) — My, (s)] = 0.
Case 2. ty,ty > s.
Under this assumption, it follows:
G(t2,8) = G(t1, )] = [Hey(s) = Hi, (s)]
B (tQ _ S)Ozfl B (tl _ S)afl
I'(«a) I'(a)
_ a—1 _ _ a—1
g2 =97 = (=57
<t — "7,

~ T'(«)

where we have used Lemma 3.1.
Case 3. t; < s < ts.
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For this case, we infer

|G(t2,8) = G(tr,8)] = [Hiy(s) = Hiy (s)]

~ (9] = |
_ (t2 _ 8)(1—1 (tQ _ tl)a—l
~ T T S Ta)

Summarizing, we have

1
G(t1,8) — G(ta, 8)] < =—|t1 — t2|* 7",

~ (o)
for any s,t1,t2 € [a,b].
This completes the proof.
_ a—1
Now,weputN:B—l—(nF(cg)
(Recall that under our assumption 8T (a) > (b —n)®~t, we have
(n—a)*
< t < -———— = N).
0<Glts) <+ 50, )

Next, we present the main result of the paper, but previously we need the following
definition.

Definition 3.3 A function = € C[a, b] is said to be a mild solution to Problem (1.1)
if it is a fixed point of the operator T" defined as

(T2)(t) = / G(t, 5)f(s,(s))ds, for € [a,b].

Theorem 3.4 Let f : [a,b] x Ry — R4 be a continuous function such that there
exists a constant M > 0 satisfying that

for any t € [a,b] and z,y € R, and let ¢y € [a,b] be such that f(to,0) > 0.
If M- N(b—a)'/? < 1, where N is the above mentioned constant, then Problem
(1.1) has a unique nontrivial nonnegative mild solution.
Proof. Let P be the cone given by
P={z€Cla,b): x(t) >0, for tE€ [a,b]}.

It is well known that P is a closed subset of the complete metric space (Cla, b], dw ),
where d., denotes the classical supremum distance, this is, for z,y € C|a, b],

doo(z,y) = sup{|z(t) — y(t)| : t € [a,b]}.
Therefore, (P, ds) is a complete metric space.
On the other hand, in P we can also consider the distance p given by

b 1/2
p(m):( / |x<s>—y<s>|2ds> .
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Now, for any x € P, we consider the operator defined on P as
b
= / G(t,s)f(s,z(s))ds, for te€ [a,b].
a

Taking into account that G(t,s) > 0, for t,s € [a,b] and, the fact that f applies
[a,b] x Ry into Ry, it follows that, for € P, (Tx)(t) > 0, for any ¢ € [a, b].

In the sequel, we will prove that if x € P, then Tz € Cla, b].

To do this, we take a sequence (t,) C [a,b] and ty € [a,b] such that ¢, — t; and
we will prove that (Tz)(t,) — (Tx)(to).

In fact,

b b
(Ta)(t) — (T2) ()] = / Gt 5) (5, 2(s))ds — / Gto, 5) (s, 2(s))ds

b
/ (Gltn, 5) — Glto, $))f (5, 2(5))ds

b
< / (Gt ) — Glto, 8)]|f (s, 2(s))ds.

Since f : [a,b] x Ry — R, is continuous, particularly,
f i ]a,b] x [0, ||]|o] = R4 is bounded because [a,b] X [0, [|z]|c] is a compact subset
of [a,b] x Ry (here, ||z|| denotes de supremum norm, this is,
lellow = sup{2(6)] + £ € [0, ]}
Put R = sup{(5,9) : (2,) € [a,b] x [0, 2]l c]}.
Taking into account Proposition 3.2, from the last inequality we infer

b
|(Tz)(tn) — (Tx)(to)] S/ |G(tn,s) — G(to, s)|f (s, z(s))ds
(gn*tO)ail

o) R(b—a),

and, consequently, letting n — oo, we get that (Tz)(t,) — (Tz)(to)-
Therefore, T applies P into itself.

Next, we will prove that assumptions of Theorem 2.7 are satisfied.
Let z,y € P. Then

[(T)(t) - / G(t,5)|f(s,2(s)) = f(s,y(s))|ds
<M/Gts|:1:() y(s)|ds

(/Gts ) </ |z(s) ds)l/Q
<M </ G(t,s)2d8> p(z,y),

where we have used our assumption and Cauchy-Schwartz inequality.
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Taking into account that

(n—a)
< < - =N
O — G(t7 8) —_ ﬁ + F(a) )
(see Remark 2.6), from the last inequality, we deduce
b 1/2
(Tz)(t) = (Ty)(t)] <M (/ N?ds | - pla,y) (3.1)

— M N -(b—a)"?- p(a,y),
and this says us that assumption (7) of Theorem 2.7 is satisfied with
c=M-N-(b—a)'/2
On the other hand, for z,y € P, we have

pla.y) =</ j2(t) — y() 2t
(/d @) dt)

= (b= )!/2d(z. ).

1/2

2 (3.2)

IN

From (3.1) and (3.2), it follows

doo (T, Ty) <M - N (b—a)?p(z,y)
<M-N-(b-a)dx(z,y),

and this proves the continuity of the operator T': P — P respect to the metric dy,
which is a assumption appearing in Theorem 2.7.
Finally, for z,y € P, we have

b 12
p(Tz,Ty) = (/ |(Tx)(t) — (Ty)(t)gdt>
bfob 1/2

]

By our assumption, this is, M - N - (b — a)'/? < 1, condition (ii) of Theorem 2.7 is
satisfied with o = M - N - (b — a)'/2.

Therefore, Theorem 2.7 says us that the operator T" has a unique fixed point z* € P,
this is, * is a unique mild solution of Problem (1.1).
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In the sequel, we prove that the unique mild solution obtained z* to Problem (1.1)
is nontrivial.
In fact, since z* is a fixed point of the operator T, it follows

b
z*(t):/ G(t,s)f(s,x*(s))ds.

We proceed by contradiction.
Suppose that z* is trivial, this is, *(¢t) = 0 for any ¢ € [a, b], then

/ "G (5.00ds =0, forany  telad] (3.3)

As the integrand G(t, s) f(s,z*(x)) is nonnegative, from (3.3) we deduce that
G(t,8)f(s,0) =0, ae. (s).

Since G(t,s) > f and 8 > 0, it follows f(z,0) =0, a.e. (s).

By using our assumption, there exists ty € [a, b] with f(¢9,0) > 0 and, consequently,
the continuity of f gives us the existence of a neighborhood U of ¢ such that f(7,0) >
0 for 7 € U and moreover, u(U) > 0 where p is the Lebesgue measure.

Taking into account (3.3), we have

/Gts sOds>/ﬁst

—5/fsods>5/f 0)ds > 0,

and this contradicts to (3.3).
Therefore, z* is nontrivial.
This finishes the proof.

Remark 3.5 Under the assumption of Theorem 3.4, this is f : [a,b] x Ry — Ry isa
continuous function such that there exists a constant M > 0 satisfying that

|f(t7.%') - f(t7y)| < M|.’L' - y|a
for any t € [a,b] and x,y € Ry and ¢y € [a, b] such that f(tg,0) > 0.
We deduce that, for xz,y € P.
(Ta)(e) - = [ G, 156.26) ~ 15,06l
< M/ G(t, s) —y(s)|ds

<M -de(z,y )/ G(t,s)ds
<M-N-(b—a) - du(z,y).

Therefore, if M - N - (b—a) < 1, then the Banach’s Contraction Theorem gives us the
existence and uniqueness of a mild solution to Problem (1.1).
On the other hand, we have proved that if

M-N-(b-a)'/? <1,
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then we also get the existence and uniqueness of a mild solution to Problem (1.1).
From this, we can distinguish two cases:
Case 1. If b—a < 1, then (b —a)'/2 > (b — a) and consequently, the condition

M-N-(b-a)'/?<1
implies
M-N-(b—a)<M-N-(b—a)/? <1
and from this, our Theorem 3.4 is better that the use of the Banach’s Contraction
Theorem.
Case 2. If b—a > 1, then (b —a) > (b— a)'/? and this implies
M-N-(b—a)/?<M-N-(b—a)<1,

and thus, in this case, we get a better result by using the Banach’s Contraction
Theorem that Rus’s Theorem.

In the book [7], the authors proved the following result.

Theorem 3.6 (Theorem 7.7 of [7]). Suppose that ¢ : [a,b] x R — R is continuous
and satisfies a Lipschitz condition with respect to the second variable, this is, there
exists L > 0 such that

l9(t,z) — g(t,y)| < Llx -y,
for any t € [a,b] and z,y € R.

2v/2
Ifb—a< Tf, then the following boundary value problem

{ W(t) = —g(tu(t), a<t<b,
u(a) = ¢, u(b) = d,

where ¢,d € R, has a unique mild solution.

Recently, similar results to Theorem 3.6 have appeared in the literature (see [3, 1,
4, 5], for example).

Next, taking into account Theorem 3.4, we obtain a result of the same type to the
one given in Theorem 3.6 for our Problem (1.1). More precisely, we have the following
corollary.

Corollary 3.7 Suppose that f : [a,b] x R — Ry is continuous and such that there
exists M > 0 satisfying that

|f(t,$) - f(tvy)l < M|JI - y|7
for any t € [a,b] and z,y € R.
1 (n—a
Ifb—a< W,WhereN:ﬂ—l—W
nonnegative mild solution x*.
Moreover, if there exists ¢y € [a, b] such that f(f9,0) > 0, then x* is nontrivial.

a—1
) , then Problem (1.1) has a unique

Next, we give an application of our results to the eigenvalues problem and a
Lyapunov-type inequality associated to our Problem (1.1).
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Corollary 3.8 Suppose the following boundary value problem

‘DY u(t) +q(t)u(t) =0, a<t<b,
u'(a) =0, B u(b) + u(n) =0,
where 1 <a <2, 8>0,a<n<band q: [a,b] > R is a continuous function.

If Problem (3.4) has a nontrivial mild solution, then the following Lyapunov-type
inequality

(3.4)

1 . ')
(b—a)t/2 (BT(a) + (n —a)*~1)

lalloe >

holds.

Proof. Notice that Problem (3.4) is a particular case of Problem (1.1) with
ftu) = q(t)u.

Therefore, for any ¢ € [a,b] and z,y € R, we have
lf(t,z) = f(t.y)l = la(t)r —q(t)yl
< lg@®llz =yl < llglloclz = yl-

Therefore, the condition appearing in Theorem 3.4 is satisfied with M = ||¢||s. Since
the trivial solution ug = 0 is a fixed point of the operator

b
(Tu)(t) = / G(t, 5)q(s)u(s)ds,

if Problem (3.4) has a nontrivial mild solution, this says us that in Theorem 3.4 fails
the uniqueness of the mild solution and this happens when
MoN-(b=a)? = gl N (0 - )2 > 1.
Therefore, if Problem (3.4) has a nontrivial mild solution, then
1 1 ')
Il 2 N a2 = G G+ - @)
This finishes the proof.

Remark 3.9 By Corollary 3.8, we have that if
[(a)
b—a)'/2 (BT(a)+ (n—a)*~1)’

then Problem(3.4) has a unique trivial mild solution.

lglloe <
(

A consequence of Corollary 3.8 is the following result about eigenvalues problem
associated to Problem (1.1).
Corollary 3.10 Suppose the following eigenvalues problem

DY u(t)+Au(t) =0, a<t<b,
u/(a) =0, B nglu(b) +u(n) =0,

where 1 <a<2,8>0,a<n<band A > 0.
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1 - ')
(b—a)/2 (BT(a) + (n—a)*~1)

Proof. Notice that in this case if A is an eigenvalue, this means that Problem (3.5)
has a nontrivial mild solution and, by Corollary 3.8,

1 - I(«)
A2 B () 1 (= @)

If A<

, then X is not an eigenvalue.

4. COMPARISON WITH OTHER RESULT

In this section we compare our results with the ones given in [9]. Previously, we
need to introduce some notation.
Associated to Problem (1.1), we put

t
fo= lim min I ,u)7
u—0+ t€[0,1] U
t,u

fo = lim max
u—0+ t€[0,1]

~—

U

t,u
foo = lim max 1t
u—00 t€[0,1] u

and

R ()
Joo = Jim min =

The main result in [9] is the following.

Theorem 4.1 Suppose that f:[0,1] x Ry — R, is continuous and assume that one
of the following conditions is satisfied:

(1) fo =00 and foo = 0. (Sublinear case)
(#) f&=0and f3 = oo. (Superlinear case)
Under assumption ST'(a)) > (1 — 1)L, the following problem
°Dgu(t) + f(t,u(t)) =0, 0<t<l,
{ u'(0) =0, BDG u(1) + u(n) =0,

has at least one positive mild solution.

(4.1)

In the sequel, we present an example where we can use our results while Theorem
4.1 do not work.

Example 4.2 Consider the following fractional boundary value problem

% 1 -
{ D¥%u(t) + L(t + arctan(t + u(t)) = 0, 0<t<l, (4.2)

W' (0) =0, LD Pu(1) 4 u(1/2) = 0.
Notice that Problem (4.2) is a particular case of Problem (1.1) with o = 2, a = 0,

b=1, f(t,u) = %(t—f— arctan(t +u)) and n = %
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Moreover, for ¢t € [0, 1] and u,v € R, we have

|f(t,u) — f(t,v)] Llarctan(t + u) — arctan(t + v)|
sarctan(|t +u — (t +v)|)

garctan(\u — o) < Lu—v),

A

where we have used the fact that

|arctan & — arctan y| < arctan(|z — y|).

1

Hence, the condition appearing in Theorem 3.4 is satisfied with M = 3.

Morerover, since
m—at 1 ()"
T(a) 5 T(3/2)

07071,
~024+0 =0 1
/8863 02+ 07979 = 09979 <

Theorem 3.4 says us that Problem (4.2) has a unique nontrivial nonnegative mild
solution, because f(1/2,0) = 3(1 + arctan(1/2)) > 0.
On the other hand, as

N =p+

~ 02+

1/2(t + arctan(t + u))

fo = lim min
u—07 t€[0,1] u
~ lim 1/2 arctan(u) 1
u—0+ U 2
and
1/2(¢ tan(?
fo = lim max /2t + arctan(t + v))
u—0+ t€[0,1] U
1/2(1 1
_ lim /2(1 + arctan(1 + u)) .
u—0+t U

and, therefore, Problem (4.2) is not in sublinear nor in superlinear case. This says us
that Problem (4.2) cannot be treated by Theorem 4.1.
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