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Abstract. In this paper, two fixed point theorems about decreasing operators are given, and the
existence of the unique solution for the higher order Hilfer fractional differential equation with multi-
point boundary conditions is studied by using them. In addition, an iterative sequence is established
to approximate the unique solution. As an application, two concrete examples are given to illustrate
our results.
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1. INTRODUCTION

With the development of social science, and the increasing demand of complex
engineering applications, fractional calculus theory and its applications have been
widely concerned, especially the fractional differential equation abstracted from prac-
tical problems has become a research hotspot of many mathematical workers. Most
scholars investigated Riemann-Liouville and Caputo boundary value problems, see
[12], 19], [6], [7], 5], [2], [3]- The Hilfer fractional derivative, which is related to
both Riemann-Liouville derivative and Caputo derivative, provides new ideas for re-
searchers, see [8], [1]. However, at present, there are few articles devoted to boundary
value problems involving the Hilfer fractional derivatives.

Yong et al. [8] have studied the following multi-point boundary value problems of
the Hilfer fractional differential equations at resonance:

Dy Pa(t) = f(t,x(t)), te(0,T] =0\ {0},

m

Ié;“’x(O) =Y cz(n), med, T@y)=> cln)
i=1 i=1
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where 0 < a < 1,0< <1, y=a+8—-0af, f:(0,T] xR — R is a given
function, Dg‘f is Hilfer fractional derivative of order a and type 3, ¢;(i = 1,2,---,m)
are positive real numbers, 7;(1 =1,2,---,m) satisty 0 < 7y < 2 < ... <7, < T .

In [1], Athasit et al. used the standard fixed point theorem to consider the existence
of solutions for the following boundary value problems:

HpaBy(t) = F (t,z(t)), teJ,
w(a) =0, z(b) =3 6:I%2(&), >0, &R, & € lab,
=1

where # D*# is a Hilfer fractional derivative of order a and type 8, 1 < a < 2,
0<B8<1, F:JxR — p(R) is a multivalued map, p(R) is the family of all
nonempty subsets of R. But in [1], the authors did not provide iterative methods to
approach the unique solution obtained.

In this paper, we will study the boundary value problems of nonlinear fractional
differential equation with the higher Hilfer derivative:

Dyla(t) + f (tat) =a, te(0,1],
2(0) = a/(0) = --- = 2"=(0) = Dy a(t)|=0 = 0, 1)

(1) = § bia(&),

where D(O)‘_’f is a Hilfer fractional derivative of order o and type 5, n — 1 < a < n,
0<p<1, Dg;l is Riemann-Liouville fractional derivative, v = a+nf — aff, m,n €
N,n>3, a€eR b,§ eR foralli=1,2,--- m, b; >0,0< & <+ <& <1,
f€C([0,1] x R) is a nonlinear function.

The structure of this paper is as follows. In Section 2, we give the definition of new
convex operators and two fixed point theories about decreasing operators. In Section
3, We introduce some definitions and lemmas which are the basis of our theorems.
In Section 4, in two cases, i.e. @ > 0 and a < 0, we obtain that the problem (1) has
the unique solution in P}, s or P}, correspondingly, and an iterative sequence can be
obtained to approximate the unique solution. In Section 5, We give two examples to
illustrate our main results.

2. FIXED POINT THEOREMS OF DECREASING OPERATORS

First, we mainly give two fixed point theorems of decreasing operators. Let (E, ||-]|)
be a real Banach space with a zero element 6. A cone P of E means a convex cone,
in the sense: aP + P C P, for all o, 8 > 0. Further, the relation z <y ify—x € P
is a partial order when the cone P is pointed: P((—P) = {0}. If x < y and x # y,
then we denote x < y or y > x. P is called normal cone if there exists M > 0 such
that for all z,y € FE, < x < y implies ||z|| < M|y, in this case, M is called the
normality constant of P. If <y implies Az > Ay, then the operator A: E — E is
called a decreasing operator. Given h > 60, 6 € P with § < § < h.

Letting h,  as before, define x ~ h if there exist v1,v5 > 0 such that v h <z < 1sh
(hence, v1 < vy). Then, define P, = {x € E;z ~ h}, P,s={x € E;x+0 ~ h}.
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Definition 2.1 Let T : P, s — E be an operator, and ¢ : (0,1) — (0,1) be such
that p < ¢(p) < 1, for all p € (0,1). We say that T is a ¢ — (h,J)— convex operator
provided

T(pz+ (p—1)0) < Tx+ ( —1)6, for all x € Prs,p € (0,1).

1 1
¥(p) ¥ (p)
Lemma 2.2 Suppose that T is a decreasing » — (h,d)— convex operator with Th €
Py, s, and P is a normal cone, then

(i) the operator equation Tx = x has a unique solution x* € Py, s;

(it) for any xo € Pps, making the sequence x, = Txp_1,n = 1,2,---, we can
obtain ||z, —z*|| = 0 as n — oo.
Proof. (i) We prove the existence of solutions. By h € Py, 5, Th € Py 5, we have
h+6 ~h, Th+0 ~ h. According to transitivity of “ ~ 7 we get h+9J ~ Th+ 4. So
there are Ao > A1 > 0, such that

AM(h+8) <Th+6 < Aa(h+0).

Taking mg = min{ Ay, /\%}, then there exists mg € (0,1), such that

1 1
mo mo
Therefore, for all n € N, we get
h (i —1)5 < Th < —h + (— — 1)5
mg myg < S i .

Since T is a ¢ — (h, §)— convex operator, we have mg < ¥(mg) < 1. Then there exists
r € N4, such that

w(mo) r 1
( ) > (3)
mo mo
Let a, = mih + (m% —1)6, b, = nigh + (=% —1)5, n=1,2,---. Then,
ap = Mmoap—1+ (Mo —1)5, n=1,2,--- | (4)
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Take yo = a,, 20 = by, then yo, 20 € Py s and yo < 2.
On the one hand, from (2)-(4), monotonicity and convexity of T', we have

Ty =Ta, = T(moaT,1 + (mo — 1)5)
1

1
< WTar—l + (m —1)é
1 1
= w(mO)T(moar—Q + (mo — 1)8) + (m —1)é
1 1 1 1
< Tm) Bmo) L2+ gy ~ VO (g —°
1 1
= Wi 2 (i~ °
1 1
R O 8 G O e
1 1 1 1
< @moy mo '+ Gg ~ VI (G ~ 0
§ 1rh+(ir —1)(5:,2’0
my my

On the other hand, from (2), (3), (5), convexity and monotonicity of T, we get

1 1
TZO = Tbr = T(miobril + (mio - 1)5)

Il
—~
<=
3
(=}
~ —
~—
[V
~
S
i
N
_|_
—~
—
<
3
(=]
~
~—
[ V)
|
—_
N
[«

2 (¥(mo)) Th+ ((1(mo))" —1)8
(1h(mo))" [moh + (mo — 1)6] + ((1(mo))" — 1)8
mih + (

AVARAVARIV]

mgy — 1) = yo.
Thus,
Yo < 20, 1Yo < 20, T'z0 > Yo- (6)
Suppose
Yn =T2n 1, 2n =Typ_1, n=1,2,---. (M)
Using (6), (7) and monotonicity of operator T', we have
Yo<n<- <y <<z, < <21 < 2 (8)

and
Yn Zneph,ﬁv n=12--.
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Then, {n € (0,1);y, > nz, + (n — 1)} is nonempty, for each n € N.
Let
Nn = sup{n > 0:y, >nz, + (n— 1)d}.
The following we will prove that the sequence {7, } is increasing.
Since y, < z, and P is a closed set , then 7, € (0,1) and y,, > np2zn + (N, — 1)0.
Therefore,
Yn+l = Yn = NMnin + (77 - 1)5 > MnZnt+1 + (77 - 1)6
This shows that 7,41 > n,, i.e. {n,} is an increasing sequence.
Assume lim 7, = n*. Now we prove n* = 1. If 0 < n* < 1, we consider the following
n—oo

two cases:
(1) There exists k € Ny, such that n, = n*.
Since for any n > k, i, = n*, then when n > k,

1 1
Ynt1 =Tzn > T[iyn +(—— 1)5]

1 1
=T[—yn+ (= —1)¢
[ym + G2 =Dl
. o L 1 . o
=Y {T(n [n*yn+(7l* 1)d] + (n* —1)d) (¢(U*) 1)}
=" )Tyn + (") —1)5
=9 )zn1 + (@) —1)0.
So n* = 41 > W(n*) > n*.This is a contradiction.
(2) For any n € N4, n, < n*, then 0 < Z—Z < 1, and
Yns1 = Ty, zT[niyﬁ(i —1)9]
@T@in i_(g T 1ys) — 1_5
zw(n*){ (n*[nny +(77n 1)]+(ﬂ* 1)d) (¢(%) 1)}
Mn 1 1 Mn
=Y()T[—yn +(— —1)8 —)—1]6
w(n,) [77*2/ +(— )]+[¢(n*) ]

> w<j’7—’:>[w<n*>m + (") — 1)8] + [w(%’:) —1]6

0
= W00 Vs + () (") — 1]6

Therefore, np1 > Y(22)Y(n") > I2(n*). When n — oo, we get n* > ¢ (n*) > n".
This is also a contradiction. Then according to nhﬂn;(} Nn = 1, P is a normal cone and
the completeness of FE, we can prove that y, and z, have the same limit value. Let
this limit value be z*. Paying attention to the reducibility of T' and combinate (7),
thereby, we get that the operator 7" has a fixed point z* in P} s. This part of the
proof is similar to the reference [8], we omit it here.
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We prove the uniqueness of solutions. Let y* be also a fixed point of T" in P} 5.
Since z*,y* € Py 5, we have 2* + 0 ~ y* 4+ §, namely, there exists Ay > A3 > 0, such
that

As(y™ +0) <a™+ 5 < A(y" +9).
Taking dy = min{\s, /\%}, then there exists dg € (0, 1], such that

1
do(y* +6) <a* +0 < —(y" +9),

do
which implies that
1 1
doy™ + (do—1)0 < 2" < —y* + (— — 1)4.
do do
When dy = 1, it’s obvious that z* = y*.
When djy € (0,1), let
IS 1
d=sup{0<d<1l:dy"+(d—1)0 <z < éy*—i—(g—l)&},
obviously, 0 < d< 1, and since P is a closed set, we have
R . 1 1
d d
We will prove d = 1. If 0 < d < 1, then
1 1
o =Tx* >T[=y*+ (= — 1)
[dy (d )é]
> YTy + (5~ 13+ ([d = 1)6) ~ (—— ~ 1)3}
) i’ U(d)
= ATy + (¥(d) —1)3
= (d)y" + ((d) — 1)5,
and
o* < Tldy* + (d —1)d]
1
< — Ty +( -1
¥(d) ¥(d)
1, +( 1 )
=—y +(— ;
¥(d) ¥(d)
hence,
A A 1 1
Y(d)y" + (P(d) =1)d < 2" < —y" + (—= — 1)d.
¥(d) ¥(d)

According to the definition of d, we have ¢(d) < d, it and (d) > d contradict each
other. So d = 1, then, z* = y*. In summary, the operator equation Tx = x has a
unique solution.
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(ii) We prove that for any xg € Ppgs, let z, = Tzp_1, n = 1,2,---, we have
|xn, —2*|| = 0 as n — co. Since z*,z¢ € Py, so there exists ¢ € (0,1], such that

Cx*+ (¢ —1)0 <mp < %x*—i—(% —1)4.

When ¢ = 1, we get 9 = z*. By Ta* = z*, then ||z, — 2*|| = ||Jz* — 2*|| = 0, i.e. the
conclusion has been proved.
When ¢ € (0,1), let

1 1
Yo = Cx* + (¢ —1)4, 2z, = Zx* + (Z —1)4,

then

Yo < w0 < zp, Yo <z < 2, 9)
We construct two iterative sequences:

yn =Tz 1, 2 =Ty, 1, n=1,2,---. (10)

Combining (9), (10) and the reducibility of operator T, we get

y;LSInSZ’;L7n:]‘72?.'.7 (11)
and

yo<a* <z m=12---. (12)

Moreover, using (10) and convexity and reducibility of T', we have

¥, =Teh = T(2a" + (% S 1)8) > $OT" + ((Q) — 1)6 > Ca™ + (¢ — 1) = o),

¢
and
2 =Ty, =T((x" + ((—1)d) < LTas* + (L -1 < lx* + (1 —1)8 = 2
! ’ ~Y(0) ¥(¢) S ¢ v
consequently, y5, = T2] > T2y =y} and 2z = Ty| < Ty, = 21, and so on, we can get
Yn 2 Yn—1, Zn S Zpogs m=1,200 (13)

further more, if m > n and m,n € N, we have
Yoo = Tely 1 < Ty < T = 2y < 2 (14)
According to (13) and (14), we have
y()éy'lé-~-éy;S”-SZ;SWSZQSZE)-
Similar to the above proof of (i), namely see the reference [8], we can get that {y,,}
and {z/,} have the same limit value. Taking the limit of (12), we obtain
. AT ro_ %
S = Jim =, ="

Using (11), we get that

lim z, = z*.
n—oo

The proof of the lemma is completed.
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Lemma 2.3 Suppose E is a real Banach space, P C E is normal , h > 6, and
suppose T : P — P is a decreasing operator , if operator T satisfies the following two
conditions:

(Ly) there is hg € Py, such that Tho € Pr;

(L3) for any x € P and p € (0,1), there exists u < ¥(u) < 1 such that T(uz) <

1
—T.
()
then the operator T has a unique fired point z* € Py,. In addition, take any go € P,
constructing the sequence g, = Tgn_1,m = 1,2,---, we can get ||g, — x*|| — 0 as
n — 00.

Proof. (1) We prove that the operator T has a fixed point.
1) The following we show that T': P, — P},. For any = € Py, there exists 71 € (0,1),
such that

mh<z< ih.
m
Using (L2), we have
To=T(y-~2) < —T(>a), n e (0,1),
no T M)
then
T(%x) >(n)Tz, Y € P, ne€(0,1). (15)
From (Ls), formula (15) and monotonicity of T', we obtain
1
Tz <T(mh) < 1/)(771)Th’
and

1
Tx >T(—h) > ¢(m)Th.
m
Consequently, we get Tz ~ Th.
Since Thg € P, then there exists \¢ > A5 > 0, such that Ash < Thg < Xgh.
According to hg € Py, then there exists 9 € (0,1), such that nohy < h < nioho. So
we get

L ppg< 20
Th < T(nohg) < w(no)Tho = w(no)h’

and
1
Th = T(n*ho) > P(n0)Tho > (o) Ash.
0
Hence, Th € Py, i.e. Th ~ h. By using transitivity of equivalence relation “~ "7 we
have Tx ~ h, namely, Tx € P, so the operator T is Py, — Pj.
2) Now we prove that there exists o, 29 € Py, b € (0,1), such that

b,fo < ]Qo < 2’0, (16)

and
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From the above the proof of 1), we have known that Th € Py, then there exists
12 € (0,1), such that
1
meh <Th < —h. (18)
M2
According to the condition (Lg), we have 9y < (n2) < 1. So we take r € N, such
that

w(TIQ) r 1
72 72
then,
1
nyh <Th < 7h'
Ub
Let
. oA 1
Yo = 772h, 20 = Th, (20)
2

then 9o, 20 € P, and o = n5h = n3" - nih = n3" - 29 < . Taking any b € (0,73"),
2

then b € (0,1) and gy > b2, therefore, b2y < o < Z9. On the other hand, since T is

a decreasing operator, then T'go > T2, and we combine formula (15) and (18)-(20),

we have

Tjo = T(nsh) = T(nz -ny"h)

1 1
Ty 'h) = ——T(n2 15 °h
=gl T gy e
1
< T ’r‘—2h
CIO
1
< < Th
- (¥(n2))"
S T{l'ih:irh:207
Up) 2 2
and
1 1 1
T2y =T(—h)=T(— - h
=Tk =TC ! )
1 11
> ()T (—=h) = ¢ ()T (— - —=h)
T2 2

> ((12))*T(—=5h)

2
- > (Y(n2))"Th
>yt moh = n5h = o,

Y

therefore, 7o < T2y < Tgg < %p.
3) The following by constructing sequences ¢, and Z,, we prove that these two se-
quences have the same limit value, thereby, the limit value is a fixed point of the
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operator T
Suppose

:'Qn:TZA’nfb 27’1:Tgn717 n=12---. (21)
Using (17), (21) and monotonicity of operator T', we get,
Jo<Hh < < Pp < <2, < <2y < 2o (22)
Using formula (16), there exists b € (0,1), such that
yn ZQO Zbio Zbérn n:]-a?v"’ .
We let
fin = sup{n > 0: g, > 1, }.
Now we prove that the sequence {7, } is increasing.
Since g, < 2, and P is a closed set , then 7, € (0,1) and @, > 2y,
SO
Qn+1 2 :gn 2 ﬁnén Z ﬁnén-&-ly
it indicates that 7,41 > 7, namely, {7}, } is an increasing sequence.
Supposing lim 7, = 7, then 7 = 1. If 0 < 7* < 1, we show that one gets a
n—oo
contradiction. Two cases occur.

case 1 There exists k € N, such that 7, = n*.
Since for any n > k, 7, = 7*, then when n > k,

1
i in G

= ()T G0 = ¥(77)2n41
So 7* = M1 = Y (77*) > 7*. This is a contradiction.
case 2 For any n € Ny, 7, < *. Then 0 < Z—* <1, and

. R 1
Gn1 = T2, > T(—0n)

n

:>T<ﬁ%yn>

iy

> Y(

s P Y

> (

n
*

()T

‘3> =

=

n
*

)¢(ﬁ*)2n+1

>

Therefore, 1 > Y(22)1(7*) > L(7*). If n = oo, then we get §* > (%) > 7",
This is also a contradiction. Then according to lim 7, = 1, P is a normal and F is
n—oo

a complete space, we can prove that g, and 2, have the same limit value. Assuming
the limit value is z*. Then from formula (21) and T is decreasing, we can obtain that
the operator T has a fixed point z* in Pj. This part of the proof is similar to the
reference [11], we also omit here.
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The following we prove that the fixed point of T is unique. Let y* be also a
fixed point of T in Pj. Since z*,y* € Py, so we get z* ~ y*, namely, there exists
Asg > A7 > 0, such that

Aryt <at < gy’
Taking n3 = min{ Az, %8}, then there exists n3 € (0, 1], such that

* * 1 *
ny <z < —y.
13
When 73 = 1, obviously, z* = y*.
When 53 € (0,1), let
~ * * 1 *
i=sup{0 <n<1l:ny" <a"<-—y"},
n
it’s obvious that 0 < 77 < 1, since P is closed , then we have
1
ny*t <t < <y,
n

and 7=1. If 0 <7 < 1, then

and

Therefore,

~\ % * 1 *
Y()y" <a” < oL
From the definition of 7, we obtain ¢(77) < 7. But ¢(77) € (7, 1), this is a contradiction.
Consequently, 7 = 1, then z* = y*. Above all, the operator T has a unique fixed
point.
(2) We prove that for any gg € Py, let the sequence be g, = Tgn—1,n =1,2,---,
we get ||gn — z*|| = 0 as n — oo.
The above (1) has proved that T : P, — P, so we have Tgy € P,. We combine
go € P , then there exists ¢; € (0,1), such that

1
Gg0 < T'go < ;% (23)
Using (Lz), we have ¥(¢1) € (¢1,1). Then there exists r € Ny, such that
P(G) o 1
"> 24
( o )" = G (24)
Let 1
%o = (190, Z0 = =-9o, (25)
1

then gg, Zg € Pp, and we obtain
Yo < go < Zo- (26)
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Moreover, o = (Tgo = (¥ 20 < Zo. So taking any b € (0,¢?"), we have b € (0,1) and
Yo > bzo.
From (26) and monotonicity of T, we obtain

Tzy <Tgo < To. (27)
From (23)-(25), we can also get

Tyo = T(¢Tg0) = T(C1- ¢ g0)

1 r—1 _ 1 =2
S%//(Cl)T(l go)—iw(cl)T(Cl 1 "90)
L 2 e L
S R G0 = = gy T
e 1 1
>~ Cf_l C1g0 C{go 0
and
1 1 1
Tzy = T(EQO) = T(a : ?90)

> ()T (g 0) = mmé L)

1 1

> ((C))*T (g o) > -+ > ((C1)) T

1
> ¢t Cigo = g0 = Yo,
that is, we have

b0 < Tz < Ty < Z. (28)
So we construct two iterative sequences:
Un=TZn_1, Zn =TYp_1, n=1,2,--- . (29)
Combining (27), (29) and the reducibility of operator T', we can obtain
In < Gn < Zp, n=1,2,---, (30)

and

Yo < SYn < S 2 < <21 S 2
Similar to the above proof of (1), namely, see the reference [11], we can get that
{7} and {z,} have the same limit value x*. Taking the limit of (30), we obtain

lim g, = z*. The proof of the lemma is completed.
n—oo

3. PRELIMINARIES

Definition 3.1 [6] The Riemann-Liouville fractional integral of a > 0 of a function
y: (0,400) — R is given by

I3, y(t) = ﬁ / (t — 52 y(s)ds,

provided that the right-hand side is pointwise defined on (0, c0).
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Definition 3.2 [6] The Riemann-Liouville fractional derivative of order o > 0 of a
function y is given by
e 1 d

dtn

B0 = gy ()" | = 9 (s,

provided that the right-hand side is pointwise defined on (0, 00), where n = [a] + 1,
t> 0.

DG, y(t)

Definition 3.3 [3] The generalized Hilfer fractional derivative of order o and type 3
of a function z is given by

D alt) = 130 () (o),
wheren —1<a<n,0< 8 <1.
Remark 3.4 The definition 3.3 also can be expressed as

Dyfa(t) = 104"~ D (1),
where vy = a+nf — aff, and it’'seasy toget n — 1 < a <y < n.
Lemma 3.5 [6] For o > 0, the general solution of the fractional differential equation
D¢ u(t) = 0 is given by
u(t) = et F et et

where ¢; € Ri=1,2,--- ,n,n=[a] + 1.

Lemma 3.6 Let y € C[0,1], then x € C|0, 1] is the solution of the following fractional
multi-point boundary value problem:

DgPa(t) +y(t) =0, telo,
z(0) = 2/(0) = --- = 2(»=3)(

(1) = é bix(€:),

wheren—1<a<n 0<8< 1, y=a+nB—af, mneN,n>3, b, € R,

]

1],
) = Dgy a(t)|i=o = 0,

foralli=1,2,--- 'm, 0<& < --- <&, <1, if and only if x satisfies the integral
equation
1
x(t) :/ G(t,s)y(s)ds, t €10,1],
0
where G(.,.) (the Green function) is given as
2 &
G(t7 5) = gl(ta S) + A szgl(fu S) + gQ(ta S)a fOT (t7 5) € [07 1] X [Oa 1]a (31)
i=1
with 2 , )
7 2(1—5) "2 (t—s)" " 0<s<t<]
t, s L ACY ’ - 32
91t s) {152(1}(;;)27 0<t<s<l, (32)
— 1
galt,s) = S0 04— gpam2p2, (33)

Al'(«)
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and

A:7—2—ibi53_27é0. (34)

i=1
Proof. From Remark 3.4 we have
10D a(t) = —y(b), (35)
Applying the fractional derivative Dg(f_a) on both sides of equation (35), we given
DY, x(t) = —Dg\"“y(t).
By Lemma 3.5 and Ig+Dg(+"_a) = I§,, we have

x(t) = _Ig+y(t) + Clt’y_l + 02t7—2 4O,

where C;(i = 1,2,---,n) € R is arbitrary constant. Using boundary conditions
z(0) = 2/(0) = --- = 2""9(0) = Di'a(t)li=o = 0 and DI7'0"" = T(y) #
O,Dg;1t7’2 = 0, we can obtain in turn that C,, = C,,_1 = --- = C3 = C7 = 0,
then )
1
2(t) = —— / (t — )2 Ly(s)ds + Cot?2, (36)
I'(a) Jo

Finding the derivative of equation (36), we have

! t — ) 2y(s)ds — )3
)/0@ 12y (s)ds + Caly — 267",

Y= Ty

Since /(1) = 3. bz(&;) and let A=~ —2— > bE7 2 #0, it gives
i=1 =

=1

11 ! ad L T L
T / (1= 2y s Db / (& — )" y(s)dsl.

By substituting C5 in (36), we get

o) =~ [ €= 9" s + Sl [ -9 Pu(s)as

Cs

1 ¢ a—1 7;7_2 ! =2 _ﬁ ' _50‘_2 s)ds
e | = s+ s [ s - 5 [ e
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tviz - 1 . y—2 a— a—1
T ;bf(a)/o (6721 = 9) 7% = (& — 9)°y(s)ds
-2 ™ 1 1 y— a2 1 (@ —vy+1)(1— s)a*2t7*2
+ A ;bif(a)/@. &1 —s) y(s)ds+/0 A J(s)ds

= / G(t,s)y(s)ds.
0

The proof is completed.
Hence, z is a solution of the boundary value problem (1) if and only if x satisfies
the following integral equation:

1 1 1
x(t) :/0 G(t,8)[f(s,z(s) — a]ds :/0 G(t,s)f(s,x(s))ds — a/o G(t,s)ds.

Lemma 3.7 Supposing A > 0, then the Green function G(t,s) has the following

properties:
(1) G(t, s) is continuous and G(t,s) > 0, for all (t,s) € [0,1];

(2) lg(s)t7™2 < G(t,s) <1t772, fort,s € [0,1], where q(s) = (1—8)2"2—(1—s)"1,
1

= AT(a—1) "

Proof. Obviously, G(t, s) is continuous. Now we prove that G(t, s) is nonnegative.

When 0 < s <t <1,

1

91(t,s) = m[t”_z(l —8)* T = (t— 9]

> ﬁ[ﬂ*(l — )02 e (1 - )Y

1
> t'ny 1— a—2 t'yf2 1— a—1
> gl 0= (1— 8"
1
— 1— a—2 1— a—1 t'y—2
Rl =9 = =]
> 0.
It is clear that
t,s) = 21— 5)*72 > <t<s<l1
gl(as) F(Oé) ( S) 70, 07 Sss 1
and
a—v+1

t,s) = 1—5)2772>0, s,t €[0,1],
92( S) AF(O[) ( S) = S [ }
so we get G(t,s) > 0.

Next, we prove that lq(s)t7=2 < G(t,s) < It772.

For 0 < s <t <1, from the above, we have come to the conclusion:

1(0:9) = o020 = )" = (1= 9" 2 sl = = (1)
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on the other hand, we have

1 - a— a— —
qi1(t, s) = @[f’ 21 =52 —(t—s5)"1) < F(a)tv 2
For 0 <t <s <1,
1(09) = eyt 1= )" 2 sl =) (1=
and
(t5) = ——112(1 — 5)7~2 < -2
T ) ST
hence,
g0 = 9" = (=m0 < (k) < st Ve e 0]
Then we have
_9g m
Glt,5) = 01(t,) + T D bign (€,5) + 0a(t, )
=1
D ARE (S
S e (- )
AT () P ot
+ =92 = (= gy
1 T —v 41 _ v
L e (T
1
= m[(l e A () bl [ 2
= lg(s)t" 72,
and
1 2 = Ly a—ry+1
G(t,s) < r(a)tv 24 ey Zbisﬂ + i@y 2
_ 1 SEbE T a—y+1
7F(a)(1+ 1A +— )2
1 _ _
= D) 1)t7 22,

The proof is completed.
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4. MAIN RESULTS

Let the space E = C|0, 1], and its norm is ||u|| = maz{|u(t)| : t € [0,1]}. We define
a cone

P={ueC([0,1]) : u(t) > 0,t € [0,1]}.
Then P C F is normal, the normality constant is 1.

Theorem 4.1 Suppose a > 0 and A > 0 in Lemma 3.6, h(t) = alt’=2, §(t) =
afol G(t,s)ds, any t € [0,1]. Where G(t,s) is the Green function of Lemma 3.7.
Define f :]0,1] x [=d*,4+00) = (—o0,+00) is continuous, where §* = maz{d(t),t €
[0,1]}. If the following conditions hold:

(Hy) f is decreasing with respect to the second wvariable, that is to say: for any
Le0,1], —0* < <y, we have [(t,(t) > F(t,y(0);

(Ha) for any p € (0,1), there exists p < (p) < 1 such that f(t, pz + (p—1)y) <
i f(tx), any t €[0,1],2 € [0,+00),y € [0,6"];

(Hs) for any t € [0,1], f(t,al) > 0 and f(t,al) Z 0.
Then boundary value problem (1) has a unique nontrivial solution x* € Py, 5. More-
over, selecting any xo € Py, 5, making the sequence x,,(t) = fol G(t,s)f(s,xn_1(s))ds—
afol G(t,s)ds,n=1,2,---, we get ||z, —z*]| = 0 as n — oo.
Proof. Firstly, we show under the assumption, P s is well defined. Since a > 0 ,
G(t,s) > 0, and the property (2) in Lemma 3.7 we obtain

1
5(t) = a/ G(t,s)ds > 0,
0
and
1
§(t) < al/ t772ds = alt""? = h(t).
0

Therefore, § € P, § <6 < h, namely, P, 5 is well defined.
Secondly, for any ¢ € [0, 1], we define an operator B : Py 5 — E as follows

1 1
Bzx(t) = / G(t,s)f(s,x(s))ds — a/ G(t,s)ds.
0 0
It can be drawn that @ € Py ;5 is the solution of problem (1) if and only if the operator
equation Bz = z has a unique solution in P, 5. So lastly, we need to illustrate Bx =«

has a unique solution z* in P, 5. For any x,y € P, s and —6* < 2 <y, according to
(Hy), we get

1 1
B:z:(t):/o G(t,s)f(s,x(s))ds—a/o G(t, 5)ds
2/0 G(t,s)f(s,y(s))ds — a/o G(t,s)ds = By(t).

So B : P, s — E is a decreasing operator.
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Next, we prove that B is a 1) — (h,d)— convex operator. For x € Py s, p € (0,1),
from (Hz), there exists p < t(p) < 1, such that

1 1
Bua(t) + (0= 103()) = [ G(t.5) (5. pa(9) + (n = 1)8()ds —a [ Gt 5)ds

1
ru/Gts s,x(s))ds — o(t)

1
W/ G(t,s)f(s,x(s))ds 5(t)]+(m_1)5(t)
1
- ()+(m—1)5(t).

Therefore, B is a ¢ — (h,d)— convex operator. Now let’s prove that Bh € Py,
namely, we need to prove that Bh + § € P,. Using the property (2) in Lemma 3.7

and (H;), we obtain
1
= [ Gle.s)r(s.hs)ds
0

1
S/ 172 f(s,als""%)ds
0

1
§t7_21/ f(s,0)ds
0

1
=a! / f(s,0)ds - alt? 2
0

_a—l/ F(s,0)ds - h(t),
0

Bh(t) 4+ 6(t) > /0 lq(s)t" 2 f(s,als"?)ds

and

1
> t”le/ q(s)f(s,al)ds
0
1
=a ! / q(s)f(s,al)ds - alt’ ™2
0
1
=a! / q(s)f(s,al)ds - h(t).
0
Since 0 < ¢(s) <1, a™! > 0 and from (H3), we get

1 1
f(s,0)ds > ail/ q(s)f(s,al)ds > 0.
0

0
So we have Bh + 6 € Pj,.
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By using Lemma 2.2, the operator equation Bx = x has a unique solution z* in
Py, 5, i.e. boundary value problem (1) has a unique nontrivial solution z* € Py s.
Moreover, selecting any z¢ € P, s, making the sequence

Tn(t) = Brp_1(t) = /0 G(t,s)f(s,xn_1(s))ds — a/o G(t,s)ds, n=1,2,---,

we get ||z, —z*|| — 0 as n — 0.

Theorem 4.2 Let a < 0 and A > 0 be as in Lemma 3.6. Further, suppose that the
following conditions hold

(Hy) f:]0,1] x [0,400) — [0,4+00) is continuous and for t € [0,1], f(t,1) # 0;

(Hy) for each t € [0,1], f(t,x) is decreasing about x, i.e. for any t € [0,1],
0<z<y= f(t7x) > f(tay);

(Hg) for any p € (0,1), there exists u < ¥(pu) < 1 such that for any t € [0,1],
@,y € [0, +00), f(t, pz) < iy f(t,2).
Then boundary value problem (1) has a unique positive solution z* € Py, where
h(t) = t7=2. In addition, for any xo € Py, define a sequence:

X (1) :/0 G(t,s)f(s,xn_l(s))ds—a/o G(t,s)ds, n=1,2,---,

we have ||z, —z*|| = 0 as n — 0.
Proof. We define an operation B : P — F is

1
Bz(t) = /0 G(t,s)[f(s,z(s)) — alds, Vo € P,t € [0,1].

It is easy to get that = € P is a positive solution of problem (1) if and only if x is the
positive fixed point of B.

On the one hand, since G(t,s) > 0,a < 0,f > 0, so for any = € P, we have Bx € P.
From (Hj), for any @,y € P with 0 < z <y, for each t € [0, 1], we have

Baﬂ=14<%u@uww@»—ausz[;Gu»nﬂayw»—awszBmw

Therefore, B : P — P is a decreasing operation.
On the other hand, take hg = h = t?~2. Obviously, hg € P,. According to Lemma
3.7 and (Hs), for any ¢ € [0, 1], we get

Bhy(t) = /0 G(t,s)[f(s,h(s)) — alds = /0 G(t,s)[f(s,s772) —alds

1
SW*UZjﬂam—dwh
and

1
Bhy(t) > tA’*Q{l/O q(s)[f(s,1) — alds}.
Since a <0, f >0, f(s,0) > f(s,1) £0,1>0,0<q(s) <1, so

l/o [£(s,0) — alds > z/o a()[f(s,1) — alds > 0.
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This shows that Bhg € Pj,.
Moreover, from (Hg), we get for any = € P, € (0,1), there exists p < 9(p) < 1,
such that

Bluz) = /Gts[f(s;w:( ))—ads</Gt5[ L

()

ft,x(s)) — alds

1
¥(p)
1
/Gts (t2(s)) = alds = = B(o).

Hence, by Lemma 2.3, boundary value problem (1) has a unique positive solution
x* € Pp, where h(t) = t7~2. In addition, for any zo € P, define a sequence:

t):folG(t,s)f(s,xn_l( ds—afo (t,8)ds,n=1,2,---, we get ||z, —x*|| = 0
as n — o0o. The theorem is proved.

5. EXAMPLES
Example 5.1 Consider the following boundary value problem:

53 5(t) -1
Dy P a(t) + (5 t)+1)"5 =3, telo,1],

2'(1) = 32(3) + 52(3) + 32(3),
Wherea:3,n—4a—%,B:%,y:a+4ﬁ—aﬂz%7m:3’bl:%’b2:3’()3_
%751:ia§2:27§3 % :%_2_%X(%)%_%X(%)%_%X(%)1{Tﬁ 14882>0
and

16 3
to
G(t75) = gl(tvs) + 7 Zbigl(givs) +g2(t78)7 V(t78) € [07 1] X [07 1]7
i=1
with
(t.5) 1 [t9(1—9)5 —(t—s)5, 0<s<t<l,
,S) =
- T(5) | #9(1-s)3, 0<t<s<1,
8 5 16
t,s) = 1 3¢9,

Take h(t) = F(?’ 5. Obviously,

1y
1

0<8(t) =3 / G(t, 5)ds
0
1

ﬁ
9

3 1 1
Z / 91(&i, 8)ds + 3/ g2(t, s)ds < h(t).
i=1 0 0

Here §* = max{d(t),t € [0,1]}, al = r(i and we can see that

J(tx) = (G574 6(1) + 1)75.

:3/ g1(t,s) sds—l—
0

(«%)
—

~
=



HILFER MULTI-POINT BOUNDARY VALUE PROBLEM 537

(1) Obviously, f : [0,1] x [-d*,4+00) — (—00,+00) is continuous and decreasing
inz.

(2) Taking 1 < th(p) = p5 < 1, for any p € (0,1),2 € [0, +00),y € [0,5%], we have

ot 1
Fltope + (= 0) = C e 4 (u— 1] + 60 + 1)
) 1.1 .
=us x+(1—=)yl+—-(06@)+1)}75
{5 e+ u)] u(() )}
1 ot 1., 1 s
< (e - D)+ 160 + 0y
1 O(t
<t 450 11y
1
= — f(t,x
¥(p) ()
(3) It is obvious that f(t,al) = (sirtths +3(t) +1)7% > 0 and f(t,al) # 0.
Thus, from Theorem 4.1, we can obtain that the problem (37) has a unique non-
trivial solution «* € P, 5, where §(t) = 3f0 (t,8)ds, h(t) = F(ll)ti

Example 5.2 Consider the following boundary value problem:

15 1
Dy 2 a(t) +t%(x ()+C)*i: -1, t€l0,1],
2(0) = 2/(0) = 2 (0) = D% 2(t)]1=0 = 0, (38)
o'(1) = 32(3) + 72(5) + 52(3) + g2(3);
where ¢ > 0,a = —-1,n=5,a = %, :5,7:a+557aﬂ %,mzll,bl = %,bQZ
%71)3:%;1)4:%751?%752 6’53 7754 A:389 Xl(%)%ii (%)%7
Lx (H)F - L x(3)¥ ~2.8691 > 0. Here f(t z) = t3(x(t )+c)*§

(1) It is obvious that f : [0,1] x [0, +00) — [0, 4+00) is continuous and for ¢ € [0, 1],
f1) =81+ 078 £0;
(2) for each t € [0,1], f(¢t,z) is decreasing about z;

(3) for any p € (0,1), taking ¢(u) = ¥, then ¥ (i) € (1, 1), we have

PO ST
) (t,2).

Therefore, by Theorem 4.2, we get the problem (38) has a unique positive solution
z* € Py, where h(t) = t¥, t € [0,1].

Ftopr) = B (pz+¢)8 = 3 3@+ )78 <BpH @+ o)
o
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