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Abstract. Subgradient methods, introduced by Shor and developed by Albert, Iusem, Nesterov,
Polyak, Solodov, and many others, are used to solve nondifferentiable optimization problems. In

this paper we discuss weak and strong convergence of projected subgradient methods in an infinite-

dimensional Hilbert space. We apply the viscosity approximation method to the projected subgradi-
ent method to obtain strongly convergent subgradient algorithms. In addition, we develop the forcing

strong convergence technique and the CQ algorithm to solve nondifferentiable convex optimization
problems.
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1. Introduction

Consider a constrained convex optimization problem of the form

min
x∈C

ϕ(x), (1.1)

where C is a nonempty closed convex subset of a Hilbert space H, and ϕ : H → R is
a continuous, convex function. We use S to denote the set of solutions of (1.1) and
assume S 6= ∅. A sufficient condition to guarantee the existence of a solution of (1.1)
is either C is, in addition, bounded, or ϕ is coercive (i.e., ϕ(x)→∞ as ‖x‖ → ∞).

If ϕ is continuously differentiable, the minimization problem (1.1) can be solved
by the projection-gradient algorithm (PGA) which generates a sequence (xn) by the
iterative algorithm:

xn+1 = PC(xn − αn∇ϕ(xn)), n ≥ 0, (1.2)
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where the initial guess x0 ∈ C, and (αn) is the stepsize sequence, ∇ϕ is the gradient
of ϕ, and PC is the metric projection onto C; that is,

PCx = arg min
z∈C
‖z − x‖2, x ∈ H.

The PGA (1.2) has extensively been studied. The following convergence result is
well known [8, 17] (see also [25] for an averaged mapping approach).

Theorem 1.1. Assume the following two conditions are satisfied:

(C1) The gradient of ϕ, ∇ϕ, satisfies the L-Lipschitz continuity condition (ϕ is
said to be L-smooth):

‖∇ϕ(x)−∇ϕ(y)‖ ≤ L‖x− y‖, x, y ∈ C. (1.3)

(C2) The stepszes {αn} satisfy the condition:

0 < lim inf
n→∞

αn ≤ lim sup
n→∞

αn <
2

L
, (1.4)

Then the sequence {xn} generated by PGA (1.2) converges weakly to a point x∗ ∈ S.
[No strong convergence holds in general (see [25] for a counterexample).]

Condition (C2) shows that in the case of an L-smooth objective function ϕ, con-
stant stepsizes (i.e., αn = α ∈ (0, 2

L )) work for solving (1.1).
However, in the case of a nonsmooth objective function, the situation is differ-

ent: constant stepsizes do not work anymore. This was first observed by Shor [20].
He considered an unconstrained nondifferentiable convex optimization in the finite-
dimensional space H = RN :

min
x∈RN

ϕ(x) (1.5)

where ϕ is a continuous convex function on RN . The steepest descent method gener-
ates a sequence (xk) by

xk+1 = xk − αuk, uk ∈ ∂ϕ(xk) (1.6)

where x0 ∈ RN is the initial guess, α is the constant stepsize, and ∂ϕ is the subd-
ifferential of ϕ. Shor used the following example to show that the steepest descent
method (1.6) is unsuitable for minimizing the nondifferentiable convex minimization
problem (1.5).

Example 1. [20, 26] Define a function ϕ : R2 → R by

ϕ(x) =

 5
√

9x2 + 16y2, if x > |y|,
9x+ 16|y|, if 0 < x ≤ |y|,
9x+ 16|y| − x9, if x < 0,

for (x, y) ∈ R2. Then the following hold:

(i) ϕ is convex and differentiable outside the half-line {(x, y) ∈ R2 : x ≤ 0, y =
0}.

(ii) ϕ attains its minimal value at the point (−1, 0).
(iii) If the initial point (x0, y0) is taken from the domain {(x, y) ∈ R2 : x > |y| >

( 9
16 )2|x|}, then the steepest descent method with exact line search converges

to the point (0, 0) which is non-optimal.
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We find the following simpler example to show that the subgradient method (1.6)
fails to converge to an optimal solution when constant stepsizes are utilized.

Example 2. Consider minx∈R ϕ(x) := |x|. The steepest descent method with con-
stant stepsize α > 0 is

xn+1 = xn − αun, un ∈ ∂ϕ(xn).

Choose the initial guess x0 = 1 and constant stepsize α ∈ ( 1
2 , 1). Since

∂|x| =

 1, if x > 0,
[−1, 1], if x = 0,
−1, if x < 0,

it is easy to find that

x2n−1 = 1− α > 0, x2n = 1− 2α < 0

for all n ≥ 1. Consequently, the steepest descent method with constant stepsize no
longer converges in general for nondifferentiable optimization.

Shor thus pointed out that the way of selection of stepsizes makes a big difference
between differentiable (smooth) and nondifferentiable (nonsmooth) convex optimiza-
tion problems, constant stepsizes are no longer suitable for nondifferentiable objective
functions, and instead, diminishing stepsizes have to be implemented. He suggested
the following subgradient method for solving (1.5):

xk+1 = xk −
γk
‖uk‖

uk, uk ∈ ∂ϕ(xk) (1.7)

where γk > 0 and 0 6= uk ∈ ∂ϕ(xk) (note that if uk = 0, then xk is an optimal
solution).

Alber, et al [1] developed Shor’s theory to the framework of a general Hilbert space
(possibly infinite-dimensional) for the constrained nondifferentiable convex optimiza-
tion problem (1.1).

The projected subgradient algorithm (PSA) of Alber, et al [1] generates a sequence
(xn) by the following iteration process:

xn+1 = PC

(
xn −

αn
ηn
un

)
, n = 0, 1, · · · , (1.8)

where the initial guess x0 ∈ C, un ∈ ∂εnϕ(xn) (εn-subdifferential of ϕ), ηn =
max{1, ‖un‖}, and (αn) and (εn) are sequences of nonnegative real numbers such
that

∞∑
n=0

αn =∞,
∞∑
n=0

α2
n <∞, (1.9)

εn ≤ µαn for all n and some constant µ ≥ 0. (1.10)

Regarding the PSA (1.8), the following has been proved.

Theorem 1.2. [1] Suppose that Assumption A (see Section 3) holds and let (xn) be
generated by PSA (1.8). Assume, in addition, the conditions (1.9) and (1.10) are
satisfied. Then (xn) converges weakly to a point in S, i.e., a solution of (1.1).
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In this paper we are aimed to develop the projected subgradient method for solv-
ing the nondifferentiable convex optimization problem (1.1) in the infinite-dimensional
Hilbert space framework, focusing on strongly convergent algorithms which are de-
veloped from modifications of PSA (1.8). More precisely, we will provide a simpler
proof of Theorem 1.2 in Section 3 after some preliminaries in Section 2. In Section
4, we shall apply the viscosity approximation method to obtain two strongly con-
vergent projected subgradient algorithms, followed by a result on the forcing strong
convergence technique applied to PSA (1.8). Our final result is a strongly conver-
gent subgradient CQ algorithm presented in Section 6. A summary will be given in
Section 7.

2. Preliminaries

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖, respectively.
Given a nonempty closed convex subset C ⊂ H. We use PC to denote the metric (or
nearest point) projection from H onto C, that is, for each x ∈ H, PCx is the only
point in C with the property

‖x− PCx‖ ≤ ‖x− z‖
for all z ∈ C. In notation, we write PCx = arg minz∈C ‖x− z‖.

The following properties of projections are pertinent to our argument.

Proposition 2.1. Projections satisfy the properties:

(i) ‖x− PCx‖2 ≤ ‖x− z‖2 − ‖z − PCx‖2 for x ∈ H and z ∈ C.
(ii) ‖PCx − PCy‖2 ≤ 〈x − y, PCx − PCy〉 for x, y ∈ H. It turns out that both

mappings PC and 2PC−I are nonexpansive (here I is the identity mappping).
Recall that a mapping T : H → H is said to be nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖ (2.1)

for all x, y ∈ H.

Proposition 2.2. [5] (The demiclosedness principle for nonexpansive mappings.)
Suppose T : C → C is a nonexpansive mapping. Then I − T is demiclosed in the
sense:

∀(xn) ⊂ C : xn ⇀ x, xn − Txn → y ⇒ (I − T )x = y.

Here we always use the notation:

• xn ⇀ x means that (xn) converges to x weakly.
• xn → x means that (xn) converges to x strongly (i.e., in norm).

We need the concept of subdifferential and ε-subdifferential of convex functions.

Definition 2.3. [17] Let ϕ : H → R be a convex function and let ε ≥ 0 be given.
The ε-subdifferential of ϕ at a point x ∈ H is defined as

∂εϕ(x) := {ξ ∈ H : ϕ(y) ≥ ϕ(x) + 〈ξ, y − x〉 − ε ∀y ∈ H}.
Recall that ∂ϕ(x) := ∂0ϕ(x) is the subdifferential of ϕ at x; that is,

∂ϕ(x) = {ξ ∈ H : ϕ(y) ≥ ϕ(x) + 〈ξ, y − x〉 ∀y ∈ H}.
If ∂εϕ(x) 6= ∅, then we say that ϕ is ε-subdifferentiable at x.
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Lemma 2.4. In a Hilbert space H, the identity below holds:

2〈w − v, v − u〉 = ‖w − u‖2 − ‖w − v‖2 − ‖v − u‖2, u, v, w ∈ H.

Lemma 2.5. (cf. [17]) Let (an) be a sequence of nonnegative real numbers such that

an+1 ≤ an + δn, n ≥ 1,

where (δk) is a summable sequence of nonnegative real numbers (i.e.,
∑∞
n=1 δn <∞).

Then limn→∞ an exists.

Lemma 2.6. ([23, Lemma 2.5], [9, Lemma 2.2]) Assume (sn) is a sequence of non-
negative real numbers satisfying the condition:

sn+1 ≤ (1− λn)sn + λnβn + δn, n ≥ 0, (2.2)

where (λn) and (δn) are sequences in (0,1) and (βn) is a sequence in R. Assume

(i)
∑∞
n=1 λn =∞,

(ii) lim supn→∞ βn ≤ 0, and
(iii)

∑∞
n=1 δn <∞.

Then limn→∞ sn = 0.

Lemma 2.7. [1, Proposition 2], [16, Lemma 3.4] (see also [10, Lemma 2.1]) Let (αn)
and (βn) be sequences of nonnegative real numbers. Suppose the following conditions
are satisfied:

(i)
∑∞
n=1 αn =∞;

(ii)
∑∞
n=1 αnβn <∞;

(iii) βn+1 − βn ≤ cαn for all n ≥ 1 and some constant c > 0.

Then (βn) converges to zero.

Lemma 2.8. [5] Let K be a nonempty subset of a real Hilbert space H. Let {xn} be
a sequence in H satisfying the properties:

(i) limn→∞ ‖xn − x‖ exists for each x ∈ K; and
(ii) ωw(xn) ⊂ K, where ωw(xn) = {ξ ∈ H : there exists a subsequence xnk

⇀ ξ}
is the ω-weak limit point set of {xn}.

Then {xn} converges weakly to a point in K.

Lemma 2.9. [11, Lemma 1.5] Let K be a nonempty closed convex subset of a Hilbert
space H. Let {xn} be a sequence in H and u ∈ H. Suppose the conditions below are
satisfied:

• ωw(xn) ⊂ K,
• ‖xn − u‖ ≤ ‖u− PKu‖ for all n.

Then xn → PKu.

We include a necessary and sufficient optimality condition for (1.1) as follows.

Proposition 2.10. A point x∗ ∈ C solves the nondifferentiable convex optimiza-
tion problem (1.1) if and only if x∗ satisfies the optimality condition (or variational
inequality):

There is s∗ ∈ ∂ϕ(x∗) such that 〈s∗, y − x∗〉 ≥ 0 ∀y ∈ C. (2.3)
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3. Weak convergence of projected subgradient method

Subgradient methods have been studied by many researchers, see, e.g., [3, 4, 6,
7, 14, 15, 18] and the references cited therein. We begin by rewriting the projected
subgradient algorithm (1.8) as the form:

xn+1 = PC(xn − tnun), n = 0, 1, 2, · · · (3.1)

where tn = αn/ηn for n ≥ 0.
The inequality (3.2) below will play a fundamental role in our argument of proving

convergence of PSA (1.8). We therefore refer it to as the basic inequality.

Lemma 3.1. Let (xn) be defined by the PSA (3.1). Then the following inequality,
known as the basic inequality, holds:

‖xn+1 − x‖2 ≤ ‖xn − x‖2 − 2tn[ϕ(xn)− ϕ(x)] + tn(tn‖un‖2 + 2εn) (3.2)

for all x ∈ C. In particular,

‖xn+1 − x∗‖2 ≤ ‖xn − x∗‖2 − 2tnβn + tn(tn‖un‖2 + 2εn), (3.3)

where x∗ ∈ S and βn = ϕ(xn)− ϕ∗ with ϕ∗ = infC ϕ.

Proof. For x ∈ C, we have, using the nonexpansivity of the projection PC ,

‖xn+1 − x‖2 = ‖PC(xn − tnun)− x‖2

≤ ‖xn − x− tnun‖2

= ‖xn − x‖2 − 2tn〈un, xn − x〉+ t2n‖un‖2. (3.4)

Since un ∈ ∂εnϕ(xn), we get 〈un, xn − x〉 ≥ ϕ(xn)−ϕ(x)− εn. Substituting this into
(3.4) and rearranging the terms yields the desired inequality (3.2). �

It is evident that the projection-gradient method (1.2) is no longer straightfor-
wardly applicable to a nondifferentiable objective function ϕ. In this case, Albert, et
al [1] introduced the projected subgradient method which generates a sequence (xn)
according to the following rule:

xn+1 = PC

(
xn −

αn
ηn
un

)
, un ∈ ∂εnϕ(xn), (3.5)

where x0 ∈ C, ηn = max{1, ‖un‖} and εn ≥ 0 for each n.
To discuss convergence of the algorithm (3.5) in an infinite-dimensional setting,

Albert, et al [1] used the following assumption.

Assumption A: For each fixed ε ≥ 0, ∂εϕ is bounded on bounded sets, i.e.,⋃
x∈K ∂εϕ(x) is bounded for each bounded subset K of H. [Note: Assumption A

is always satisfied in a finite-dimensional Hilbert space.]
The weak convergence of PSA (1.8) was proved in [1]. However, here we give a

simpler proof.

Theorem 3.2. [1, Theorem 1] Let Assumption A be satisfied. Let (xn) be generated by
the projected subgradient method (3.5). Assume that the conditions below are satisfied:

(i)
∑∞
n=0 αn =∞ and

∑∞
n=0 α

2
n <∞.
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(ii) (εn) is nonincreasing and εn ≤ µαn for some constant µ ≥ 0 and all n.

Then (xn) is weakly convergent to a solution of the nonsmooth optimization problem
(1.1).

Proof. Apply the basic inequality (3.3) of Lemma 3.1 to obtain

‖xn+1 − x∗‖2 ≤ ‖xn − x∗‖2 − 2tnβn + tn(tn‖un‖2 + 2εn), (3.6)

where x∗ ∈ S, tn = αn

ηn
, and βn = ϕ(xn)− ϕ(x∗). Since ηn ≥ ‖un‖ and εn ≤ µαn, it

turns out from (3.6) that

‖xn+1− x∗‖2 ≤ ‖xn− x∗‖2−
2αnβn
ηn

+ (2µ+ 1)α2
n ≤ ‖xn− x∗‖2 + (2µ+ 1)α2

n. (3.7)

Since
∑∞
n=1 α

2
n <∞ and ηn ≥ 1 for all n, we obtain

• limn→∞ ‖xn − x∗‖ exists for each x∗ ∈ S;
•
∑∞
n=0 αnβn <∞.

Observing ‖xn+1 − xn‖ = ‖PC(xn − αn

ηn
un) − xn‖ ≤ αn

ηn
‖un‖ ≤ αn, the fact un+1 ∈

∂εn+1
ϕ(xn+1) which implies

ϕ(xn) ≥ ϕ(xn+1) + 〈xn − xn+1, un+1〉 − εn+1

we get

βn+1 − βn = ϕ(xn+1)− ϕ(xn)

≤ 〈xn+1 − xn, un+1〉+ εn+1

≤ ‖xn − xn+1‖‖un+1‖+ εn

≤ (M + µ)αn.

Here M is a constant such that M ≥ ‖un‖ for all n. From the above discussions, we
find that Lemma 2.7 is applicable and we obtain that βn → 0, i.e., ϕ(xn)→ ϕ(x∗) =
infC ϕ. Then the lower semicontinuity of ϕ ensures that every weak cluster point of
{xn} is a minimum point of ϕ (i.e., a point in S):

• xnk
⇀ x̂ ⇒ x̂ ∈ S.

It turns out that Lemma 2.8 is also applicable with K replaced with S. Therefore,
the sequence {xn} converges weakly to a point in S. �

4. Strong convergence of projected subgradient methods

Since strong convergence of the projected subgradient method (3.5) is not valid in
general, regularization (or viscosity) techniques ([2, 12, 24]) are needed to guarantee
strong convergent modifications of the algorithm (3.5). Maingé [10] introduced such
a regularized strongly convergent modification of the projected subgradient method
(3.5). His algorithm ([10, Eq. (10), page 902]) is restated as follows: Initializing with
x0 ∈ C and given a ∈ H, the (n+1)th iterate xn+1 is defined by the recursion process:

xn+1 = PC

(
xn −

λn
ηn
dn

)
, un ∈ ∂εnϕ(xn), dn = un + αn(xn − a), (4.1)

where ηn = max{µ, ‖dn‖} with µ > 0.
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In order to see the viscosity nature of the algorithm (4.1), we rewrite it in the form

xn+1 = PC

((
1− αnλn

ηn

)
xn +

αnλn
ηn

a− λn
ηn
un

)
. (4.2)

Since the map x 7→ PC((1 − β)x + w) is a contraction for any fixed β ∈ (0, 1] and
w ∈ H, we find that the algorithm (4.1) is of viscosity nature [12], making possible
the strong convergence of (4.1) which is the main result of Maingé [10].

Theorem 4.1. [10, Theorem 3.1] Assume Assumption (A) in Theorem 3.2 and the
following conditions:

(i)
∑∞
n=0 λn =∞ and

∑∞
n=0 λ

2
n <∞.

(ii) limn→∞ αn = 0,
∑∞
n=0 αn =∞, and

∑∞
n=0 αnλn =∞.

(iii) (εn) is nonincreasing and εn ≤ µλn for some constant µ ≥ 0 and all n.

Then (xn) is strongly convergent to an optimal solution of the optimization problem
(1.5).

The proof provided by Maingé [10] depends heavily on the following technical
lemma.

Lemma 4.2. [10, Lemma 3.1] Let (Γn) be a sequence of real numbers that does not
decrease at infinity, in the sense that there exists a subsequence (Γnj

) of (Γn) such
that

Γnj
< Γnj+1 for all j ≥ 0.

Also consider the sequence of integers (τ(n))n≥n0 defined by

τ(n) = max{k ≤ n |Γk < Γk+1}.
Then (τ(n))n≥n0 is a nondecreasing sequence verifying

lim
n→∞

τ(n) =∞,

and, for all n ≥ n0, the following two estimates hold:

Γτ(n) ≤ Γτ(n)+1, Γn ≤ Γτ(n)+1.

In the rest of this section we will extend Theorem 4.1 to more general regularization,
i.e., the viscosity approximation methods (see Theorems 4.3 and 4.5). In addition, we
will slightly relax the condition (iii) for the choice of the perturbation parameters (εn).
Our proof is more straightforward and elementary (without employing the technical
Lemma 4.2).

4.1. Viscosity Approximation Method. The viscosity approximation method
(VAM) for optimization was introduced by Attouch [2]. Let H be a real Hilbert
space and let f : H → R ∪ {∞} be a proper, lower-semicontinuous, convex function.
Consider the minimization problem

min
x∈H

f(x). (4.3)

Given z ∈ H and ε > 0. Let uε be the unique solution of the (regularized) problem:

εuε + ∂f(uε) 3 z or uε = J∂f1/ε

(
1

ε
z

)
. (4.4)
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Here J∂fλ = (I +λ∂f)−1 is the resolvent of ∂f . Attouch [2] proved that {uε} remains
bounded as ε → 0 if and only if Sz := (∂f)−1z = {v ∈ H : z ∈ ∂f(v)} 6= ∅; in this
case, {uε} converges, in norm, to the unique point û of minimal norm of Sz, that
is, û = PSz

(0). In particular, if z = 0 and the set S of optimal solutions of (4.3) is
nonempty, then the solution zε of (4.4) with z = 0 converges in norm as ε→ 0 to the
minimal norm element of S.

Attouch’s viscosity technique was extended to nonxpansive mappings by Moudafi
[12] (Hilbert spaces) and Xu [24] (Banach spaces).

A viscosity approximation method (VAM) for the projected subgradient method
generates a sequence {xn} as follows:

xn+1 = PC

((
1− αnλn

ηn

)
xn +

αnλn
ηn

h(xn)− λn
ηn
un

)
, (4.5)

where the starting point x0 ∈ C, un ∈ ∂εnϕ(xn), and h : H → H is a ρ-contraction
(i.e., ‖h(x) − h(y)‖ ≤ ρ‖x − y‖ for all x, y ∈ H and some ρ ∈ [0, 1)). Clearly, when
h(x) ≡ a is constant, VAM (4.5) is reduced to Maingé’s algorithm (4.2).

We next analyze the strong convergence property of VAM (4.5), prior to which,
however, for convenience we make the following convention.

Convention: The objective function ϕ of the nonsmooth optimization problem (1.1)
is assumed to satisfy Assumption A, as defined in Section 3, in all the convergence the-
orems below. Assumption A is always assumed in an infinite-dimensional framework,
though it is always satisfied in the finite-dimensional framework.

Theorem 4.3. Assume the following conditions are satisfied:

(i)
∑∞
n=0 λn =∞ and

∑∞
n=0 λ

2
n <∞.

(ii) limn→∞ αn = 0,
∑∞
n=0 αn =∞, and

∑∞
n=0 αnλn =∞.

(iii) (εn) is such that
∑∞
n=0 εnλn <∞.

(iv) ηn = max{η, ‖dn‖}, where η > 0 is a constant and dn = un+αn(xn−h(xn)).

Then (xn) is strongly convergent to the solution q of the nonsmooth optimization
problem (1.1) that is the unique fixed point of the contraction PSf ; equivalently, the
unique solution of the variational inequality (VI):

〈q − h(q), x− q〉 ≥ 0, x ∈ S. (4.6)

Proof. First we prove the boundedness of (xn). Notice that we can rewrite the algo-
rithm (4.5) as

xn+1 = PC

(
xn −

λn
ηn
dn

)
, dn = un + αn(xn − h(xn)). (4.7)



506 YUNSHU FU AND HONG-KUN XU

Now let q be the unique solution of VI (4.6) so that q = PS(h(q)). We have

‖xn+1 − q‖2 = ‖PC(xn −
λn
ηn
dn)− q‖2 ≤ ‖xn − q −

λn
ηn
dn‖2

= ‖xn − q‖2 −
2λn
ηn
〈xn − q, dn〉+

λ2n
η2n
‖dn‖2

= ‖xn − q‖2 −
2λn
ηn
〈xn − q, un〉

− 2λnαn
ηn

〈xn − q, xn − h(xn)〉+
λ2n
η2n
‖dn‖2. (4.8)

Now since un ∈ ∂εnϕ(xn), we have ϕ∗ = ϕ(q) ≥ ϕ(xn) + 〈un, q − xn〉 − εn. This
implies that

〈xn − q, un〉 ≥ βn − εn (4.9)

where βn = ϕ(xn)− ϕ∗. Substituting (4.9) into (4.8) and noting ηn = max{η, ‖dn‖},
we obtain

‖xn+1 − q‖2 +
2λnβn
ηn

≤ ‖xn − q‖2 −
2λnαn
ηn

〈xn − q, xn − h(xn)〉+
2

η
εnλn + λ2n.

(4.10)

Observing

〈xn − q, xn − h(xn)〉 = ‖xn − q‖2 + 〈xn − q, q − h(xn)〉, (4.11)

we may rewrite (4.10) equivalently as

‖xn+1 − q‖2 +
2λnβn
ηn

≤
(

1− 2λnαn
ηn

)
‖xn − q‖2 +

2λnαn
ηn

〈xn − q, h(xn)− q〉+ δn,

(4.12)

where δn = 2
η εnλn + λ2n. Note that

∑∞
n=0 δn <∞ due to the conditions (i) and (iii).

Noticing

〈xn − q, h(xn)− q〉 = 〈xn − q, h(xn)− h(q)〉+ 〈xn − q, h(q)− q〉
≤ ρ‖xn − q‖2 + 〈xn − q, h(q)− q〉,

we further obtain from (4.12)

‖xn+1 − q‖2 +
2λnβn
ηn

≤
(

1− (1− ρ)
2λnαn
ηn

)
‖xn − q‖2

+
2λnαn
ηn

〈xn − q, h(q)− q〉+ δn. (4.13)

Consequently, we get, using the Cauchy-Schwartz inequality 〈xn − q, h(q) − q〉 ≤
‖xn − q‖‖h(q)− q‖,

‖xn+1 − q‖2 ≤
(

1− (1− ρ)
2λnαn
ηn

)
‖xn − q‖2

+ (1− ρ)
2λnαn
ηn

‖xn − q‖ ·
‖f(q)− q‖

1− ρ
+ δn.
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It turns out that

‖xn+1 − q‖2 ≤ max

{
‖xn − q‖2, ‖xn − q‖ ·

‖h(q)− q‖
1− ρ

}
+ δn

≤ max

{
‖xn − q‖2,

‖h(q)− q‖2

(1− ρ)2

}
+ δn.

By induction, it is easy to prove that, for all n ≥ 0,

‖xn − q‖2 ≤ max

{
‖x0 − q‖2,

‖h(q)− q‖2

(1− ρ)2

}
+

n−1∑
i=0

δi.

In particular, (xn) is bounded (hence, so is (un) by Assumption A), since
∞∑
n=0

δn <∞.

Next we rewrite (4.13) as

sn+1 ≤ (1− µn)sn + µnσn + δn, (4.14)

where

sn = ‖xn − q‖2, µn = (1− ρ)
2λnαn
ηn

, σn =
1

1− ρ

(
〈xn − q, h(q)− q〉 − βn

αn

)
.

Notice that we have µn → 0 and
∑∞
n=0 µn =∞. It is also clear that (σn) is bounded

from above since (xn) is bounded. Hence, lim supn→∞ σn exists (and is finite). Let
(xnk

) be a subsequence of (xn) such that

lim sup
n→∞

σn = lim
k→∞

σnk
= lim
k→∞

1

1− ρ

(
〈xnk

− q, h(q)− q〉 − βnk

αnk

)
. (4.15)

Again since the sequence (xn) is bounded, we may further assume that xnk
→ x′

weakly as k →∞. It then follows from (4.15) that limk→∞
βnk

αnk
exists; hence,

(
βnk

αnk

)
is bounded. This implies that (for αn → 0)

lim
k→∞

βnk
= lim
k→∞

αnk

(
βnk

αnk

)
= 0.

Namely, ϕ(xnk
)→ ϕ∗. Consequently, ϕ(x′) = ϕ∗ by weak lower semicontinuity of ϕ.

Thus, x′ ∈ S. Now we have

lim sup
n→∞

σn = lim
k→∞

1

1− ρ

(
〈xnk

− q, h(q)− q〉 − βnk

αnk

)
≤ lim
k→∞

1

1− ρ
〈xnk

− q, h(q)− q〉

=
1

1− ρ
〈x′ − q, h(q)− q〉 ≤ 0

since q is the projection of h(q) onto S and x′ ∈ S.
Finally, applying Lemma 2.6 to (4.14) we obtain ‖xn − q‖2 → 0; namely, xn → q

in norm. The proof is complete. �
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Remark 4.4. The above proof does not require that (εn) be nonincreasing; also the
assumption εn ≤ µλn (for all n) is replaced with the weaker condition

∑∞
n=1 εnλn <

∞ (notice that the condition
∑∞
n=1 λ

2
n <∞ is coupled).

An example of choice of the parameters (λn), (αn), and (εn) is as follows:

λn =
1

(n+ 1)λ
, αn =

1

(n+ 1)α
, εn =

1

(n+ 1)ε
,

where λ > 0, α > 0, ε > 0.
To satisfy the conditions (i)-(iii) in Maingé’s theorem (i.e., Theorem 4.1), the pa-

rameters λ, α, ε must satisfy the conditions

1

2
< λ ≤ 1, 0 < α ≤ 1, 0 < λ+ α ≤ 1, ε ≥ λ. (4.16)

While to satisfy the conditions (i)-(iii) of our Theorem 4.3, the parameters λ, α, ε
need satisfy the conditions which are strictly weaker than (4.16):

1

2
< λ ≤ 1, 0 < α ≤ 1, 0 < λ+ α ≤ 1, ε+ λ > 1. (4.17)

Indeed, it is easy to find that ε ≥ λ ⇒ ε+λ ≥ 2λ > 1, but evidently, not vice versa.

Alternatively, we introduce another VAM of the following form:

xn+1 = γnh(xn) + (1− γn)PC

(
xn −

αn
ηn
un

)
, un ∈ ∂εnϕ(xn), (4.18)

where γn ∈ (0, 1) for all n, h is a ρ-contraction on C for some ρ ∈ [0, 1), and ηn =
max{η, ‖un‖} with η > 0.

Theorem 4.5. Suppose the following conditions are satisfied:

(i) limn→∞ γn = 0,
∑∞
n=0 γn =∞,

(ii)
∑∞
n=0 α

2
n <∞,

(iii) limn→∞
γn
αn

= 0,

(iv)
∑∞
n=0 εnαn <∞.

Then the sequence {xn} generated by VAM (4.18) converges in norm to the solution
q of the nonsmooth optimization problem (1.1) which is also the unique solution of VI
(4.6).

Proof. Let q ∈ S be the unique solution of VI (4.6), i.e., q = PS(h(q)).
We first show that {xn} is bounded. As a matter of fact, we have by the convexity

of ‖ · ‖2 and the basic inequality (3.3),

‖xn+1 − q‖2 = ‖γn(h(xn)− q) + (1− γn)(PC

(
xn −

αn
ηn
un

)
− q)‖2

≤ γn‖h(xn)− q‖2 + (1− γn)‖PC
(
xn −

αn
ηn
un

)
− q‖2

≤ γn‖h(xn)− q‖2 + (1− γn)

(
‖xn − q‖2 + (

αn
ηn
‖un‖)2 + 2

αn
ηn
εn

)
.

(4.19)
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By the Cauchy-Schwartz inequality we obtain

‖h(xn)− q‖2 ≤ (‖h(xn)− h(q)‖+ ‖h(q)− q‖)2

≤ (ρ‖xn − q‖+ ‖h(q)− q‖)2

= ρ2‖xn − q‖2 + 2ρ‖h(q)− q‖‖xn − q‖+ ‖h(q)− q‖2

≤ ρ2‖xn − q‖2 + ρ{(1− ρ)‖xn − q‖2

+
1

1− ρ
‖h(q)− q‖2}+ ‖h(q)− q‖2

= ρ‖xn − q‖2 +
1

1− ρ
‖h(q)− q‖2. (4.20)

Since ‖un‖/ηn ≤ 1 and ηn ≥ η, substituting (4.20) into (4.19), we obtain

‖xn+1 − q‖2 ≤ (1− (1− ρ)γn)‖xn − q‖2 +
γn

1− ρ
‖h(q)− q‖2 + α2

n +
2

η
αnεn.

Setting δn = α2
n + 2

ηαnεn which satisfies
∑∞
n=1 δn <∞ (due to conditions (ii) and

(iv)), we further obtain

‖xn+1 − q‖2 ≤ max{‖xn − q‖2,
1

(1− ρ)2
‖h(q)− q‖2}+ δn.

By induction, we get

‖xn − q‖2 ≤ max{‖x0 − q‖2,
1

(1− ρ)2
‖h(q)− q‖2}+

n−1∑
i=0

δi

for all n ≥ 0. Hence, {xn} is bounded. Let M be such that M ≥ ‖h(xn) − xn‖
for all n ≥ 0. It follows from (4.18) (also noting ηn ≥ ‖un‖) that ‖xn+1 − xn‖ ≤
Mγn + αn → 0. Namely, {xn} is asymptotically regular.

Again by the basic inequality (3.3), we derive that

‖xn+1 − q‖2 = ‖(1− γn)(PC

(
xn −

αn
ηn
un

)
− q) + γn(h(xn)− q)‖2

≤ (1− γn)2‖PC
(
xn −

αn
ηn
un

)
− q‖2 + 2γn〈h(xn)− q, xn+1 − q〉

≤ (1− γn)2
(
‖xn − q‖2 −

2αnβn
ηn

+ (
αn
ηn
‖un‖)2 +

2αnεn
ηn

)
+ 2γn(〈h(xn)− q, xn+1 − q〉. (4.21)

Since

〈h(xn)− q, xn+1 − q〉 = 〈h(xn)− h(q), xn+1 − q〉+ 〈h(q)− q, xn+1 − q〉
≤ ρ‖xn − q‖ · ‖xn+1 − q‖+ 〈h(q)− q, xn+1 − q〉
≤ (ρ/2)(‖xn − q‖2 + ‖xn+1 − q‖2) + 〈h(q)− q, xn+1 − q〉
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and observing (ηn/‖un‖) ≤ 1 and ηn ≥ 1, we get from (4.21)

‖xn+1 − q‖2 ≤ (1− γn)2‖xn − q‖2 −
2αnβn(1− γn)

ηn
+ δn

+ γn[ρ(‖xn − q‖2 + ‖xn+1 − q‖2) + 2〈h(q)− q, xn+1 − q〉].

It turns out that

‖xn+1 − q‖2 ≤
(1− γn)2 + ργn

1− ργn
‖xn − q‖2 −

2αnβn(1− γn)

ηn(1− ργn)
+

δn
1− ργn

+
2γn

1− ργn
〈h(q)− q, xn+1 − q〉. (4.22)

Setting sn = ‖xn − q‖2,

τn =
2(1− ρ)γn − γ2n

1− ργn
, µn =

2

2(1− ρ)− γn
〈h(q)−q, xn+1−q〉−

2αnβn(1− γn)

ηnγn(2(1− ρ)− γn)
,

and δ̂n = δn
1−ργn , we can rewrite (4.22) as

sn+1 ≤ (1− τn)sn + τnµn + δ̂n. (4.23)

Since τn
γn
→ 2(1 − ρ) > 0, we have τn ≈ γn; thus τn → 0 and

∑
n τn = ∞. We

also have
∑∞
n=1 δ̂n < ∞. In order to apply Lemma 2.6, it suffices to prove that

lim supn→∞ µn ≤ 0. It is evident that {µn} is bounded from above by supn{[2/(2(1−
ρ) − γn)]‖h(q) − q‖ · ‖xn − q‖}. [We may assume that supn≥0 γn < 2(1 − ρ) since
γn → 0.] Thus, lim supn→∞ µn exists and is finite. Take a subsequence {µnk

} of {µn}
such that xnk

⇀ x̂ and (noticing γn → 0)

lim sup
n→∞

µn = lim
k→∞

µnk

= lim
k→∞

(
2

2(1− ρ)− γnk

〈h(q)− q, xnk
− q〉 − 2αnk

βnk
(1− γnk

)

ηnk
γnk

(2(1− ρ)− γnk
)

)
= lim
k→∞

(
1

1− ρ
〈h(q)− q, x̂− q〉 − 2αnk

βnk

2(1− ρ)ηnk
γnk

)
. (4.24)

This implies that limk→∞
αnk

βnk

ηnk
γnk

exists. In particular, {αnk
βnk

γnk
} is bounded since

{ηn} is bounded. Suppose
αnk

βnk

γnk
≤ M for some constant M ≥ 0. It turns out from

condition (iii) that

βnk
≤M γnk

αnk

→ 0.

Namely, ϕ(xnk
) → ϕ∗. The weak lower semicontinuity of ϕ implies x̂ ∈ S, and we

have from (4.24)

lim sup
n→∞

µn = lim
k→∞

µnk
≤ 1

1− ρ
〈h(q)− q, x̂− q〉 ≤ 0.

Consequently, Lemma 2.6 is applicable to (4.23) and we obtain sn → 0. Namely,
xn → q in norm. �
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Remark 4.6. The following choices of {αn}, {γn}, {εn} satisfy the conditions (i)-(iv)
of Theorem 4.5:

αn =
1

(n+ 1)α
, γn =

1

(n+ 1)γ
, εn =

1

(n+ 1)ε
;

1

2
< α < γ ≤ 1, ε > 1− α.

5. Forcing strong convergence

In [21], Solodov and Svaiter introduced a method, referred to as forcing strong
convergence, for a modification of the proximal point algorithm of Rockafellar [19]
in order to have strong convergence (see [22] for another strongly convergent mod-
ification). This method was extended by Bello Cruz and Iusem [4] to the case of
nonsmooth convex objectives, using exact subgradients. The basic idea is to add ad-
ditional projections onto appropriately constructed closed convex subsets. We here
make a further extension by making use of ε-subgradients.

Bello Cruz and Iusem’s algorithm for the convex nondifferentiable minimization
problem (1.1) reads as follows.

Initializing x0 ∈ C and when xn ∈ C and un ∈ ∂ϕ(xn) are given, we set βn :=
ϕ(xn)− ϕ∗ ≥ 0 with ϕ∗ := infC ϕ and define two closed half-spaces Hn and Wn by

Hn : = {x ∈ H : 〈x− xn, un〉+ βn ≤ 0}, (5.1)

Wn : = {x ∈ H : 〈x− xn, x0 − xn〉 ≤ 0}. (5.2)

The (n+ 1)th iterate xn+1 is defined as the projection of x0 to Hn ∩Wn ∩ C:

xn+1 = PHn∩Wn∩Cx0. (5.3)

Using ε-subdifferential, we can extend Bello Cruz and Iusem’s algorithm (5.1)-(5.3)
as follows. Initializing x0 ∈ C and when xn ∈ C and un ∈ ∂εnϕ(xn) are constructed,
we set βn = ϕ(xn)− ϕ∗ and define xn+1 in the following way:

Hn = {x ∈ H : 〈x− xn, un〉 ≤ εn − βn}, (5.4a)

Wn = {x ∈ H : 〈x− xn, x0 − xn〉 ≤ 0}, (5.4b)

xn+1 = PHn∩Wn∩Cx0. (5.4c)

Lemma 5.1. Suppose S 6= ∅. Then we have

Hn ∩Wn ∩ C ⊃ S (5.5)

for all n ≥ 0. Consequently, the algorithm (5.4) is well-defined.

Proof. We prove (5.5) by induction. First observe S ⊂ C. Now for n = 0, we have
W0 = H and by the ε-subdifferential inequality, we have, for each x∗ ∈ S,

ϕ∗ = ϕ(x∗) ≥ ϕ(x0) + 〈u0, x∗ − x0〉 − ε0.
Namely, 0 ≥ β0 + 〈u0, x∗ − x0〉 − ε0. It turns out that x∗ ∈ H0; hence S ⊂ H0. This
proves (5.5) for the case of n = 0.

Next assume that (5.5) holds for n > 0. Thus, Hn∩Wn∩C is nonempty and xn+1

is well-defined; moreover, we have

〈x0 − xn+1, z − xn+1〉 ≤ 0, z ∈ Hn ∩Wn ∩ C. (5.6)
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In particular, (5.6) holds for all x∗ ∈ S; consequently, S ⊂Wn+1. Applying again the
ε-subdifferential inequality, we deduce that, for x∗ ∈ S,

ϕ∗ = ϕ(x∗) ≥ ϕ(xn+1) + 〈x∗ − xn+1, un+1〉 − εn+1.

This can be rewritten as

〈x∗ − xn+1, un+1〉 ≤ εn+1 − βn+1.

It turns out that x∗ ∈ Hn+1 and we have proved that x∗ ∈ Hn+1 ∩Wn+1 ∩ C. That
is, (5.5) holds for n+ 1. This completes the proof of (5.5) for all n ≥ 0. �

Lemma 5.2. Suppose S is nonempty and let (xn) be generated by the algorithm (5.4).
Then we have

(i) (xn) is bounded;
(ii) ‖x0 − xn‖ is increasing;

(iii) limn→∞ ‖xn+1 − xn‖ = 0.

Proof. By (5.3), ‖xn+1 − x0‖ ≤ ‖x∗ − x0‖ for all n and x∗ ∈ S. This proves (i).
Since xn+1 ∈Wn, it follows from (5.4b) that

〈xn+1 − xn, xn − x0〉 ≥ 0. (5.7)

Applying Lemma 2.4 yields

‖xn+1 − x0‖2 − ‖xn+1 − xn‖2 − ‖xn − x0‖2 ≥ 0.

This immediately implies (ii). We also have

‖xn+1 − xn‖2 ≤ ‖xn+1 − x0‖2 − ‖xn − x0‖2

and (iii) follows; indeed, we have
∑∞
n=0 ‖xn+1 − xn‖2 <∞. �

Theorem 5.3. Suppose S is nonempty and εn → 0. Then the sequence (xn) be
generated by the algorithm (5.4). converges in norm to PSx0.

Proof. Since xn+1 ∈ Hn we get

〈xn+1 − xn, un〉+ βn ≤ εn. (5.8)

Now since ‖xn+1 − xn‖ → 0 and (un) is bounded, it follows from (5.8) that βn → 0,
namely, ϕ(xn)→ ϕ∗. We therefore have by weak lower semicontinuity of ϕ

ωw(xk) ⊂ S.

On the other hand, by (5.4b), we find that xn = PWn
x0. Since S ⊂ Wn, we obtain

that

‖x0 − xn‖ ≤ ‖x0 − PSx0‖

for all n. We can now apply Lemma 2.9 to obtain xn → PSx0 in norm. �
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6. Projected subgradient CQ algorithm

The CQ method was first introduced in [13] (see also [11]) for the Krasnoselskii-
Mann method of nonexpasive mappings in a Hilbert space as follows. Let T : C → C
be a nonexpansive mapping such that Fix(T ) 6= ∅. Initializing x0 ∈ C, the CQ
method defines (xn) as follows:

yn = αnxn + (1− an)Txn,
Cn = {z ∈ C : ‖yn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ C : 〈xn − z, xn − x0〉 ≤ 0},
xn+1 = PCn∩Qnx0.

(6.1)

It is proved [13] that if {αn} ⊂ [0, α] for some α ∈ (0, 1), then the sequence {xn}
generated by the CQ algorithm (6.1) converges in norm to PFix(T )x0.

Below we shall make an adaptation of (6.1) for the nondifferentiable minimization
problem (1.1). Our algorithm, referred to as projected subgradient CQ algorithm,
generates a sequence {xn} of iterates as follows.

yn = PC(xn − (λn/ηn)un), un ∈ ∂εnϕ(xn), ηn = max{η, ‖un‖} (6.2a)

Cn = {z ∈ H : ‖yn − z‖2 ≤ ‖xn − z‖2 − 2(λn/ηn)βn + δn}, (6.2b)

Qn = {z ∈ H : 〈xn − z, xn − x0〉 ≤ 0}, (6.2c)

xn+1 = PCn∩Qn∩Cx0. (6.2d)

where βn = ϕ(xn)− ϕ∗ and δn = λ2n + (2/η)λnεn.
Using Lemma 2.4, we see that Qn is equivalently defined by

Qn = {z ∈ C : ‖z − xn‖2 + ‖xn − x0‖2 ≤ ‖z − x0‖2}. (6.3)

The convergence of the algorithm (6.2) is presented below.

Theorem 6.1. Assume the conditions:

(i)
∑∞
n=0 λn =∞ and

∑∞
n=0 λ

2
n <∞,

(ii) εn → 0 and
∑∞
n=0 λnεn <∞

Let (xn) be generated by the projected subgradient CQ algorithm (6.2). We have

(a) (xn) is a minimizing sequence in the sense:

lim inf
n→∞

ϕ(xn) = ϕ∗ := inf
x∈C

ϕ(x). (6.4)

(b) (xn) has a subsequence convergent in norm to PSx0.

If, in addition, (1/λn)‖xn+1 − xn‖2 → 0, then ϕ(xn)→ ϕ∗ and xn → PSx0 in norm.

Proof. By the basic inequality (3.3), we have, for each x∗ ∈ S,

‖yn − x∗‖2 = ‖PC(xn − (λn/ηn)un)− x∗‖2

≤ ‖xn − x∗‖2 − 2(λn/ηn)βn + [(λn/ηn)‖un‖]2 + 2(λn/ηn)εn.

Noticing ηn = max{η, ‖un‖} ≥ ‖un‖, we obtain

‖yn − x∗‖2 ≤ ‖xn − x∗‖2 − 2(λn/ηn)βn + λ2n +
2

η
λnεn. (6.5)

This shows that x∗ ∈ Cn and S ⊂ Cn for all n ≥ 0.
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We now prove that S ⊂ Cn ∩Qn ∩C for all n ≥ 0. This is trivial when n = 0 since
Q0 = H. Assume S ⊂ Cn ∩Qn ∩C for some n > 0. By (6.2d), xn+1 is the projection
of x0 onto Cn ∩Qn ∩ C. It turns out that

〈xn+1 − x0, xn+1 − z〉 ≤ 0, z ∈ Cn ∩Qn ∩ C. (6.6)

This inequality holds particularly for z ∈ S, which exactly means that z ∈ Qn+1; i.e.,
S ⊂ Qn+1. Consequently, the sequence {xn} is well-defined for all n ≥ 0.
Also the definition of Qn implies that xn = PQn

x0. Since S ⊂ Qn, we get ‖xn−x0‖ ≤
‖q − x0‖ for q ∈ S. It turns out that (xn) is bounded, and

‖xn − x0‖ ≤ ‖q − x0‖ with q = PSx0. (6.7)

Moreover, since xn+1 ∈ Qn, we get from (6.3)

‖xn+1 − xn‖2 + ‖xn − x0‖2 ≤ ‖xn+1 − x0‖2. (6.8)

It follows that ‖xn − x0‖ ≤ ‖xn+1 − x0‖ and thus, limn→∞ ‖xn+1 − xn‖ = 0.
On the other hand, by (6.2a), we get

‖yn − xn‖ ≤
λn
ηn
‖un‖ ≤ λn → 0.

Now since xn+1 ∈ Cn, we have from (6.2b)

‖yn − xn+1‖2 ≤ ‖xn − xn+1‖2 −
λn
ηn

(2βn) + δn → 0.

It follows that
2λn
ηn

βn ≤ ‖xn − xn+1‖2 + δn (6.9)

and (noticing that {ηn} is bounded)

∞∑
n=1

λnβn <∞. (6.10)

As
∑∞
n=1 λn = ∞, we get from (6.10) that lim infn→∞ βn = 0. Let (xni

) be a
subsequence of (xn) such that limi→∞ βni = 0. With no loss of generality, we may
assume that xni ⇀ x̂. By the w-lsc of ϕ, it turns out that ϕ(x̂) ≤ lim infi→∞ ϕ(xni) =
ϕ∗. Hence, x̂ ∈ S. Applying Lemma 2.9 to (6.7) (with respect to the subsequence
{xni
}) we obtain xni

→ PSx0 in norm.
Finally, from (6.9) we get

βn ≤
M

2

(
‖xn − xn+1‖2

λn
+
δn
λn

)
, (6.11)

where M ≥ ηn for all n ≥ 0. Since δn/λn ≤ λn + (2/η)εn → 0, it follows from
(6.11) that βn → 0 under the condition ‖xn − xn+1‖2/λn → 0. This implies that
ϕ(xn)→ ϕ∗; hence, ωw(xn) ⊂ S and the equation (6.7) makes Lemma 2.9 applicable
to the full sequence {xn}, which yields that xn → PSx0. This completes the proof. �
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7. Conclusions

We have studied the projected subgradient method (PSM) in the setting of an
infinite-dimensional Hilbert space. We have provided a simpler proof of the weak
convergence theorem, due to of Albert, et al [1]. We have applied the viscosity
approximation method (VAM) of Attouch [2] and Moudafi [12] to obtain two reg-
ularized PSMs (Theorems 4.3 and 4.5) which are strongly convergent to a solution
of the nondifferentiable convex optimization problem (1.1). We have also extended
the forcing strong convergence technique of Solodov and Svaiter [21] (see also [4]) to
obtain a strongly convergent subgradient algorithm in Theorem 5.3. Finally, we have
extended the CQ algorithm of Nakajo and Takahashi [13] to obtain the projected
subgradient CQ algorithm (6.2) and its strong convergence in Theorem 6.1.

Acknowledgments. The authors were grateful to the referees for their helpful com-
ments which improved the presentation of this manuscript.
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