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Abstract. Subgradient methods, introduced by Shor and developed by Albert, Iusem, Nesterov,
Polyak, Solodov, and many others, are used to solve nondifferentiable optimization problems. In
this paper we discuss weak and strong convergence of projected subgradient methods in an infinite-
dimensional Hilbert space. We apply the viscosity approximation method to the projected subgradi-
ent method to obtain strongly convergent subgradient algorithms. In addition, we develop the forcing
strong convergence technique and the CQ algorithm to solve nondifferentiable convex optimization
problems.
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1. INTRODUCTION
Consider a constrained convex optimization problem of the form

min (), (1.1)

where C' is a nonempty closed convex subset of a Hilbert space H, and ¢ : H — R is
a continuous, convex function. We use S to denote the set of solutions of (1.1) and
assume S # (). A sufficient condition to guarantee the existence of a solution of (1.1)
is either C is, in addition, bounded, or ¢ is coercive (i.e., p(z) — o0 as ||z| — o0).

If ¢ is continuously differentiable, the minimization problem (1.1) can be solved
by the projection-gradient algorithm (PGA) which generates a sequence (z,) by the
iterative algorithm:

Tn+1 = PC(mn - O‘nv@(zn)); n Z 0; (12)
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where the initial guess xg € C, and (ay,) is the stepsize sequence, Vi is the gradient
of ¢, and P¢ is the metric projection onto C; that is,

Pox = argmin |z — z||?, =€ H.
zeC

The PGA (1.2) has extensively been studied. The following convergence result is
well known [8, 17] (see also [25] for an averaged mapping approach).

Theorem 1.1. Assume the following two conditions are satisfied:

(C1) The gradient of ¢, Ve, satisfies the L-Lipschitz continuity condition (v is
said to be L-smooth):

IVe(z) = Vo)l < Lz —yll, z,ye€C. (1.3)
(C2) The stepszes {an,} satisfy the condition:

0 < liminf o, < limsup oy, < — (1.4)

’
n—00 n—oo L

Then the sequence {x,} generated by PGA (1.2) converges weakly to a point z* € S.
[No strong convergence holds in general (see [25] for a counterezample).]

Condition (C2) shows that in the case of an L-smooth objective function ¢, con-
stant stepsizes (i.e., a, = a € (0, %)) work for solving (1.1).

However, in the case of a nonsmooth objective function, the situation is differ-
ent: constant stepsizes do not work anymore. This was first observed by Shor [20].
He considered an unconstrained nondifferentiable convex optimization in the finite-
dimensional space H = R":

min p(z) (1.5)

where ¢ is a continuous convex function on R". The steepest descent method gener-
ates a sequence (zy) by

Tpt1 = Tp — aug, U € Op(xy) (1.6)
where 2o € RY is the initial guess, a is the constant stepsize, and Oy is the subd-
ifferential of . Shor used the following example to show that the steepest descent

method (1.6) is unsuitable for minimizing the nondifferentiable convex minimization
problem (1.5).

Example 1. [20, 26] Define a function ¢ : R? — R by
54/922 + 1692, if z > |y,
p(x) =1 9z+16|yl, if 0 <a <y,
9z + 16y| — 22, if x <0,
for (x,7) € R%. Then the following hold:
(i) ¢ is convex and differentiable outside the half-line {(x,y) € R? : 2 <0, y =
0}.
(ii) ¢ attains its minimal value at the point (—1,0).
(iii) If the initial point (z,y0) is taken from the domain {(x,y) € R? : z > |y| >
(3%)?||}, then the steepest descent method with exact line search converges
to the point (0,0) which is non-optimal.
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We find the following simpler example to show that the subgradient method (1.6)
fails to converge to an optimal solution when constant stepsizes are utilized.

Example 2. Consider min,cr ¢(x) := |z|. The steepest descent method with con-
stant stepsize o > 0 is

Tpil = Tp — QUyp, Uy € 0p(T4).

Choose the initial guess xp = 1 and constant stepsize o € (%, 1). Since

1, if z > 0,
dz| =< [-1,1], if =0,
-1, if z <0,

it is easy to find that
Top—1=1—a>0, x9,=1—-2a<0

for all n > 1. Consequently, the steepest descent method with constant stepsize no
longer converges in general for nondifferentiable optimization.

Shor thus pointed out that the way of selection of stepsizes makes a big difference
between differentiable (smooth) and nondifferentiable (nonsmooth) convex optimiza-
tion problems, constant stepsizes are no longer suitable for nondifferentiable objective
functions, and instead, diminishing stepsizes have to be implemented. He suggested
the following subgradient method for solving (1.5):

k
Th41 = Tk — ”ZT”UM ug, € Op(wy,) (1.7)

where 7, > 0 and 0 # ug € Op(zr) (note that if ug = 0, then z; is an optimal
solution).

Alber, et al [1] developed Shor’s theory to the framework of a general Hilbert space
(possibly infinite-dimensional) for the constrained nondifferentiable convex optimiza-
tion problem (1.1).

The projected subgradient algorithm (PSA) of Alber, et al [1] generates a sequence
(2,,) by the following iteration process:

Oé"un>7 n=0,1,---, (1.8)

n

Tn4+1 = PC' (xn -

where the initial guess zo € C, u, € 0., ¢(z,) (en-subdifferential of ¢), 7, =
max{1, [|u,||}, and (o) and (e,) are sequences of nonnegative real numbers such

that - -
Z Q= 00, Zai < 00, (1.9)
n=0 n=0

en < poy, for all n and some constant p > 0. (1.10)
Regarding the PSA (1.8), the following has been proved.
Theorem 1.2. [1] Suppose that Assumption A (see Section 3) holds and let (x,,) be

generated by PSA (1.8). Assume, in addition, the conditions (1.9) and (1.10) are
satisfied. Then (x,,) converges weakly to a point in S, i.e., a solution of (1.1).
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In this paper we are aimed to develop the projected subgradient method for solv-
ing the nondifferentiable convex optimization problem (1.1) in the infinite-dimensional
Hilbert space framework, focusing on strongly convergent algorithms which are de-
veloped from modifications of PSA (1.8). More precisely, we will provide a simpler
proof of Theorem 1.2 in Section 3 after some preliminaries in Section 2. In Section
4, we shall apply the viscosity approximation method to obtain two strongly con-
vergent projected subgradient algorithms, followed by a result on the forcing strong
convergence technique applied to PSA (1.8). Our final result is a strongly conver-
gent subgradient CQ algorithm presented in Section 6. A summary will be given in
Section 7.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-, -) and norm || - ||, respectively.
Given a nonempty closed convex subset C' C H. We use P to denote the metric (or
nearest point) projection from H onto C, that is, for each x € H, Pox is the only
point in C' with the property

lz = Pox|| < ||z — 2]
for all z € C. In notation, we write Pcx = argmin,cc ||z — z||.
The following properties of projections are pertinent to our argument.
Proposition 2.1. Projections satisfy the properties:
(i) ||z — Pox|* < ||z — 2|> = ||z — Pox|?* forx € H and z € C.
(i) |Pcx — Poyl|l® < (x —y, Pox — Pcy) for x,y € H. It turns out that both
mappings Po and 2Pc —1I are nonexpansive (here I is the identity mappping).
Recall that a mapping T : H — H is said to be nonexpansive if
[Tz =Tyl < [l -yl (2.1)
forall x,y € H.
Proposition 2.2. [5] (The demiclosedness principle for nonerpansive mappings.)
Suppose T : C — C is a nonexpansive mapping. Then I — T is demiclosed in the
sense:
V(zp,)CC: zp—x, 2y —Txp, —y = I-T)x=y.
Here we always use the notation:

e 1z, — z means that (z,,) converges to z weakly.
e 1, — x means that (z,) converges to x strongly (i.e., in norm).

We need the concept of subdifferential and e-subdifferential of convex functions.

Definition 2.3. [17] Let ¢ : H — R be a convex function and let ¢ > 0 be given.
The e-subdifferential of ¢ at a point © € H is defined as

Op(x) :={§ € H:p(y) 2 p(z)+({y—x)—c VyeH}
Recall that dp(x) := dop(z) is the subdifferential of ¢ at x; that is,
dp(z) ={§ € H:p(y) 2 p(x) +(&y—z) VyeH}
If O.p(x) # (), then we say that ¢ is e-subdifferentiable at x.
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Lemma 2.4. In a Hilbert space H, the identity below holds:
2w —v,v —u) = |lw—ul]® = |lw—2|*—|v—ul?, wv,weH.
Lemma 2.5. (cf. [17]) Let (ay,) be a sequence of nonnegative real numbers such that
Ont1 < ap +6,, n>1,

where (&) is a summable sequence of nonnegative real numbers (i.e., Y - | &, < o).
Then lim,,_, a,, exists.

Lemma 2.6. ([23, Lemma 2.5], [9, Lemma 2.2]) Assume (s,) is a sequence of non-
negative real numbers satisfying the condition:

Snt1 < (1 - )\n)sn + MBn +6n, n=>0, (22)
where (\,) and (6,) are sequences in (0,1) and (5,) is a sequence in R. Assume
(1) S0t A = o0,
(ii) limsup,,_,o Brn <0, and
(i) 3°°°, 6, < 0.

Then lim,, o S, = 0.

Lemma 2.7. [1, Proposition 2], [16, Lemma 3.4] (see also [10, Lemma 2.1]) Let ()
and (B,) be sequences of nonnegative real numbers. Suppose the following conditions
are satisfied:

() S an = oo
(i) Doooi anfin < 00;
(i) Bnt1 — Bn < cay, for alln > 1 and some constant ¢ > 0.

Then (B,) converges to zero.

Lemma 2.8. [5] Let K be a nonempty subset of a real Hilbert space H. Let {x,} be
a sequence in H satisfying the properties:
(i) limy, o0 ||Tn — || exists for each x € K; and
(il) wy(xn) C K, where wy(z,) = {€ € H : there exists a subsequence x,, — &}
is the w-weak limit point set of {x,}.

Then {x,} converges weakly to a point in K.

Lemma 2.9. [11, Lemma 1.5] Let K be a nonempty closed convex subset of a Hilbert
space H. Let {x,} be a sequence in H and uw € H. Suppose the conditions below are
satisfied:

o wy(z,) C K,

o ||z, —u| < ||lu— Pxgul| for all n.
Then x,, — Pru.

We include a necessary and sufficient optimality condition for (1.1) as follows.

Proposition 2.10. A point =* € C solves the nondifferentiable conver optimiza-
tion problem (1.1) if and only if x* satisfies the optimality condition (or variational
inequality):

There is s* € Op(x*) such that (s*,y —x*) >0 Vye C. (2.3)
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3. WEAK CONVERGENCE OF PROJECTED SUBGRADIENT METHOD

Subgradient methods have been studied by many researchers, see, e.g., [3, 4, 6,
7, 14, 15, 18] and the references cited therein. We begin by rewriting the projected
subgradient algorithm (1.8) as the form:

Tn41 :PC(xn_tnun)v n=0,1,2--- (31>
where t,, = o, /n, for n > 0.

The inequality (3.2) below will play a fundamental role in our argument of proving
convergence of PSA (1.8). We therefore refer it to as the basic inequality.

Lemma 3.1. Let (x,) be defined by the PSA (3.1). Then the following inequality,
known as the basic inequality, holds:

lznt1 = 2ll* < llzn — 2|® = 2talp(zn) — @(@)] + ta(tallual® + 2¢4) (3.2)
for all x € C. In particular,
[2n41 = 2*[1? < [z — 2% = 2tnBp + ta(tallun]® + 2¢2), (3.3)

where z* € S and B, = p(x,) — ©* with ¢* = infe .
Proof. For x € C, we have, using the nonexpansivity of the projection Pg,
21— 2]|* = | Po(zn — tyun) — 2|
< Nan — = tpun||?
= ||z — 2| — 20 (Un, Tp — ) + 12 ||un]|?. (3.4)

Since uy, € Og, @(xy), we get (Up, Tn, —x) > @(xy) — @(x) — €,. Substituting this into
(3.4) and rearranging the terms yields the desired inequality (3.2). O

It is evident that the projection-gradient method (1.2) is no longer straightfor-
wardly applicable to a nondifferentiable objective function . In this case, Albert, et
al [1] introduced the projected subgradient method which generates a sequence (z,,)
according to the following rule:

Tniy1 = FPc (xn - ’C;nu”> , Up € asn@(l'n)v (35)

n

where zg € C, 0, = max{l, |lu,|} and €, > 0 for each n.
To discuss convergence of the algorithm (3.5) in an infinite-dimensional setting,
Albert, et al [1] used the following assumption.

Assumption A: For each fixed ¢ > 0, 0. is bounded on bounded sets, i.e.,
U,ex 9-¢(z) is bounded for each bounded subset K of H. [Note: Assumption A
is always satisfied in a finite-dimensional Hilbert space.]

The weak convergence of PSA (1.8) was proved in [1]. However, here we give a
simpler proof.

Theorem 3.2. [1, Theorem 1] Let Assumption A be satisfied. Let (x,,) be generated by
the projected subgradient method (3.5). Assume that the conditions below are satisfied:

(i) Yoo an =00 and 357 a2 < co.



PROJECTED SUBGRADIENT METHODS 503

(ii) (ey) is nonincreasing and €, < pc, for some constant p > 0 and all n.
Then (x,,) is weakly convergent to a solution of the nonsmooth optimization problem
(1.1).

Proof. Apply the basic inequality (3.3) of Lemma 3.1 to obtain
||~73n+1 - 33*H2 < ||xn - 1‘*”2 — 2tnfn + tn(thun||2 =+ 25n)7 (36)

where z* € S, t, = f]—:, and B, = p(z,) — @(x*). Since 0, > ||u,|| and €, < pay,, it

turns out from (3.6) that

2
|onis — 2| < [lam — 272 - n—ﬁ (@2t 102 < flzn — 2|2+ @2t o2, (3.7)

n —
n

Since Y7, a2 < 0o and 7, > 1 for all n, we obtain
o lim, o ||zn — 2*|| exists for each z* € S
° ZZO:O anfBn < 0.
Observing ||z,+1 — Zn|| = [|[Po(zn — %‘—:un) — x| < ‘:}—:Hunﬂ < ay, the fact u,4q1 €
Oz, 1 ¢(Zn41) which implies
0(Tn) > P(Tng1) (T — Tni1, Unt1) — Engl

we get

Bn+l - Bn = QD(J:n-‘rl) - @(xn)

S <zn+1 — Tn, un+1> + En+1

< lon = znsalllunsa | +en

< (M + p)o,.
Here M is a constant such that M > ||lu,|| for all n. From the above discussions, we
find that Lemma 2.7 is applicable and we obtain that 8, — 0, i.e., ¢(x,) — p(z*) =
infe . Then the lower semicontinuity of ¢ ensures that every weak cluster point of
{zy} is a minimum point of ¢ (i.e., a point in S):

oz, & = z€68.

It turns out that Lemma 2.8 is also applicable with K replaced with S. Therefore,
the sequence {z,} converges weakly to a point in S. (|

4. STRONG CONVERGENCE OF PROJECTED SUBGRADIENT METHODS

Since strong convergence of the projected subgradient method (3.5) is not valid in
general, regularization (or viscosity) techniques ([2, 12, 24]) are needed to guarantee
strong convergent modifications of the algorithm (3.5). Maingé [10] introduced such
a regularized strongly convergent modification of the projected subgradient method
(3.5). His algorithm ([10, Eq. (10), page 902]) is restated as follows: Initializing with
xo € C and given a € H, the (n+1)th iterate x,,41 is defined by the recursion process:

Tny1 = Po (xn — ydn) , Up € Oe, (),  dn = un + ap(T, —a), (4.1)

n

where 7, = max{u, ||d,||} with x> 0.
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In order to see the viscosity nature of the algorithm (4.1), we rewrite it in the form

ZTny1 = Po ((1 — oz77> Ty + La — nun> . (4.2)

Since the map = — Po((1 — B)z + w) is a contraction for any fixed g € (0, 1] and
w € H, we find that the algorithm (4.1) is of viscosity nature [12], making possible
the strong convergence of (4.1) which is the main result of Maingé [10].

Theorem 4.1. [10, Theorem 3.1] Assume Assumption (A) in Theorem 3.2 and the
following conditions:
(1) Zf:o An = 00 and ;ffzo A2 < oc0. N
(i) limp ooy =0, Y07 gy =00, and Y~y Ay = 00.
(iii) (en) is nonincreasing and e, < pA, for some constant p > 0 and all n.
Then (xy,) is strongly convergent to an optimal solution of the optimization problem
(1.5).

The proof provided by Maingé [10] depends heavily on the following technical
lemma.

Lemma 4.2. [10, Lemma 3.1] Let (I'y,) be a sequence of real numbers that does not
decrease at infinity, in the sense that there exists a subsequence (I'y;) of (I'n) such
that
[y, <Tp,41 forallj=>0.
Also consider the sequence of integers (T(n))n>n, defined by
7(n) = max{k < n|T < Tgi1}.
Then (T(n))n>n, 15 a nondecreasing sequence verifying

lim 7(n) = oo,
n—roo

and, for all m > ng, the following two estimates hold:
I“r(n) < FT(n)+17 r, < Fr(n)+1~
In the rest of this section we will extend Theorem 4.1 to more general regularization,
i.e., the viscosity approximation methods (see Theorems 4.3 and 4.5). In addition, we
will slightly relax the condition (iii) for the choice of the perturbation parameters (&,).

Our proof is more straightforward and elementary (without employing the technical
Lemma 4.2).

4.1. Viscosity Approximation Method. The viscosity approximation method
(VAM) for optimization was introduced by Attouch [2]. Let H be a real Hilbert
space and let f : H — RU {oo} be a proper, lower-semicontinuous, convex function.
Consider the minimization problem

min f(x). (4.3)

reH
Given z € H and € > 0. Let u. be the unique solution of the (regularized) problem:

eue +0f(us) 32z or wu. = Jf/fs (iz) . (4.4)
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Here Jff = (I +A\3f)~ ! is the resolvent of df. Attouch [2] proved that {u.} remains
bounded as € — 0 if and only if S, := (0f) 'z = {v € H : z € 9f(v)} # 0; in this
case, {u.} converges, in norm, to the unique point % of minimal norm of S,, that
is, 4 = Pg,(0). In particular, if z = 0 and the set S of optimal solutions of (4.3) is
nonempty, then the solution z. of (4.4) with z = 0 converges in norm as ¢ — 0 to the
minimal norm element of S.

Attouch’s viscosity technique was extended to nonxpansive mappings by Moudafi
[12] (Hilbert spaces) and Xu [24] (Banach spaces).

A viscosity approximation method (VAM) for the projected subgradient method
generates a sequence {x,} as follows:

Tny1 = Po ((1 ¢ ) T, + a h(z,) — un) , (4.5)

77n n 771'7,

where the starting point zo € C, u,, € 0¢,¢(zy), and h : H — H is a p-contraction
(i.e., [[h(z) — h(y)| < pllz — y|| for all z,y € H and some p € [0,1)). Clearly, when
h(z) = a is constant, VAM (4.5) is reduced to Maingé’s algorithm (4.2).

We next analyze the strong convergence property of VAM (4.5), prior to which,
however, for convenience we make the following convention.

Convention: The objective function ¢ of the nonsmooth optimization problem (1.1)
is assumed to satisfy Assumption A, as defined in Section 3, in all the convergence the-
orems below. Assumption A is always assumed in an infinite-dimensional framework,
though it is always satisfied in the finite-dimensional framework.

Theorem 4.3. Assume the following conditions are satisfied:

(1) Yo =00 and Y 07 A2 < oo.
(ii) hmn_>OC an =0, > Ja, =00, and Y oo AnA, = 0.
(iil) (£,,) is such that Y .y enAy, < 00.

)

(iv) nn = max{n, ||d,||}, where n > 0 is a constant and d,, = up + oy (xy —h(xy)).

Then (x,) is strongly convergent to the solution q of the nonsmooth optimization
problem (1.1) that is the unique fized point of the contraction Psf; equivalently, the
unique solution of the variational inequality (VI):

(¢—h(q),x—q) >0, z€S. (4.6)

Proof. First we prove the boundedness of (z,). Notice that we can rewrite the algo-
rithm (4.5) as

Tny1 = Fc (xn - Andn) , Ay = Up + an(xn - h(xn)) (47)

n
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Now let ¢ be the unique solution of VI (4.6) so that ¢ = Ps(h(g)). We have

An An
[zni1 = qll® = | Po(zn — 2dn) = gl <[lzn —q— =2dn|?
Mn Tin
2\ A2
2 n n 2
= ITn —4q 77wn7q7dn +7dn
[ [ o ( ) i lldnl
2\
= ||J)n - Q||2 - J<xn - Qaun>
2 A2
- 77 . <xn — ¢, Ty — h(zy)) + ?g||d7b||2~ (4.8)

Now since u, € 0., ¢(xy,), we have ©* = ¢(q) > (@) + (Un,q — Tn) — €. This
implies that

<xn - Q7un> Z ﬁn —&n (49)
where 8, = p(z,) — ¢*. Substituting (4.9) into (4.8) and noting 1, = max{n, ||d,||},
we obtain

lener — gl + 22250 <l — g2 = 220 g — Ba)) + 2ena + A2,
Tn n
(4.10)
Observing
<xn —q,Tpn — h<xn)> = ||$7l - QHZ + <xn —q,q9 — h(xn)>7 (4'11>

we may rewrite (4.10) equivalently as

2\ 2 2

fonsn —alP+ 222 < (122222 ) o, — gl 4+ 2%, — guh(a,) - )+ 6
(4.12)

where §,, = %En)\n + AZ. Note that Y~ ;6, < oo due to the conditions (i) and (iii).

Noticing

< pllen = all* + (@n — ¢, h(a) — a),
we further obtain from (4.12)
23 2Ancr
o —alP + 220 < (1 (= 200 ) i, — g

n

L 2\ o

n

(Tn —q,h(q) — q) + On. (4.13)

Consequently, we get, using the Cauchy-Schwartz inequality (z, — q,h(q) — ¢) <
2n — allllh(q) — |,

2\, 00,
s — gl < (1 ~1-p2 ) 2w — gl

n
2)\nan f q) — g
len — all - If(a) —all | 5

n 1_/)

+(1-p)
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It turns out that

h _
s = al < mas { o =l g L2 o,

2
gmax{nznan,W}w

By induction, it is easy to prove that, for all n > 0,

h, 2 n—1
||$an||2§maX{||xo al?, f‘z”} >

In particular, (z,) is bounded (hence, so is (uy) by Assumptlon A), since

[o ]
Z Op < 00.
n=0

Next we rewrite (4.13) as

Spn+1 < (1 - ,Un)sn + pnon + Ons (414)
where
2\ 1 B
2 n—n n
n = n 5 n — 1-— ) N —— n ah - - -
s =llen =l = (=922, = (= ahl) - 0) - 22

Notice that we have p,, — 0 and >~ °  pu, = 00. It is also clear that (o) is bounded
from above since (z,,) is bounded. Hence, limsup,,_, ., 0, exists (and is finite). Let
(2n, ) be a subsequence of (x,) such that
1 Bn
llrrlrLsOLip Opn = hm Oy = kl;rgc i <<xnk —q,h(q) — q) — am’i) . (4.15)

Again since the sequence (z,) is bounded, we may further assume that z,, — 2’

Bry,
7\ oy

weakly as k — oo. It then follows from (4.15) that limy_, o 5 k
is bounded. This implies that (for a,, — 0)
lim By, = lim a,, (%) =0.
k—o0 k—o00 nk

Namely, ¢(x,, ) = ¢*. Consequently, p(z') = ¢* by weak lower semicontinuity of (.
Thus, ' € S. Now we have

1 3
limsupo, = lim —— <<xnk —q,h(q) —q) — /B”c)

. 1
< 11m fp@nk —q,h(q) — q)

= _p(x’—q,h(Q)—CD <0

since ¢ is the projection of h(q) onto S and 2’ € S.
Finally, applying Lemma 2.6 to (4.14) we obtain ||z,, — ¢||*> — 0; namely, x,, — ¢
in norm. The proof is complete. U
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Remark 4.4. The above proof does not require that (g,,) be nonincreasing; also the
assumption e, < uM, (for all n) is replaced with the weaker condition Zzozl Entn <
oo (notice that the condition > 2 | A2 < oo is coupled).

An example of choice of the parameters (\,), (o), and (e,) is as follows:

\ 1 1 . 1
= Ny = —mm =
n (n+1))\a n (n—l—l)"’ n

where A > 0, a >0, £ > 0.
To satisfy the conditions (i)-(iii) in Maingé’s theorem (i.e., Theorem 4.1), the pa-
rameters A, «, € must satisfy the conditions

1
§</\§1,0<a§1,0</\—|—0¢§1,62)\. (4.16)

While to satisfy the conditions (i)-(iii) of our Theorem 4.3, the parameters A, «, €
need satisfy the conditions which are strictly weaker than (4.16):

1
§<)\§1,0<a§170<)\+a§175+)\>1. (4.17)

Indeed, it is easy to find that e > A = 4+ X > 2\ > 1, but evidently, not vice versa.

Alternatively, we introduce another VAM of the following form:

anun) , Up € Oe,0(Ty), (4.18)

n

Tn+1 = ’Ynh(xn) + (1 - ’Yn)PC <xn -

where 7, € (0,1) for all n, h is a p-contraction on C for some p € [0,1), and 7, =
max{n, [|u,||} with n > 0.

Theorem 4.5. Suppose the following conditions are satisfied:

(i) limy,, 00 vn = 0, EZO:O Tn = OQ,
(ii) Yoo a2 < oo,
(iif) limy oo 22 =0,
(iv) D00 Enty, < 00.
Then the sequence {x,} generated by VAM (4.18) converges in norm to the solution
q of the nonsmooth optimization problem (1.1) which is also the unique solution of VI
(4.6).

Proof. Let g € S be the unique solution of VI (4.6), i.e., ¢ = Ps(h(q)).
We first show that {z,,} is bounded. As a matter of fact, we have by the convexity
of || - ||? and the basic inequality (3.3),
a,
Jensn =gl = Fn(hon) = )+ (1= 3) (e (00 = 20, ) = )2
an
< ullben) =l + (1= 3)1Pe (1 = S, ) =

o, o,
< ) = gll? + (1 7a) (m P+ (2 + 2nsn) .
(4.19)
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By the Cauchy-Schwartz inequality we obtain
1A(zn) = all* < ([R(zn) = R(@)]| + Ih(a) — gl))?
< (pllzn — gl + [[P(q) — all)?
= p*llzn — all* + 2ollh(q) — allllzn — gl + |[P(g) — qll?
< p?llen — gl® + p{(L = p)llzn — glf?

n %pnh(q) —al*} + Ihlg) — all?

1
= pllen — ql* + Tp”h(Q) —q|*. (4.20)

Since ||un||/mm < 1 and n, > 7, substituting (4.20) into (4.19), we obtain

n_
I—p

Setting 6, = a2 + %ansn which satisfies -, §,, < 0o (due to conditions (ii) and
(iv)), we further obtain

2
lzns1 = al® < (1= (1= p)y)lon — al® + 1h(q) — qll* + o + e

1

[#n41 — gl < max{||z, — q||*,

By induction, we get

2 2
Tn —q||°” <maxq||zo —4q||°, ——%
I I {ll | =)
for all n > 0. Hence, {z,} is bounded. Let M be such that M > ||h(z,) — ]|
for all n > 0. It follows from (4.18) (also noting n, > ||un||) that ||x,11 — x| <
M~y + o, = 0. Namely, {z,} is asymptotically regular.
Again by the basic inequality (3.3), we derive that

n—1
1 2
SlIR(a) = all?} + > 6
=0

an
s — i = (1 = 72)(Pe (x - nun) )+ ulhan) — @)
«
< (1-)IPe (x - n“> gl 4 2alhen) — @y — )

QOénﬁn Qp 2an€n
< (1=)? (nxn . L Y )
7 Tin 7

n n

+ 290 ((h(20) — ¢ Tpt1 — q)- (4.21)
Since
(M@n) = ¢ Tpg1 — @) = (h(zn) = h(q), Tng1 — @) + (h(q) — ¢, Tn41 — q)
< pllzn —qll - |z — gl + (@) — ¢ Tnt1 — @)
< (p/2)(|#n — ql* + ll2n+1 — qll*) + (h(q) — ¢, Tn1 — q)
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and observing (0, /||u.|]) <1 and n, > 1, we get from (4.21)
2anﬁn(1 - ’771)

n

[@ns1 —al* < (1= )|l — gl — +0n

+ lp(lzn = qll* + llzne1 — ql®) + 2(h(q) — ¢, zns1 — ).
It turns out that

1-— Yn 2 + pvn 2Oén6n 1-— Yn 577,
(PSP P ok L e LY P - L
L —p¥n (L =py) 1= pwm
29
+ (h(q) — ¢, Tns1 — Q)- (4.22)
1—pym
Setting s, = ||z, — ¢||%,
2(1 = p)yn — '772L 2 200, B (1 — )
Tn = ——— _ HMn= <h(Q)_Q7xn+1_Q>_ y
L—pyn 2(L=p) = n N Yn(2(1 = p) = ¥n)

and 0, = %, we can rewrite (4.22) as

Spnt1 < (1 - Tn)Sn + Tnin + 3n (423>

Since % — 2(1 — p) > 0, we have 7, = 7,; thus 7, = 0 and > 7, = oo. We

also have Zzozl 6n < oo. In order to apply Lemma 2.6, it suffices to prove that
lim sup,,_, o ftn, < 0. It is evident that {u,} is bounded from above by sup,,{[2/(2(1 —
p) = v)lllh(q) — qll - |zn — ql|}. [We may assume that sup, o7, < 2(1 — p) since
~Yn — 0.] Thus, limsup,,_, . ftn, exists and is finite. Take a subsequence { iy, } of {1, }
such that z,, — & and (noticing 7, — 0)

limsup p,, = lim py,,

n—o0 k—o0
. 2 2an./3n (1 7’)/71)
= llm -~ h q) —4,Tn, —q) — . - 5
k— 00 (2(1 — p) — Yy, < ( ) r > Nng Y (2(1 — P) - ’Y’I’Lk)
. 1 N 20, Bn
= lim hq—q,a:—q—kk). 4.24
k—o0 <1 — p< ( ) > 2(]- - P)nmﬂnk ( )

P . . Ay, P . . Qny Pn . .
This implies that limy_o # exists. In particular, {%} is bounded since

{nn} is bounded. Suppose % < M for some constant M > 0. It turns out from
'k
condition (iii) that
Boy < M 0.
ng
Namely, ¢(z,,) — ¢*. The weak lower semicontinuity of ¢ implies & € S, and we
have from (4.24)

1
limsup pp, = lim pp,, < ——(h(q) —q,% —q) <0.
n—00 k—o0 1-— P
Consequently, Lemma 2.6 is applicable to (4.23) and we obtain s,, — 0. Namely,
T, — ¢ in norm. O
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Remark 4.6. The following choices of {a,, }, {7n}, {en} satisty the conditions (i)-(iv)
of Theorem 4.5:
1 1 1

1
—_— = = —<a<vy<l,e>1—aq.

(n—i—l)a; 2

= —_— E, =
Ay ’I’L-I—l)’w n

5. FORCING STRONG CONVERGENCE

In [21], Solodov and Svaiter introduced a method, referred to as forcing strong
convergence, for a modification of the proximal point algorithm of Rockafellar [19]
in order to have strong convergence (see [22] for another strongly convergent mod-
ification). This method was extended by Bello Cruz and Iusem [4] to the case of
nonsmooth convex objectives, using exact subgradients. The basic idea is to add ad-
ditional projections onto appropriately constructed closed convex subsets. We here
make a further extension by making use of e-subgradients.

Bello Cruz and Iusem’s algorithm for the convex nondifferentiable minimization
problem (1.1) reads as follows.

Initializing xg € C and when z,, € C and u,, € dp(z,) are given, we set 5, :=
o(zn) — ¢* > 0 with ¢* := infe ¢ and define two closed half-spaces H,, and W,, by

H,:={x € H:{x—zp,uy)+ Bn <0} (5.1)
Wp:={z € H:(x—xp,x0—Tpn) <0} (5.2)

The (n + 1)th iterate x4 is defined as the projection of 2y to H, N W, N C:
Tnt1 = Pu,nw,ncTo- (5.3)

Using e-subdifferential, we can extend Bello Cruz and Iusem’s algorithm (5.1)-(5.3)
as follows. Initializing zy € C' and when z,, € C and u,, € 0., ¢(x,) are constructed,
we set B, = p(z,) — ¢* and define x,,11 in the following way:

H,={z € H:{x—x,,un) <en—Pn} (5.4a)
Wp={rxe€H:{(x—x,,x0—z,) <0}, (5.4b)
Tnt1 = Pu,nw,.nco. (5.4c)

Lemma 5.1. Suppose S # (0. Then we have
H,nNnW,NnC>S (5.5)
for all n > 0. Consequently, the algorithm (5.4) is well-defined.

Proof. We prove (5.5) by induction. First observe S C C. Now for n = 0, we have
Wy = H and by the e-subdifferential inequality, we have, for each z* € .S,

¢" = @(x%) = @(x0) + (uo, 2" — w0) — €0

Namely, 0 > By + (ug, ™ — o) — €¢. It turns out that z* € Hy; hence S C Hp. This
proves (5.5) for the case of n = 0.

Next assume that (5.5) holds for n > 0. Thus, H, NW,,NC is nonempty and 2,1
is well-defined; moreover, we have

(X0 — Tpt1,2 — Tnt1) <0, z€ H, NW,NC. (5.6)
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In particular, (5.6) holds for all * € S; consequently, S C W,,+1. Applying again the
e-subdifferential inequality, we deduce that, for z* € S,

(P* = LP(LL'*) Z 90(.77”+1) + <-T* — Tp+41, un+1> — En+1-
This can be rewritten as
<1'* - xn+17un+1> S 5n+1 - 5n+1~

It turns out that z* € H, 41 and we have proved that z* € H,11 N W,,.1 N C. That
is, (5.5) holds for n 4 1. This completes the proof of (5.5) for all n > 0. O

Lemma 5.2. Suppose S is nonempty and let (x,,) be generated by the algorithm (5.4).
Then we have

(i) (zn) is bounded;
(i) |lzo — @n|| is increasing;
(iti) limy, o0 [Zng1 — 2 = 0.

Proof. By (5.3), ||xn+1 — zo|| < ||&* — zo]| for all n and z* € S. This proves (i).
Since x,41 € W, it follows from (5.4b) that

(g1 — Tpy Ty — xo) > 0. (5.7)
Applying Lemma 2.4 yields
[Znt1 = 2ol = lens1r — zall® = llzn — zol* 2 0.
This immediately implies (ii). We also have
[2nt1 = @nll® < llznt1 = zol® = ll2n — zolf?

and (iii) follows; indeed, we have >_>7  [|[zn+1 — 2n|* < c0. O

Theorem 5.3. Suppose S is nonempty and €, — 0. Then the sequence (x,) be
generated by the algorithm (5.4). converges in norm to Psxg.
Proof. Since z,41 € H,, we get

<33'n+1 - Inyun> + /Bn < eéep. (58)

Now since ||Tn4+1 — @n|| = 0 and (uy,) is bounded, it follows from (5.8) that 8, — 0,
namely, ¢(x,) = ¢*. We therefore have by weak lower semicontinuity of ¢

wy(z) C S.

On the other hand, by (5.4b), we find that x,, = Pw, xg. Since S C W,,, we obtain
that

[z0 = || < [0 = Psoll

for all n. We can now apply Lemma 2.9 to obtain x,, — Psx( in norm. O
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6. PROJECTED SUBGRADIENT CQ ALGORITHM

The CQ method was first introduced in [13] (see also [11]) for the Krasnoselskii-
Mann method of nonexpasive mappings in a Hilbert space as follows. Let T : C — C
be a nonexpansive mapping such that Fix(T) # 0. Initializing zo € C, the CQ
method defines (x,,) as follows:

Yn = Qpdp + (1 - an)Txnu
Cn={2€C:|yn— 2| < llzn — 2|},
Qn={2€C:{x,— 2,2z, —x) <0},
Tnt1 = Po,ng, To-

It is proved [13] that if {a,,} C [0,a] for some o € (0,1), then the sequence {z,}
generated by the CQ algorithm (6.1) converges in norm to Ppz1)%o-

Below we shall make an adaptation of (6.1) for the nondifferentiable minimization
problem (1.1). Our algorithm, referred to as projected subgradient CQ algorithm,
generates a sequence {x,} of iterates as follows.

(6.1)

Un = Po(xn — (An/Mn)tn),  un € 0z, 0(Tn), Nn = max{n, [|u,||} (6.2a)
Cn={z € H: lyn — 2|” < llzn — 2|1* = 2(\a/12) B0 + b0}, (6.2b)
Qn={z€ H:(x,— 2,2, —x9) <0}, (6.2¢)
Tn+1 = Pc,nQ,.ncTo- (6.2d)

where 3, = p(z,) — ¢* and &, = A2 + (2/n)\nen.
Using Lemma 2.4, we see that @Q,, is equivalently defined by

Qn={2€C: |z —znl® + [lzn — zol* < || — zo|*}. (6.3)
The convergence of the algorithm (6.2) is presented below.

Theorem 6.1. Assume the conditions:
(1) D0 g An =00 and Y oo g A2 < o0,

n=0"'n

(ii) &n = 0 and Y7 o Apep < 00
Let (x,,) be generated by the projected subgradient CQ algorithm (6.2). We have
(a) (zy,) is a minimizing sequence in the sense:
liminf p(z,) = ¢" := inf o). (6.4)
(b) (x,) has a subsequence convergent in norm to Psxg.
If, in addition, (1/X\,)||Zns1 — 2nl|®> — 0, then o(z,) — ¢* and x,, — Psxzq in norm.

Proof. By the basic inequality (3.3), we have, for each z* € S,
lyn — 2| = | Po(@n — (An/ma)un) — 2|12
<&y — z*”Q = 2(An/nn)Bn + [()‘n/nn)”unmz +2(An/1Mn)En.
Noticing 1, = max{n, ||u,||} > ||un||, we obtain
2
lyn — 2" [* < llzn — 21> = 2(\a /1) Bn + A5 + ?\rﬁn- (6.5)

This shows that z* € C,, and S C C,, for all n > 0.
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We now prove that S C C,,NQ,, NC for all n > 0. This is trivial when n = 0 since
Qo= H. Assume S C C,,NQ, NC for some n > 0. By (6.2d), x,,11 is the projection
of zg onto C,, N Q, NC. It turns out that

(g1 — 20, Znt1 —2) <0, z2€C,NQ,NC. (6.6)

This inequality holds particularly for z € S, which exactly means that z € Q,,+1; i.e.,
S C Qn+1. Consequently, the sequence {x,} is well-defined for all n > 0.

Also the definition of @,, implies that x,, = Py, xo. Since S C @, we get ||z, — 20| <
llg — zol| for ¢ € S. It turns out that (z,) is bounded, and

llzn — 20l < |lg — o] with ¢ = Psxo. (6.7)
Moreover, since x,4+1 € @, we get from (6.3)
|Zn+1 — xn”Q + |z — xOHQ <zt — $0||2~ (6.8)

It follows that ||, — 2ol < ||#nt1 — 2ol and thus, lim, e [|[Zn+1 — 2a|| = 0.
On the other hand, by (6.2a), we get

A
”yn - an < nl|‘un“ <A\, —0.
n

Now since z,,41 € C,, we have from (6.2b)
An

n

1Yn = Zni1l” < | — Tngal|* — =2(260) + 60 — 0.
It follows that

2
Tnﬂn < ||'Tn - mn+1||2 + 6, (69)

and (noticing that {n,} is bounded)
D A < 0. (6.10)
n=1

As > A\, = oo, we get from (6.10) that liminf, o 3, = 0. Let (x,,) be a
subsequence of (z,) such that lim; ;o 5, = 0. With no loss of generality, we may
assume that z,,, — 2. By the w-Isc of ¢, it turns out that (&) < liminf; ,o @(zn,) =
©*. Hence, & € S. Applying Lemma 2.9 to (6.7) (with respect to the subsequence
{zp,}) we obtain z,, — Psxzq in norm.

Finally, from (6.9) we get

M [||zn — Zni1l]* 6
. < _ - _ s 11
Bn < ) ( . +)\n (6 )

where M > n, for all n > 0. Since 6,/\, < Ay + (2/1)en, — 0, it follows from
(6.11) that 3, — 0 under the condition ||x,, — 2,41||*/An — 0. This implies that
o(xn) = ©*; hence, wy(z,) C S and the equation (6.7) makes Lemma 2.9 applicable
to the full sequence {z,, }, which yields that x,, — Psxq. This completes the proof. O
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7. CONCLUSIONS

We have studied the projected subgradient method (PSM) in the setting of an
infinite-dimensional Hilbert space. We have provided a simpler proof of the weak
convergence theorem, due to of Albert, et al [1]. We have applied the viscosity
approximation method (VAM) of Attouch [2] and Moudafi [12] to obtain two reg-
ularized PSMs (Theorems 4.3 and 4.5) which are strongly convergent to a solution
of the nondifferentiable convex optimization problem (1.1). We have also extended
the forcing strong convergence technique of Solodov and Svaiter [21] (see also [4]) to
obtain a strongly convergent subgradient algorithm in Theorem 5.3. Finally, we have
extended the CQ algorithm of Nakajo and Takahashi [13] to obtain the projected
subgradient CQ algorithm (6.2) and its strong convergence in Theorem 6.1.

Acknowledgments. The authors were grateful to the referees for their helpful com-
ments which improved the presentation of this manuscript.
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