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Abstract. A class of nonlinear mappings in p-uniformly convex and uniformly smooth Banach
spaces is proposed. We call each mapping in this class a strict pseudo-contraction type mapping.
This class contains the classes of strict pseudo-contraction mappings in Hilbert spaces and metric
resolvents of maximal monotone operators in Banach spaces. Then, we study the split common fixed
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1. INTRODUCTION

Let F be a Banach space. Then a mapping T : F — E is said to be firmly
nonexpansive type if

<T$—Ty, J(iﬂ—T{E)—J(y—Ty» >0, Vx,yEE,

where J is the normalized duality mapping on E. These mappings were introduced
and investigated by Kohsaka and Takahashi [20](see also [3]). The class of firmly
nonexpansive type mappings is an important class since it includes firmly nonexpan-
sive mappings in Hilbert spaces, the metric projections onto a closed convex set and
resolvents of maximal monotone operators in Banach spaces.

Let H be a Hilbert space. We recall that a mapping T : H — H is said to be k-strict
pseudo-contraction (in the sense of Browder-Petryshyn [5]) if there exists k € [0,1)
such that

T2 = Ty|* < llo = ylI* + kll(z — T2) — (y — Ty)|I. (1.1)
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These mappings are extensions of nonexpansive mappings which satisfy the inequality
(1.1) with k = 0. Strict pseudo-contractions mappings have more powerful applica-
tions than firmly nonexpansive mappings and nonexpansive mappings do in solving
inverse problems (see Scherzer [25]).

Let E and F' be Banach spaces and A : E — F be a bounded linear operator. Let
{Ci}i—, and {Q;}}—; be two finite families of nonempty closed and convex subsets
of E and F, respectively. The multiple-set split feasibility problem (MSSFP) [10]
requires to seek an element z* € E satisfying:

p T
x* e ﬂ C; and Ax* e ﬂ Q;.
i=1

Jj=1

This problem applied for modeling inverse problems often arise in many real-world
application problems such as signal and image processing, medical image reconstruc-
tion, etc (see [6, 8, 9, 10] for details). Various algorithms and some interesting results
have been studied in order to solve it, (see, for example [26, 27, 31] and the references
therein).

A generalization of the MSSFP is the split common fixed point problem (SCFPP)
[12]. Let S; : E — E, (1 = 1,...,p) and T; : F — F, (j = 1,...,7) be nonlinear
mappings. The SCFPP is formulated as:

p T
x* € ﬂ Fiz(S;) and Ax* € ﬂ Fiz(T}). (1.2)

i=1 j=1

Here Fiz(S;) := {z € E : S;(z) = z} is the set of fixed points of S; and Fiz(T}) is
the set of fixed points of T;. Recently, some authors have studied the SCFPP for a
pair of mappings of different classes in Banach spaces (see, for example [15, 29, 30]
and the references therein).

On the other hand, the inertial technique has become of great interest to many
researchers mainly due to its nice convergence characteristics as well as improving
the performance of algorithms. The main idea of these methods is to make use
of two previous iterates to update the next iterate, which results in speeding up
the algorithm’s convergence. Recently, authors have shown considerable interest in
studying inertial type algorithms, see for example [2, 16, 17, 23] and the references
therein.

The remainder of this paper is organized as follows. In Section 2, we collect some
preliminary knowledge and some related lemmas. Section 3 is devoted to the study
of the properties of strict pseudo-contraction type mappings in a p-uniformly convex
and uniformly smooth Banach space. In Section 4, we propose an inertial algorithm
for solving the split common fixed point problem for a finite family of strict pseudo-
contraction type mappings, and prove its strong convergence of its variant under mild
conditions. Two applications of our main theorem to solving the multiple-set split
feasibility problem and the split common null point problem in p-uniformly convex
and uniformly smooth Banach spaces are presented in Section 5.
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2. PRELIMINARIES

In this section, we recall some definitions and results that will be used later.
Throughout this paper, we consider 1 < ¢ < 2 < p < oo with % + % = 1. Let F
be a real Banach space with norm ||.|| and let E* be the dual space of E. We denote
the value of y* € E* at « € E by (z,y*). Let S(F) = {z € E : ||z|| = 1} denote the
unit sphere of E. E is said to be smooth if

t —
Ll gyl — el
t—0 t
exists for each z,y € S(F). The modulus of convexity and smoothness are defined
respectively by

= +yll

dr(e) = inf{l — 5 cx,y € S(E), ||z —y|| =€}, €e€(0,2].

and

_ o lr Tyl +lz— 7yl
= sup{

2
E is said to be uniformly convex if dg(e) > 0 for any € € (0,2], and p-uniformly
convex if there exists a ¢, > 0 so that dg(e) > c,e? for any € € (0,2]. The space E is

called uniformly smooth if lim,_,q me = 0, and g-uniformly smooth if there exists

pE(T) —1:z,ye S(E)}, 7> 0.

a Cy > 0 so that pg(r) < C,79 for ;ny 7 > 0. It is observe that every p-uniformly

convex (g-uniformly smooth) space is uniformly convex (uniformly smooth) space. It

is known that E' is p-uniformly convex (g-uniformly smooth) if and only if its dual E*

is g-uniformly smooth (p-uniformly convex), see [21]. Furthermore, L, (or £,) spaces

and the Sobolev spaces Wy, ,» are min{r, 2}-uniformly smooth for every r > 1, see [32].
We shall denote by J%,, the duality mapping from E to 2F" given by

Tp(@) ={f € E*,(z, f) = |l=|I", IIfIl = [l="~"},

for every x € E. In particular, Jg = J% is called the normalized duality mapping.
In this case, we assume that E is a p-uniformly convex and uniformly smooth which
implies that its dual space E* is g-uniformly smooth and uniformly convex. In this
situation, it is known that the duality mapping J%, is one-to-one, single-valued and
satisfies Jh, = (JJ%*)*1 where J%. is the duality mapping of E*. Moreover, if E is
uniformly smooth then the duality mapping J7, is norm-to-norm uniformly continuous
on bounded subsets of E (see [14, 28] for more details).

Lemma 2.1 ([32]). If E is a q-uniformly smooth Banach space, then there is a
constant c¢g > 0 such that:

= yll* < =l — aly, Jg(@) + cqllyll?, (2.1)

for all z,y € E, where ¢4 is called the q-uniform smoothness coefficient of E.

It is known that, the g-uniform smoothness coefficient of L, (or £,) for p > 2, is
cg = (p—1) (see e.g. [32]).
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Lemma 2.2 ([13]). If E is a p-uniformly convex Banach space (p > 2), then there
exists a constant d, > 0 such that for all z,y € E,

le =yl < ()77 |T5@) - TBw)]7. (2:2)

Let C be a nonempty closed and convex subset of E. The metric projection of

x € F onto C' is the unique element Pox € C' that minimizes the norm distance to z,

ie. |z — Poz|| = mingec ||z — y||. It has been employed successfully in optimization,

approximation theory, and fixed point theory. The metric projection can also be
characterized by a variational inequality:

(y — Pox, Jo(x — Pox)) <0, VyeC. (2.3)

Let f : F — R, be a Gateaux differentiable convex function. The Bregman distance
with respect to f is defined by

Af(xvy) = f(x)_f(y)_<‘r—y7vf(y)>v xvyEE-
In the particular case if f, = 11;||.||p (1 < p < ), then the gradient Vf of f is
coincident with the generalized duality mapping J%,. So we have

Ap(z,y) =%<||xup P + (- 2, T )

1 1
=—|lz[|” + =|ly||” — (x, J&(y)).
Sl + gl = {2, T (w))

For a p-uniformly convex space, the Bregman distance has the following property
important properties:

(i) Three point identity: for each z,y,z € E,
Ap(x,y) + Ap(y, 2) — Ap(x,2) = (x —y, Jp(2) — Jp(v))-
(ii) Two point identity: for each z,y € E,

Ap(x,y) + Ap(y, ) = (@ —y, Jp(2) — Ji(y))- (2.4)
(iii) For each x,y € E,
Tl —ylI” < Ap(x,y) < (z —y, Jp(@) = JE ), (2.5)

where 7 > 0 is some fixed number [26].
Let C be a nonempty, closed and convex subset of E. The Bregman projection is
defined by ( [4])
Moz = argmingecAy(y,z), x € E.
The following characterization of the Bregman projection may be found in [28].
(y — ez, Jh(z) — Jh(Ilez)) <0, VyeC. (2.6)

Following [1, 11], we make use of the function V,, : E x E* — [0, +00) associated
with f, which is defined by:

1 1
Vo(z,2™) = = ||z||P — (z,2") + =||z"||9, Vx € E,z" € E™.
p q
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So Vp(z,2*) = Ap(x, Jh. (z*)) for all z € E and z* € E*. Moreover, by the subdif-
ferential inequality, we have

Vo(@,27) + (Ji. (27) —2,") < Vp(a, 2" + ), (2.7)

for all x € E and z*,y* € E*, (see [19]). Furthermore V), is convex in the second
variable, (see [22]). Then for all z € E, we have

A, (z JL. <Ztﬂ§(mi)>> < il (2, @), (2.8)
=1

=1

where {z;}7, C E and {t;}/", C (0,1) with >_1", ¢ = 1.

Lemma 2.3 ([24]). Let E be a uniformly convex and smooth Banach space and let
{zn} and {yn} be sequences of E. If {y,} is bounded and lim, o Ap(zyn,yn) = 0,
then lim,, o0 ||Zn — yn|| = 0.

Let E be a p-uniformly convex and uniformly smooth Banach space. Let A be
a mapping of F into 27", The effective domain of A is denoted by D(A), that is,
D(A)={z € F: Az # 0}. A multi-valued mapping A on F is said to be monotone
if (t —y,u—v)>0forall x,y € D(A), u € Az and v € Ay. A monotone mapping
A on F is said to be maximal if its graph is not properly contained in the graph
of any other monotone mapping on E. The set of null points of A is denoted by
A7'0={z € E:0 € Ax}. For each x € F and u > 0, we define the metric resolvent
of maximal monotone operator A by

Qi (x) = (I +u(Je) "A)(z), VzeE. (2.9)
It is known that A0 = Fiz(Q:) and

(@ (2) = Qi (), Ji(x = Qi (@) = Ty = Qi (9))) = 0, (2.10)
for all z,y € E, ( see [3] for details ).

The following lemma plays a crucial role in proof of our main result.
Lemma 2.4 ([18]). Assume {s,} is a sequence of nonnegative real numbers such that

Spt1 < (]— - nn)sn + ﬁn5n, n >0,
Snt1 < 8p — 0n +Cny N 2>0,

where {n,} is a sequence in (0,1), {on} is a sequence of nonnegative real numbers
and {6, } and {(,} are two sequences in R such that
(1) Zzozl Tn = 00,
(iil) limg—yoo On, = 0, tmplies limsupy,_, o dn, < 0 for any subsequence {ni} C

{n},

Then lim,, o0 S, = 0.
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3. STRICT PSEUDO-CONTRACTION TYPE MAPPINGS

In this section, we introduce and discuss strict pseudo-contraction type mappings
in a p-uniformly convex and uniformly smooth Banach space.
Definition 3.1. Let E be a p-uniformly convex which is also uniformly smooth. We
call a mapping T : E — FE is strict pseudo-contraction type if there exists a constant
0 < k < 1 such that for any z,y €

(Tw =Ty, Jp(z = Tx) = Jg(y = Ty)) = —kl|Jp(z — Tx) = Jpy = Ty)l|.  (3.1)

In this case, we call the mapping T is k-strict pseudo-contraction type.

Example 3.2. Let H be a Hilbert space and T : H — H be a k-strict pseudo-
contraction mapping. Then T is 1;k—strict pseudo-contraction type. Indeed, we
know that every Hilbert space is 2-uniformly convex and uniformly smooth Banach

space and J}, = I. Also, we know the following identity in Hilbert space:

2u—v,u—w) = [lu—wl? + [l = ul® = o —wl, Vu,v,weH.

Setting u =Ty — Tz, v =0 and w = y — x in above identity we get
1
(Ty = Tx,(Ty = Tx) = (y - 2)) = 5(Ty = Tz) = (y — x)|*
1 1
+ 51Ty = To)P = Sl — I

1
< STy = Ta) = (y —2)|” + Sy — af|?

TN~

1
+ 51Ty = Tz) = (y = 2)|” = Slly — =[”

1+k
( 2

W(Ty —Tx) — (y —a)|*.
This implies that

i~ Ta) — (g - Tyl

Remark 3.3. Let H be a Hilbert space and T : H — H be a nonexpansive mapping.

Then from Example 3.2, T is %-strict pseudo-contraction type mapping.

(Tz =Ty, (x —Tz) — (y — Ty)) = —(

Example 3.4. Let H be a Hilbert space. A mapping T : H — H is called a-averaged
with @ € (0,1) if T'= (1 — )] + &S, where S : H — H is nonexpansive. In this case,
from Remark 3.3, we have

(53— Sy, (z — 52) — (v~ Sy} > ~(3)lw — S2) — - SYI?,  (32)
and hence
(=3, ( = 52) = (y = Sy)) 2 3@~ 52) ~ (5 = Sy)*. (33)
Multiplying both parts of inequality (3.2) by a? we get

((Sz — Sy),al(w — S2) ~ (y — S9) > ~()llal(z — S2) — (g~ Y. (3.4)
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Multiplying both sides of inequality (3.3) by «(1 — «) we obtain

11—«

(1 =-a)(z —y), (e = 52) = (y = 5y))) = (5~ )llel(z = Sz) = (y - Sy)lI?. (3.5)
Note that I — T = a(I — S). Now inequalities (3.4) and (3.5) yield
200 — 1 9
(Te =Ty, (x = Tz) = (y = Ty)) 2 = ()@@ = Tz) = (y = Ty)II"
Thus every a-averaged mapping is (23;1 )-strict pseudo-contraction type.

Example 3.5. Let C' be a nonempty closed and convex subset of p-uniformly convex
and uniformly smooth Banach space E. It is known that (see [3] for details)

(Pcx — Pey, Jh(x — Pox) — Jh(y — Pey)) > 0.
Therefore the metric projection P¢ is 0-strict pseudo-contraction type mapping.
Example 3.6. Let E be a p-uniformly convex and uniformly smooth Banach space

and B : E — 2 be a maximal monotone operator. Then from inequality (2.10), we
have the metric resolvent operator Qf is 0-strict pseudo-contraction type.

Now we will establish the demiclosedness principle for strict pseudo-contraction
type mappings. Demiclosedness principles play an important role in convergence
analysis of fixed point algorithms.

Lemma 3.7. Let E be a p-uniformly conver which is also uniformly smooth. Let
T : E — E be a k-strict pseudo-contraction type mapping. Assume that {x,} is a
sequence in E such that x, — z* and |z, — Txy,|| — 0, then ™ = Tx*.

Proof. The assumptions yield Tz,, — z* and ||J5(z, — Tx,)|| = ||z — T2, [P~ — 0.
Since T is k-strict pseudo-contraction type, we have that

(Tx, — Tz, Jo(xy — Tay) — Jo(a® = Ta")) > —k||J5(z, — Txy) — Jo(x™ — Ta™)||%.
Therefore
—lla™ = T2"||P = (2" — Ta*, = Jp (2™ — Ta")) = —k||Jp(a" — T27)|".
Note that ||J5(z* — T2*)||? = ||(z* — T2*)||9P~Y = ||(z* — Tz*)||P. Hence
(k= 1)||z* = Tz*||P > 0.
Since 0 < k < 1 we get o* = Ta*.
Lemma 3.8. Let E be a p-uniformly conver which is also uniformly smooth. Let

T : E — E be a k-strict pseudo-contraction type mapping. Let v* € Fix(T) and
x € E, then we have

(x—a®, Jh(x = Ta)) = (1= K)ll(z - Tx)|".
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Proof. Take x* € Fiz(T) and « € E. Since T is a k-strict pseudo-contraction type
mapping we have

—k||Jo(z — Tx)||? < (Tx — a*, Jh(x — Tx))

= (z —a*, Jh(x — Tx)) — (x — Tz, Jo(x — Tx))

= (z —a*, Jh(x — Tx)) — ||lv — Tz|P.
This implies that

(x—a”, Jp(z = Ta)) = (1= k)||(z — Ta)|".

Lemma 3.9. Let E be a p-uniformly convex which is also uniformly smooth. Let
T : E — E be a k-strict pseudo-contraction type mapping. Then Fix(T) is closed and
convez.
Proof. From Lemma 3.8 we can easily observe that Fixz(T) is closed. We show that
Fiz(T) is convex. Take z,y € Fiz(T) and « € [0,1]. Put 2 = ax+ (1 —a)y. Utilizing
Lemma 3.8 we obtain

0=(z—azx—(1-a)y,Ju(z —Tz))

=alz—z,J0(z—T2)+ (1 —a)(z —y, Jh(z — Tz))
a(l=k)llz =T=|" + (1 - )1 = k)||z = Tz|”
(1—k)||lz—Tz|?.

Y

This implies that z = Tz. Hence Fixz(T) is convex.

4. SPLIT COMMON FIXED POINTS PROBLEM

In this section, we present our method for solving the split common fixed points
problem for strict pseudo-contraction type mappings in p-uniformly convex and uni-
formly smooth Banach spaces. Subsequently, we analyze and establish strong con-
vergence of the proposed algorithm. We begin with the following assumptions under
which our strong convergence is obtained.

Assumption 4.1. E and F are p-uniformly convex and uniformly smooth Banach
spaces. ¢4 and cq, are the g-uniform smoothness coefficients of F* and E*, respectively.
Furthermore, we assume that the following hold:

(i) For each i € {1,2,...,m}, S; : F — F is a k;-strict pseudo-contraction type

mapping.

(ii) For each ¢ € {1,2,....,m}, T; : E — F is a l;-strict pseudo-contraction type
mapping.

(iii) A: F — F is a bounded linear operator and A* : F* — E* is the adjoint of
A.

(iv) Q={z* e NL, Fiz(T;): Az* € (-, Fiz(S;)} # 0.
Next, we state the conditions under which our parameters are chosen.
Assumption 4.2. Suppose that {v,:}, {tn:},{8.} and {e, } are positive sequences
satisfying the following conditions:

(i) Yn,i € (Oa 1]7 Z?ll Tn,i = 1 and liminf,,_, Tn,i > 0, ,
(i) {tni} € (0, (15 7T) and liminf oo (1 1) — ") > 0,
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(ili) {en} is a positive sequence such that lim, o 3> = 0 where {3,} C (0,1)
satisfies lim, o B, = 0 and >~ B, = c0.

We now present the proposed method of this paper.

Algorithm 1

Initialization Take v,z1,z¢ € E arbitrarily. Choose sequences {7V}, {tn.i}, {fn}
and {e,} such that the Assumption 4.2 hold.

Iterative Steps: Given the iterates x,,—; and z,, (n > 1). Calculate x,;1 as follows:
Step 1: Compute w,, = Jp. (Jo(xy) + On(Jo(2n-1) — J5(zy))), where 0 < 6,, < 0,
and 6* € (0,1) such that

: En *
9, — mm{HJg(nsn)—(lg(a:n_l)||"9 } T F T (4.1)
0, otherwise.

Step 2: For each ¢ € {1,2,...,m}, compute
Up i = Jp (Jo(wn) — 1 i A% T (Aw,, — S;(Awy,)))
here the stepsizes are chosen in such a way that for small enough € > 0,
_1
(15 Dl Aw, = Si(Awa)P "

C
a — 4.2
”A*J;;(Awn — Si(Awy))||7 ‘ 7 )

Thni € | €

itneA={k: Aw, — S;(Aw,) # 0}, otherwise r,; = r; is any nonnegative real
number.
Step 3: For each ¢ € {1,2,...,m}, compute

Zni = I (Jp(tn i) — tn i p(tn i — Ti(un,i)))-
Step 4: Compute
Yn = Jg‘* (Z 'Yn,ijg(zn,i))-
i=1

Step 5: Compute
Tnt1 = Jpu (Budov + (1 = Bn) I 5yn).
Set n:=mn+1 and go to step 1.

Remark 4.3. If A*J..(Aw, — S;(Aw,)) = 0. Given z* € Q. By Lemma 3.8, we get
0 =(w,, — z*, A*J%(Aw,, — S;(Awy,)))
=(Aw,, — Az*, J%.(Aw,, — S;(Aw,,)))
> (1 — k)| Aw, — Si(Awy,)||P.
This implies that Aw, — S;(Aw,) = 0.
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Remark 4.4. From Lemma 3.9 and since A is linear operator, we have 2 is closed
and convex. Therefore, the Bregman projection Il from E onto 2 is well-defined.

Now, we are ready to analyze the strong convergence of Algorithm 1.

Theorem 4.5. Let {x,} be a sequence generated by Algorithm 1 under Assumption
4.1 and Assumption 4.2. Then the sequence {x,} converges strongly to =* € 0, where
z* = Ilqu.

Proof. Suppose x* = Ilgv. First, we show that {z,} is bounded. Utilizing Lemma
2.1 and Lemma 3.8 for each i € {1,2,...,m} we have

Ap(z* un ) =Vp(a*, Jh(wy) — 1 A" T (Aw, — S;(Awy,))
_1
p
1
+§||J§(wn) — i A" Jp(Awn, — Si(Awy)) ||

[z [P = (", Jg(wn)) + 7n,i(Az", TR (Aw, — Si(Aw,)))

1
S];Hw*llp — (@, T (wn)) + rai(Ax”, Jp(Aw, — Si(Awn)))

1
+§||J§(wn)|\q = Tn,i(Awn, i (Aw, — S;(Awn)))

cq(Tn,i)?
+¢1(,>|

| A" Jp (Awn = Si(Aw))|*

1 1

e = (@ TEwn) + ¢ nl?

—Tp,i(Awy, — Ax™, Jh(Aw,, — S;(Aw,,)))
\4q

ol g 1o A, — Si(Awa))|?

< T, wy) — (1 — Ey) || Awy, — S (Aw,, 3

A ) — i (1 — b [ A, — i (Auw,) [P (4.3)

\q

+W;’”||A*J£<Awn _ S (Aw)]".

For n € A, from the definition of r,, ; follows

4 T (A, = 8 (A DI+ r0)) < () o, = it

This implies that
(1)l A" T5(Awy, — Si(Awp)) |9 < 7 i(1 = ki) | Awy — Si(Aw)||P

Y 4.4
-l 4 (A, — Si(Awg)fe. Y

Combining (4.3) and (4.4), we get

Ap(a* ) < Apl(a*,wy) — (%)rn,inA*J;i(Awn — Si(Aw))[|7. (45)
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Applying Lemma 2.1 and Lemma 3.8 again, we obtain

Ap(l‘*, Zn,i) :Vp(I*, Jg(un,z) - tn,ijg(un,i - n(un,z))
1 * * *
ZI;HHC 17 = (@, T5 (un,i) + tn,i(e”, Jg(tng — Ti(un,)))

1
+5HJ§(un,i) — tn,idp(Uni — Ti(un,i))||?

1 * * *
<Ml = €2, T (un )} + e, T (ums = Tiun,i))

1
+6HJ1%(U71,2’)HQ — tn,i(Unis S (Un,i — Ti(tn,i)))

C /(tn,i)q
Ll = Ty(an )
L1t 1P = (@, T ) + L ]

D E s q s

’

487

§ e (£ )
—%A%n—ny%m—ﬂWmDH-Q%M)W%%m—ﬂWmDW

<A (" un i) = tni (1= 1)l — Ti(unq)||P
qu(tn,i)q
q

+ tn,i — Ti(un,a) I

' )g—1
Ay () — (1 1) — i)

By Assumption 4.2 (ii) for all n € N, we have
AP(Z'*VZn,i) < AP(I*vun,i) < AP(I*,UJ"), (Z = 172a 7m)

Applying inequality (2.8), we get

Ap(@*,yn) = Ap(a™, JE. (Z Vnid g (2n,4))) < Z'Yn,iAp(I*azn,i)~
i=1

i=1
From the definition of w,, follows

Ap(z*,wn) =Ap(z", JJqE* (J]g(xn) + gn(Jg(xnfl) - Jg(xn)))
<1 = 0,)Ap(x", ) + 0,0 (2", 2p—1).

Mtn,i — Ti(uni)[|P-

(4.6)

(4.8)
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From inequalities (4.7),(4.8) and (4.9) we get
Ap($*7xn+1) SﬂnAp(x*a V) + (1 Bn)A ( ", yn)
SBnlp(x,v) + ( )Ap (2 ,wn)
+

- /871
S/BnAp(x*v V) - ﬂn)[( - )Ap(l’*v xn) + onAp($*a mn—l)]
(4.10)

<max{A,(z",v), max{Ap(z", z,), Ap(x*, Tp_1)}}

<max{A,(z",v), max{A,(z*,x1), Ap(z*,20) } }.

Therefore, A,(z*,x,) is bounded and by (2.5), the sequence {z,} is also bounded.
Consequently, {wy}, {yn}, {tn,} are all bounded. We have 0, ||J%(z,) — Jh(2n—1)| <
ep for all n, which together with lim,, ;—" = 0 implies that

lim —||Jp( n) = J2(zn_1)| = 0. (4.11)

TL—)OO

Utilizing Lemma 2.2 we get that

lim Z—Hmn — Zpn_1] =0. (4.12)

n— oo

Since the sequence {z,} is bounded, there exists a constant M > 0 such that
* * 1 * 1 *

Ap(a™ on1) = Ap(@”s 2n) =_llonall” = {27, Tp(wn)) + 271"

1 P * P LT
—( el = @ Jg(@a)) + Sl 7)
==(lznall” = llzall?) + (", Jp(@n) = Jp(zn-1))

< Mllzn—y = anll + T (@) = Tp(en-s) 7]
By virtue of (4.12) and (4.11) we have
0,
lim —(JAy (2", 2n—1) — Ap(z*, 2,)]) = 0. (4.13)

n—oo (3,

From (4.9) we get
BnAp(z™,v)+(1 = Bn) Ap(z™, wn)
<Brlp(x*,v) + (1= Bu)[(1 = 0n) Ap(a™, 2n) + 0nAp(2", 27-1)]
:Ap(x*vxn) + Bn [Ap(x*7 v) — Ap(x*,xn)]
+08n | (1 — B,L)%[Ap(x*,mn_l) —Ap(z™, z,)]| - (4.14)
SAp(x*axn) + ﬁn(Kl + KQ);

where Ki = sup,en{|Ap(2*,v) — Ap(z*, 2,)|} and
Ky = sup,en{| 5 [Ap(z*, 2n-1) — Ap(z*, 2,)][}-
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Utilizing (4.5), (4.6), (4.8) and (4.14) we have
Ap(x, wng1) S(1=Bn)Bp(x%, yn) + Bulp (2™, v)

1_ﬁn Z'Vnz JJ an)+ﬁn (x*,y»

By, 1) + (1= ) Y Ynilp(@”, un i)
i=1

m /

S B S ata(1 — 1) — G )
<Pl )+ (1= Ba) Ay (e, wn)

—(1-5) Z 'Yn,itn,i((l —1;) —

),

Cq (tn,i)qil

g Mun

*Ti(un )P

— Ti(un.i)l?

s

—(1—=Bn) va D)l AT T5(Awy — Si(Aw,))||

<A, (z*, xn) + Bn(Kl + K3)

—(1=5,) Z’Yn (=)l A" T (Awy — Si(Awy))[|?

’

Cq (tn,i)q_l
q

—(1=8n) Z%z,itn,i((l —1;) -

This implies that
Ap(x™, xnt1) <Ap(x™, 25) + Bn (K1 + Ka)

~(1— 8 va D) al| AT (A, — Si(Aw,))|?

’

Cq (tn,i)q_l
q

_(1 - Bn) Z ’Yn,ztn,z((l - lz) -

By applying inequality (2.7), we have

Ap(x*, 2ni1) =Ap(x", JE. (Budbv + (1 — Bn)J5yn))
=Vu(@™, BT v + (1 = Bn) T pyn)
<V (2", BuJ gy + (1 = Bn)Jgyn — Bn(Jpv — Jha™))
+Bn{Jp
=V (

D % *
—Jgx T — )

Men,i — Ti(uni) [P

14
x”, ﬂnng* + (1 - 5H)J)p5yn) + 5n<J)p5V - ng*,xn_H - x*>

489

Mwn,i = Ti(un,a) |17 (4.15)

Sﬂnvp(x*a ng’*) + (1 - /Bn)‘/p(z*7 ngn) + Bn(‘]g’/ - ng*axn+1 - ‘T*>

=(1 = Bn)Ap(", yn) + Bu(Jpy — Jpa™, wns1 — 27).



490 MOHAMMAD ESLAMIAN

Therefore by using inequalities (4.7),(4.8) and (4.9) follows
Ap(a*, xpq1) <(1 = Bn)Ap(z*, yn) + Bu(Jov — Joz™, xpi1 — x¥)
<(1=Bu)[(X = 0n)Ap(z™, zn) + 0 Ap(2", 2n—1)]
+0n(Jov — Jox™*, xpir — ). (4.16)
Now we set
On
Xn = (1— Bn)@
on =(1-5.) 30 Vn,i(%)rmi”A*Jg(Awn — Si(Awn))||?

m ' n,i a-1
(1= Ba) Sy it (1= 1) — Sl 5 — T ()P,

[Ap(a"s an1) = Ap(™, 2)] + (Jpv — Jpa™, any1 — 27),

and
The inequality (4.15) and inequality (4.16) can be rewritten in the following form:

{FnJrl < (1 - Bn)rn + ﬁnXm n >0,

(4.18)
Fn-{-l Srn_Qn+<na n > 0.

In order to prove I, — 0, by Lemma 2.4, it is sufficient to prove that for any
subsequence {ny} C {n}, if limy_ 00 0n, = 0, then limsup;,_, o xn, < 0.
We assume that limy_,o 05, = 0. By Assumption 4.2 and Remark 4.3, we get

lim [|Aw,, — Si(Aw,, )| =0= lm ||un, i — Ti(tn,.i)ll, i=1,2,..,m. (4.19)
k—o0 k—o0
Also we have
On
17E (wn) = Jg(@n)l| = OnllJE (2n—1) — JE(2n)| = *B”ﬁ7||J§(x"’1) — Jg (@)l = 0.

Furthermore for i = 1,2, ....,m, we get that
[ T5 (tny.i) — T (wn, )| <ty il| A" Tp(Awn,, — Si(Awy,) ||
P | A" (||| Awny, — Si(Awn, )P~ =0,
which implies
1% (znii) = JE(wn )| SNTE (2 i) = T (un i) |+ 15 (un, i) = T (wa, )]
=t il Jg (tng i = Ti(un i) ) + 15 (uny i) = Jg(wn, )| — 0.
In view of Algorithm 1 and above inequality, we conclude that
g (@ne1) = Jp(@n)l| < [T (@n1) = Tpn) L+ 175 (yn) — JE ()l

= Bull J5(w) = T ()l + 175 (yn) — Jp (@)
< BullJE (V) = T (yn)ll + 1TE(wn) — JE (zn)]]
+ 2 Wil JE (2na) — Jg(wa)
—0.
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By uniform continuity of JZ. on bounded subset of E*, we conclude that
T [t =, || = T [, = | = B o sn =20, = 0. (4.20)

Since {zy, } is bounded and F is a reflexive Banach space, there exits a subsequence
{xnkj} of {xp,} which converges weakly to z. Without loss of generality, we can
assume that z,, — z. Relation (4.20) implies u,, ;, = 2z, ¢ =1,2,..,m. From (4.19)
and Lemma 3.7 we have z € (,~, Fiz(T}). It follows from (4.20) that w,, — z. From
the continuity of A, we have that Aw,, — Az. Utilizing (4.19) and Lemma 3.7 we get
Az € "%, Fiz(S;). This implies that z € Q. Next we show that limsup,, , o (Zn+1 —
x*, Jhv — Jha*) < 0. We can choose a subsequence {xnkj} of {z,, } such that

limsup(z,, — 2, Jov — Joz*) = lim (z,, —z*, Jov — Joz*).
k—o0 J—o0 ’

Since z* = Ilqv, utilizing (2.6) we get
<Ink,. — ", Jhv — Jhat)y = (z — a*, Jhv — Jha*) < 0. (4.21)

im
j—o0o
From (4.13), (4.20) and (4.21) we arrive at
lim sup xn, < 0.

k—o0

Hence, all conditions of Lemma 2.4 are satisfied. Therefore, we immediately deduce
that lim, oo 'y, = limy o0 Ap(z*,2,,) = 0. Therefore it follows from Lemma 2.3
that {x,} converges strongly to 2* as n — co. This completes the proof.

We consequently obtain the following results in Hilbert spaces.

Corollary 4.6. Let E and F be Hilbert spaces and let A : E — F be a bounded
linear operator. Let for i = 1,2,....m, S; : F — F be a finite family of k;-strict
pseudo-contraction mappings and let T; : E — E be a finite family of l;-strict
pseudo-contraction mappings. Suppose that Q = {z* € ﬂ:il Fix(T;) : Az* €
Nie, Fixz(S;)} # 0. Let 6* € (0,1) and {B,} be a sequence in (0,1). Forv,x,z1 € E,
let {xz,,} be a sequence defined by:

Wy = Tp + en(mnfl - xn)7

Un,i = Wy — T A% (Aw, — Si(Awy)),

Zn,’i = un,i — tn,i(un,i — Tz(un,,)),z = 17 2, .,

Yn = Z;ll Yn,i Zn.i

Tnt1 = PV + (1 — Bn)yn Yn > 1,
where 0 < 6,, < 0,, such that
PR S e ELAS SRR 122
" 0*, otherwise.

Suppose the stepsizes are chosen in such a way that for small enough € > 0,
(1 = k) 4w, = SiAw)|? _
[ A* (Awn — Si(Awn))||?

ifnelA={k: Aw, — S;(Aw,) # 0},
(4.23)

T, € (€
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otherwise Ty, ; = r; s any nonnegative real number. Suppose that the following condi-
tions are satisfied:

(1) limp—eo B =0 and >0~ By = 00,

(ZZ) {tn,i} C (O, (1 — ll)) and liminf,,_, tn,i((l — ll) — tn,i) > 0,

(iii)  ni € (0,1], 272 Yni = 1 and liminf, o0 yni > 0,

(iv) e, >0 and lim, o — = 0.

Then the sequence {xn} conr;)erges strongly to x* € Q, where x* = Pqu.

Proof. A Hilbert space H is 2- uniformly smooth Banach space which has the best
smoothness number 1 > 0. We know that for each i € {1,2,...,m}, S; is 1JFT'“"’—strict
pseudo-contraction type and T; is 1Zli—strict pseudo-contraction type mapping. Thus

we obtain the desired result by Theorem 4.5.

The following result is a strong convergence theorem for solving the split common
fixed point problem for averaged mappings in Hilbert spaces.

Corollary 4.7. Let E and F be Hilbert spaces and let A : E — F be a bounded
linear operator. Let fori=1,2,...m, S; : F — F be a finite family of a;-averaged
mappings and let T; : E — E be a finite family of (;-averaged mappings. Suppose that
Q={z* e N, Fiz(T;): Az* €L, Fiz(S;)} # 0. Forv,zg, 21 € E, let {x,} be
a sequence defined by:

Wy, = Ty, + an(xnfl - xn)7
Yn = Z?ll Vn,i Tl(wn - rn,iA* (Awn - Sz(Awn)))
Tng1 = P+ (1 = Br)yn VYn > 1,

where 0 < 6,, <0, and 0* € (0,1) such that

_ min{ —=2—— 6%}, Ty F Ty
b, _{ e ) 7 (4.24)

0%, otherwise.

Suppose the stepsizes are chosen in such a way that for small enough € > 0,

a%HAwn — Si(Awy)|?
[A* (Awy = Si(Aw,))|?

—¢) ifneA={k: Aw, — S;(Aw,) # 0},

(4.25)
otherwise ry,; = r; is any nonnegative real number. Let the sequences {Vn;}, {Bn}
and {e,} satisfy the Assumption 4.2. Then the sequence {x,} converges strongly to
x* € Q, where x* = Pqu.

Proof. Since every (;-averaged mapping is (2%’51
have 2(1 — 2%’51) = CL > 1. Now taking ¢,,; = 1 in Theorem 4.5 we obtain the desired
result.

(rn,i) € (e,

)-strict pseudo-contraction type, we
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5. APPLICATIONS

In this section, utilizing Theorem 4.5, we get new strong convergence theorems
which are connected with the multiple-set split feasibility problem and the split com-
mon null point problem in p-uniformly convex and uniformly smooth Banach spaces.

5.1. Multiple-set split feasibility problem. The following convergence result for
solving the multiple-set split feasibility problem in Banach spaces follows from The-
orem 4.5.

Corollary 5.1. Let E and F be p-uniformly convex and uniformly smooth Banach
spaces. Let {C; Y, and {Q;}, be two finite families of nonempty closed and convex
subsets of E and F respectively. Let A : E — F be a bounded linear operator and
A* : F* — E* be the adjoint of A. Suppose that Q@ = {z* € L, C; : Az* €
Nit, Qi} #0. Forv,xg,z1 € E, let {x,} be a sequence defined by:

wn = Jg. (Jp(@n) + 00 (Jg(@n-1) — Jg(za)))

tn,i = i (Jp(wn) = 1 i A" T (Awn — Po, (Awn))),

Zn,g = Jg* (Jg(unﬂ) - tnﬂ-Jg(unﬂ- — Pc,i (unﬂ))),z = 1, 2, e,
Tpt1 = I (Budov + (1 = Bn)Joyn) vn > 1,

where 0 < 0,, < 0,, and 6* € (0,1) such that

N En *
O = { i g 0 e T (5.1)

0%, otherwise.
Suppose the stepsizes are chosen in such a way that for small enough € > 0,

() Awp = Po, (Awy)||? o
Tn,i €, - — € )
[A4* T3 (Aw, — Po, (Aw,))[

ifneA={k: Aw, — Pg,(Aw,) # 0}, otherwise r,,; = 1; is any nonnegative real
number. Suppose that the following conditions are satisfied:
(Z) ﬁn € (Oa 1)7hmn—>oo /Bn =0 and Z:O:l ﬁn = o0,
/Lq—1
(i1) {tni} € (0,(:%)77) and liminf, oty (1 — “20) > 0,
(4i1)  Yni € (0,1], 300 Yn,i = 1 and iminf,, o 5, > 0,
(iv) e, >0 and lim, o — = 0.

n
Then the sequence {x,} converges strongly to x* € Q, where * = Iq.
Proof. We know that for i € {1,2,...,m}, Pc, and Pg, are O-strict pseudo-contraction
type mappings. Therefore, we have the desired result from Theorem 4.5.

Remark 5.2. In the existing algorithms ([15, 26, 27, 29, 30]) to solve multiple-set
split feasibility problem, we need to calculate Il¢, and Pgp,. But in our algorithm we
need to calculate Pc, and Pgp,. Therefore, our algorithm is different from the existing
algorithms.
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5.2. Split common null point problem. The following result is a strong conver-
gence theorem for solving the split common null point problem in Banach spaces.

Corollary 5.3 Let E and F be p-uniformly convexr and uniformly smooth Banach
spaces. Let fori=1,2,...m, B; : E —2F" and G; : F — 2" be mazimal monotone
operators. Let fori=1,2,...,m, Qgi, be metric resolvent operators of B; for s; >0
and fo;‘, be metric resolvent operators of G; for u; > 0. Let A: E — F be a
bounded linear operator and A* : F* — E* be the adjoint of A. Suppose that Q) =
(N, B710) N (NL, A=HG;710) # 0. For v,axg,x1 € E, let {x,} be a sequence
defined by:

Wn = ']%* (Jg(xn) + en(Jg(xn—l) - Jg(l‘n))%

Un,; = J%* (Jg(wn) - Tn,iA*JII;(Awn - Q/ij (Awn))),

Znyi = S (T (tn) = tn i o(Un; — QB (uny))), i =1,2,...,m
Yn = JI%* (Z:il Vn,iJg‘(Zn,i))

Tpp1 = Jh (Budov + (1 — Bn)JJoyn) Yn > 1,

where 0 < 0,, < 0,, and 6* € (0,1) such that

0

. En *
5. — { mi e g b e e (5.2)

0%, otherwise.

Suppose the stepsizes are chosen in such a way that for small enough € > 0,

()] Aw, — QC: (Aw,)|? o
Tn,i € | € 4 — € ,

1A= T (Awy, — Q4 (Awy)) |7

ifneA={k: Aw, — Qi (Awy,) # 0}, otherwise ry,; = r; is any nonnegative real
number. Suppose that the following conditions are satisfied:

(i) Bn €(0,1),limy o0 B =0 and Y 2| B = o,
(i) {tns} C (0,(-%)77) and iminf, o to (1 -
(i) Yni € (0,1], 500" Yni = 1 and liminf,, 0 yn; > 0,
(iv) enp >0 and lim, ;o — = 0.

!
q—1
Cq tn,i

) >0,

Then the sequence {x,} con?)erges strongly to x* € Q, where x* = .

Proof. From inequality (2.10), for i € {1,2,...,m}, we have ini and Qi are O-strict
pseudo-contraction type mappings. Now applying Theorem 4.5 with T; = ini and
S; = ﬁj, the proof follows.

Remark 5.4. Corollary 5.3, generalizes the result of Byrne et al. [7] from solving
the split common null point problem in a Hilbert space to p-uniformly smooth and
uniformly convex Banach space. Also in our proposed algorithm, the step size 7, ;
are independent of the norm of A.
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6. SOME OPEN PROBLEMS

In [3], Aoyama et al. discussed some properties of mappings of type (P), (Q) and
(R) in Banach spaces. These are all generalizations of firmly nonexpansive mappings
in Hilbert spaces. Let E be a smooth Banach space. Then a mapping T : F — FE is
said to be of type (P) if (Tx — Ty, J(x —Tz) — J(y — Ty)) >0, Vr,ye€E.

The mapping T : E — F is said to be of type (Q) if

Tz —-Ty,(Jz — JTx) — (Jy—JTy)) >0, Vz,y€E.
The mapping T : F — FE is said to be of type (R) if
(JTx — JTy,(x —Tx) — (y—Ty)) >0, Va,y <€ E.

It is known that the classes of mappings of type (P), (Q) and (R) correspond to three
types of resolvents of monotone operators in Banach spaces.

In this paper we propose the class of strict pseudo-contraction type mappings in
Banach spaces which contains the classes of strict pseudo-contraction mappings in
Hilbert spaces and the mappings of type (P) in Banach spaces. The above consider-
ations give rise to the following problems.

Problem 6.1. Find a new class of mappings with demiclosedness principle which
contains the classes of strict pseudo-contraction mappings in Hilbert spaces and the
mappings of type (@) ( or the mappings of type (R)) in Banach spaces. Find an
efficient algorithm for approximating the solution of the split common fixed point
problem for the new class of mappings.

Problem 6.2. Find an efficient algorithm for approximating the solution of the split
common fixed point problem for strict pseudo-contraction type mappings in a more
general space, such as reflexive Banach space.

Problem 6.3. Find applications of the proposed algorithm to some practical opti-
mization problems.
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