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Abstract. In a real Hilbert space, let the VIP, SGVI, and CFPP stand for a pseudomonotone

variational inequality problem, a system of general variational inclusions, and a common fixed-point

problem of countable uniformly-Lipschitzian pseudocontraction operators and an asymptotically non-
expansive operator, respectively. In this paper, via a modified subgradient extragradient rule with

line-search process, we design and analyze two iterative algorithms for finding a common solution
of the CFPP, SGVI, and VIP. Some strong convergence theorems for the proposed algorithms are

established under some suitable conditions. Our results improve and extend some corresponding

results in the recent literature.
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1. Introduction

Variational inequalities play a vital role in the study of several fields, such as,
management science, computer science, economic and financial engineer. Numerous
real-world problems in these fields can be modeled into a variational inequality; see,
e.g., [5, 8, 16, 18, 24]. Let (H, 〈·, ·〉) be a real Hilbert space with induced norm ‖ · ‖.
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Let the nonempty set C be convex and closed in H. Let PC be the metric (nearest
point) projection from H onto set C. Given an operator A : H → H, consider the
problem of finding a vector u in set C such that 〈Au, v−u〉 ≥ 0 for all v ∈ C. This is
now called the classical variational inequality problem (VIP). We denote by VI(C,A)
its solutions set. It is known that one of the most effective techniques for settling the
VIP is the extragradient technique proposed by Korpelevich [12]. For recent results
on Korpelevich’s extragradient schemes, we refer to [2, 3, 6, 9, 12, 13, 14, 17, 19, 20,
22, 23, 25] and the references therein.

Let S be a mapping on H. We use the Fix(S) to denote the fixed-point set of S.
→ and ⇀ are borrowed to denote the strong convergence and weak convergence in H,
respectively. Recall that S is said to be asymptotically nonexpansive if ‖Tnu−Tnv‖ ≤
(1 + θn)‖u − v‖ for all u, v ∈ C, n ≥ 1, where {θn}∞n=1 is a real sequence in [0,+∞)
with limn→∞ θn = 0. In particular, if θn = 0 for all n ≥ 1, S is then said to be
nonexpansive. Let B1, B2 : C → H be single-valued mappings and F1, F2 : C → 2H

be multi-valued mappings. In this paper, we consider the following system of general
variational inclusions (SGVI), which aims to seek (u∗, v∗) ∈ C × C such that{

0 ∈ µ2(B2u
∗ + F2v

∗) + v∗ − u∗,
0 ∈ µ1(B1v

∗ + F1u
∗) + u∗ − v∗, (1.1)

with constants µ1, µ2 > 0. Note that SGVI (1.1) can be transformed into a fixed-point
problem in the following way.

Lemma 1.1 (see [1, Lemma 2]). Suppose that both the mappings F1, F2 : C →
2H are maximally monotone. For given u∗, v∗ ∈ C, (u∗, v∗) is called a solution
to GSVI (1.1) if and only if u∗ ∈ Fix(G), where Fix(G) is the fixed point set of
G := JF1

µ1
(I − µ1B1)JF2

µ2
(I − µ2B2), and v∗ = JF2

µ2
(I − µ2B2)u∗.

In particular, when F1 = F2 = ∂iC , where iC is the indicator function of C given
by iC(x) = 0 ∀x ∈ C and iC(x) = ∞ for all x 6∈ C, then Lemma 1.1 reduces to the
following.

For given u∗, v∗ ∈ C, (u∗, v∗) is called a solution to the following system of varia-
tional inequalities {

∀u ∈ C, 〈µ2B2u
∗ + v∗ − u∗, v − v∗〉 ≥ 0,

∀v ∈ C, 〈µ1B1v
∗ + u∗ − v∗, u− u∗〉 ≥ 0,

if and only if u∗ ∈ Fix(G), where Fix(G) is the fixed point set of

G := PC(I − µ1B1)PC(I − µ2B2), and v∗ = PC(I − µ2B2)u∗.

Suppose that two mappings B1, B2 are α-inverse-strongly monotone and β-inverse-
strongly monotone, respectively. Let f : C → C be a contraction with coefficient
δ ∈ [0, 1), and let F : C → H be κ-Lipschitzian and η-strongly monotone with

constants κ, η > 0 such that δ < τ := 1 −
√

1− ρ(2η − ρκ2) ∈ (0, 1] for ρ ∈
(
0, 2η

κ2

)
.

Let S : C → C be an asymptotically nonexpansive mapping with a sequence {θn}.
Let {Sl}∞l=1 be a countable family of ς-uniformly Lipschitzian pseudocontractive self-

mappings on C with Ω :=

∞⋂
l=0

Fix(Sl) ∩ Fix(G) 6= ∅, where S0 := S and G :=

PC(I − µ1B1)PC(I − µ2B2) for µ1 ∈ (0, 2α) and µ2 ∈ (0, 2β). Recently, Ceng and



MODIFIED SUBGRADIENT EXTRAGRADIENT RULE 443

Wen [3] proposed the hybrid extragradient-like implicit method for finding an element
in Ω , that is, for any initial x1 ∈ C, {xl} is the sequence constructed by

ul = βlxl + (1− βl)Slul,
vl = PC(ul − µ2B2ul),
yl = PC(vl − µ1B1vl),
xl+1 = PC [αlf(xl) + (I − αlρF )Slyl] ∀l ≥ 1,

with {αl}, {βl} ⊂ (0, 1]. Under some appropriate assumptions, it was proven in [3]
that {xl} converges to an element x∗ ∈ Ω strongly (in norm). Very recently, Reich et
al. [22] suggested the modified projection-type method for solving the pseudomono-
tone VIP with uniform continuity mapping A. Let {αl} ⊂ (0, 1) and f : C → C be
contractive with constant δ ∈ [0, 1).

Algorithm 1.1 (see [22]).
Initial step: Given any initial x1 ∈ C, let ν > 0, ` ∈ (0, 1), λ ∈

(
0, 1

ν

)
.

Iterative steps: Given the current iterate xl, compute xl+1 below:
Step 1. Calculate yl = PC(xl−λAxl) and ελ(xl) := xl−yl. If ελ(xl) = 0, then stop;
xl is a solution of VI(C,A). Otherwise,
Step 2. Calculate wl = xl−τlελ(xl), where τl := `jl and jl is the smallest nonnegative
integer j s.t. ν

2‖ελ(xl)‖2 ≥ 〈Axl −A(xl − `jελ(xl)), ελ(xl)〉.
Step 3. Calculate xl+1 = αlf(xl)+(1−αl)PCl

(xl), where Cl := {x ∈ C : h̄l(xl) ≤ 0}
and h̄l(x) = 〈Awl, x− xl〉+ τl

2λ‖ελ(xl)‖2.
Again set l := l + 1 and go to Step 1.

2. Preliminaries

Let (H, 〈·, ·〉) be a real Hilbert space with induced norm ‖ · ‖. Let the nonempty
set C be convex and closed in H. ‖u + υ‖2 ≤ ‖u‖2 + 2〈υ, u + υ〉 for all u, υ ∈ H is
trivial. Given a sequence {υk} ⊂ H, we let υk → υ (resp., υk ⇀ υ) present the strong
(resp., weak) convergence of {υk} to υ. An operator S : C → H is said to be

(a) L-Lipschitz continuous or L-Lipschitzian if ‖Su − Sυ‖ ≤ L‖u − υ‖ for all
u, υ ∈ C, where L0 is a positive real number;

(b) pseudocontractive if 〈Su− Sυ, u− υ〉 ≤ ‖u− υ‖2 for all u, υ ∈ C;
(c) pseudomonotone if 〈Su, υ − u〉 ≥ 0⇒ 〈Sυ, υ − u〉 ≥ 0 for all u, υ ∈ C;
(d) α-strongly monotone if 〈Su− Sυ, u− υ〉 ≥ α‖u− υ‖2 for all u, υ ∈ C, where α

is a positive real number;
(e) β-inverse-strongly monotone if 〈Su−Sυ, u−υ〉 ≥ β‖Su−Sυ‖2 for all u, υ ∈ C;

where β is a positive real number;
(f) sequentially weakly continuous if, for all {υk} ⊂ C, υk ⇀ υ ⇒ Sυk ⇀ Sυ.
It is clear that each monotone mapping is pseudomonotone, but the converse is

not true. It is known that, for all u ∈ H, there exists (nearest point) PCu ∈ C with
‖u − PCu‖ ≤ ‖u − υ‖ for all υ ∈ C. PC is said to be a metric (or nearest point)
projection of H onto C. The following facts are trivial.

(a) 〈u− υ, PCu− PCυ〉 ≥ ‖PCu− PCυ‖2 for all u, υ ∈ H;
(b) w = PCu⇔ 〈u− w, υ − w〉 ≤ 0 for allu ∈ H, υ ∈ C;
(c) ‖u− PCu‖2 + ‖υ − PCu‖2 ≤ ‖u− υ‖2 for all u ∈ H, v ∈ C;
(d) ‖u‖2 − ‖υ‖2 − 2〈u− υ, υ〉 = ‖u− υ‖2 for all u, υ ∈ H;
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(e) s‖u‖2+(1−s)‖υ‖2−s(1−s)‖u−υ‖2 = ‖su+(1−s)υ‖2 for all u, υ ∈ H, s ∈ [0, 1].
Let {Sl}∞l=1 be a sequence of continuous pseudocontractive self-mappings on C.

Then {Sl}∞l=1 is said to be a countable family of ς-uniformly Lipschitzian pseudocon-
tractive self-mappings on C ([3]) if there exists a constant ς > 0 such that each Sl is
ς-Lipschitz continuous.

The following d tools are useful in the convergence analysis of the proposed algo-
rithms.
Proposition 2.1 (see [21]). Let C be a nonempty, convex, and closed set of in a
Hilbert space H. Let {Sk}∞k=1 be a countable family of self-mappings on C such that∑∞
k=1 sup{‖Skx − Sk+1x‖ : x ∈ C} < ∞. Then, for each y ∈ C, {Sky} converges

strongly to some point of C. Moreover, let S̃, a self-mapping on C, be defined by
S̃y = limk→∞ Sky for all y ∈ C. Then limk→∞ sup{‖S̃x− Skx‖ : x ∈ C} = 0.

Proposition 2.2 (see [7]). Let C be a nonempty, convex, and closed set in a Hilbert
space H, and let T : C → C be a continuous and strong pseudocontraction mapping.
Then, T has a unique fixed point in C.

Let Γ : C → 2H be a multi-valued operator with Γy 6= ∅ for all y ∈ C. Then Γ
is called monotone if, for all x, y ∈ C, u ∈ Γx and v ∈ Γy imply 〈x − y, u − v〉 ≥ 0.
A monotone operator Γ : C → 2H is said to be maximal if its graph Gph(Γ ) is not
properly contained in the graph of any other monotone operator. It is known that
a monotone operator Γ is maximal if and only if (I + rΓ )C = H for each r > 0. If
Γ : C → 2H is maximal monotone, we define the resolvent JΓ

r : H → C of Γ by
JΓ
r = (I + rΓ )−1. It is easy to check that Fix(JΓ

r ) = Γ−10 = {x ∈ C : 0 ∈ Γx}.
Proposition 2.3 (see [1, Lemma 1]). Let Γ : C → 2H be a maximal monotone
operator. Then, for any given r > 0, 〈x − y, JΓ

r x − JΓ
r y〉 ≥ ‖JΓ

r x − JΓ
r y‖2 for all

x, y ∈ H.
Lemma 2.1 (see [1, Lemma 4]). Let the mapping B : C → H be γ-inverse-strongly
monotone. Then, for a given λ ≥ 0,

‖(I − λB)u− (I − λB)υ‖2 + λ(2γ − λ)‖Bu−Bυ‖2 ≤ ‖u− υ‖2, ∀u, υ ∈ C.

In particular, if 0 ≤ λ ≤ 2γ, then I − λB is nonexpansive.

Lemma 2.2 (see [1, Lemma 5]). Suppose that F1, F2 : C → 2H are two maximal
monotone operators. Let the mappings B1, B2 : C → H be α-inverse-strongly mono-
tone and β-inverse-strongly monotone, respectively. Let the mapping G : C → C be
defined as G := JF1

µ1
(I − µ1B1)JF2

µ2
(I − µ2B2). If 0 ≤ µ1 ≤ 2α and 0 ≤ µ2 ≤ 2β, then

G : C → C is nonexpansive.
The following lemma is trivial.

Lemma 2.3. Let A : C → H be pseudomonotone and continuous. Then u ∈ C is a
solution to the VIP 〈Au, υ − u〉 ≥ 0 for all υ ∈ C if and only if 〈Aυ, υ − u〉 ≥ 0 for
all υ ∈ C.

Lemma 2.4 (see [25]). Let {al} be a sequence of nonnegative numbers satisfying the
conditions: al+1 ≤ λlγl + (1− λl)al for all l ≥ 1, where {λl} and {γl} are sequences
of real numbers with {λl} ⊂ [0, 1] and

∑∞
l=1 λl = ∞, and lim supl→∞ γl ≤ 0 or∑∞

l=1 |λlγl| <∞. Then liml→∞ al = 0.
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Lemma 2.5 (see [15]). Let H1 and H2 be two real Hilbert spaces. Suppose that
A : H1 → H2 is uniformly continuous on bounded subsets of H1 and M is a bounded
subset of H1. Then, A(M) is bounded.

Lemma 2.6 (see [10]). Let h be a real-valued function on H and define K := {x ∈
C : h(x) ≤ 0}. If K is nonempty and h is Lipschitz continuous on C with modulus
θ > 0, then dist(x,K) ≥ θ−1 max{h(x), 0} for all x ∈ C, where dist(x,K) denotes
the distance of x to K.

Lemma 2.7 (see [4]). Let X be a Banach space which admits a weakly continuous
duality mapping, C be a convex and closed subset of X, and T : C → C be an
asymptotically nonexpansive mapping with Fix(T ) 6= ∅. Then I − T is demiclosed at
zero.

The following lemmas are vital to the convergence analysis of the proposed algo-
rithms.
Lemma 2.8 (see [14]). Let {Γm} be a sequence of real numbers that does not decrease
at infinity in the sense that there exists a subsequence {Γmk

} of {Γm} which satisfies
Γmk

< Γmk+1 for each integer k ≥ 1. Let {φ(m)}m≥m0 be the sequence of integers
formulated by φ(m) = max{k ≤ m : Γk < Γk+1}, where integer m0 ≥ 1 such that
{k ≤ m0 : Γk < Γk+1} 6= ∅. Then (i) φ(m0) ≤ φ(m0 + 1) ≤ · · · and φ(m)→∞; and
(ii) Γφ(m) ≤ Γφ(m)+1 and Γm ≤ Γφ(m)+1 ∀m ≥ m0.

Lemma 2.9 (see [25]). Let λ ∈ (0, 1] and T : C → C be nonexpansive. Let Tλ :
C → H be formulated as Tλu := (I − λρF )Tu for all u ∈ C with F : C → H
being κ-Lipschitzian and η-strongly monotone. Then Tλ is a contraction provided
0 < ρ < 2η

κ2 .

3. Main Results

In this section, we always assume that the following conditions hold.
A : H → H is pseudomonotone and uniformly continuous on C such that ‖Az‖ ≤

lim inf
n→∞

‖Aυn‖ for each {υn} ⊂ C with υn ⇀ z.

F1, F2 : C → 2H are two maximal monotone operators, and B1, B2 : C → H are
α-inverse-strongly monotone and β-inverse-strongly monotone, respectively.
f : C → H is a contraction with constant δ ∈ [0, 1) and F : C → H is η-strongly

monotone and κ-Lipschitzian with δ < τ := 1−
√

1− ρ(2η − ρκ2) for ρ ∈
(
0, 2η

κ2

)
.

{Sn}∞n=1 is a countable family of ς-uniformly Lipschitzian pseudocontractive self-
mappings on C and S : C → C is an asymptotically nonexpansive self-mapping with
a sequence {θn}.

Ω =
⋂∞
n=0 Fix(Sn) ∩ Fix(G) ∩ VI(C,A) 6= ∅ with S0 := S, and Fix(G) is the fixed

point set of G = JF1
µ1

(I − µ1B1)JF2
µ2

(I − µ2B2) for 0 < µ1 < 2α and 0 < µ2 < 2β.∑∞
n=1 supx∈D ‖Snx− Sn+1x‖ <∞ for any bounded subset D of C and

Fix(S̃) =
⋂∞
n=1 Fix(Sn) where S̃ : C → C is defined as S̃x = limn→∞ Snx for all

x ∈ C.
{σn}, {αn} ⊂ (0, 1] and {βn} ⊂ [0, 1] such that
(i)
∑∞
n=1 αn =∞, limn→∞ αn = 0, and limn→∞ θn/αn = 0;

(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1; and
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(iii) lim supn→∞ σn < 1.

Algorithm 3.1.
Initial step: Set ν > 0, ` ∈ (0, 1), and λ ∈

(
0, 1

ν

)
. Choose an initial x1 in set C

arbitrarily.
Iterative steps: Given the current iterate xn, compute xn+1 below:
Step 1. Calculate un = σnxn + (1− σn)Snun,

yn = PC(un − λAun) and ελ(un) := un − yn.
Step 2. Calculate tn = un − τnελ(un), where τn := `jn and jn is the smallest
nonnegative integer j satisfying

2〈Aun −A(un − `jελ(un)), un − yn〉 ≤ ν‖ελ(un)‖2. (3.1)

Step 3. Calculate zn = PCn
(un), where Cn := {u ∈ C : h̄n(u) ≤ 0} and

h̄n(u) =
2λ〈Atn, u− un〉+ τn‖ελ(un)‖2

2λ
.

Step 4. Calculate vn = JF2
µ2

(zn − µ2B2zn), wn = JF1
µ1

(vn − µ1B1vn) and

xn+1 = βnxn + (1− βn)PC [(I − αnρF )Snwn + αnf(xn)]. (3.2)

Set n := n+ 1 and return to Step 1.

Lemma 3.1. Armijo-type search rule (3.1) is well specified, and the relation holds:
λ−1‖ελ(un)‖2 ≤ 〈ελ(un), Aun〉.
Proof. On account of ` ∈ (0, 1) and uniform continuity of A on C, we can easily see
that limj→∞〈Aun − A(un − `jελ(un)), ελ(un)〉 = 0. If ελ(un) = 0, one has jn = 0.
Otherwise, from ελ(un) 6= 0, it follows that ∃jn ≥ 0 verifying (3.1). Hence, the firm
nonexpansivity of PC ensures 〈u − PCv, u − v〉 ≥ ‖u − PCv‖2 for all u ∈ C, v ∈ H.
Setting v = un − λAun and u = un, one obtains

λ〈un − PC(un − λAun), Aun〉 ≥ ‖un − PC(un − λAun)‖2.
Thus the relation holds. �
Lemma 3.2. Let h̄n be the function constructed in (3.2). Then, h̄n(υ) ≤ 0 for all
υ ∈ Ω. Additionally, if ελ(un) 6= 0, then h̄n(un) > 0.

Proof. Since it is clear that the latter claim of Lemma 3.2 holds, it is sufficient to
demonstrate the former claim. Indeed, choose a fixed υ ∈ Ω arbitrarily. By Lemma
2.3, one has 〈Atn, tn − υ〉 ≥ 0. Hence

h̄n(υ) = 〈Atn, tn−un〉+〈Atn, υ−tn〉+
τn
2λ
‖ελ(un)‖2 ≤ −τn〈Atn, ελ(un)〉+ τn

2λ
‖ελ(un)‖2.

Meanwhile, from (3.1) it follows that ν‖ελ(un)‖2 ≥ 2〈Aun − Atn, ελ(un)〉. Thus, by
Lemma 3.1,

〈Atn, ελ(un)〉 ≥ −ν
2
‖ελ(un)‖2 + 〈ελ(un), Aun〉 ≥

(
−ν

2
+

1

λ

)
‖ελ(un)‖2,

so h̄n(υ) ≤ − τn2 ( 1
λ − ν)‖ελ(un)‖2. �

Lemma 3.3. Let {un}, {xn}, {yn}, and {zn} be the bounded sequences constructed in
Algorithm 3.1. Let xn − xn+1 → 0, xn − Snun → 0, un − yn → 0, xn − zn → 0 and
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xn − Gzn → 0. If Snxn − Sn+1xn → 0 and ∃{xni
} ⊂ {xn} such that xni

⇀ z ∈ C,
then z ∈ Ω.

Proof. From Algorithm 3.1, we see that ‖un − xn‖ ≤ ‖Snun − xn‖. In view of
Snun − xn → 0 as n→∞, we have

lim
n→∞

‖un − xn‖ = 0. (3.3)

Putting qn := αnf(xn)+(I−αnρF )Snwn, we see that xn+1 = βnxn+(1−βn)PC(qn)
and qn − Snwn = αnf(xn)− αnρFSnwn. Hence,

(1− βn)‖xn − Snwn‖ ≤ ‖xn − xn+1‖+ αn‖f(xn)‖+ αn‖ρFSnwn‖.

The nonexpansivity of G ensures the boundedness of {wn}. Observe that xn−xn+1 →
0, αn → 0, and lim infn→∞(1−βn) > 0. By the boundedness of {xn}, {wn} we obtain
limn→∞ ‖xn − Snwn‖ = 0.

We claim that limn→∞ ‖xn−Sxn‖ = 0. In fact, using the asymptotical nonexpan-
sivity of S, one deduces that

‖xn − Sxn‖ ≤ ‖xn − Snzn‖+ ‖Snzn − Snxn‖+ ‖Snxn − Sn+1xn‖
+ ‖Sn+1xn − Sn+1zn‖+ ‖Sn+1zn − Sxn‖
≤ (2 + θ1)‖xn − Snzn‖+ (2 + θn + θn+1)‖zn − xn‖
+ ‖Snxn − Sn+1xn‖.

Since xn − zn → 0, xn − Snzn → 0, and Snxn − Sn+1xn → 0, we obtain

lim
n→∞

‖xn − Sxn‖ = 0. (3.4)

Also, we claim that limn→∞ ‖xn − S̄xn‖ = 0, where S̄ := (2I − S̃)−1. From un =
σnxn + (1−σn)Snun and xn−un → 0, we have (1−σn)‖Snun−un‖ ≤ ‖xn−un‖ →
0 (n→∞), which together with 0 < lim infn→∞(1−σn), yields limn→∞ ‖Snun−un‖ =
0. Since {Sn}∞n=1 is ς-uniformly Lipschitzian on C, we deduce from xn − un → 0 and
Snun − un → 0 that

‖Snxn − xn‖ ≤ ‖Snxn − Snun‖+ ‖Snun − un‖+ ‖un − xn‖
≤ (ς + 1)‖un − xn‖+ ‖Snun − un‖ → 0 (n→∞).

It is clear that S̃ : C → C is pseudocontractive and ς-Lipschitzian, where S̃x =
limn→∞ Snx for all x in set C. We show that limn→∞ ‖S̃xn − xn‖ = 0. Using the
boundedness of {xn} and putting D = conv{xn : n ≥ 1} (the closed convex hull of the
set {xn : n ≥ 1}), we have

∑∞
n=1 supx∈D ‖Snx−Sn+1x‖ <∞. By Proposition 2.1, we

have limn→∞ supx∈D ‖Snx− S̃x‖ = 0, which immediately arrives at limn→∞ ‖Snxn−
S̃xn‖ = 0. Consequently, ‖xn− S̃xn‖ ≤ ‖xn−Snxn‖+‖Snxn− S̃xn‖ → 0 as n→∞.

Now, let us show that if we define S̄ := (2I−S̃)−1, then S̄ : C → C is nonexpansive,

Fix(S̄) = Fix(S̃) =
⋂∞
n=1 Fix(Sn) and limn→∞ ‖xn − S̄xn‖ = 0. In fact, it is known

that S̄ is nonexpansive and Fix(S̄) = Fix(S̃) =
⋂∞
n=1 Fix(Sn) as a consequence of [11,

Theorem 6]. From xn − S̃xn → 0, it follows that

‖xn− S̄xn‖ ≤ ‖S̄−1xn−xn‖ = ‖(2I− S̃)xn−xn‖ = ‖xn− S̃xn‖ → 0 (n→∞). (3.5)
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Moreover, let us demonstrate that limn→∞ ‖xn − Gxn‖ = 0. From Lemma 2.2, we
know that G : C → C is nonexpansive for µ1 ∈ (0, 2α) and µ2 ∈ (0, 2β). By
Algorithm 3.1, we have wn = Gzn. Using ‖Gxn − xn‖ ≤ ‖xn − zn‖+ ‖wn − xn‖ and
the hypotheses, xn − zn → 0 and xn − wn → 0, we obtain limn→∞ ‖Gxn − xn‖ = 0.

Next, let us demonstrate z ∈ VI(C,A). Indeed, xn − un → 0 and xni
⇀ z yiled

uni
⇀ z. Since C is convex and closed, from {un} ⊂ C and uni

⇀ z, we see that
z ∈ C. In what follows, we consider two cases. In the case of Az = 0, it is clear that
z ∈ VI(C,A) because 〈Az, y − z〉 ≥ 0 for all y in C. In the case of Az 6= 0, it follows
from un − xn → 0 and xni

⇀ z that uni
⇀ z as i → ∞. Using the assumption on

A, we have 0 < ‖Az‖ ≤ lim infi→∞ ‖Auni
‖. This we assume that ‖Auni

‖ 6= 0 for all
i ≥ 1.

On the other hand, from yn = PC(un−λAun), one has 〈un−λAun−yn, x−yn〉 ≤ 0
for all x in C. Hence

1

λ
〈un − yn, x− yn〉+ 〈Aun, yn − un〉 ≤ 〈Aun, x− un〉 ∀x ∈ C. (3.6)

In the light of the uniform continuity of A on C, one knows that {Aun} is bounded
(due to Lemma 2.5). From the boundedness of {yn} and un − yn → 0 (due to the
hypothesis), we see from (3.6) that lim infi→∞〈Auni

, x− uni
〉 ≥ 0 for all x in set C.

To prove that z is in VI(C,A), we now choose a sequence {γi} ⊂ (0, 1) satisfying
γi ↓ 0 as i → ∞. For each i ≥ 1, we denote by li the smallest positive integer such
that

〈Aunj
, x− unj

〉+ γi ≥ 0 ∀j ≥ li. (3.7)

Because {γi} is decreasing, it is readily known that {li} is increasing. Note that Auli 6=
0 for all i ≥ 1 (due to {Auli} ⊂ {Auni

}). Then υli =
Auli

‖Auli
‖2 , and 〈Auli , υli〉 = 1

for all i ≥ 1. Using (3.7), one has 〈Auli , x + γiυli − uli〉 ≥ 0 for all i ≥ 1. From the
pseudo-monotonicity of A, one has 〈A(x + γiυli), x + γiυli − uli〉 ≥ 0 for all i ≥ 1.
This immediately arrives at

〈Ax, x− uli〉 ≥ 〈Ax−A(x+ γiυli), x+ γiυli − uli〉 − γi〈Ax, υli〉 ∀i ≥ 1. (3.8)

We claim that lim
i→∞

γiυli = 0. In fact, from xni ⇀ z ∈ C and un − xn → 0, we obtain

uni
⇀ z. Note that {uli} ⊂ {uni

} and γi ↓ 0 as i→∞. Thus

0 ≤ lim sup
i→∞

‖γiυli‖ = lim sup
i→∞

γi
‖Auli‖

≤
lim sup
i→∞

γi

lim inf
i→∞

‖Auni
‖

= 0.

Hence γiυli → 0 as i → ∞. Letting i → ∞, we deduce that the right-hand side of
(3.8) tends to zero by the uniform continuity of A, the boundedness of {uli}, {υli},
and the limit lim

i→∞
γiυli = 0. Therefore,

〈Ax, x− z〉 = lim inf
i→∞

〈Ax, x− uli〉 ≥ 0 ∀x ∈ C.

Using Lemma 2.3, one has z ∈ VI(C,A).
Lastly, we claim that z ∈ Ω . In fact, (3.4) yields xni

− Sxni
→ 0. By Lemma

2.7, one knows that I − S is demiclosed at zero. From xni
⇀ z, it follows that

(I − S)z = 0, i.e., z ∈ Fix(S). Note that S̄ : C → C is nonexpansive and (3.5) yields
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xni
− S̄xni

→ 0. By Lemma 2.7, one knows that I − S̄ is demiclosed at zero. In

the same way, we has z ∈ Fix(S̄) = Fix(S̃) =

∞⋂
n=1

Fix(Sn). Besides, let us claim that

z ∈ Fix(G). Actually, by Lemma 2.7, we deduce that I − G is demiclosed at zero.
Thus, from xn −Gxn → 0 and xni

⇀ z, (I −G)z = 0, i.e., z ∈ Fix(G). Accordingly,
z ∈

⋂∞
n=0 Fix(Sn) ∩ Fix(G) ∩ VI(C,A) = Ω with S0 := S. This completes the proof.

�

Lemma 3.4. Let {un} be the sequence constructed in Algorithm 3.1. Then,

lim
n→∞

τn‖ελ(un)‖2 = 0 ⇒ lim
n→∞

‖ελ(un)‖ = 0. (3.9)

Proof. We demonstrate that lim supn→∞ ‖ελ(un)‖ = 0. On the contrary, we sup-
pose that lim supn→∞ ‖ελ(un)‖ = k > 0. Then, there exists {np} ⊂ {n} such that
limp→∞ ‖ελ(unp

)‖ = k > 0. Note that limp→∞ τnp
‖ελ(unp

)‖2 = 0. In the case of
lim infp→∞ τnp

> 0, we assume that there exists ζ > 0 with τnp
≥ ζ > 0 for all p ≥ 1.

It follows that

|ελ(unp
)‖2 ≤ 1

ζ
· τnp
‖ελ(unp

)‖2,

which immediately attains

0 < k2 = lim
p→∞

‖ελ(unp
)‖2 ≤ lim

p→∞

{
1

ζ
· τnp
‖ελ(unp

)‖2
}

= 0. (3.10)

This reaches at a contradiction. In the case of lim infp→∞ τnp
= 0, there exists a

subsequence of {τnp
}, still denoted by {τnp

}, such that limp→∞ τnp
= 0. Put

t̃np
:=

1

`
τnp

ynp
+

(
1− 1

`
τnp

)
unp

= unp
− 1

`
τnp

(unp
− ynp

).

From limp→∞ τnp
‖ελ(unp

)‖2 = 0, we obtain

lim
p→∞

‖t̃np
− unp

‖2 = lim
p→∞

1

`2
τnp
· τnp
‖ελ(unp

)‖2 = 0. (3.11)

Using the stepsize rule (3.1), one sees that 2〈Aunp
− At̃np

, ελ(unp
)〉 > ν‖ελ(unp

)‖2.
Since A is uniformly continuous on bounded subsets of C, (3.11) leads to
limp→∞ ‖Aunp

−At̃np
‖ = 0, which implies limp→∞ ‖ελ(unp

)‖ = 0. So, this reaches a
contradiction. Consequently, ελ(un)→ 0 as n→∞. This completes the proof. �

Theorem 3.1. Suppose that {xn} is the sequence constructed in Algorithm 3.1. Then
xn → x∗ ∈ Ω provided Snxn − Sn+1xn → 0, with x∗ ∈ Ω being only a solution to the
hierarchical inequality (HVI): 〈(µF − f)x∗, y − x∗〉 ≥ 0 for all y ∈ Ω.

Proof. First, in view of 0 < lim infn→∞ βn ≤ lim sup
n→∞

βn < 1 and limn→∞
θn
αn

= 0, we

may assume, without loss of generality, that {βn} ⊂ [a, b] ⊂ (0, 1) and θn ≤ αn(τ−δ)
2

for all n ≥ 1. By Lemma 2.9, one sees ‖PΩ (I − ρF + f)u − PΩ (I − ρF + f)v‖ ≤
[1− (τ − δ)]‖u− v‖ for all u, v ∈ C. This implies that PΩ (I − ρF + f) is contractive.
Thus PΩ (I − ρF + f) has a unique fixed point in set C, say x∗ ∈ C. That is, ∃ |
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(solution)

x∗ ∈ Ω =

∞⋂
n=0

Fix(Sn) ∩ Fix(G) ∩VI(C,A)

of the HVI:
〈(ρF − f)x∗, y − x∗〉 ≥ 0 ∀y ∈ Ω . (3.12)

Next we demonstrate the conclusion of the theorem. To this goal, we divide the
remainder of the proof into several claims.

Claim 1. We assert that {xn} is bounded. Indeed, for

x∗ ∈ Ω =

∞⋂
n=0

Fix(Sn) ∩ Fix(G) ∩VI(C,A)

we have Snx
∗ = x∗, Gx∗ = x∗, and PC(x∗ − λAx∗) = x∗. We observe that

‖zn − x∗‖2 = ‖PCn
(un)− x∗‖2 ≤ ‖un − x∗‖2 − dist2(un, Cn), (3.13)

which hence leads to
‖zn − x∗‖ ≤ ‖un − x∗‖ ∀n ≥ 1. (3.14)

Using Lemma 2.2, one knows that G = JF1
µ1

(I − µ1B1)JF2
µ2

(I − µ2B2) is nonexpansive
for µ1 ∈ (0, 2α) and µ2 ∈ (0, 2β). Since each Sn : C → C is a pseudocontraction
mapping, we have ‖un − x∗‖2 ≤ σn‖xn − x∗‖‖un − x∗‖ + (1 − σn)‖un − x∗‖2, and
hence ‖un − x∗‖ ≤ ‖xn − x∗‖. This together with (3.14), yields

‖zn − x∗‖ ≤ ‖un − x∗‖ ≤ ‖xn − x∗‖ ∀n ≥ 1 (3.15)

Thus, using (3.15), we obtain from Lemma 2.9 that

‖xn+1 − x∗‖ ≤ βn‖xn − x∗‖+ (1− βn)‖αn(f(xn)− f(x∗)) + (I − αnρF )Snwn

−(I − αnρF )x∗ + αn(f − ρF )x∗‖
≤ βn‖xn−x∗‖+(1−βn)[αnδ‖xn−x∗‖+(1−αnτ)(1+θn)‖zn−x∗‖+αn‖(f−ρF )x∗‖]

≤
[
1− αn(1− βn)(τ − δ)

2

]
‖xn − x∗‖+

αn(1− βn)(τ − δ)
2

· 2‖(f − ρF )x∗‖
τ − δ

≤ max

{
‖xn − x∗‖,

2‖(f − ρF )x∗‖
τ − δ

}
.

By induction, we have

‖xn − x∗‖ ≤ max

{
‖x1 − x∗‖,

2‖(f − ρF )x∗‖
τ − δ

}
∀n ≥ 1.

Thus {xn} is bounded, so are {un}, {yn}, {zn}, {wn}, {f(xn)}, {Atn}, and {Snwn}.
Claim 2. We assert that

(1− βn)

{[
1− αn(τ + δ)

2

]
[‖xn − un‖2 + ‖un − zn‖2] + ‖qn − PC(qn)‖2

}
+βn(1− βn)‖xn − PC(qn)‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αnM1,

for some M1 > 0. In fact, thanks to un = σnxn + (1− σn)Snun, we ahve

‖un − x∗‖2 ≤ σn〈xn − x∗, un − x∗〉+ (1− σn)‖un − x∗‖2,
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which hence yields

2‖un − x∗‖2 ≤ 2〈xn − x∗, un − x∗〉 = ‖xn − x∗‖2 + ‖un − x∗‖2 − ‖xn − un‖2.

This immediately implies that

‖un − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2.

From zn = PCn(un), we obtain

‖zn − x∗‖2 ≤ ‖un − x∗‖2 − ‖un − zn‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2 − ‖un − zn‖2.

Since xn+1 = βnxn + (1 − βn)PC(qn), where qn = (I − αnρF )Snwn + αnf(xn), by
Lemma 2.9, we deduce that

‖xn+1 − x∗‖2

≤ (1− βn){‖qn − x∗‖2 − ‖qn − PC(qn)‖2}2
− βn(1− βn)‖xn − PC(qn)‖+βn‖xn − x∗‖2

≤ (1− βn){[αn‖f(xn)− f(x∗)‖+ ‖(I − αnρF )Snwn − (I − αnρF )x∗‖]2

+ 2αn〈(f − ρF )x∗, qn − x∗〉 − ‖qn − PC(qn)‖2}
− βn(1− βn)‖xn − PC(qn)‖2 + βn‖xn − x∗‖2

≤ (1− βn){αnδ‖xn − x∗‖2 + [(1− αnτ) + θn]‖wn − x∗‖2

+ 2αn〈(f − ρF )x∗, qn − x∗〉 − ‖qn − PC(qn)‖2}
− βn(1− βn)‖xn − PC(qn)‖2 + βn‖xn − x∗‖2,

(3.16)

which together with wn = Gzn ensures that

‖xn+1 − x∗‖2

≤
[
1− αn(1− βn)(τ − δ)

2

]
‖xn − x∗‖2

− (1− βn)

{[
1− αn(τ + δ)

2

]
[‖xn − un‖2 + ‖un − zn‖2] + ‖qn − PC(qn)‖2

}
− βn(1− βn)‖xn − PC(qn)‖2 + 2αn(1− βn)〈(f − ρF )x∗, qn − x∗〉
≤ ‖xn − x∗‖2 − βn(1− βn)‖xn − PC(qn)‖2 + αnM1

− (1− βn)

{[
1− αn(τ + δ)

2

]
[‖xn − un‖2 + ‖un − zn‖2] + ‖qn − PC(qn)‖2

}
,

(3.17)
where supn≥1 2‖(f − ρF )x∗‖‖qn − x∗‖ ≤ M1 for some M1 > 0. This hence attains
the claim.

Claim 3. We assert that

(1− βn)

[
1− αn(τ + δ)

2

] [
τn

2λL̃
‖ελ(un)‖2

]2

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αnM1.
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In fact, we claim that for some L̃ > 0,

‖zn − x∗‖2 ≤ ‖un − x∗‖2 −
[
τn

2λL̃
‖ελ(un)‖2

]2

. (3.18)

From the boundedness of {Atn}, one knows that there exists L̃ > 0 such that ‖Atn‖ ≤
L̃ for all n ≥ 1. This implies that |h̄n(u) − h̄n(v)| = |〈Atn, u − v〉| ≤ L̃‖u − v‖ for

all u, v ∈ Cn, which hence guarantees that h̄n(·) is L̃-Lipschitz continuous on Cn. By
Lemmas 2.6 and 3.2, we have

dist(un, Cn) ≥ 1

L̃
h̄n(un) =

τn

2λL̃
‖ελ(un)‖2. (3.19)

Combining (3.13) and (3.19) yields

‖zn − x∗‖2 ≤ ‖un − x∗‖2 −
[
τn

2λL̃
‖ελ(un)‖2

]2

.

From (3.16), (3.15) and (3.18) it follows that

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1− βn){αnδ‖xn − x∗‖2 + [(1− αnτ) + θn]

×

[
‖un − x∗‖2 −

[
τn

2λL̃
‖ελ(un)‖2

]2
]

+ 2αn〈(f − ρF )x∗, qn − x∗〉}

≤
[
1− αn(1− βn)(τ − δ)

2

]
‖xn − x∗‖2 − (1− βn)

[
1− αn(τ + δ)

2

] [
τn

2λL̃
‖ελ(un)‖2

]2

+2αn(1− βn)〈(f − ρF )x∗, qn − x∗〉

≤ ‖xn − x∗‖2 − (1− βn)

[
1− αn(τ + δ)

2

] [
τn

2λL̃
‖ελ(un)‖2

]2

+ αnM1.

This hence attains the claim.
Claim 4. We assert that

‖xn+1 − x∗‖2 ≤ [1− αn(1− βn)(τ − δ)]‖xn − x∗‖2 + αn(1− βn)(τ − δ)

×
[

2〈(f − ρF )x∗, qn − x∗〉
τ − δ

+
θn
αn
· M

τ − δ

]
(3.20)

for some M > 0. In fact, from Lemma 2.9 and (3.15), one obtains

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1− βn)‖αn(f(xn)− f(x∗)) + (I − αnρF )Snwn

−(I − αnρF )x∗ + αn(f − ρF )x∗‖2

≤ [1− αn(1− βn)(τ − δ)]‖xn − x∗‖2

+αn(1− βn)(τ − δ)
[

2〈(f − ρF )x∗, qn − x∗〉
τ − δ

+
θn
αn
· M

τ − δ

]
,

where supn≥1 ‖xn − x∗‖2 ≤M for some M > 0.

Claim 5. We assert that xn → x∗ ∈ Ω , which is the solution to (3.12). In fact,
putting Γn = ‖xn − x∗‖2, we show the convergence of {Γn} to zero by the two cases.
Case 1. ∃n0 ≥ 1 s.t. {Γn} is nonincreasing. It is clear that the limit

lim
n→∞

Γn = d < +∞ and lim
n→∞

(Γn − Γn+1) = 0.
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From Claim 2 and {βn} ⊂ [a, b] ⊂ (0, 1), we obtain

(1− b)
{[

1− αn(τ + δ)

2

]
[‖xn − un‖2 + ‖un − zn‖2] + ‖qn − PC(qn)‖2

}
+ a(1− b)‖xn − PC(qn)‖2

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αnM1 = Γn − Γn+1 + αnM1.

Owing to the facts that αn → 0 and Γn − Γn+1 → 0, one deduces from τ+δ
2 ∈ (0, 1)

that

lim
n→∞

‖xn − un‖ = lim
n→∞

‖un − zn‖ = lim
n→∞

‖qn − PC(qn)‖

= lim
n→∞

‖xn − PC(qn)‖ = 0. (3.21)

Hence it is readily known that

‖xn − qn‖ ≤ ‖xn − PC(qn)‖+ ‖PC(qn)− qn‖ → 0 (n→∞),

‖xn+1 − xn‖ ≤ ‖PC(qn)− xn‖ → 0 (n→∞),

and ‖Snwn − xn‖ → 0 (n→∞).
Next, we show that ‖xn −Gzn‖ → 0 as n→∞. Indeed, note that y∗ = JF2

µ2
(x∗ −

µ2B2x
∗), vn = JF2

µ2
(zn − µ2B2zn), and wn = JF1

µ1
(vn − µ1B1vn). Then wn = Gzn. By

Lemma 2.1, we have

‖vn − y∗‖2 + µ2(2β − µ2)‖B2zn −B2x
∗‖2 ≤ ‖zn − x∗‖2

and

‖wn − x∗‖2 + µ1(2α− µ1)‖B1vn −B1y
∗‖2 ≤ ‖vn − y∗‖2.

Combining these two inequalities, we obtain from (3.15)

‖wn−x∗‖2 ≤ ‖xn−x∗‖2−µ2(2β−µ2)‖B2zn−B2x
∗‖2−µ1(2α−µ1)‖B1vn−B1y

∗‖2.

This together with (3.16) implies that

‖xn+1 − x∗‖2

≤ (1− βn)
{
αnδ‖xn − x∗‖2 +

[
(1− αnτ) +

αn(τ − δ)
2

]
[‖xn − x∗‖2

− µ2(2β − µ2)‖B2zn −B2x
∗‖2 − µ1(2α− µ1)‖B1vn −B1y

∗‖2] + αnM1

}
+ βn‖xn − x∗‖2

≤ ‖xn − x∗‖2 − (1− βn)

[
1− αn(τ + δ)

2

]
{µ2(2β − µ2)‖B2zn −B2x

∗‖2

+ µ1(2α− µ1)‖B1vn −B1y
∗‖2}+ αnM1.

Since βn ≤ b < 1, µ1 ∈ (0, 2α), µ2 ∈ (0, 2β), and lim
n→∞

αn = 0, we obtain from

Γn − Γn+1 → 0 that

lim
n→∞

‖B2zn −B2x
∗‖ = lim

n→∞
‖B1vn −B1y

∗‖ = 0. (3.22)
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On the other hand, by Proposition 2.3 one has

2‖wn − x∗‖2 ≤ ‖vn − y∗‖2 + ‖wn − x∗‖2 − ‖vn − wn + x∗ − y∗‖2

+ 2µ1‖B1y
∗ −B1vn‖‖wn − x∗‖,

which hence leads to

‖wn − x∗‖2 ≤ ‖vn − y∗‖2 − ‖vn − wn + x∗ − y∗‖2 + 2µ1‖B1y
∗ −B1vn‖‖wn − x∗‖.

Similarly,

‖vn − y∗‖2 ≤ ‖zn − x∗‖2 − ‖zn − vn + y∗ − x∗‖2 + 2µ2‖B2x
∗ −B2zn‖‖vn − y∗‖.

Combining these two inequalities, we get from (3.15) that

‖wn − x∗‖2 ≤ ‖xn − x∗‖2 − ‖zn − vn + y∗ − x∗‖2 − ‖vn − wn + x∗ − y∗‖2

+2µ1‖B1y
∗ −B1vn‖‖wn − x∗‖+ 2µ2‖B2x

∗ −B2zn‖‖vn − y∗‖.
This together with (3.16) ensures that

‖xn+1 − x∗‖2

≤ −(1− βn)

[
1− αn(τ + δ)

2

]
{‖zn − vn + y∗ − x∗‖2 + ‖vn − wn + x∗ − y∗‖2}

+ 2µ1‖B1y
∗ −B1vn‖‖wn − x∗‖+ 2µ2‖B2x

∗ −B2zn‖‖vn − y∗‖
+ αnM1 + ‖xn − x∗‖2,

which immediately leads to

(1− βn)

[
1− αn(τ + δ)

2

]
{‖zn − vn + y∗ − x∗‖2 + ‖vn − wn + x∗ − y∗‖2}

≤ Γn − Γn+1 + 2µ1‖B1y
∗ −B1vn‖‖wn − x∗‖+ 2µ2‖B2x

∗ −B2zn‖‖vn − y∗‖+ αnM1.

Since βn ≤ b < 1, limn→∞ αn = 0, and lim supn→∞(Γn − Γn+1) = 0, we deduce from
(3.22) and the boundedness of {wn} and {vn} that

lim
n→∞

‖zn − vn + y∗ − x∗‖ = lim
n→∞

‖vn − wn + x∗ − y∗‖ = 0.

Therefore,

‖zn −Gzn‖ = ‖zn −wn‖ ≤ ‖zn − vn + y∗ − x∗‖+ ‖vn −wn + x∗ − y∗‖ → 0 (n→∞).

Also, we have by (3.21) that

‖xn − zn‖ ≤ ‖xn − un‖+ ‖un − zn‖ → 0 (n→∞). (3.23)

This immediately yields

‖xn −Gzn‖ = ‖xn − wn‖ ≤ ‖xn − zn‖+ ‖zn − wn‖ → 0 (n→∞). (3.24)

From un = σnxn + (1− σn)Snun and lim infn→∞(1− σn) > 0, we have

lim
n→∞

‖Snun − xn‖ = 0. (3.25)

Meanwhile, from Claim 3, we obtain

(1− βn)

[
1− αn(τ + δ)

2

] [
τn

2λL̃
‖ελ(un)‖2

]2

≤ Γn − Γn+1 + αnM1.
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Since βn ≤ b < 1, αn → 0, and Γn − Γn+1 → 0, one gets

lim
n→∞

[
τn

2λL̃
‖ελ(un)‖2

]2

= 0,

which together with Lemma 3.4, yields

lim
n→∞

‖un − yn‖ = 0. (3.26)

By the boundedness of {xn}, we know that ∃ subsequence {xni
} ⊂ {xn} s.t.

lim sup
n→∞

〈(f − ρF )x∗, xn − x∗〉 = lim
i→∞
〈(f − ρF )x∗, xni

− x∗〉. (3.27)

Since H is reflexive and {xn} is bounded, we might assume that xni ⇀ x̂. Thus it
follows from (3.27) that

lim sup
n→∞

〈(f − ρF )x∗, xn − x∗〉 = 〈(f − ρF )x∗, x̂− x∗〉. (3.28)

Since xn − xn+1 → 0, xn − Gzn → 0, un − yn → 0, xn − zn → 0, and xni ⇀ x̂, by
Lemma 3.3, we deduce that x̂ ∈ Ω . Thus, using (3.12) and (3.28), one has

lim sup
n→∞

〈(f − ρF )x∗, xn − x∗〉 = 〈(f − ρF )x∗, x̂− x∗〉 ≤ 0, (3.29)

which together with (3.21) indicates

lim sup
n→∞

〈(f − ρF )x∗, qn − x∗〉 ≤ 0. (3.30)

Note that

lim sup
n→∞

[
2〈(f − ρF )x∗, qn − x∗〉

τ − δ
+
θn
αn
· M

τ − δ

]
≤ 0.

Consequently, applying Lemma 2.4 to (3.20), one has lim
n→∞

‖xn − x∗‖2 = 0.

Case 2. ∃{Γni
} ⊂ {Γn} s.t. Γni

< Γni+1,∀i ∈ N , with N being the set of all natural
numbers. Let φ : N → N be defined as φ(n) := max{i ≤ n : Γi < Γi+1}. Using
Lemma 2.8, we have Γφ(n) ≤ Γφ(n)+1 and Γn ≤ Γφ(n)+1. By Claim 2, one has

(1−b)
{[

1−
αφ(n)(τ + δ)

2

]
[‖xφ(n)−uφ(n)‖2+‖uφ(n)−zφ(n)‖2] + ‖qφ(n)−PC(qφ(n))‖2

}
+a(1− b)‖xφ(n) − PC(qφ(n))‖2 ≤ Γφ(n) − Γφ(n)+1 + αφ(n)M1, (3.31)

which immediately guarantees that

lim
n→∞

‖xφ(n) − uφ(n)‖ = lim
n→∞

‖uφ(n) − zφ(n)‖ = lim
n→∞

‖qφ(n) − PC(qφ(n))‖

= lim
n→∞

‖xφ(n) − PC(qφ(n))‖ = 0.

By Claim 3, we have

(1− βφ(n))

[
1−

αφ(n)(τ + δ)

2

] [
τφ(n)

2λL̃
‖ελ(uφ(n))‖2

]2

≤ Γφ(n) − Γφ(n)+1 + αφ(n)M1,

which yields

lim
n→∞

[
τφ(n)

2λL̃
‖ελ(uφ(n))‖2

]2

= 0.
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Using the similar arguments to those of Case 1, we obtain

lim
n→∞

‖xφ(n)+1 − xφ(n)‖ = 0,

lim
n→∞

‖xφ(n) − Sφ(n)uφ(n)‖ = lim
n→∞

‖xφ(n) − zφ(n)‖ = 0,

lim
n→∞

‖xφ(n) −Gzφ(n)‖ = lim
n→∞

‖uφ(n) − yφ(n)‖ = 0,

and

lim sup
n→∞

〈(f − ρF )x∗, qφ(n) − x∗〉 ≤ 0. (3.32)

On the other hand, from (3.20) we obtain

αφ(n)(1− βφ(n))(τ − δ)Γφ(n)

≤ αφ(n)(1− βφ(n))(τ − δ)
[

2〈(f − ρF )x∗, qφ(n) − x∗〉
τ − δ

+
θφ(n)

αφ(n)
· M

τ − δ

]
,

which immediately attains

lim sup
n→∞

Γφ(n) ≤ lim sup
n→∞

[
2〈(f − ρF )x∗, qφ(n) − x∗〉

τ − δ
+
θφ(n)

αφ(n)
· M

τ − δ

]
≤ 0.

Thus limn→∞ ‖xφ(n) − x∗‖2 = 0. In addition, one has

‖xφ(n)+1−x∗‖2−‖xφ(n)−x∗‖2 ≤ 2‖xφ(n)+1−xφ(n)‖‖xφ(n)−x∗‖+‖xφ(n)+1−xφ(n)‖2.

Thanks to Γn ≤ Γφ(n)+1, one sees that

‖xn − x∗‖2 ≤ ‖xφ(n)+1 − x∗‖2 ≤ ‖xφ(n) − x∗‖2 + 2‖xφ(n)+1 − xφ(n)‖‖xφ(n) − x∗‖
+ ‖xφ(n)+1 − xφ(n)‖2 → 0 (n→∞).

That is, xn → x∗ as n→∞. �

Theorem 3.2. If S : C → C is nonexpansive and {xn} is the sequence constructed
in the modified version of Algorithm 3.1, that is, for any starting x1 ∈ C,

un = σnxn + (1− σn)Snun,
yn = PC(un − λAun),
tn = (1− τn)un + τnyn,
zn = PCn

(un),
vn = JF2

µ2
(zn − µ2B2zn),

wn = JF1
µ1

(vn − µ1B1vn),
xn+1 = βnxn + (1− βn)PC [(I − αnρF )Swn + αnf(xn)] ∀n ≥ 1,

(3.33)

where, for each n ≥ 1, Cn and τn are chosen as in Algorithm 3.1, then xn → x∗ ∈ Ω,
where x∗ ∈ Ω is the solution to the HVI, 〈(ρF − f)x∗, y − x∗〉 ≥ 0 ∀y ∈ Ω.

Proof. We divide the proof of the theorem into several claims.
Claim 1. The boundedness of {xn} follows the Claim 1 of Theorem 3.1 immediately.
Claim 2. We assert that

(1− βn){(1− αnτ)[‖xn − un‖2 + ‖un − zn‖2] + ‖qn − PC(qn)‖2}

+βn(1− βn)‖xn − PC(qn)‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αnM1,
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for some M1 > 0. In fact, putting θn = 0, we get from (3.16) that

‖xn+1 − x∗‖2

≤ [1− αn(1− βn)(τ − δ)]‖xn − x∗‖2 − (1− βn){(1− αnτ)[‖xn − un‖2 + ‖un − zn‖2]

+ ‖qn − PC(qn)‖2}+ αnM1 − βn(1− βn)‖xn − PC(qn)‖2

≤ ‖xn − x∗‖2 − (1− βn){(1− αnτ)[‖xn − un‖2 + ‖un − zn‖2] + ‖qn − PC(qn)‖2}
+ αnM1 − βn(1− βn)‖xn − PC(qn)‖2,

where supn≥1 2‖(f − ρF )x∗‖‖qn − x∗‖ ≤ M1 for some M1 > 0. This attains the
desired assertion.
Claim 3. We prove that

(1− βn)(1− αnτ)

[
τn

2λL̃
‖ελ(un)‖2

]2

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αnM1.

Indeed, From the Claim 3 of Theorem 3.1, one can derive the desired assertion im-
mediately.
Claim 4. We prove that

‖xn+1 − x∗‖2 ≤ [1− αn(1− βn)(τ − δ)]‖xn − x∗‖2

+ αn(1− βn)(τ − δ) · 2〈(f − ρF )x∗, qn − x∗〉
τ − δ

.

Indeed, this directly follows from the Claim 4 of Theorem 3.1.
Claim 5. We assert that {xn} converges strongly to the unique solution x∗ ∈ Ω of
HVI (3.16). Indeed, using the Claim 5 of Theorem 3.1, one gets the desired assertion
immediately. �

Next we present another modified subgradient extragradient algorithm with line-
search process.
Algorithm 3.2.
Initial step: Give ν > 0, ` ∈ (0, 1), and λ ∈ (0, 1

ν ) and choose an initial x1 ∈ C
arbitrarily.
Iterative steps: Given the current iterate xn, compute xn+1 below:
Step 1. Calculate un = σnxn + (1− σn)Snun, yn = PC(un − λAun) and

ελ(un) := un − yn.
Step 2. Calculate tn = un − τnελ(un), where τn := `jn and jn is the smallest
nonnegative integer j satisfying

2〈Aun −A(un − `jελ(un)), un − yn〉 ≤ ν‖ελ(un)‖2.
Step 3. Calculate zn = PCn(un), where Cn := {u ∈ C : h̄n(u) ≤ 0} and

h̄n(u) =
2λ〈Atn, u− un〉+ τn‖ελ(un)‖2

2λ
.

Step 4. Calculate vn = JF2
µ2

(zn − µ2B2zn), wn = JF1
µ1

(vn − µ1B1vn) and

xn+1 = βnun + (1− βn)PC [(I − αnρF )Snwn + αnf(zn)].

Set n := n+ 1 and return to Step 1.
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It is worth noting that (3.13)-(3.16) and Lemmas 3.1-3.4 remain true for Algo-
rithm 3.2.
Theorem 3.3. Suppose that {xn} is the sequence constructed in Algorithm 3.2. Then
xn → x∗ ∈ Ω provided Snxn−Sn+1xn → 0, where x∗ ∈ Ω is the solution to the HVI:
〈(ρF − f)x∗, y − x∗〉 ≥ 0 for all y in Ω.

Proof. In what follows, under the assumption Snxn − Sn+1xn → 0, one can divide
the proof into the following several claims.

Claim 1. We assert that {xn} is bounded. Indeed, for

x∗ ∈ Ω =

∞⋂
n=0

Fix(Sn) ∩ Fix(G) ∩VI(C,A)

we have Snx
∗ = x∗, Gx∗ = x∗, and PC(x∗ − λAx∗) = x∗. Using (3.15), we obtain

from Lemma 2.9 that

‖xn+1 − x∗‖ ≤ βn‖un − x∗‖+ (1− βn)‖αn(f(zn)− f(x∗)) + (I − αnρF )Snwn

−(I − αnρF )x∗ + αn(f − ρF )x∗‖
≤ βn‖xn − x∗‖+ (1− βn){[αnδ + (1− αnτ) + θn]‖xn − x∗‖+ αn‖(f − ρF )x∗‖}

≤
[
1− αn(1− βn)(τ − δ)

2

]
‖xn − x∗‖+

αn(1− βn)(τ − δ)
2

· 2‖(f − ρF )x∗‖
τ − δ

≤ max

{
‖xn − x∗‖,

2‖(f − ρF )x∗‖
τ − δ

}
.

By induction, ‖xn − x∗‖ ≤ max
{
‖x1 − x∗‖, 2‖(f−ρF )x∗‖

τ−δ

}
. Thus {xn} is bounded, so

{un}, {yn}, {zn}, {wn}, {f(zn)}, {Atn}, and {Snwn}.
Claim 2. We prove that

(1− βn)

{[
1− αn(τ + δ)

2

]
[‖xn − un‖2 + ‖un − zn‖2] + ‖q̃n − PC(q̃n)‖2

}
+βn(1− βn)‖un − PC(q̃n)‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αnM1,

for some M1 > 0. In fact, ‖un − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2. Thus

‖zn − x∗‖2 ≤ ‖un − x∗‖2 − ‖un − zn‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2 − ‖un − zn‖2.
Since xn+1 = βnun + (1 − βn)PC(q̃n), where q̃n = αnf(zn) + (I − αnρF )Snwn, we
obtain from (3.15) that

‖xn+1 − x∗‖2

≤ βn‖un − x∗‖2 + (1− βn)‖PC(q̃n)− x∗‖2 − βn(1− βn)‖un − PC(q̃n)‖2

≤ βn‖xn − x∗‖2 + (1− βn){αnδ‖xn − x∗‖2 + [(1− αnτ) + θn]‖wn − x∗‖2

+ 2αn〈(f − ρF )x∗, q̃n − x∗〉 − ‖q̃n − PC(q̃n)‖2} − βn(1− βn)‖un − PC(q̃n)‖2
(3.34)

which together with wn = Gzn guarantees that

‖xn+1−x∗‖2 ≤ βn‖xn−x∗‖2 + (1−βn){αnδ‖xn−x∗‖2 + [(1−αnτ) + θn][‖xn−x∗‖2

−‖xn − un‖2 − ‖un − zn‖2] + 2αn〈(f − ρF )x∗, q̃n − x∗〉 − ‖q̃n − PC(q̃n)‖2}
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−βn(1− βn)‖un − PC(q̃n)‖2

≤
[
1− αn(1− βn)(τ − δ)

2

]
‖xn − x∗‖2

−(1− βn)

{[
1− αn(τ + δ)

2

]
[‖xn − un‖2 + ‖un − zn‖2] + ‖q̃n − PC(q̃n)‖2

}
−βn(1− βn)‖un − PC(q̃n)‖2 + 2αn(1− βn)〈(f − ρF )x∗, q̃n − x∗〉

≤ ‖xn−x∗‖2−(1−βn)

{[
1− αn(τ + δ)

2

]
[‖xn−un‖2 + ‖un−zn‖2] + ‖q̃n − PC(q̃n)‖2

}
−βn(1− βn)‖un − PC(q̃n)‖2 + αnM1, (3.35)

where supn≥1 2‖(f − ρF )x∗‖‖q̃n − x∗‖ ≤M1 for some M1 > 0.

Claim 3. We assert that

(1− βn)

[
1− αn(τ + δ)

2

] [
τn

2λL̃
‖ελ(un)‖2

]2

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αnM1.

In fact, using the similar arguments to those of (3.18) in the proof of Theorem 3.1,

we can deduce that for some L̃ > 0,

‖zn − x∗‖2 ≤ ‖un − x∗‖2 −
[
τn

2λL̃
‖ελ(un)‖2

]2

. (3.36)

From (3.34), (3.15), and (3.36) it follows that

‖xn+1−x∗‖2 ≤ βn‖xn−x∗‖2 + (1−βn){αnδ‖xn−x∗‖2 + [(1−αnτ) + θn]‖wn−x∗‖2

+2αn〈(f − ρF )x∗, q̃n − x∗〉} ≤ βn‖xn − x∗‖2 + (1− βn){αnδ‖xn − x∗‖2

+[(1− αnτ) + θn]

[
‖un − x∗‖2 −

[
τn

2λL̃
‖ελ(un)‖2

]2
]

+ 2αn〈(f − ρF )x∗, q̃n − x∗〉}

≤
[
1− αn(1− βn)(τ − δ)

2

]
‖xn − x∗‖2 − (1− βn)

[
1− αn(τ + δ)

2

] [
τn

2λL̃
‖ελ(un)‖2

]2

+2αn(1− βn)〈(f − ρF )x∗, q̃n − x∗〉

≤ ‖xn − x∗‖2 − (1− βn)

[
1− αn(τ + δ)

2

] [
τn

2λL̃
‖ελ(un)‖2

]2

+ αnM1,

which in turn yields the desired assertion.

Claim 4. We assert that

‖xn+1 − x∗‖2 ≤ [1− αn(1− βn)(τ − δ)]‖xn − x∗‖2 + αn(1− βn)(τ − δ)

×
[

2〈(f − ρF )x∗, q̃n − x∗〉
τ − δ

+
θn
αn
· M

τ − δ

]
(3.37)

for some M > 0. In fact, from (3.34) and (3.15), one obtains

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1− βn){αnδ‖xn − x∗‖2 + (1−αnτ + θn)‖wn − x∗‖2

+2αn〈(f − ρF )x∗, q̃n − x∗〉}
≤ [1− αn(1− βn)(τ − δ)]‖xn − x∗‖2
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+αn(1− βn)(τ − δ)
[

2〈(f − ρF )x∗, q̃n − x∗〉
τ − δ

+
θn
αn
· M

τ − δ

]
,

where supn≥1 ‖xn − x∗‖2 ≤M for some M > 0.

Claim 5. We assert that xn → x∗ ∈ Ω , which is the solution of the HVI (3.12).
In fact, putting Γn = ‖xn− x∗‖2, we demonstrate the convergence of {Γn} to zero

by the following two cases.
Case 1. ∃n0 ≥ 1 s.t. {Γn} is nonincreasing. It is clear that

lim
n→∞

Γn = d < +∞ and lim
n→∞

(Γn − Γn+1) = 0.

From Claim 2 and {βn} ⊂ [a, b] ⊂ (0, 1), we obtain

(1− b)
{[

1− αn(τ + δ)

2

]
[‖xn − un‖2 + ‖un − zn‖2] + ‖q̃n − PC(q̃n)‖2

}
+a(1− b)‖un − PC(q̃n)‖2 ≤ Γn − Γn+1 + αnM1.

Owing to the facts that αn → 0 and Γn − Γn+1 → 0 and using τ+δ
2 ∈ (0, 1), one

deduces that

lim
n→∞

‖xn − un‖ = lim
n→∞

‖un − zn‖ = lim
n→∞

‖q̃n − PC(q̃n)‖

= lim
n→∞

‖un − PC(q̃n)‖ = 0. (3.38)

Hence it is readily known that

‖xn − q̃n‖ ≤ ‖xn − un‖+ ‖un − PC(q̃n)‖+ ‖PC(q̃n)− q̃n‖ → 0 (n→∞),

‖xn+1 − xn‖ ≤ (1− βn)‖PC(q̃n)− un‖+ ‖un − xn‖ → 0 (n→∞),

and

‖Snwn − xn‖ ≤ ‖Snwn − un‖+ ‖un − xn‖
= ‖q̃n − un − αn(f(zn)− ρFSnwn)‖+ ‖un − xn‖ → 0 (n→∞).

Next, we show that ‖xn−Gzn‖ → 0 and ‖xn−xn+1‖ → 0 as n→∞. Indeed, note
that y∗ = JF2

µ2
(x∗ − µ2B2x

∗), vn = JF2
µ2

(zn − µ2B2zn) and wn = JF1
µ1

(vn − µ1B1vn).
Then wn = Gzn. Using Lemma 2.1, from (3.15) we have

‖wn−x∗‖2 ≤ ‖xn−x∗‖2−µ2(2β−µ2)‖B2zn−B2x
∗‖2−µ1(2α−µ1)‖B1vn−B1y

∗‖2.
This together with (3.34) implies that

(1−βn)

[
1− αn(τ + δ)

2

]
{µ2(2β−µ2)‖B2zn−B2x

∗‖2 +µ1(2α−µ1)‖B1vn−B1y
∗‖2}

≤ Γn − Γn+1 + αnM1.

This hence ensures that limn→∞ ‖B2zn −B2x
∗‖ = limn→∞ ‖B1vn −B1y

∗‖ = 0.
On the other hand, we get from (3.15) that

‖wn − x∗‖2 ≤ ‖xn − x∗‖2 − ‖zn − vn + y∗ − x∗‖2 − ‖vn − wn + x∗ − y∗‖2

+2µ1‖B1y
∗ −B1vn‖‖wn − x∗‖+ 2µ2‖B2x

∗ −B2zn‖‖vn − y∗‖.
This together with (3.34), implies that

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1− βn){αnδ‖xn − x∗‖2
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+[(1− αnτ) + θn]‖wn − x∗‖2 + 2αn〈(f − ρF )x∗, q̃n − x∗〉}

≤ ‖xn − x∗‖2 − (1− βn)

[
1− αn(τ + δ)

2

]
{‖zn − vn + y∗ − x∗‖2

+‖vn − wn + x∗ − y∗‖2}+ 2µ1‖B1y
∗ −B1vn‖‖wn − x∗‖

+2µ2‖B2x
∗ −B2zn‖‖vn − y∗‖+ αnM1,

which immediately leads to

(1− βn)

[
1− αn(τ + δ)

2

]
{‖zn − vn + y∗ − x∗‖2 + ‖vn − wn + x∗ − y∗‖2}

≤ Γn − Γn+1 + 2µ1‖B1y
∗ −B1vn‖‖wn − x∗‖+ 2µ2‖B2x

∗ −B2zn‖‖vn − y∗‖+ αnM1.

This hence ensures that limn→∞ ‖zn−vn+y∗−x∗‖ = limn→∞ ‖vn−wn+x∗−y∗‖ = 0.
Therefore,

‖zn −Gzn‖ = ‖zn − wn‖ ≤ ‖zn − vn + y∗ − x∗‖+ ‖vn − wn + x∗ − y∗‖ → 0 (n→∞).
(3.39)

It follows from (3.38) and (3.39) that

‖xn − zn‖ ≤ ‖xn − un‖+ ‖un − zn‖ → 0 (n→∞),

and

‖xn −Gzn‖ ≤ ‖xn − zn‖+ ‖zn −Gzn‖ → 0 (n→∞).

Also, using the similar arguments to those of (3.25) and (3.26) in the proof of The-
orem 3.1, we can obtain that limn→∞ ‖Snun − xn‖ = lim

n→∞
‖un − yn‖ = 0. By the

boundedness of {xn}, we know that ∃{xni
} ⊂ {xn} s.t.

lim sup
n→∞

〈(f − ρF )x∗, xn − x∗〉 = lim
i→∞
〈(f − ρF )x∗, xni − x∗〉.

Since H is reflexive and {xn} is bounded, we may assume that xni ⇀ x̂. Thus it
follows that lim supn→∞〈(f − ρF )x∗, xn − x∗〉 = 〈(f − ρF )x∗, x̂ − x∗〉. Since xn −
xn+1 → 0, xn − Gzn → 0, xn − Snun → 0, un − yn → 0, and xn − zn → 0,
and xni

⇀ x̂, we infer by Lemma 3.3 that x̂ ∈ Ω . Thus, using (3.12), one has
lim supn→∞〈(f − ρF )x∗, xn − x∗〉 ≤ 0, which together with (3.38) yields

lim sup
n→∞

〈(f − ρF )x∗, q̃n − x∗〉 ≤ 0.

Note that

lim sup
n→∞

[
2〈(f − ρF )x∗, q̃n − x∗〉

τ − δ
+
θn
αn
· M

τ − δ

]
≤ 0.

Consequently, one has lim
n→∞

‖xn − x∗‖2 = 0.

Case 2. ∃{Γni} ⊂ {Γn} s.t. Γni < Γni+1 ∀i ∈ N , with N being the set of all natural
numbers. Let φ : N → N be defined as φ(n) := max{i ≤ n : Γi < Γi+1}. Using
Lemma 2.8, we get Γφ(n) ≤ Γφ(n)+1 and Γn ≤ Γφ(n)+1. In the remainder of the proof,
using the same references as in Case 2 of the proof of Theorem 3.1, we obtain the
desired assertion. �
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Theorem 3.4. If S : C → C is nonexpansive and {xn} is the sequence constructed
in the modified version of Algorithm 3.2, that is, for any starting x1 ∈ C,

un = σnxn + (1− σn)Snun,
yn = PC(un − λAun),
tn = (1− τn)un + τnyn,
zn = PCn(un),
vn = JF2

µ2
(zn − µ2B2zn),

wn = JF1
µ1

(vn − µ1B1vn),
xn+1 = βnun + (1− βn)PC [(I − αnρF )Swn + αnf(zn)] ∀n ≥ 1,

where, for each n ≥ 1, Cn and τn are chosen as in Algorithm 3.2, then xn → x∗ ∈ Ω
where x∗ ∈ Ω is the solution to the HVI: 〈(ρF − f)x∗, y − x∗〉 ≥ 0 for all y in Ω.

Proof. We divide the proof of the theorem into the following several claims.
Claim 1. We assert that {xn} is bounded. Indeed, using the Claim 1 of Theorem
3.3, one derives the desired assertion immediately.
Claim 2. We assert that

(1− βn){(1− αnτ)[‖xn − un‖2 + ‖un − zn‖2] + ‖q̃n − PC(q̃n)‖2}

+βn(1− βn)‖un − PC(q̃n)‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αnM1,

for some M1 > 0. In fact, putting θn = 0, we get from (3.34) that

‖xn+1 − x∗‖2

≤ [1− αn(1− βn)(τ − δ)]‖xn − x∗‖2 − (1− βn){(1− αnτ)[‖xn − un‖2

+ ‖un − zn‖2] + ‖q̃n − PC(q̃n)‖2}+ αnM1 − βn(1− βn)‖un − PC(q̃n)‖2

≤ ‖xn − x∗‖2 − (1− βn){(1− αnτ)[‖xn − un‖2 + ‖un − zn‖2] + ‖q̃n − PC(q̃n)‖2}
+ αnM1 − βn(1− βn)‖un − PC(q̃n)‖2,

where supn≥1 2‖(f − ρF )x∗‖‖q̃n − x∗‖ ≤ M1 for some M1 > 0. This attains the
desired assertion.
Claim 3. We assert that

(1− βn)(1− αnτ)

[
τn

2λL̃
‖ελ(un)‖2

]2

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αnM1.

Indeed, using the Claim 3 of Theorem 3.3, one deduces the desired assertion directly.
Claim 4. We assert that

‖xn+1 − x∗‖2 ≤ [1− αn(1− βn)(τ − δ)]‖xn − x∗‖2

+ αn(1− βn)(τ − δ) · 2〈(f − ρF )x∗, q̃n − x∗〉
τ − δ

.

Indeed, using the Claim 4 of Theorem 3.3, one obtains the desired assertion immedi-
ately.
Claim 5. We assert that {xn} converges strongly to the unique solution x∗ ∈ Ω of
the HVI (3.12). Indeed, using the Claim 5 of Theorem 3.3, one obtains the desired
assertion immediately. �
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