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Abstract. In a real Hilbert space, let the VIP, SGVI, and CFPP stand for a pseudomonotone
variational inequality problem, a system of general variational inclusions, and a common fixed-point
problem of countable uniformly-Lipschitzian pseudocontraction operators and an asymptotically non-
expansive operator, respectively. In this paper, via a modified subgradient extragradient rule with
line-search process, we design and analyze two iterative algorithms for finding a common solution
of the CFPP, SGVI, and VIP. Some strong convergence theorems for the proposed algorithms are
established under some suitable conditions. Our results improve and extend some corresponding
results in the recent literature.
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1. INTRODUCTION

Variational inequalities play a vital role in the study of several fields, such as,
management science, computer science, economic and financial engineer. Numerous
real-world problems in these fields can be modeled into a variational inequality; see,
e.g., [5, 8, 16, 18, 24]. Let (H,(-,-)) be a real Hilbert space with induced norm || - ||.

*This research was supported by the 2020 Shanghai Leading Talents Program of the Shanghai
Municipal Human Resources and Social Security Bureau (20LJ2006100), the Innovation Program of
Shanghai Municipal Education Commission (15Z2Z068) and the Program for Outstanding Academic
Leaders in Shanghai City (15XD1503100).

****This research was partially supported by the grant MOST 111-2115-M-039-001-MY2.

441



442 L.C. CENG, A. PETRUSEL, X. QIN AND J.C. YAO

Let the nonempty set C' be convex and closed in H. Let Pc be the metric (nearest
point) projection from H onto set C. Given an operator A : H — H, consider the
problem of finding a vector w in set C' such that (Au,v—wu) > 0 for all v € C. This is
now called the classical variational inequality problem (VIP). We denote by VI(C, A)
its solutions set. It is known that one of the most effective techniques for settling the
VIP is the extragradient technique proposed by Korpelevich [12]. For recent results
on Korpelevich’s extragradient schemes, we refer to [2, 3, 6, 9, 12, 13, 14, 17, 19, 20,
22, 23, 25] and the references therein.

Let S be a mapping on H. We use the Fix(S) to denote the fixed-point set of S.
— and — are borrowed to denote the strong convergence and weak convergence in H,
respectively. Recall that S is said to be asymptotically nonexpansive if | T"u—T"v|| <
(I+6,)||u — | for all u,v € C, n > 1, where {0,}22, is a real sequence in [0, +00)
with lim, .~ 0, = 0. In particular, if 6, = 0 for all n > 1, S is then said to be
nonexpansive. Let By, By : C — H be single-valued mappings and Fy, Fy : C — 27
be multi-valued mappings. In this paper, we consider the following system of general
variational inclusions (SGVI), which aims to seek (u*,v*) € C' x C such that

{ 0 € pz(Bau* + Fov*) +v* —u*,

0 € p1(Bv* + Fiu*) + u* — ¥, (1.1)

with constants g1, pa > 0. Note that SGVI (1.1) can be transformed into a fixed-point
problem in the following way.

Lemma 1.1 (see [1, Lemma 2]). Suppose that both the mappings Fy,Fy : C —
28 are mazimally monotone. For given u*,v* € C, (u*,v*) is called a solution
to GSVI (1.1) if and only if u* € Fix(G), where Fix(G) is the fized point set of
G := J/il(l — M1B1)J,f;2([ — p2Bs), and v* = J/Z?(I — poBo)u*.

In particular, when F; = Fy = 0ic, where i¢ is the indicator function of C given
by ic(x) = 0V € C and ic(x) = oo for all ¢ C, then Lemma 1.1 reduces to the
following.

For given u*,v* € C, (u*,v*) is called a solution to the following system of varia-
tional inequalities

Yu € C, {pu2Bau* +v* —u*,v —v*) >0,
Yv € C, <H1B1U* +u* — ’U*’u — u*> >0,

if and only if u* € Fix(G), where Fix(G) is the fixed point set of
G :=Po(I — 1 B1)Pc(I — peBs), and v* = Po(I — peBso)u*.

Suppose that two mappings B1, B are a-inverse-strongly monotone and S-inverse-
strongly monotone, respectively. Let f : C' — C be a contraction with coefficient
5 € [0,1), and let F : C — H be k-Lipschitzian and 7-strongly monotone with
constants &,n > 0 such that § < 7:=1— /1 — p(2n — pr?) € (0,1] for p € (0, i—;’)
Let S : C — C be an asymptotically nonexpansive mapping with a sequence {6, }.
Let {S;}72, be a countable family of ¢-uniformly Lipschitzian pseudocontractive self-

o)

mappings on C' with 2 := ﬂFix(Sl) N Fix(G) # 0, where Sy := S and G :=
1=0

Po(I — 1 B1)Pe(I — peBs) for py € (0,2a) and ug € (0,28). Recently, Ceng and
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Wen [3] proposed the hybrid extragradient-like implicit method for finding an element
in £2, that is, for any initial 21 € C, {z;} is the sequence constructed by

up = Bz + (1 = By)Spuy,

v = Po(up — paBauy),

yi = Pc(v — p1 Brvy),

w141 = Pelof(x) + (I — awpF)S'y)] VI > 1,
with {ay}, {8} C (0,1]. Under some appropriate assumptions, it was proven in [3]
that {z;} converges to an element z* € {2 strongly (in norm). Very recently, Reich et
al. [22] suggested the modified projection-type method for solving the pseudomono-
tone VIP with uniform continuity mapping A. Let {a;} C (0,1) and f: C — C be
contractive with constant § € [0, 1).
Algorithm 1.1 (see [22]).
Initial step: Given any initial z; € C,let v >0, £ € (0,1), A € (O, %)
Iterative steps: Given the current iterate x;, compute x;,.1 below:
Step 1. Calculate y; = Po(z; — M) and ex(z;) := 2y —y;. I ex(x;) = 0, then stop;
2y is a solution of VI(C, A). Otherwise,
Step 2. Calculate w; = z;—7ex(2;), where 7; := £7' and j; is the smallest nonnegative
integer j s.t. ¥llex(az))||? > (Azy — Az — Pex(ay)),ex(@)).
Step 3. Calculate 2,1 = oy f (1) + (1 — ;) P, (1), where C) := {z € C : hy(z;) < 0}
and hy(z) = (Awy, x — 2;) + 3% |[ex(@) ||

Again set [ := 1+ 1 and go to Step 1.

2. PRELIMINARIES

Let (H,(-,-)) be a real Hilbert space with induced norm || - ||. Let the nonempty
set C' be convex and closed in H. |ju+ v|?* < ||ul|?> + 2(v,u + v) for all u,v € H is
trivial. Given a sequence {vi} C H, we let vy — v (resp., vy — v) present the strong
(resp., weak) convergence of {vy} to v. An operator S : C — H is said to be

(a) L-Lipschitz continuous or L-Lipschitzian if ||Su — Sv|| < L|ju — v|| for all
u,v € C, where L0 is a positive real number;

(b) pseudocontractive if (Su — Sv,u — v) < ||u — v||? for all u,v € C;

(¢) pseudomonotone if (Su,v —u) > 0= (Sv,v —u) > 0 for all u,v € C;

(d) a-strongly monotone if (Su — Sv,u —v) > afu —v||? for all u,v € C, where
is a positive real number;

(e) B-inverse-strongly monotone if {Su— Sv,u—v) > B||Su— Sv|? for all u,v € C;
where (3 is a positive real number;

(f) sequentially weakly continuous if, for all {vi} C C, vy — v = Sv,, — Sv.

It is clear that each monotone mapping is pseudomonotone, but the converse is
not true. It is known that, for all u € H, there exists (nearest point) Pou € C with
lu — Peul|| < |Ju — vl for all v € C. P¢ is said to be a metric (or nearest point)
projection of H onto C. The following facts are trivial.

(a) (u — v, Pou — Pov) > ||Pcu — Povl? for all u,v € H;

(b) w = Pou & (u —w,v—w) <0 for allu € H,v € C,
(c) [lu— Poul* + ||v — Poul|? < ||Ju — v||? for all uw € H,v € C;
(d) f|lul|® = ||v]|? = 2(u — v,v) = ||u—v]||? for all u,v € H;
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(e) s|lul?+(1—s)||v]|2—s(1—s)|u—v|? = ||su+(1—s)v|]? for all u,v € H,s € [0, 1].

Let {S;}7°, be a sequence of continuous pseudocontractive self-mappings on C.
Then {5;}7°, is said to be a countable family of ¢-uniformly Lipschitzian pseudocon-
tractive self-mappings on C' ([3]) if there exists a constant ¢ > 0 such that each S is
¢-Lipschitz continuous.

The following d tools are useful in the convergence analysis of the proposed algo-
rithms.
Proposition 2.1 (see [21]). Let C be a nonempty, convex, and closed set of in a
Hilbert space H. Let {Sk}32, be a countable family of self-mappings on C' such that
Y opeysup{||Skx — Spy1z|| : @ € C} < oo. Then, for each y € C, {Sky} converges
strongly to some point of C. Moreover, let S, a self-mapping on C, be defined by
Sy = limg o0 Sky for all y € C. Then limy_, o sup{||Sxz — Skz|| : x € C} = 0.
Proposition 2.2 (see [7]). Let C be a nonempty, convez, and closed set in a Hilbert
space H, and let T : C — C' be a continuous and strong pseudocontraction mapping.
Then, T has a unique fized point in C.

Let I' : C — 2% be a multi-valued operator with I'y # ) for all y € C. Then I’
is called monotone if, for all z,y € C, v € 'z and v € I'y imply (x — y,u —v) > 0.
A monotone operator I' : C' — 2 is said to be maximal if its graph Gph(I") is not
properly contained in the graph of any other monotone operator. It is known that
a monotone operator I' is maximal if and only if (I + rI")C = H for each r > 0. If
I' : C — 2" is maximal monotone, we define the resolvent J : H — C of I' by
JE = (I +rI)~L. It is easy to check that Fix(JI') =I"10={x € C:0¢€ I'z}.
Proposition 2.3 (see [I, Lemma 1]). Let I' : C — 2H be a mazimal monotone
operator. Then, for any given v > 0, (x —y, JF'x — JLy) > ||[JFx — JLy||? for all
x,y € H.

Lemma 2.1 (see [1, Lemma 4]). Let the mapping B : C — H be y-inverse-strongly
monotone. Then, for a given A > 0,

(I = AB)u — (I = AB)v||* + M2y — A)||Bu — Bo|]? < |ju —v|]?, Yu,v € C.

In particular, if 0 < X < 2v, then I — AB is nonexpansive.
Lemma 2.2 (see [1, Lemma 5]). Suppose that Fy, Fy : C — 2% are two mazimal
monotone operators. Let the mappings B1, By : C' — H be a-inverse-strongly mono-
tone and [-inverse-strongly monotone, respectively. Let the mapping G : C — C be
defined as G := J;il (I- plBl)Jf;(I— paBso). If 0 < g < 2a and 0 < o < 20, then
G . C — C is nonexpansive.

The following lemma is trivial.

Lemma 2.3. Let A: C — H be pseudomonotone and continuous. Then u € C is a
solution to the VIP (Au,v —wu) > 0 for allv € C if and only if (Av,v —u) > 0 for
allv e C.

Lemma 2.4 (see [25]). Let {a;} be a sequence of nonnegative numbers satisfying the
conditions: a1 < Ny + (1 — N)ay for alll > 1, where {\;} and {v;} are sequences
of real numbers with {\;} C [0,1] and Y 2, N = oo, and limsup; , ..y < 0 or
Z?Zl |)\l'7l| < o00. Then lim;_, o a; = 0.
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Lemma 2.5 (see [15]). Let Hy and Hy be two real Hilbert spaces. Suppose that
A : Hy — Hy is uniformly continuous on bounded subsets of Hy and M is a bounded
subset of Hy. Then, A(M) is bounded.

Lemma 2.6 (see [10]). Let h be a real-valued function on H and define K := {x €
C : h(z) < 0}. If K is nonempty and h is Lipschitz continuous on C with modulus
6 > 0, then dist(x, K) > 6~ max{h(z),0} for all z € C, where dist(x, K) denotes
the distance of x to K.

Lemma 2.7 (see [4]). Let X be a Banach space which admits a weakly continuous
duality mapping, C be a conver and closed subset of X, and T : C — C be an
asymptotically nonexpansive mapping with Fix(T) # 0. Then I — T is demiclosed at
zero.

The following lemmas are vital to the convergence analysis of the proposed algo-
rithms.
Lemma 2.8 (see [14]). Let {T',,,} be a sequence of real numbers that does not decrease
at infinity in the sense that there exists a subsequence {T'y,, } of {T'm} which satisfies
T, < Doyt for each integer k > 1. Let {¢(m)}m>m, be the sequence of integers
formulated by ¢(m) = max{k < m : Ty < T'yi1}, where integer mg > 1 such that
{k<mgo:Tp <Tpi1} #0. Then (i) ¢(mo) < dp(mo+1) <--- and ¢(m) — oo; and
(i) F¢(m) < F¢(m)+1 and Ty, < F¢(m)+1 VYm > myg.
Lemma 2.9 (see [25]). Let A € (0,1] and T : C — C be nonexpansive. Let T :
C — H be formulated as T*u := (I — \pF)Tu for allu € C with F : C — H
being m-gipschitzian and n-strongly monotone. Then T* is a contraction provided
0<p<

3. MAIN RESULTS

In this section, we always assume that the following conditions hold.

A: H — H is pseudomonotone and uniformly continuous on C' such that ||Az| <
liminf || Av,|| for each {v,} C C with v,, — z.
n— oo

F,F, : C — 2 are two maximal monotone operators, and B;, By : C — H are
a-inverse-strongly monotone and [S-inverse-strongly monotone, respectively.

f:C — H is a contraction with constant ¢ € [0,1) and F : C — H is n-strongly
monotone and k-Lipschitzian with § < 7:=1— /1 — p(2n — px?) for p € (0, 22).

{5,152 is a countable family of ¢-uniformly L1psch1t21an pseudocontractive self-
mappings on C' and S : C — C is an asymptotically nonexpansive self-mapping with
a sequence {6, }.

2 =N,_, Fix(S,) NFix(G) N VI(C, A) # 0 with Sy := S, and Fix(G) is the fixed
point set of G = Jfll (I - ulBl)JIf;?(I — p2Bs) for 0 < py < 2a and 0 < pg < 20.

Yoo Supep |[Snt — Spy12]| < oo for any bounded subset D of C' and

Fix(g) = ﬂf;l Fix(S,) where S : C — O is defined as Sz = lim,,_y00 Sy for all
xzeC.

{on}, {an} C (0,1] and {B,} C [0, 1] such that

(1) D07 o = 00, limy, 00 4y = 0, and lim,, o0 0/, = 0;

(ii) 0 < lim 1nfnHoo Bn <limsup,,_, ., Bn < 1; and
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(iil) limsup,, oo on < 1.
Algorithm 3.1.
Initial step: Set v > 0, £ € (0,1), and A € (O, %) Choose an initial z; in set C
arbitrarily.
Iterative steps: Given the current iterate x,,, compute z,11 below:
Step 1. Calculate u,, = op2zy, + (1 — 0,,)Sptn,

Yn = Po(un, — AAuy,) and ) (uy) := tp — Yn.

Step 2. Calculate t, = u, — Th,ex(uyn), where 7, := £» and j, is the smallest
nonnegative integer j satisfying
2(Aun — A(un = Pex(un)), tn = yn) < vlea(ua)|*. (3.1)

Step 3. Calculate z, = Pg, (uy,), where C,, :== {u € C : h,(u) < 0} and
- C2M (At u — un) + Thlex(un)|?

o (1) =
Step 4. Calculate v, = Jf; (zn — p2Bazy), w, = Jfll (vp, — w1 Bivy) and
Tnt1 = Bnn + (1 = Bn)Po[(I — anpF)S™wy, + oy f(xn)]. (3.2)

Set n :=n+ 1 and return to Step 1.

Lemma 3.1. Armijo-type search rule (3.1) is well specified, and the relation holds:
A lea(un)lI* < (ex(un), Aun).

Proof. On account of ¢ € (0,1) and uniform continuity of A on C, we can easily see
that lim;_, oo (Au,, — A(uy, — Pey(up)),ex(un)) = 0. If ex(u,) = 0, one has j, = 0.
Otherwise, from ey (uy,) # 0, it follows that 37, > 0 verifying (3.1). Hence, the firm
nonexpansivity of Po ensures (u — Pov,u — v) > |ju — Pov||? for all uw € C,v € H.
Setting v = u,, — Au,, and u = u,,, one obtains

My — Po(un — AMuy,), Aug) > |Jun — Po(u, — Mu,)|?.

Thus the relation holds. (]
Lemma 3.2. Let h, be the function constructed in (3.2). Then, h,(v) < 0 for all
v € 2. Additionally, if ex(u,) # 0, then hy,(u,) > 0.

Proof. Since it is clear that the latter claim of Lemma 3.2 holds, it is sufficient to

demonstrate the former claim. Indeed, choose a fixed v € {2 arbitrarily. By Lemma
2.3, one has (At,,t, —v) > 0. Hence

T Tn Tn
hn(v) = <Atmtn_un>+<‘4tmU_tn>+ﬁ||5/\(un)”2 < _Tn<AtnvSk(un)>+ﬁ“5>\(“n)”2-

Meanwhile, from (3.1) it follows that v|ex(u,)||? > 2(Au, — Atpn,ex(uy)). Thus, by
Lemma 3.1,

(At = =5 ler(unl? + ertum), dun) = (=5 + 5 ) leatun) P

50 hn(v) < =% (5 = v)[lea(un)|*. O
Lemma 3.3. Let {u,},{zn}, {yn}, and {z,} be the bounded sequences constructed in
Algorithm 3.1. Let x,, — xpy1 — 0, x, — Spuy = 0, uy —y, — 0, z,, — 2, — 0 and
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zn, — Gz, — 0. If S"x,, — S" T2, — 0 and 3{x,,} C {x,} such that z,, — 2z € C,
then z € (2.

Proof. From Algorithm 3.1, we see that |lu, — x,| < ||Shun — x| In view of
Spuy — x, — 0 as n — 0o, we have

nh_)n;OHun — x| =0. (3.3)

Putting g, 1= anf(zn)+ (I —anpF)S™w,, we see that €11 = Brxn + (1 —Br)Pc(qn)
and ¢, — S"w,, = a, f(x,) — apF S™w,. Hence,

(1= Bo)llzn — S"wn| < [|on — Tntall + anll f(zn)|| + anllpF S wy .

The nonexpansivity of G ensures the boundedness of {w,, }. Observe that z, —z,+1 —
0, a, = 0, and liminf,,_, (1 —/,) > 0. By the boundedness of {z, }, {w,} we obtain
limy, 00 || — S™wy|| = 0.

We claim that lim,, o ||z, — Sz, || = 0. In fact, using the asymptotical nonexpan-
sivity of S, one deduces that

[2n — Szpll < [lzn — S 2|l + 1" 20 — ™20l + |20 — Sn-Hxn”
+ 18" e, — 8"z, || 4 19" 2, — S|
< (24 01)[|en — S" 20|l + (24 05 + Ong1) |20 — T4l
+||S™ 2, — 8" e,

Since z,, — 2z, = 0, £, — Sz, — 0, and S"x,, — S"*1z, — 0, we obtain

nl;rrgo||xn — Sx,|| = 0. (3.4)

Also, we claim that lim,_,o |2, — S| = 0, where S := (2 — S)~!. From u, =
OnZn+ (1 —0p)Spuy and x, —u, — 0, we have (1 —0y,) || Sntn — tn || < ||T0n — un|| —
0 (n — 00), which together with 0 < liminf,, . (1—0y,), yields lim,, o || Sptn—un|| =
0. Since {S,}72, is ¢-uniformly Lipschitzian on C, we deduce from x,, — u,, — 0 and
Sy, — Uy, — 0 that

S0 — 2|l < |[Snn — Sntnll + |Snun — unll + [lun — 4|

< (€ + Dlun = @nll + [[Sntin — un|l = 0 (n = 00).

It is clear that S : C — C is pseudocontractive and ¢-Lipschitzian, where Sz =
lim,,_soo Spx for all z in set C. We show that lim,,_, ||5’xn — x|l = 0. Using the
boundedness of {z,} and putting D = ¢onv{z, : n > 1} (the closed convex hull of the
set {x, : n >1}), we have > 7 sup,cp [|Snz — Snt12| < 0o. By Proposition 2.1, we
have lim,, o0 SUP, ¢ p || S — Sz|| = 0, which immediately arrives at lim,, o0 || Spay —
Sz, = 0. Consequently, ||z, —Sz,|| < ||@n — Snzn ||+ || Snan — Sn|| = 0 as n — oco.

Now, let us show that if we define S := (2I—S)~!, then S : C' — C'is nonexpansive,
Fix(S) = Fix(S) = N2, Fix(S,) and lim, . |2, — Sz,|| = 0. In fact, it is known
that S is nonexpansive and Fix(S) = Fix(S) = N2, Fix(S,) as a consequence of [11,
Theorem 6]. From z,, — Smn — 0, it follows that

| Zy — Sy < ||5_1xn—xn|| = ||(2]—§)$n—xn|| = Hxn—S’an — 0 (n— o). (3.5)
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Moreover, let us demonstrate that lim,, o |2, — Gx,|| = 0. From Lemma 2.2, we
know that G : C — C is nonexpansive for pu; € (0,2a) and ps € (0,283). By
Algorithm 3.1, we have w,, = Gz,. Using |Gz, — 2, || < |25 — 2n|| + ||wn — x| and
the hypotheses, x,, — z, — 0 and z,, — w,, — 0, we obtain lim,_, |Gz, — z,| = 0.

Next, let us demonstrate z € VI(C, A). Indeed, z, — u, — 0 and z,, — z yiled
Up, — 2. Since C' is convex and closed, from {u,} C C and u,, — z, we see that
z € C. In what follows, we consider two cases. In the case of Az = 0, it is clear that
z € VI(C, A) because (Az,y — z) > 0 for all y in C. In the case of Az # 0, it follows
from uw, — x, — 0 and x,, — 2z that u,, — z as ¢ — oco. Using the assumption on
A, we have 0 < ||Az|| < liminf; o || Ay, ||. This we assume that || Au,,|| # 0 for all
7> 1.

On the other hand, from y,, = Po(u, —AAuy,), one has (u, — AAu, —yn, z—yn) <0
for all  in C. Hence

1
X(un = Yn, & — Yn) + (AUn, Yn — un) < (Aup,x —u,) Ve eC. (3.6)

In the light of the uniform continuity of A on C, one knows that {Au,} is bounded
(due to Lemma 2.5). From the boundedness of {y,} and w, — y, — 0 (due to the
hypothesis), we see from (3.6) that liminf;_, o (Auy,, T — ty,) > 0 for all x in set C.
To prove that z is in VI(C, A), we now choose a sequence {~;} C (0,1) satistying
v; 4 0 as ¢ — oco. For each ¢ > 1, we denote by [; the smallest positive integer such
that
(Aup;, o —up;) +7 >0 Vj>1;. (3.7)
Because {v; } is decreasing, it is readily known that {I;} is increasing. Note that Au;, #
0 for all i > 1 (due to {Au;,} C {Auy,}). Then v, = Hz‘ﬁ%’ and (Aug,,v,) =1
for all ¢ > 1. Using (3.7), one has (Aw,,z + v;v;, —w,) > 0 for all ¢ > 1. From the
pseudo-monotonicity of A, one has (A(x + vvy,), & + v, — w,) > 0 for all ¢ > 1.
This immediately arrives at

(Az,z —w;) > (Az — A(x + yu,), ¢ + viv, —w,) — vilAz,v,) Vi>1.  (3.8)
We claim that lim ~;v;, = 0. In fact, from z,, — z € C and u,, — x, — 0, we obtain

11— 00
Un, — z. Note that {u;,} C {un,} and 7; L 0 as i — co. Thus

- lim sup y;
0 < limsup ||v;vy, || = limsu A Qe 5.5 =0.
e el = B9 [ = Tt [ Au,

Hence v,v;, — 0 as ¢ — oo. Letting ¢ — oo, we deduce that the right-hand side of
(3.8) tends to zero by the uniform continuity of A, the boundedness of {uy,}, {v,},
and the limit lim ~;v;, = 0. Therefore,
11— 00
(Az,xz — z) = liminf(Az,x —u;,) > 0 Vo € C.

1—> 00

Using Lemma 2.3, one has z € VI(C, A).

Lastly, we claim that z € 2. In fact, (3.4) yields z,, — Sz,, — 0. By Lemma
2.7, one knows that I — S is demiclosed at zero. From z,, — z, it follows that
(I —S)z=0,ie., z € Fix(S). Note that S : C — C is nonexpansive and (3.5) yields
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Tp, — Sz,, — 0. By Lemma 2.7, one knows that I — S is demiclosed at zero. In
the same way, we has z € Fix(5) = Fix(S ﬂ Fix(Sy,). Besides, let us claim that

z € Fix(G). Actually, by Lemma 2.7, we deduce that I — GG is demiclosed at zero.
Thus, from z, — Gz, — 0 and z,,, — z, (I — G)z =0, i.e., z € Fix(G). Accordingly,
z 6 ﬂ o Fix(S,) NFix(G) N VI(C, A) = 2 with Sp := S. This completes the proof.

Lemma 3.4. Let {u,} be the sequence constructed in Algorithm 3.1. Then,

. 2 .
Jim 7 [lex(un)[[* =0 = lim [lex(un)|| = 0. (3.9)
Proof. We demonstrate that limsup,,_, . |lex(u,)|| = 0. On the contrary, we sup-
pose that limsup,,_, |lex(un)|| = k& > 0. Then, there exists {n,} C {n} such that
limy o0 lEa(tn, )| = k& > 0. Note that lim, e 7o, [|ex(un,)[|> = 0. In the case of
liminf,_, Tn, > 0, we assume that there exists ¢ > 0 with 7,,, > ¢ >0 for all p > 1.
It follows that

1
lex(un, )1 < cT T [l (un, )12,
which immediately attains
0 < k2 = Tim [lex(un )2 < lim 4270 [lex(un )2 b = 0. (3.10)
p—00 P T p—ooo C P P

This reaches at a contradiction. In the case of liminf, ,. 7,, = 0, there exists a
subsequence of {7, }, still denoted by {7,,}, such that lim,_,. 7,,, = 0. Put

R (12 L )
n, +— 7Tn,Yn — 7Tn Un, = Un, — 7 Tn,\Un, — Yn,)-
P é py P e P P P e P P y P
From limy,_,o0 7o, [[€x(tn, )||* = 0, we obtain

T [, = | = T 57, 7ol (2 = 0. (3.11)

Using the stepsize rule (3.1), one sees that 2(Au,, — Aty ,ex(un,)) > vlex(un, )|
Since A is uniformly continuous on bounded subsets of C, (3.11) leads to

limy,, o0 || Atn, — Aty || = 0, which implies lim, . [lex(un,)|| = 0. So, this reaches a

contradiction. Consequently, e (u,) — 0 as n — oco. This completes the proof. O

Theorem 3.1. Suppose that {x,} is the sequence constructed in Algorithm 3.1. Then

T, — x* € 2 provided S™x,, — S"tlx, — 0, with z* € 2 being only a solution to the

hierarchical inequality (HVI). (uF — fz*,y —a*) >0 for all y € £2.

Proof. First, in view of 0 < liminf,, . B, < limsup 8, < 1 and lim,, o Z—" =0, we
n—00 "

may assume, without loss of generality, that {8,} C [a,b] C (0,1) and 6§,, < w
for all n > 1. By Lemma 2.9, one sees |Po(I — pF + flu — Po(I — pF + f)v]| <
[1—(7=9)]lu—wv| for all u,v € C. This implies that Po(I — pF + f) is contractive.
Thus Po(I — pF + f) has a unique fixed point in set C, say «* € C. That is, 3 |



450 L.C. CENG, A. PETRUSEL, X. QIN AND J.C. YAO

(solution)
z* € 2= () Fix(Sy) NFix(G) N VI(C, A)
n=0
of the HVI:
((pF — flz*,y —a*) >0 Vye . (3.12)

Next we demonstrate the conclusion of the theorem. To this goal, we divide the
remainder of the proof into several claims.

Claim 1. We assert that {x,} is bounded. Indeed, for

z* € 2= () Fix(Sy) NFix(G) N VI(C, A)

n=0
we have S,,z* = z*, Gz* = z*, and Po(a* — NAz*) = 2*. We observe that
(B x*HQ = || Pc, (un) — x*HQ < Jun — x*”Q - distZ(un,Cn), (3.13)
which hence leads to
llzn, — 2| < |Jup —2*|] Vn > 1. (3.14)

Using Lemma 2.2, one knows that G = Jill (I- ,M1B1)J,f§ (I — p2Bs) is nonexpansive
for 1 € (0,2a) and pe € (0,253). Since each S, : C — C is a pseudocontraction
mapping, we have |u, — 2*||? < opllzn — 2*||||un — 2% + (1 — o) ||, — 2%, and
hence ||uy, — 2*|| < ||zn, — 2*||. This together with (3.14), yields

20 — &% < flup — 2™ < |lzn — 2% V21 (3.15)
Thus, using (3.15), we obtain from Lemma 2.9 that

[#n41 — 2" < Ballan — 2" + (1 = Bo)llan(f(zn) — f(2")) + (I — anpF)S"wy,
(T = anpF)" + an(f — pP)"|
< Bullzn =2 ||+ (1= Bn)omblzn — ™[+ (1= anT)(1+605) [ 20 — 2™ ||+ an || (f = pF)z"|]
an(l_ﬁn)(T_(s)} an (1= Bn)(T —9) ) 2|[(f — pF)z™||
2 2

< |1-—
- T—90

[ n — 2™ +

2(f — pF)a*
Smax{xn—x*ﬂ, [I(f 06)33 |}.
T
By induction, we have
2(f — pF)x*
2y — || Smax{”xl—x*H,W} Vn > 1.
T

Thus {z,} is bounded, so are {u,},{yn}, {20}, {wn}, {f(zn)}, {At,}, and {S™wy,}.
Claim 2. We assert that

(=5 { 1= 550 e = P + = 2]+ = Pt 12}

+Bn(1 = Br)l|n — PC(Qn)||2 < lzn — x*HQ = |Tny1 — x*”Z + an My,
for some M; > 0. In fact, thanks to u,, = opx, + (1 — 04,)Sptp, we ahve

[un = 2*[|* < onlan — 2% up — 2%) + (1 = o0) un — 2™,
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which hence yields

|y, —un||2.

20up — 2|? < 2wn — 2" up — 2%) = [z — 2 + [lun — 27 -
This immediately implies that
llun — :r*||2 < lzn — x*HQ — | — un||2
From z, = P¢, (u,), we obtain
2 = 2*|* < llun = &*[* = llun = 2all* < llen — 2|7 = llen — unll* = [lun — 2a/*.
Since Tp11 = Bntn + (1 — Bn)Pe(qn), where ¢, = (I — anpF)S™w, + ay f(x,), by
Lemma 2.9, we deduce that
241 — ||
< (1= Bu){llan — *11* = llan — Pe(an)]*}2
— Bn(1 = Bo)llzn — Po(gn)ll* Ballen — *||?
< (1= Baflanll f(@n) = f@)| + (I = anpF)S"wy — (I — anpF)z*|]?
+ 200 ((f = pF)a*,qn — 2*) = |lgn — Polgn)|1*} (3.16)
= Bn(1 = Bo)llzn — Po(gn)l* + Ballzn — 2*|?
< (1= Ba{andllzn — 2| + [(1 — ant) + Op)wy — 2|2
+ 20, ((f = pF)a*,qn — %) = llan — Po(gn)[*}
= Bn(1 = Bn)llen — Po(gn)ll* + Ballzn — 277,

which together with w, = Gz, ensures that

lZn+1 _37*”2

O‘n(l_ﬂn)(T_a) %12
e

<|i-

2
= Bu(1 = Bu) |0 — Polan)lI? + 2an(1 = Bu){(f — pF)z*, gn — %)
<|lzn — x*H2 = Bn(1 = Bn)|lzn — PC(‘]n)||2 + a, My

(-8 { [1 - ‘””)} [n — tnll? + ltm — 2nl12] + llgn — Pe(a)

== 1= 225 M =l + i = 5l + s~ Pt

e

2
(3.17)

where sup,,>q 2[|(f — pF)x*||[[gn — || < M; for some M; > 0. This hence attains
the claim.
Claim 3. We assert that

2
_ _ Oln(T + 6) Tn 2 < k2 k2 M
(1—08n) |1 B QAEHEA(“n)H < |zn — 2" [Zn1 — 2|7 + n M;.
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In fact, we claim that for some L > 0,

2
* * 7
o — 21 <l — " [ n ||ex<un>2} . (3.18)

2\L
From the boundedness of {At,, }, one knows that there exists L > 0 such that || At,|| <
L for all n > 1. This implies that |h,(u) — hy(v)| = |(Atn, u — v)| < Liju — v]|| for
all u,v € C,, which hence guarantees that h,(-) is L-Lipschitz continuous on C,,. By
Lemmas 2.6 and 3.2, we have

1- T,
dist(ty, Cp) > =hn(un) = —= D2 3.19
ist(1tn, Cn) > 5P (un) = 7 e (un) | (3.19)

Combining (3.13) and (3.19) yields

2
*112 12 Tn 2

Zn — T < |un, —x — | —=llex(u .

oo =l < o =" = | 2 e

From (3.16), (3.15) and (3.18) it follows that
|Znt1 — m*HQ < Bullrn — I*”Z + (1 = Bu){and||lzn — m*Hz +[(1 = anT) + 04]

2
* Tn
x [nun—x = |2 sl

<[ el B o g1y 1 22D [Tﬁna(un)nf

+ 200 ((f — pF)z",qn — )}

2 2 2\L
+2an(1 - Bn)«f - pF)x*v dn — .’II*>

an (T + 6)] [ Tn
<z —z*I2 = (1= 5,) |1 - -
<flow =P = (1= ) 1 - 2 [ e

This hence attains the claim.

Claim 4. We assert that
[2nt1 — 2% <1 = an(l = Bu)(T = )|z — 2> + an(l = Ba) (1 = 0)
" [2<(f—pF)w an = 2%) O M ]

T—0 a, T—20

2
a(un)n?] T M.

(3.20)

for some M > 0. In fact, from Lemma 2.9 and (3.15), one obtains
|ns1 = 2| < Bullan — 2% + (1= Ba)lan(f(xn) = f(27)) + (I = npF) S wy,
(I - anpF)a* + an(f — pF)a" |
<1 = o1 = Ba)(7 = 8)][lwn — 2™
P T B S

T—90 oTn T—40
where sup,,>; ||z, — z*[|* < M for some M > 0.

Claim 5. We assert that z,, — z* € (2, which is the solution to (3.12). In fact,
putting I',, = ||z, — 2*||?, we show the convergence of {I',,} to zero by the two cases.
Case 1. Ing > 1 s.t. {I',,} is nonincreasing. It is clear that the limit

lim I, =d < +o0 and lim (T, — T'41) = 0.
n— o0

n—oo
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From Claim 2 and {f,} C [a,b] C (0,1), we obtain
2

+a(l =b)||zn — Polgn)l®
S ||xn - x*”Q - ||xn+1 - m*HQ + aan - Fn - 1—‘n-ﬁ-l + aan-

=0 { 1= 2 = a4 = 200+ s = Petan)?}

Owing to the facts that o, — 0 and I';, — I';, 41 — 0, one deduces from %M € (0,1)
that

lim ”zn - un” = lim ”un - Zn” = lim HQn - PC(Qn)||
= lim [l — Po(ga)] = 0. (3.21)

Hence it is readily known that
[2n = qnll < llzn — Po(gn)ll + | Po(gn) — anll = 0 (n — o0),

[#n+1 = @nll < |Po(gn) — nll = 0 (n — o0),
and ||S"w,, — x,|| = 0 (n = o).
Next, we show that ||z, — Gz,|| = 0 as n — co. Indeed, note that y* = Jf; (z* —
o Bax*), v, = Jlf; (zn — w2 Bazy), and w, = Jﬂ (vp, — 1 B1vy). Then w, = Gz,. By
Lemma 2.1, we have

lvn = y*|I* + p2(28 — p2)l| Bez — Baa™||* < [|2n — 2*||
and
lwn —*[* + 1 (2 — )| Brvw — Biy*||* < Jlon —y*1%.
Combining these two inequalities, we obtain from (3.15)
[wn —2*)1? < |l —&*||* = p2(28 — p2) | B22n — Baa*||* — p (20— 1) | Bron — Biy*||.
This together with (3.16) implies that

|4 — 272

2
— 112(28 — p2)|| B2z — Box™||> — p1 (20 — 1) || Brvy — B1y*||?] + anM1}
+ Bullrn _x*H2

< (1= ) {audlen ~ P+ [0 = an) + 2= [, - 7P

<l =P = (0= ) 1= 25D a2 - o), — B

+ w1 (2 — p1) || Brvy, — Biy*||*} + an M.

Since 8, < b < 1, uy1 € (0,2a), pa € (0,28), and lim «, = 0, we obtain from
n—oo
T —Tpy1 — O that

lim || B2z, — Boz™|| = lim ||Biv, — B1y™|| = 0. (3.22)
n—oo n— oo
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On the other hand, by Proposition 2.3 one has
2wn — 2 < Jom — y* 2 + wn — 2712 = llon — wn + 2" — "
+ 2| B1y" — Buvl|[|wn — 27,
which hence leads to
Jn — 22 < ow — 5712 — on — wn + 2 — 5|12 + 21| Bry” — Bronlllwn — 2°].
Similarly,
Jom = 42 < ll2n — 5711 = 120 — 0n + 5" — "2 + 24121 Boz™ — Bazalllon — 7.
Combining these two inequalities, we get from (3.15) that
Jwn = 22 < llon — 21 = 120 — v + " — 22 = on — wa +2* — 4|1
12| Bry” — Buoallwn — 2* || + 242 Baw™ — Bazallllon — y°|l
This together with (3.16) ensures that

[
an (T4 0)
B

+ 2 Bry” — Brva|llwn — 2% + 2p2|| Baz™ — Bazn||llvn — ||
+ oMy + |z — 27|,

] ln = v+ 3" — &I + lom — wa + 2" — 5|2

which immediately leads to
an(T+06
(1) 1= 2=
ST = Tog1 +2m||Biy” = Bivn|lwn — 2*|| + 2p2(|B2z™ — Bazal|[|vn — y*[| + an M.

Since 8, <b < 1, lim,—c a, = 0, and limsup,,_, .. (I, — Tpt1) = 0, we deduce from
(3.22) and the boundedness of {w,} and {v,} that

} (l2n = v + 5" — "7 + Jow — wa +2* — 4*[1%}

lim ||z, — v, +y* —2%|| = lim ||v, —w, + 2% —y*|| =0.
n—oo n—oo
Therefore,
[2n = Gaznll = llzn —wnll < llzn —vn +y" — 27| + [[on —wn + 2" —y*|| = 0 (n — o0).
Also, we have by (3.21) that
l2n = 20l < ll2n — tn|l + |tn — 20l = 0 (0 — 0). (3.23)

This immediately yields
|20 — Gzl = |70 — wp|| < |lzn — 20l + [[2n — wall = 0 (n — o0). (3.24)
From w, = 0,2, + (1 — 0p,)Spuy, and liminf, (1 — o,,) > 0, we have
nh_)n;OHSnun — x| =0. (3.25)
Meanwhile, from Claim 3, we obtain

an(TZ+ 5)] [zt\ni

2
(]- - ﬂn) |:]- - |€)\(un)||2:| S Pn - Fn+1 + CVan.
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Since 8, <b< 1, ap, —» 0,and I';, — ', 11 — 0, one gets

2
Jm [ ewl?] <o
which together with Lemma 3.4, yields
n11_>1r010||un —ynll = 0. (3.26)
By the boundedness of {z,}, we know that 3 subsequence {x,,} C {z,} s.t.
limsup((f — pF)z*, 2, — ") = lm ((f — pF)a*, x,, — *). (3.27)
—00 i—00
Since H is reflexive and {z,} is bounded, we might assume that x,, — &. Thus it

follows from (3.27) that
limsup((f — pF)a", zp —2%) = ((f = pF)a”, & — z7). (3.28)

n—oo
Since zp, — xp41 = 0, zp, — Gz = 0, up —yn = 0, 2, — 2, — 0, and z,, — £, by
Lemma 3.3, we deduce that & € 2. Thus, using (3.12) and (3.28), one has

linsup((f — pF)a", 2 — a%) = (f — pF)a", 5 — ") <0, (3.29)
n—00
which together with (3.21) indicates
lim sup((f — pF)a*, g, —z*) <O0. (3.30)
n—oo

Note that
<O0.

lim sup
n—oo

2(f = pF)z*,gn —2*) 60, M
+ _

T—0 a, T—0

Consequently, applying Lemma 2.4 to (3.20), one has ILm |z, — 2*||* = 0.

Case 2. D, } C {Tn} s.b. Ty, < Tpyy1, Vi € N, with NV being the set of all natural
numbers. Let ¢ : N/ — N be defined as ¢(n) := max{i < n : I; < I';41}. Using
Lemma 2.8, we have I'y(,,) < I'y(ny41 and I'y, < Ty 41. By Claim 2, one has

Qg(n) (T +6)
(1-0) { 1= 2922 g =t -+t 00171+ i~ Pt P

+a(1 = 0)|24(n) — Pe(@pm)I” < Loy = Tomyr1 + Qo) M, (3:31)
which immediately guarantees that
i (2o = upenll = Hm [[ugm) = 2ol = Hm_ llasm) = Folasm)l
= lim_{lzg(n) — Po(gom)l = 0.
By Claim 3, we have

%(n>(7+5)} {m@ e

(1= Bymy) |1 -

2
2
5| | e o) | < Pty = Tatmyss + g M,

which yields

2
: To(n) 2
lim = |lex(Ug(n =0.
{2/\L llex(ugm)l }
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Using the similar arguments to those of Case 1, we obtain
Jim[Jzg(n)+1 = Zom)l = 0,
Jm |2y = Spmyug || = I [[24m) = 2ol = 0,
Jim 2y = Gzpm [l = Hm[ugm) = Yol =0,

and
limsup((f — pF)z", gp(n) — ") < 0. (3.32)

n—oo

On the other hand, from (3.20) we obtain

g(n) (1 = B ) (T = )L ()

2 — oF *’ n) — *
Sa¢(n)(1/8¢(7z))(7—5)|: ((f —»p 3_x_ (‘5105( ) — %) N

Opn) M
Apn) T =0

which immediately attains

<0.

limsup I,y < lim sup

n—oo n—o0

T—90 Q(n) T—30
*H2

Thus lim, o0 |T4(n) — 2*||* = 0. In addition, one has

% 5emy+1 =212 = |Tg(n) =2 1* < 20T 300y 41— T 1T g (n) —2* |+ |1 Zpn)+1 — T I

Thanks to I';, < T'g(ny41, one sees that

lzn = 2*|1* < llzgmy+1 = 2* |17 < lzgm) — 217 + 2llzgmy 1 — Toml[2sm) — 2°|

+ ||x¢,(n)+1 — x¢(n)||2 —0 (n — OO)

That is, x,, = «* as n — oo. O
Theorem 3.2. If S : C — C is nonexpansive and {x,} is the sequence constructed
in the modified version of Algorithm 3.1, that is, for any starting x1 € C,
Up = OpTy + (1 - Un)Snuru
Yn = PC(un - )\Aun)a
t, = (1 = 7)up + Tnin,
zn = Po, (un), (3.33)
Uy = J2 (2 — paBazy),
Wp = J;il (Un - NlBlvn)>
Tpt1 = Bnn + (1 = Bn)Po[(I — anpF)Swy, + an f(z,)] VYn>1,
where, for eachn > 1, C,, and 7, are chosen as in Algorithm 3.1, then z,, — x* € 2,
where x* € (2 is the solution to the HVI, ((pF — flz*,y —a*) > 0 Yy € £2.

Proof. We divide the proof of the theorem into several claims.
Claim 1. The boundedness of {x,,} follows the Claim 1 of Theorem 3.1 immediately.
Claim 2. We assert that

(1= Bu){(1 = anm)[l|lzn — un||2 + lun — Zn||2] + [lgn — PC(Qn)||2}
+B8n(1 = Bn) |7 — PC(Qn)||2 < |lwn — x*HQ = lzngr — w*||2 + a, My,
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for some M; > 0. In fact, putting 8,, = 0, we get from (3.16) that
[
<1 —an(l = Ba) (7 = 8)llan — 2| = (1= Bu){(1 — anr)[llen — wnll* + [lun — 2a]%]
+ llan — Pe(@n)*} + anMy — Ba(1 = B) |0 — Po(gn)l®
< lwn = 2*[* = (1 = Bu){(A = an?)lllen = wnll® + lun = 2al] + llan — Pe(gn)lI*}
+anMi = Bu(1 = B) |0 — Pelan)|,
where sup,,~; 2[/(f — pF)a*[|lg, — z*|| < My for some M; > 0. This attains the

desired assertion.
Claim 3. We prove that

Tn
1—-38,)1 —a,T ~
(1 6a)(1 = ) | 2
Indeed, From the Claim 3 of Theorem 3.1, one can derive the desired assertion im-

mediately.
Claim 4. We prove that

[Zns1 = 2*[? < [1 = an(l = Ba)(7 = 8)]llen — 27|
2((f — pF)x*, q, — x*
Indeed, this directly follows from the Claim 4 of Theorem 3.1.
Claim 5. We assert that {z,,} converges strongly to the unique solution z* € 2 of

HVI (3.16). Indeed, using the Claim 5 of Theorem 3.1, one gets the desired assertion
immediately. O

2
|sA<un>||2] < Nlen — &I = llenss — "I + an My,

Next we present another modified subgradient extragradient algorithm with line-
search process.
Algorithm 3.2.
Initial step: Give v > 0, £ € (0,1), and A € (0, 1) and choose an initial 2; € C
arbitrarily.
Iterative steps: Given the current iterate x,,, compute z, 11 below:
Step 1. Calculate u, = 0,2, + (1 — 05)Sntin, yn = Po(un — AAu,) and

5)\<un> = Up — Yn-
Step 2. Calculate t, = u, — T,ex(uy,), where 7, := 7 and j, is the smallest
nonnegative integer j satisfying
2(Auy, — Aup — fjsA(un)),un —Yn) < V||5>\(Un)H2~
Step 3. Calculate z, = Pg, (u,), where C,, := {u € C : h,(u) < 0} and
o (1) = 2A (At u — unQ))\—i— T llex(un)]|? .

Step 4. Calculate v, = Jij(zn — peBazy), wy, = Jill (vp, — w1 Bivy) and

Tnt1 = Brun + (1 = Bn)Po[(I — anpF)S™w, + o f(20)].
Set n:=mn+ 1 and return to Step 1.
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It is worth noting that (3.13)-(3.16) and Lemmas 3.1-3.4 remain true for Algo-
rithm 3.2.

Theorem 3.3. Suppose that {x,} is the sequence constructed in Algorithm 3.2. Then
T, — ¥ € 2 provided S"x,, — Sz, — 0, where x* € 2 is the solution to the HVI:
((pF — fa*,y —x*) > 0 for all y in (2.

Proof. In what follows, under the assumption S"z, — S"*'z, — 0, one can divide
the proof into the following several claims.

Claim 1. We assert that {z,} is bounded. Indeed, for

z* € 2= () Fix(S,) NFix(G) N VI(C, A)
n=0
we have Spz* = z*, Ga* = 2*, and Po(z* — AMAz*) = 2*. Using (3.15), we obtain
from Lemma 2.9 that
[€nt1 = 2% < Bullun — 27| + (1 = Bu)llan(f(zn) = f(z7) + (I — anpF)S"wy,
(I = aupF)a" + an(f — pF)”|
< Bulln — 2" + (1 = Bu){land + (1 = an7) + On]l|lzn — 27| + an[(f — pF)a™|[}
< |1 - an(l=Bn)(T—9) an(l = Bn)(r = 0) 2|(f = pF)a”|
- 2 2 T—90

ln — 2" +

< max{x” — ||,

2|[(f — pF)z”||
T—90 }

By induction, ||z, —z*|| < max{”ml —x*, 2”(’[%?)”*“}. Thus {z,} is bounded, so
{unt, {yn} {zn}, {wn}, {f(20)}, {Atr }, and {S"wy}.

Claim 2. We prove that

(1= { 1= 252 s =l + o = ]+ 1 = PP

+ﬁn(1 - 5n)||un - PC((In)”2 < ||xn - x*HQ - Hanrl - x*||2 + a, M,
for some My > 0. In fact, ||u, — 2*||? < ||z — 2*]|? = || — un|?®. Thus
12 = 2|7 < un — &1 = llun = 20ll* < llon = "7 = llzn — unll* = llun — 2al|*.

Since p1+1 = Bpun + (1 — Brn)Pe(dn), where ¢, = anf(zn) + (I — anpF)S™w,, we
obtain from (3.15) that

[
< Bullun — x*||2 + (1= Bu) | Pc(dn) — x*”Q — Bn(1 = Bu)llun — PC(QH)||2
< Bullzn — |2+ (1 = Bu){andllen — 2| + [(1 — anT) + O] wn — 2*|?

+ 20, ((f — pF)x™, G — &™) — [|Gn — PC(qn)||2} — Bn(1 = Bu)|lun — PC(Qn)||2
(3.34)
which together with w, = Gz, guarantees that

21 —2*|* < Bullwn —2* 12+ (1= Ba){andllzn — 2|1 +[(1 = an) + 0n] [0 — 2|2
~lln = unll* = llun = 20ll*] + 200 ((f = pF)2”, G — 27) = |4 — Po (@)}
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~Bn(1 = B)llun — Pe(@n)|
S |:1 . an(l - ﬂ;)(’r - 5):| Hmn _ 1'*||2

2
=B (1 = Bp)|lun — PC(qdn)H2 + 200 (1 = Bu)((f — pF)z"™, Gn — %)

n(T+6 . .
< on=a P15, { |1 = 252 =P 4 =20 ] + 10— Pola

~Bn(1 = Ba)lun — Po(@n)l* + an My, (3.35)
where sup,,~; 2(|(f — pF)z*||[|gn — || < M, for some M; > 0.

Claim 3. We assert that

~ =8 {1 = 22D =l + = 5l + 1~ Pet@I

_ _an(7+5) Tn_ 22< w2 2 M
(1—=5n) |1 5 o eI < llzn = 2717 = flonsy = 277 4 an My

In fact, using the similar arguments to those of (3.18) in the proof of Theorem 3.1,

we can deduce that for some L > 0,

Tn

2
low — I < flum — 22 [ : ||ex<un>2} . (3.36)

2AL
From (3.34), (3.15), and (3.36) it follows that

[2n41 =2 < Bullwn — 2|12+ (1 = Bu){andllzn —o*[* + [(1 — anT) +60,] lw, — 27|12
20, ((f = pF)2*,Gn — %)} < Bullzn — 2** + (1 = Bu) {and||zn — 2*||

H(L = 0w+ 00] [ = 272 = | P leaun) | | + 20000 = pPa", 30— )}
(1= Bp)(T = 6) i} an(t+8[ ™ 2
< [1- OB o, o - - ) 1= 2 [ ey

+200 (1 = B )((f = pF)2", G — =7)

2
<l = '[P = (1= 6) 1= 2TED) 2oy )|+ s,

which in turn yields the desired assertion.
Claim 4. We assert that

lzner = 2*[? < L= an(l = Ba)(T = )]llen — 2| + an(l = Ba)(T — )
% 2((f—pF)x ydn — T > +9i M
T—9 n T—90
for some M > 0. In fact, from (3.34) and (3.15), one obtains
[2n1 = 2** < Bullzn — 2*)* + (1= Ba){and|lzn — 2|1 + (1 = an + 0,) Jw, — 2|2
+2a,{(f — pF)a*,Gn — x*)}
<[ = an(l = Bu)(7 = 0)]l|lzn — 2|

(3.37)
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+an (1 = Bp) (1 —0) — o T35

)

where sup,,>; ||z, — z*[|* < M for some M > 0.
Claim 5. We assert that z, — =* € 2, which is the solution of the HVI (3.12).
In fact, putting I';, = ||z, — 2*||?, we demonstrate the convergence of {I',,} to zero
by the following two cases.
Case 1. Ing > 1 s.t. {I',,} is nonincreasing. It is clear that

lim I',, =d < 400 and li_)m (T —Thy1) =0.

n—roo

From Claim 2 and {$,,} C [a,b] C (0,1), we obtain

=00 1= =D =l = 20l + 1 = PP

+a(1 = b)|lun — Po(Gn)||? < Ty — Thg1 + M.

Owing to the facts that a,, — 0 and I";, — I';,11 — 0 and using TT'*"S € (0,1), one
deduces that

lim ”xn - Un” = lim ”un - Zn” = lim H(jn - PC(qn)”
~ i un — Po(@)ll = 0 (3.39)

Hence it is readily known that
[0 = nll < llen = unll + llun = Po(@n)ll + [1Pe(dn) = gnll = 0 (n = 00),
[ens1 = znll < (1= Bn)[[Po(@n) = unll + lun = 24l = 0 (n = o0),

and

15" wn — zn || < 5™ wn — un|l + [[un — 24|

= [1gn = un = an(f(zn) = pFS"wp) || + [un = 20| = 0 (n = o0).

Next, we show that ||z, — Gz,|| = 0 and ||z, —Zp4+1]| — 0 as n — co. Indeed, note
that y* = Ji;z(x* - /~L2B2x*)v Un = J;Zz(zn - ,u2BQZn) and Wp = Jill (vn - NlBlvn)'
Then w,, = Gz,. Using Lemma 2.1, from (3.15) we have
[wn —2*|* < |lwn — 2" ||* = 42(28 = p2) || Bezn — Baa™||* — p11 (20— 1) | Brv — Buy™ ||
This together with (3.34) implies that

an(T+9 " N
(1) |1 = 20 @ ) Bz — B P (2= ) B~ B )
< Fn - F’rLJrl + aan-
This hence ensures that lim,,_, || B2z, — Bex™|| = limy, 0 || B1vn — B1y*|| = 0.
On the other hand, we get from (3.15) that

[[wn — x*H2 < lzn — $*||2 —[lzn —vn +y" — x*HQ = [lop —wy + 2" — y*|?
2| Bry” = Brvnlll|wn — 27| + 2p2| B2z — Baznl|llon — y"||.
This together with (3.34), implies that

[Zn+1 — $*||2 < Bullwn — x*||2 + (1 = Bu){and||zn — x*HQ
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H(1 = an7) + On]llwn — 2*[* + 200 ((f = pF)z”, G — 27)}

T +0)

* an( * *
< flow =P = (1 8) |1 = I sy g -

Hon —wp + 2 = y*[*} + 2| Bry” — Biog||w, — 27|
+2p2|| B2x™ — Bazy||||lvn — y*|| + an My,
which immediately leads to
an(T+0 . .
(=) [1= 2T =,y a2 4 o = w427 = )

STn = Togr +2m|Bry” — Buon|lwn — 2™ + 2p2(| Boz™ — Baznl|[|vn — y*[| + an M.
This hence ensures that lim,, ||z, —vn+y* —2*|| = lim, o0 ||Vn —wn+2*—y*|| = 0.
Therefore,

2 = Gznll = [l2n = wall < llzn = vn +y* = 2" + o, — wp + 2" = ¢y*|| = 0 (n — 00).
(3.39)

It follows from (3.38) and (3.39) that
Zn — 2zull < |0 — unll + [|[un — 2al] = 0 (n — o0),
and
lxn — Gznll < ||l2n — 2ol + |20 — Gza|l = 0 (n — o0).

Also, using the similar arguments to those of (3.25) and (3.26) in the proof of The-
orem 3.1, we can obtain that lim, o ||Spun — 2| = lm |ju, — yn|| = 0. By the
n—oo

boundedness of {z,}, we know that I{z,,} C {z,} s.t.
limsup((f — pF)2*,2n — 2°) = lim ((f = pF)2", 2n, — 2.

=1
n—o0 1—00
Since H is reflexive and {x,} is bounded, we may assume that z,,, — &. Thus it
follows that limsup,,_, . ((f — pF)a*, @, — 2*) = ((f — pF)z*,& — x*). Since x,, —
Tpt1 — 0, zy — Gz, — 0, z,, — Spup, — 0, up —y, — 0, and z, — 2, — 0,
and z,, — &, we infer by Lemma 3.3 that £ € (2. Thus, using (3.12), one has
limsup,, o ((f — pF)z*, z, —2*) <0, which together with (3.38) yields

limsup((f — pF)a*, G, — 2"} < 0.
n—oo
Note that
<0.

2((f — pF)x*, g, — x* 0, M
oy |20 = )" G =27 6

00 T—90 a, T—90

Consequently, one has lim |z, — z*||?> = 0.
n—oo

Case 2. 3T, } C {Tn} s.t. Ty, < Typ,11 Vi € N, with A being the set of all natural
numbers. Let ¢ : N/ — N be defined as ¢(n) := max{i < n : I; < I';41}. Using
Lemma 2.8, we get I'y(n) < T'g(n)41 and 'y < Typy41. In the remainder of the proof,
using the same references as in Case 2 of the proof of Theorem 3.1, we obtain the
desired assertion. O



462 L.C. CENG, A. PETRUSEL, X. QIN AND J.C. YAO

Theorem 3.4. If S : C — C is nonexpansive and {x,} is the sequence constructed
in the modified version of Algorithm 3.2, that is, for any starting x1 € C,

Up = OpTp + (1 - Un)Snuna

yn = Po(un, — Muy,),

t, = (1 — 7)up + Tnin,

zn = Po, (uy),

Up = JE (Zn - ,U/2B22n)7

wy, = JI (v, — i1 Biuy),

Tpt1 = Buun + (1 = Bn)Pe[(I — anpF)Swy, + an f(2n)] Vn > 1,

where, for each n > 1, Cy, and T, are chosen as in Algorithm 3.2, then x, — x* € 2
where * € §2 is the solution to the HVI: ((pF — f)a*,y — x*) > 0 for all y in £2.

Proof. We divide the proof of the theorem into the following several claims.

Claim 1. We assert that {z,} is bounded. Indeed, using the Claim 1 of Theorem
3.3, one derives the desired assertion immediately.

Claim 2. We assert that

(1—- /Bn){(l - O‘nT)[”xn - un||2 + [Jun — Zn||2] + H‘jn - PC(qn)”Q}

+Bn (1 = Bn)llun — PC(an)”Z < |lzn — m*HQ —zns1 — I*HQ + a, My,
for some M; > 0. In fact, putting 6,, = 0, we get from (3.34) that

[Znts — 2|
<[ —an(l = Ba)(T = )llen — 2> = (1 = Bu){(1 — anr) [l — unll?
+llun = 2all*] + lGn = Pe(@n)lI*} + on My = Bu(1 = Ba)un = Po(dn)|®
<l = 2| = (1= B {1 = anr)[lzn — wnll? + [lun — 2al?] + G0 — Po(@a) I}
+an My — Bn(1 = Ba)llun — Po(dn)ll?,
where sup,,~; 2[(f — pF)x*||[|gn — 2*|| < M, for some M; > 0. This attains the

desired assertion.
Claim 3. We assert that

2

Tn * *

(1= )1 = ar) | llen(unlP ]| < llen = o[ = onsa = o[+ cn s
2L

Indeed, using the Claim 3 of Theorem 3.3, one deduces the desired assertion directly.

Claim 4. We assert that

41— < [1 = an(l = Bu) (1 = )]l — 2|
2((f — pF)x*, ¢, — x*
tan(1 = ) (r — ) 2P0 2
T—94
Indeed, using the Claim 4 of Theorem 3.3, one obtains the desired assertion immedi-
ately.
Claim 5. We assert that {z,,} converges strongly to the unique solution z* € 2 of

the HVI (3.12). Indeed, using the Claim 5 of Theorem 3.3, one obtains the desired
assertion immediately. O
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