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Abstract. This research presents a novel algorithm for addressing a bilevel pseudomonotone
variational inequality problem (BPVIP) constrained by a split common fixed point problem
(SCFPP), employing demimetric mappings within real Hilbert spaces. The BPVIP is characterized
by a strongly monotone operator at the upper-level variational inequality problem (VIP) and a
pseudomonotone operator at the lower-level VIP. To address this issue, we propose a modified
subgradient extragradient method that integrates an inertial term, a correction term, and a
self-adaptive step size strategy. Under mild conditions, we establish the strong convergence of
the proposed algorithm. Subsequently, we apply the primary result to resolve a bilevel split
pseudomonotone variational inequality problem (BSPVIP). The efficacy and performance of the
algorithm are demonstrated through a numerical example.
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1. INTRODUCTION

Let H be a real Hilbert space and C' C H be a nonempty, convex, and closed set.
The inner product and norm in A are represented by (-,-) and || - ||, respectively. The
projection of H onto C' is denoted as Px. For an operator S : C' — H, the set of fixed
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points is defined as Fix(S). Let R denote the real numbers. Consider an operator
A :H — H. The classical VIP seeks z* € C such that

(Az*,x —2*) >0 Vzxel.

The solution set of the VIP is denoted by VI(C, A). If C = ﬂfil Fix(T;) # 0, where
{T;}X| is a finite collection of nonlinear self-mappings on H, the VIP for a common
fixed point problem (CFPP) is expressed as:

N
Find z* € ﬂ Fix(T;) such that (Az*,y —2*) >0 Vy € C,

i=1

termed a hierarchical VIP. This framework has been proven useful in various applica-
tions, including signal recovery, power control, bandwidth allocation, optimal control,
network location, beamforming, and machine learning. Consequently, it has garnered
considerable research interest recently.

For i = 1,2,...,N, let H; be a real Hilbert space, and define 7; : H — H;
as a bounded linear operator. Consider the nonlinear operators T; : H — H and
S; : H; — H;. The problem SCFPP is formulated as follows:

N
Find 2* € (1) Fix(T}) such that Tiz* € Fix(S;), Vi€ {1,2,...,N}. (1)

i=1

To the best of our knowledge, the SCFPP generalizes the split feasibility problem,
which has attracted significant research interest due to its applications in image re-
construction, computed tomography, and radiation therapy treatment planning. In
recent years, the SCFPP has been studied across various mapping classes, with con-
siderable focus on iterative algorithms designed to solve this problem. Eslamian and
Kamandi [17] recently proposed a novel iterative algorithm for addressing the strongly
monotone VIP over the solution set of the SCFPP, utilizing an inertial method com-
bined with a correction term and a self-adaptive step size strategy. We now assume
that the following conditions hold:

(i) Fori=1,2,..., N, the mapping S; : H; — H; is a §;-demimetric mapping with
& € (—o0, 1), ensuring that I — S; is demiclosed at zero.

(ii) For ¢ = 1,2,..., N, the operator 7; : H — H; is a nonzero bounded linear
operator, with its adjoint denoted by 7.* : H; — H, and 2 = ﬂi\;l ﬁ_lFix(Si) #+
0.

(iii) The operator F : H — H is x-Lipschitz continuous and 7-strongly monotone.

(iv) The sequences {v,} < [0,1), {on} C (0,1), and {e,} C (0,00) satisfy:
limsup,, oo v <1, > 0oy 0n = 00, lim,_y00 0, = 0, and lim,,_, ;—: =0

Algorithm 1.1 (see [17], Algorithm 1). Initialization: Let o > 0, 8 > 0, and
x1,%0,Yo € H be chosen arbitrarily.
Iterative Steps: Given the iterates x,_1,z, for n > 1, compute z, 1 as follows:
Step 1. Calculate y,, = 2, + an(n-1 — Tn) + Prn(Yn—1 — Tn—1) for a,, € [0,a,] and
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. c .
min < o, —2—— if Ty
a, = { { ’ HiEn—In—lH} n 7£ n—1 ,

« otherwise

otherwise

B, = { min {Bm} if yn1 7 Tn1,
B

Step 2. Select two indices i, 1, € {1,2,..., N} such that

I-5;)Ti,ynll = I—-5)Tiyn
0 =800 T all = _ s (T = S0 Tonl
and
I— S1 wmYn|| = i I— Sl iYUnll-
=80Tl = _ e (T = S0 Ton
Step 3. Compute u, = yn — Tn,i, T; (I — 84, )Ti, yn and

Un = Yn — Tn,znﬁ: (I - Sln),];nynz
where the step sizes are selected such that for sufficiently small € > 0,
s (e QST STl
AN A T &
otherwise, 7, ; = 7; is any nonnegative real number.

Step 4. Calculate w,, = (1 — vp)Un + Ynvn and 11 = (I — 0, F)w,.
Step 5. Set n :=n + 1 and return to Step 1.

e) if (I — S,)Tign # 0,

In [17], it was shown that the sequence {x,,} generated by Algorithm 1.1 converges
strongly to the unique solution x* €  of the VIP, defined by the condition

(Fz*,y —x*) >0, Vyeq.

Thong and Hieu [27] were pioneers in introducing the inertial subgradient extragra-
dient method for finding an element of VI(C, A), where A is a pseudomonotone self-
mapping on H. The iterative scheme for generating the sequence {z,} is as follows
for initial points zg, 1 € H:

Wy, = Ty + (T — Tp—1),

Yn = Po(w, — LAw,),

Cn={yeH: (wy — LAWY, — Yn,Yyn —y) > 0},
Tni1 = Po, (w, — LAy,), VYn>1,

where ¢ € (07 %) is a constant and L is the Lipschitz constant of A. They proved
that under appropriate conditions, {z, } weakly converges to an element of VI(C, A).
The literature on VIP is vast, and the inertial subgradient extragradient method has
attracted considerable attention, leading to various extensions and modifications in
multiple studies, including [?, ?, 21, 26, 27, 29, 31] and other in [10, 11, 20, ?, 32].
Consider two real Hilbert spaces, H and H;, with nonempty, closed, and convex
subsets C C H and @ C H;y. Define 7 : H — H; as a bounded linear operator,
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and let A, F : H — H and B : Hy — H; be nonlinear mappings. The bilevel split
variational inequality problem (BSVIP) is formulated as follows:

Find z* € Q such that (Fz*,z —2") >0 VzeQ, (2)

where  := {z € VI(C, A) : Tz € VI(Q, B)} is the solution set of the split variational
inequality problem (SVIP) introduced by Censor et al. The SVIP seeks a solution
z* € VI(C, A) such that T2* € VI(Q, B). To approximate a solution to the SVIP,
the following iterative method is proposed, starting with an initial point z; € H:

Tny1 = Pc(I — MA) (zp, + YT (Po(I — AB) = I)Tx,) Vn>1, (3)

where A and B are inverse-strongly monotone mappings, and 7 is a non-zero bounded
linear operator. Under suitable conditions, it is shown that the sequence {z,} con-
verges weakly to a solution of the SVIP. Moreover, the VIP can be reformulated as a
fixed point problem (FPP): Sz = Pg(z — uBz), p > 0, where VI(Q, B) = Fix(5),
and Fix(S) denotes the set of fixed points of the operator S. Thus, the BSVIP can
be expressed as:

Find z* € Q such that (Fz*,z—2") >0 VzeQ, (4)

with Q= {z € VI(C, A) : Tz € Fix(S)}. Inspired by problems (1) and (4), we intro-
duce and study the BPVIP with a SCFPP constraint, involving demimetric mappings
in real Hilbert spaces.

To tackle this problem, we propose a modified subgradient extragradient method
based on the subgradient extragradient algorithm from [28] for solving the BPVIP.
Let A : H — H be an L-Lipschitz continuous and pseudomonotone operator, ensuring
that Q = VI(C, A) # 0. Additionally, let F' : H — H be a x-Lipschitz continuous
and n-strongly monotone operator. The algorithm outlined in [28] is structured as
follows.

Algorithm 1.2 (refer to Algorithm 1 in [28]). Initialization: Select a sequence
{a,} € (0,1) such that lim, yoo v, = 0 and > 7 @, = 00. Set A > 0, pu € (0,1),
pE (0, i—’;), and choose an arbitrary zg € H.

Tterative Steps: For each n > 0, compute x,,41 as follows:

Step 1. Compute y, = Po(x, — \yAx,) and z, = Po, (v, — A Ayy), where

Step 2. Update 41 as p41 = (I — anpF)z,, and update the step size \,, according
to the following rule:

. n—=Yn > +llzn—ynl® .

A 1= min {M H2$<AzZJAyll,zZ",yy7J|> 7)\n} ) lf <A$n - Ayn; Zn — yn> > 07

n =
An, otherwise.

Step 3. Set n :=n + 1 and repeat from Step 1.

It was shown in [28] that the sequence {x,} converges strongly to the unique
solution z* € {2 of the BPVIP, characterized by the condition:

(Fz*,z—2")>0 Vze
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In this paper, we build on the concepts from [17, 28] to establish the strong con-
vergence of our proposed algorithm to the unique solution of the BPVIP with the
SCFPP constraint under certain mild conditions. Moreover, the principal result is
applied to address a BSPVIP. An illustrative example is included to demonstrate the
effectiveness and applicability of our method.

The structure of this paper is as follows: Section 2 introduces several key concepts
and foundational tools needed for subsequent sections. Section 3 presents the conver-
gence analysis of the proposed algorithm. Finally, Section 4 applies our main results
to solve the BPVIP with the SCFPP constraint, complemented by an illustrative
example. Our findings extend and enhance the results presented in [17, 28].

2. PRELIMINARIES

In this section, let C' denote a nonempty closed convex subset of the real Hilbert
space H. A mapping S : C — H is termed nonexpansive if it satisfies

1Sz = Syl < llz -yl Va,yeC.

For a sequence {z,} C H, we write x,, — x (resp., x, — x) to indicate strong
(resp., weak) convergence to the point x. For each x € H, there exists a unique
nearest point in C, denoted Pox, satisfying

lo— Peall < o -yl VyeC,
Lemma 2.1. (see [18]) The operator Pc is the metric projection from the Hilbert
space H onto the convex set C'. Then Pc possesses the following properties:

(i) (z -y, Pz — Poy) > |[Pex — Poy|* o,y € H;

(ii) z=Pox & (z—2zy—2) <0 VeeH,yecC;

(i) [lz = yl* > ||z — Pox|® + |ly — Poz||* Vo €H,y e C;

(i) llo = y|* = lo]* ~ vl ~ 2z —y,y) Vo.yeH; ,

(V) llsz+ (1 =s)yll* = sllzl]* + (L= s)llyl® —s(L = s)z —ylI* Va,y € H,s €[0,1].
Definition 2.2. (see [19]) Let S : C' — H be an operator. The operator is defined
as follows:

(i) L-Lipschitz continuous if there exists L > 0 such that

1Sz = Syll < Llje =yl Vo,y € C;

(ii) a-strongly monotone if there exists o > 0 such that

(Sx — Sy,x —y) > allx —y||* Vr,ye€C;
(iii) monotone if (Sx — Sy,z —y) >0 Va,y € C;

(iv) pseudomonotone if (Sz,y —x) > 0= (Sy,y —x) >0 Vz,y € C,

(v) quasimonotone if (Sz,y —z) > 0= (Sy,y —z) >0 Vz,y e C;

(vi) &-demicontractive if there exists £ € (0,1) such that

1Sz —p||* < ||z = pl|* + €llw — Szl VY € C, p € Fix(S) # 0;
(vii) &-demimetric if there exists & € (—oo,1) such that

. Sl — Sz Va el peFix(S) £ 0,
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(viii) sequentially weakly continuous if for any sequence {z,} C C with z,, — z, then
Sz, — Sz.

Remark 2.3. It is straightforward to verify that (ii) = (iii), (iii) = (iv), and (iv)

= (v). However, the converse implications do not generally hold.

Definition 2.4. A mapping S : C' — H is said to satisfy the demiclosedness principle

if the operator I — S is demiclosed at zero. For any sequence {z,} C C such that
xp = x and (I — S)z, — 0, it follows that z € Fix(95).

Lemma 2.5. (see [25]) If S : C' — H is a &-demimetric mapping, then the set Fix(S)
1s both closed and convex.

Lemma 2.6. (see [30]) Let A € (0,1] and let S : C — H be a nonexpansive mapping.
We define S* : C — H as S*x = Sx — \WF(Sz) Vx € C, where F : H — H
is k-Lipschitzian and n-strongly monotone. Then, S* qualifies as a contraction if
O<rv< i—g, specifically satisfying:

157 = S*y| < (1= A e —yl Va,y€C,
where ( =1 — /1 —v(2n—wvk?) € (0,1].
Lemma 2.7. Assuming that A : C — H is pseudomonotone and continuous, an

element uw € C constitutes a solution to the variational inequality (Au,v — u) >
0 YveCl ifand only if (Av,v —u) >0 Yve C.

Proof. The assertion can be readily verified. O

Lemma 2.8. (see [30]) Let {a,} denote a sequence of nonnegative numbers that
satisfies the condition

api1 < (1 - )\n)an + )\n')/n Vn > 1,
where {\,} and {v,} are sequences of real numbers fulfilling the criteria:
(i) {A\n} C[0,1] and Y02, A\ = 00, and
(ii) Hmsup, oo v <0 or Yooty [An7n| < 0.
Then, it follows that lim,_ .~ a, = 0.
Lemma 2.9. (see [22]) Let {T',,} represent a sequence of real numbers that does not

decrease at infinity, in the sense that there exists a subsequence {T'y,, } C {T'y,} such
that

I‘mk < ka+1 Vk > 1.
Define the sequence of integers {¢p(m)}m>m, as follows:
d(m) = max{k <m : Ty <Tri1},

where mg > 1 satisfies {k < mo : Ty <Tpi1} # 0. The following statements hold:

(i) ¢(mo) < dp(mo+1) < -+ and $p(m) — oo;
(i) F¢(m) < I‘¢(m)+1 and Ty, < F¢(m)+1 Ym > my.
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3. MAIN RESULTS AND CONVERGENCE CRITERIA

In this section, let H and H; be real Hilbert spaces for each ¢ = 1,2,..., N.
Assume that the feasible set C' is nonempty, closed, and convex in H. To conduct
the convergence analysis of the proposed method for addressing the BPVIP with the
SCFPP constraint, we impose the following assumptions:

(C1) The mapping F : H — H is n-strongly monotone and x-Lipschitz continuous.

(C2) The operator A : H — H is pseudomonotone and L-Lipschitz continuous, and
it satisfies ||Au|| < liminf, . ||Au,|| for any sequence {u,} C C such that
Up, — U.

(C3) For each ¢ = 1,2,...,N, S; : H; — H; is a &-demimetric operator with §; €
(—o00,1), and I — S, is demiclosed at zero.

(C4) For each i =1,2,..., N, the operator T; : H — H,; is a nonzero bounded linear
operator, and its adjoint 7,* : H; — H satisfies

2 =VI(C,A) N (ﬂ T 1Fix(S );é@

(C5) The sequences {v,} C [0,1), {on,} C (0,1), and {e,} C (0,00) satisfy 0 <
liminf, 0o v < limsup, ,oovn < 1, Do yon = 00, lim, 000, = 0, and

: e
limy, 00 o=
n

Under these assumptions, we now formulate the BPVIP with the SCFPP con-
straint as follows:

Find 2* € 2 = VI(C, A)N (ﬂ T, Fix(S )) such that (Fa*,y—z*) > 0Vy € £2.

Remark 3.1. First, observe that VI(C, A) is nonempty, closed, and convex in H. We
claim that (2 is also nonempty, closed, and convex in H. Indeed, the conditions (C3)-
(C4) guarantee that ﬂf;l 7.7 'Fix(S;) is a closed and convex set. To demonstrate this,
let {z,} be a sequence in ﬂivzl 7, 'Fix(S;) such that x,, — =*. By the continuity
of T;, we have T;x, — T;z* for each i = 1,2,..., N. Using the fact that I — 5; is
demiclosed at zero, it follows that T;z* € Fix(S;), implying that z* € 7, 'Fix(S;).
Hence, ﬂfv L T Fix(S;) is closed.

Next, we establish the convexity of ﬂ 7. 'Fix(S;). Let x,y € ﬂf\[:l 7. 'Fix(S;)
and « € [0, 1]. This implies that T;z, T;y € le(S ) for each 4. Since Fix(S;) is convex
(by Lemma 2.5), it follows that aT;x + (1 — a)T;y € Fix(S;). By the linearity of
Ti, we deduce that T;j(az + (1 — a)y) = aTiz + (1 — )Ty € Fix(S;). Therefore,
ar+(1—a)y € ﬂf\;l 7. 'Fix(S;), proving that ﬂf\il T, 'Fix(S;) is convex.

As a result, 2 = VI(C, A) N (ﬂf\il ﬁilFiX(Si)) is nonempty, closed, and convex
in H. Given that {2 is a nonempty, closed, and convex set, and by condition (C1),
we conclude that there exists a unique solution z* € {2 to the following variational
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Algorithm 1

1: Inmitialization: Set A\; > 0, € > 0, {7;}}¥, C [0,00), p € (0,1), @, 3 € [0,1], and
choose 1, zg, wy € H arbitrarily.
2: Step 1: Given current iterates x,_1 and z,, (n > 1), compute

Wp = Ty + an(xn - xn—l) + /Bn(wn—l - xn—l)a

where o, € [0,@,] and S, € [0, §,,], with

. . .
_ {mln {a, | } if x, # xp_1,
Qp =

« otherwise,
and
3. = {miﬂ {5, m} if wy—1 # Tno1,
I} otherwise.
3: Step 2: Compute y, = Po(w, — A\ Aw,) and ¢, = Po, (W, — A Ay ), where the
half-space
Cpn={yeH: (w, — A\yAw, — Yn,yn —y) > 0}.
4: Step 3: Choose two indices iy, %, € {1,2,..., N} such that
I = 80T, aall = _ max 2= S)Tia]

and

(I =S, )T, gl = min |[(I—5;)Tiqnl-

i€{1,2,....,N}
5: Step 4: Compute u, = ¢, — T, T;- (I — S, )Ti, gn and
Un = (4n — Tn,znZ: (I - Szn)ﬂn(hu
where 7, ; is chosen as a bounded sequence satisfying
1-¢ I — 8)Tiqnl?
0 csn, < LG S0Tal?
IT:(1 = i) Tignl|
otherwise, set 7, ; = 7;.
6: Step 5: Calculate z, = (1 — v,)upn + Ynvn and x,41 = (I — 0, F)z,, and update

~ T i T ,
A\ = {mln {/“LH;Aw?i—HAyJJ?qn—nyl) 7)\n} if <Awn - Ayn7Q7z - yn> >0,
ntl =

if (I - Si)ﬁ‘]n 7é Oa (5)

(6)

An otherwise.

7: Set n:=n+ 1 and return to Step 1.

inequality problem (VIP):
(Fx*,y—x*) >0 Yye . (7)

Remark 3.2. From the definitions of @, and 3,,, we deduce that

lim 2, — 2, =0 and  lim 2w,y ] = 0,
n=oo g, n—oo Op
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Indeed, since ay, ||z, — zn—1]| < &, for all n > 1, and using the fact that
En

lim — =0,
n—o00 0y,

it follows that

€
—on —zpa|| < =0 as n— oo.
n Un

Similarly, we conclude that

lim &Hwn,l —z,_1| =0.

n—00 Un
Lemma 3.3. Let {\,} be the sequence generated by (6). Then, {\,} is nonincreasing,
with Ay, > X :=min{A1, £} for alln > 1, and lim, o A, > X := min{A, £}.

Proof. From (6), it is clear that A, > A4 for all n > 1. Furthermore, note that

3([wn = ynll® + g = yall?) > llwn = yalllldn — yall } 1

2 n n n n - n n n nil» :> )\ > min A , =}

<Awn - Aynvqn - yn> S L”wn - yn”HQn - yn” nl = { " L}
O

The following lemmas are instrumental in the convergence analysis of our algo-
rithm.

Lemma 3.4. Let {x,} be the sequence generated by Algorithm 1. Then, the stepsize
Tn,i defined in (5) is well-defined.

Proof. Tt suffices to show that ||7;*(I — S;)Tiqn||> # 0. Let p € 2 be arbitrary. Since
S; is a ;-demimetric mapping, we have

SN = 8:) Tigal>.

If (I —S;)Tiqn # 0, then ||(I — S;)Tign||* > 0. Therefore, ||T;*(I — S;)Tign|l* > 0. O

Lemma 3.5. Let {wy}, {yn}, and {g,} be the sequences generated by Algorithm 1.
Then, for all p € 2, we have:

An An
o = 91 < = = (1= 02 ) o = ol = (122 ) =3P
)\n+1 /\n+1
Proof. First, from the definition of the sequence {\,,}, we assert that

1%
)\n+1

2<Awn - Ayna dn — yn> < ||qn - yn||2 V’fl Z 1. (8)

o )\n+1

lwn = ynll* +

Specifically, if {(Aw, — AYn, ¢n — Yn) < 0, then inequality (8) holds. Otherwise, from
(6), we can derive (8). Furthermore, for any p € 2 C C C C,,, we can observe that

| Pc, (wn — AnAyn) — Pc,p

<Q7L — D, Wn — /\nAyn - p>
%HQn _p||2 + %Hwn _p”2 - %HQn - wnH2 - <Qn - D, /\nAyn>a

lgn — pI? >

Al

which leads to
lln _pH2 < wy, _pH2 = |lgn — wnH2 — 2(qn — P AnAYn)- 9)
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Since p € VI(C, A), we know that (Ap,x — p) > 0 for all z € C. By the pseu-
domonotonicity of A on C, it follows that (Axz,x — p) > 0 for any = € C. Choosing
x =1y, € C, we derive (Ay,,p — yn) < 0. Thus,

(Ayn,p = an) = (AYn, P = Yn) + (AYn: Yn — an) < (AYns Yn — Gn)- (10)
Substituting (10) into (9), we obtain

lan =PI < llwn =plI* = llgn = ynll* = 9n = wall* +2(wn = Ao Ay = Yns @ —yn)- (11)

Since ¢, = Pc,, (w, — A\ Ayy), it follows that ¢, € C,,, and thus,

2<wn — MAYn — Yn, Gn — yn> = 2<wn — M AWy — Yn, Gn — yn>

2 (Awn — AYn, G — Yn)
< 20 (Awn — Ay, gn — Yn)-

Combining this with (8) yields

ynH2 (12)

An An
2<wn — MAYn = Yns Gn — yn> <,u)\ yn” +H)\

By substituting (12) into (11), we arrive at the desired result. O
Next, we demonstrate that the sequence {x, } generated by Algorithm 1 is bounded.

Lemma 3.6. Let {x,} denote the sequence produced by Algorithm 1. Then, the
sequence {x,} is bounded.

Proof. Consider z* € {2 as the unique solution to the VIP defined in (7). This implies
that there exists a unique solution z* € {2 for the BPVIP with the SCFPP constraint.
By the definition of w,, and applying the triangle inequality, we obtain:

lwn — @™ = ||lzn + an(Tn = Tn-1) + Bu(Wn-1 — Tp—1) — =7
<|lwn — 2| + anllzn — Tp-1|l + Ballwn-—1 — Tp—1|
= Hxn - x*H +on- a” Hxn xn—lH + 0 %Hwn—l - xn—lll
< lzp —x*|| + O’th

(13)

where

Bn

Sup{o_”xn_xn 1||+ ||wn 1 — Tp— 1||}<M1

n>1
for some constant M7 > 0.
Utilizing the fact that S, is a §; -demimetric mapping, we have:

“I* = llgn — Tn,z'gﬁ’,i(f - Sin)Tinqn —z*|?
= ”qn - x*H - 2<qn —z* Tn2zn7;:(l - Sin)ﬁnqn>
T, T2 (1= 0 oo
= llgn — 2*I* = 2704, (Ti,, @0 — Ti,, @™, (I = Si, )T, qn)

lwn, —

72, T (I - 85T, 2
<||q —a*|)? = 27, s . (7= Si) T anl?
+2 T (I = 8T g2
= llgn — =*||2

i (To,i | T (L= Si,)Tiuanll? = (1= &I = Si,)Ti anl?) ( )
14
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For each n > 1, based on the definition of 7, ;, in (5), it follows that:

1T (I = 85,)Ti il (¢ + 7)< (L= &I = Si,) T, qnll*-

n

Consequently, we can express this as:

el T (I = 8i,)Tianll* < (1= &I = 8i,) T qnll* = 7o I e (1 = S0,)Ti |

in n n

This leads to the inequality:

Toin €l T (T = 85,) T tnl* < T, [(1 = &0, )T = Si,)Ti, an®
Tin (I = Si,) T, anll?). (15)

~ Tnyiy,
Thus, combining inequalities (14) and (15), we derive:

= 2*(|* < llgn — " |1* = 7o, €l 7o (T = S3,) Ti g1 (16)

in

Similarly, we obtain:
lon = 2*I* < llgn = 2*1* = T, €l T (1 = S0,) T g1 (17)
From the convexity of the function || - [|? with the inequalities (16) and (17), we have

2 —2*[I> < (1*%)Hgn*SL’*HQ+“Yn||’0n*9€"‘||2 ,
<lgn —2*[I* = (1 = v)Tnsin €l 7o (L = 53, ) Ti G| (18)
_’)’nTn’anH’E: (I - Szn)ﬁnQn||2'

Additionally, by Lemma 3.3, we have lim,_ ., A, > A := min {)\1, %}, which leads to

An
Ant1

lim,, o0 (1 — W > = 1—p > 0. Without loss of generality, we can assume that

1 — p<22— > 0 for all n > 1. Thus, by Lemma 3.5, we have
>\n+1

lan = 1 < Jhwm = 2|2 = (1= 22 ) lwn = yul?
- (1 — ) g — yall? (19)

An+1
< |lwy, — .

By combining (13), (18), and (19), we obtain
lzn = 2| < llgn — 27| < flwp — 2" < |l2n — 2" + opMy Vo> 1. (20)

Now, take v € (0, %’) Since lim,_,o, 0, = 0, there exists ng > 1 such that for all
n > ng, o < v. Hence, 2= € (0,1]. From Lemma 2.6, it follows that for all n > ng,

(I =0nF)zn — (I —opF)a*|| =|(I -2 vF)z — (I -2 - vF)z*||

1= 2 o — o7, @)

IN
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where ( =1—+/1 —v(2n —vk?) € (0,1]. Using inequalities (20) and (21), we deduce
that

Zn — onFzy — 2|

(I—-0nF)zn — (I —0,F)ax* — o, Fx*|
(I — 0, F)zp — (I — 0, F)x*|| + op || Fx*||
1—?%n%—xw+omen
1
1

[ 241 — 2]

INIAINA I

= 200) ||z — || + 0 My + oy || Fa™||
My +||Fz*
= ) i — 2] + 2 - 20D
V(M1+HFJC*H)}
z )

IN
=

ax { o — 2",

By induction, we conclude that

M Fa*
ly — *|| < max{”mno — 2, W} for all n > ny.
Thus, the sequence {z,} is bounded, and so are the sequences {¢,}, {un}, {vn},
{wn}, {yn}, {zn}, and {Fz,}. O

Lemma 3.7. Let {qn}, {wn}, {zn}, {yn}, {20} be the sequences generated by Algo-
rithm 1. Suppose that w, —y, — 0, ¢n — yn — 0, and g, — u, — 0. Then,
ww({zn}) C 2, where wy,({zn}) = {z € H : xp, — 2z for some {zy, } C{zn}}.

Proof. Let z be an arbitrary element of wy, ({2, }). Then, there exists a subsequence
{zn,} C {xn} such that z,, — 2z € H. From Algorithm 1, we have

Wp — Tp = an(mn - $n71> + /Bn(wnfl - xnfl) Vn > 1.
Thus, we obtain

lwn — x| lon (20 — Tn—1) + Ba(wn—1 — Tn_1)||

S aonn - -’L‘nfln + Bn”wnfl - xnfln
= Un%:‘lxn - xn—l” + Gn%uwn—l - xn—l”-

Using Remark 3.2, we conclude that

lim ||w, —z,| =0.
n—oo

Since w, — z, — 0, we can infer that there exists a subsequence {w,,} C {w,}
such that w,, — z € H. Next, we will show that z € (2. Indeed, since y, =
Po(w, — A\ Aw,), we have (w, — A\pyAw, — yn,yn —y) > 0 Yy € C. This leads to

1

An
By the Lipschitz continuity of A, the sequence {Aw,, } is bounded. Note that A, >
min{\;, £ }. Therefore, from (22), we obtain liminfg o (Awp,,y —wp,) > 0Vy € C.
Moreover, observe that

<wn _ynay_yn> + <Awn7yn _wn> S <Awn7y_wn> vy € C. (22)

<Aynay - yn> = <Ayn — Awp,y — wn> + <Awmy - wn> + <Ayna Wp — yn>-

Since w, — yn — 0, and given the L-Lipschitz continuity of A, we find that Aw,, —
Ay, — 0, which, in conjunction with (22), yields

likminf<Aynk,y —Yn,) >0 VyeC. (23)
—00
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Now, consider a sequence {0} C (0,1) such that d; | 0 as k — oco. For all & > 1, let
my, denote the smallest positive integer satisfying

(AYn; sy = Yn;) + 06 20 Vj>my. (24)

Since {0} is decreasing, it follows that {ms} is increasing. Again, based on the
assumption regarding A, we have liminfy_, || Ayn, || > ||Az||. If Az =0, then z is a
solution, i.e., z € VI(C, A). Now, suppose Az # 0. Then, we have

0 < ||Az| < liminf || Ay, ||-
k—o0
Without loss of generality, we may assume that Ay, 7 0 for all £ > 1. Noticing that
{Ymi} C {yn,} and Ay, #0 for all k > 1, we define

o — Ay
Ay

which gives us (Aym, , Um,) = 1 for all £k > 1. From (24), we have
(AYmy s Y + OkUm,, — Ym,,) =0 VE > 1.
Furthermore, due to the pseudomonotonicity of A, we have
(A(y + 6kUm, ), Y + OkVmy — Ymy) =0 VEk > 1.
This leads to the conclusion:
(Ay,y = Ym,) = (Ay — A(y + 0kvm,, ), Y + 0k, — Ymy) — Ok (AY, Umy) Yk > 1. (25)

We now claim that limg_,o 03, = 0. Indeed, since z,, — z and =, —y, — 0
(due to w,, — z, — 0 and w,, — y, — 0), it follows that y,, — z. As the sequence
{yn} C C, we can conclude that z € C. Note that {ym,,} C {yn,} and &3 | 0 as
k — oo. Therefore, we obtain

lim supy_, o, Ok

0 < limsup ||§xv = lim sup k < = 0.
o Owvm, | =0 S0 g S T ity oo [ Ay |

Hence, we conclude that §xv.,, — 0.

Next, we claim that z € {2. Indeed, letting k — co, we deduce that the right-hand
side of (25) tends to zero due to the uniform continuity of A, the boundedness of
{wm, } and {vy,, }, and the limit limy_, oo kv, = 0. Thus, we have

(Ay,y — z) = likminf<Ay,y —UYmy) >0 VyeC.
—> 00
By Lemma 2.7, it follows that z € VI(C, A). Furthermore, we assert that T;z €

Fix(S;) for i = 1,2,..., N. In fact, noticing that u, = ¢, — 75, T, (I — Si,)Ti, Gn,
and given that 0 < e < 7, ;, and g, — u, — 0, we obtain

el T, (I = Si)Tinanll < 7 1 T0, (T = S5 ) Tintnll = llgn = unll =0 (n = o0),

in

which, together with the &; -demimetricness of S; , leads to
S maxien o (0= S)Tianl? = 51 = 8:) Ty
< = S8i,)Tinqn, Ti, (gn — ) (26)
< T (I = Si,)Tinnllllgn — 27| = 0

|
(n — 00).
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This ensures that (I—S5;)7;g, — 0fori=1,2,..., N. Furthermore, from w,, —y, — 0,
gn — Yn — 0 (due to the assumptions), and w,, — x,, — 0, it follows that

lgn = @nll < llgn = ynll + lyn — wall + lwn —2all =0 (n = o0),

which, together with z,, — z, leads to g,, — z. Since each 7; : H — H; is a
bounded linear operator, we know that 7; is weakly continuous from H to #; for
i=1,2,...,N. Hence, we obtain that T;q,, — 7T;z for i =1,2,..., N. By using the
demiclosedness assumption of each (I —.S;) at zero, we conclude from (I—S5;)7Tiqn,, — 0
that 7;z € Fix(S;) for i = 1,2,...,N. As a result, we have z € ﬂf\ilﬁ_lFix(Si).
Therefore, it follows that

N
z € VI(C,A) N (ﬂ ﬂlFix(Si)> = 0.

This completes the proof. O

Theorem 3.8. Let {z,} be the sequence generated by Algorithm 1. Then {x,} con-
verges strongly to the unique solution z* € (2 of the BPVIP with the SCFPP con-
straind.

Proof. First, by Lemma 3.6, we establish that {z,} is bounded. It is known that
there exists a unique solution xz* € (2 to the BPVIP with the SCFPP constraint,
which means that the VIP (7) has the unique solution z* € 2. By the definition of
w, and applying the Cauchy-Schwarz inequality, we have

[wn = 2*[” = [|#n — 2|1 + llan(@n = Tn-1) + Ba(wa—1 = Tn-1)|®
+ 2{xy, — ¥, an(xy — Tp—1) + Bn(Wp—1 — Tp—1))
= Hxn - x*”Q + O‘inn - xn—IHQ + Bi”wn—l - xn—le
+ 20, Bn{Tn — Tp—1, Wn—1 — Tn—_1)
+ 20Xy — ¥, Ty — Tp—1)
+ 28 (Tn — 2 Wp—1 — Tp_1)
<l = 2*|* + alllzn — znaal® + Billwn—1 — zna|®
+ 200 BnllTn — Tpoalllwn—1 — Tpal| + 200 |70 — 2| |20 — 21|
+2Bn |20 — 2| |wn—1 — zn—1|
= ||z, — x*”Q + Bnllwn—1 — Tp—1ll 2llzn — 2| + Bullwn—1 — zn-1l])
+anlzn — Tn-a |l (nllzn — 21l + 28pllwn—1 — -1l + 2[|z5 — 7)) -
Since {z,},{an},{Bn}, and {w,} are bounded, it follows that
lwn = 2™ < Jlon — a*|* + Maan|ln — 2nor| + MaBullwn—s —zaall,  (27)

where SUanl{aonn — Tl + 2Bnllwn—1 — n-1l + 2|z, — 2*||} < Ms and
sup,,>1{2|zn — 2*[| + Bullwn-1 — Tn1||} < M3 for some constants My > 0 and
M3 > 0.

To demonstrate the conclusion of the theorem, we will divide the remainder of the
proof into several steps.
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Step 1. We claim that

(1= 220 | (1= p522=) (wn = ynll® + llgn = yall?)

An+1

+(1 =) T (= 8i,) T anll? + eI 751 = S0,) T, 0l
< wn = 2% = llonsr — 2*|1? + 00 M5, ¥n > no,

for some Mj > 0. Indeed, noticing the inequality ||z + y||? < ||=]|? + 2(y,x + y) for
all z,y € H, we get

)on — |2
I—0,F)z, — (I —0,F)x* — 0, Fa*|?

b= = I
(I—-0,F)zp— (I =0, F)z*||* =20, (Fa*, 241 — x*)
1
1
1

— ‘77"()2”2” —x*||? + 20, (Fz*, 2* — Tpy1) (28)

— On Zn — & On||f'T T~ Tntl
% zm — [ + 20l P2 — 2
— L)lon— " P+ oM V> o

IANIAIAIA

where sup,,>1 {2[|Fz*||[|z* — 2n11]|} < My for some My > 0. Using Lemma 3.5, we
deduce from (18), (27), and (28) that for all n > ny,

* O'n *
[€n1 —2*|* < (1 — Ollen —2 12 + 0 My
On * £3
<=0l —a 12 = (1= v) Tni €| T (1 = Si,) i g2
- 'YnTn,anH’E: (I - Sln)ﬂnanz] + onMy
o . A A
<1 =20 lwn — 2% = (1 = p==) Jwn — yul* = (1 = p=)llgn — ynl?
12 )\n+1 >\n+1
—(1 - 'Yn)Tn,inenlEi (I - Sin)’anHHQ - FYnTn,anHﬂ: (I - Szn)’ﬁnQnHQ} +onMy
On N
<(1- 70 {Hxn -z ”2 + Moy ||y — 2n1]| + MaBnllwn—1 — xn_1]|

An An
—(1 = p ) wn =yl = 1= )l gn —
/\n+1 )\n+1

—(1— 'Yn)Tn,inelllﬁz (I - Sin),ﬁHQnHQ - 'YnTnﬂn€||7;: (I - Szn)lﬁnQnHQ} +onMy

< ||.’En - ‘T*H2 + M2an”xn - xnfln + MSﬂnHwnfl - xnfln

o A A
— (1= 1— ® Mawn = ynll? + (1 — 1~=2lgn — ynll?
(1=-70) {( MAnH)H Ynll” + ( u/\nH)llq Yall
+(1 - 'Yn)€2H7;: (I—S; )7;7Lqﬂ||2 + '7n62||T* (I - S7fn)7;nqn||2j| +onMy

n in

* (o )\n A
e = 272 = (1= Z20) (1= 5 o = sl 4 (1= 52 = P

+(1 - 'Yn)€2‘|7;i (I - Sin,)ﬁnanQ + ’Yn62||7;: (I - Szn)ﬂlen”Q] +onMs, (29)

where SuanI{Mg‘;—:\|xn—xn,1|\+Mgg—:||wn,1—wn,1||+M4} < M for some M; > 0.
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Step 2. We claim that

Msv | ﬂn
3

Indeed, from (20), (2 ) and (28), it follows that

2 — a2 < (1= 22Q)]lan —2*|* + %C{MZ” corllen — znall
_|_

W1 = T || + 2 (Fa*, z* —xn+1>} Vn = no.

[2n1 — 2|2 < (1= —2Q)lzn — 2™ + 20, (Fa*, 2" — 2p41)
<(1- —C)Hwn —z*||? + 20, (Fx*, 2" — 2p41)
<(1- 7" ) [llzn — %> + Maa |2 — 2n_1]| + MaBn|wp—1 — Tn_1]]

+ 20, (Fz*, 2" —xpi1)
S (1 - 7n<)||xn - £L'*H2 + M2an||xn - In—l” + M35n||wn—1 - xn—l”
+ 200 (F2*, 2" — xpa1)

on . On My «
= (1= 220~ + 22 {22 S -

¢ on
Msv 2v
+ % f" lwn—1 — pn_1]| + ?<Fa:*,x* — xn+1>} Yn > ng.

(30)

Step 3. We claim that {x, } converges strongly to the unique solution z* € € to the
VIP (7). Indeed, putting T',, = ||z, — 2*||?, we show the convergence of {I',,} to zero
by the following two cases. For the sake of simplicity, we replace all integers n > ng
with n > 1 in the following proof.

Case 1. Suppose there exists an integer my > 1 such that {I',,} is nonincreasing.
Then lim,, oo I'yy = d < 400 and limy, o0 (Ty, — T'yy1) = 0. From (29), we obtain

(1= 220) |(1 = pg225) (wn = > + lan = >
+ (1= 7)1 T (I = 80)T ull? + 1T (= 800 Teaull?]

in
< lwn = 2 = lznsr — 2% + 00 M5 =Ty, — Tyt + 05 Ms.

An

Since lim, o0 (1 — Nﬁ) =1—p>0,0 < liminf, ;00 v, < limsup,, . ¥n < 1,

op, = 0,and I';, — T',,11 — 0, we conclude that

lim [lw, —yul = lim [[g, —yull =0,
n— oo n— 00
and
lim 752 (1 = )T, gl = Tim |71 = 5,)7:,qu]l = 0. (31)

Noticing un = ¢n — Tni, T (I = Si, ) TinGns Vn = @n — Tna, 1,0 (I =S4, ) T, qn, and the
boundedness of {7, ;}, from (31) we obtain that

T

in

lgn — unll = Tnin (I =8i,)Ti,qnll =0 (n— o0),
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and

lgn — vnll = Tna, qnll =0 (n— o0). (32)

So it follows that

lgn — 2ol < (T —=v)llgn — unll +nllgn — vnll
<lgn — unll + llgn —vall =0 (n — o00),

in

7?2 (I - Szn)T

and
lwn = 2all < lwn = ynll + lyn = @ull +llgn — 2all = 0 (n — 00). (33)
Since wy, —x, — 0, 0, = 0, and {Fz,} is bounded, from Algorithm 1 we obtain that

[Zn+1 = Zull < Zng1 — 2l + 20 — wnll + Jwn — 24|
(34)
= onl|Fzn| + [[2n — wnl| + lwn — 20l = 0 (n — o0).

In addition, from the boundedness of {z,}, it follows that there exists a subsequence
{zn,} of {z,} such that

limsup(Fa*, 2% — z,,) = lim (Fz*, 2" —x,,). (35)
n—oo k—o00
Since H is reflexive and {z,} is bounded, we may assume, without loss of generality,
that x,, — z. Thus, from (35), one gets

limsup(Fz*, z* —x = lim (Fz*,2* — x
= (Fa*, z* — ).

Since w, — Yy, = 0, ¢» — yn — 0, and ¢, — v, — 0, by Lemma 3.7, we deduce that
T € wy({zn}) C 2. Hence, from (7) and (36), one gets

limsup(Fz*, x, — ") = (Fz*,2* —7) <0. (37)

n— oo

This, together with (34), leads to

limsup{Fa*, x* — xp11)
n—oo

= limsup[(Fa*, z,, — xpa1) + (Fa*, 2" — x,)] (38)

n— o0
< tim sup[||Fa* ||| — @]l + (Fa*,a* — 2,)] < 0.
n— o0

Note that {Z=¢} C [0,1], Y07, Z2( = o0, and

n=1 v

Msv BB, 2v
¢ o ¢ o el
Consequently, applying Lemma 2.8 to (30), one has lim,, o ||z, — 2*||> = 0.

Case 2. Suppose that 3{T,,, } C {I',} such that I, < T, 41 for all kK € N, where
N is the set of all positive integers. Define the mapping ¢ : N' — N by

¢(n) :==max{k <n:Tj < Tps1}.

<Fx*,x*—xn+1)} <0.

By Lemma 2.9, we have

L) S Tymy41 and Ty < Tymyqa



426 L.-C. CENG, D. GHOSH, H. UR REHMAN AND X. ZHAO

From (29), we obtain

(1-752¢) [( M%) (lwsn) = vom 12 + 19gm) = Yo 1)
+ (11— ’7¢>("))6 I7; z¢( )(I Si¢(n))7;¢<n>q¢>(")”2

+ Vo( n)€2|| z¢( >( - Sld)(n))ﬂd>(n)q¢(n)||2 (39)
< lzgm) = 212 = Nwpm+1 — 271 + opm) Ms
= TLom) = Lomy+1 + 04(n)Ms,
which immediately implies that
Jim Jwgny = Ysmll = 1m {lgsn) = vomll =0,
and
hm HT*( )(I Sl¢(n))7;¢(n)Q¢(n | = hm H Ly (n )(I_ Sld)(n)),];qb(n)qqf’(n)” =0.
Using the same inferences as in the proof of Case 1, we deduce that
Jim {lggm) = upenll = Hm [lggm) = vomll =0,
S {lwyy = 2| = Hm (241 = Zomll =0,
and
limsup(Fz*, 2% — 2g(n)41) < 0. (40)
n—oo

On the other hand, from (30), we obtain

(T < Doy = Lomyr1 + 752¢ [MZV o 176 = Tam-l

M2 By — -+ 2 (Fa 2 = )]
This leads to
MQI/ Ol¢(n

hmsup Ly < hmsup ||17¢(n — Tg(n) |

T¢(n)
Msv By
¢ Tem)

Thus, we have limy, o [|Z4(n) — z*[|* = 0. Additionally, observe that

2v . s
+ ’ ||w¢(")_1 - x(j)(n)—l” + ?<F£IJ , T — x¢(n)+1>:| S 0.

2 gny+1 — 57 = |2g(n) — ¥

= 2{Zy(n)+1 — To(n)s To(n) — &) + [Ty 41 — oI
< 2l|zm)41 — Zo) ||1Zom) — || + 1T pn)+1 — Toom) I (41)
Given that T';, < T'y(p)41, we obtain
[y — *||? ,
< zpmy+1 — ="l

<Nzpmy — 217 + 2@ g(n)+1 — Ty 1Ty — ¥ + [Zpny+1 — TemylI* = 0
(n — 0).

That is, z,, — ™ as n — oco. This completes the proof. O
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Remark 3.9. In comparison to the corresponding results presented by Eslamian and
Kamandi [17] and Thong et al. [28], our findings enhance and extend these results in
the following ways:

(i)

(i)

The problem of locating an element in ﬂi\il T, 'Fix(S;), as discussed in [17], is
broadened to develop the BPVIP with the SCFPP constraint. Specifically, we
consider the problem of finding

N
2" € 2 =VI(C,A)N (ﬂ ﬁ_lFix(Si)>
=1

such that
(Fz*,p—x*) > 0Vp e £,

where A is a pseudomonotone and Lipschitzian mapping. The inertial method
with a correction term and a self-adaptive step size strategy introduced in [17] is
extended to develop our modified subgradient extragradient rule for addressing
the BPVIP with the SCFPP constraint. This development is grounded in the
subgradient extragradient method, which incorporates adaptive step sizes, an
adaptive inertial technique, and a hybrid deepest-descent method.

The problem of finding an element of VI(F, VI(C, A)), as described in [28], is
also extended to develop the BPVIP with the SCFPP constraint. Specifically,
we aim to find

N
r* € 2 =VI(C,A)N (ﬂ 7;1Fix(si)>
i=1

such that
(Fx*,p—x*)y >0 Vp € 0.

The subgradient extragradient algorithm for solving the BPVIP, as presented
in [28], is extended to formulate our modified subgradient extragradient rule
for resolving the BPVIP with the SCFPP constraint, which builds upon the
subgradient extragradient method with adaptive step sizes, an adaptive inertial
technique, and a hybrid deepest-descent method.

Remark 3.10. In particular, when N = 1, the above BPVIP (7) with the SCFPP
constraint reduces to the BSPVIP:

Find z* € Q such that (Fz*,y —2*) >0 Vy € Q, (42)

where

Q= VI(C, A) N T, H(Fix(S1)) = {z € VI(C, A) : Tiz € Fix(51)}.

In this case, Algorithm 1 is rewritten as follows.

Theorem 3.11. Let {x,} be the sequence generated by Algorithm 2. Then, the
sequence {x,} converges strongly to the unique solution z* € Q of the BSPVIP (42).
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Algorithm 2

1: Initialize: Set Ay > 0,¢ >0, 7 € [0,00), u € (0,1), a, 8 € [0, 1], and 21, 20, wo €
‘H arbitrarily.
2: Step 1: Given the current iterates x,_1,x, (n > 1), compute

Wp = Tp + an(xn - xnfl) + Bn(wnfl - .'Enf]),

where a, € [0,@,] and 5, € [0, 3,,], with

. . .
min T EE—T lf _
T, = { {a’ ”””"‘wnflll} Tn # Tn—1,
n

« otherwise,

and
3 - min {5, M} if wp—1 # Tn-1,
B otherwise.
3: Step 2: Calculate y,, = Po(w, — A\pAwy,) and ¢, = Pe, (W, — A Ay ), where the
half-space
Cp = {y EH: <wn — M Aw, — YnyYn — y> > O}
4: Step 3: Compute z, = ¢, — Th17"(I — S1)T1¢n, where 7,1 is chosen as the
bounded sequence satisfying

(=& = S)Taal®
177 (I = S1)Taanl?

0<E§Tn,1 < if (I_Sl)ﬂQn#Ov

otherwise set 7, 1 = 71.
5. Step 4: Calculate z,,4+1 = (I — 0, F)z,, and update

: n=Yn >+l gn—ynl? :
)\n+1 — {mln {M‘lguélqwi_”Ayﬂ?qn_yynH) 7)‘71} if <Awn - Ay’m(Zn - yn> > 0,

n otherwise.

6: Set n:=n + 1 and return to Step 1.

4. NUMERICAL ILLUSTRATIONS

This section presents a series of numerical experiments aimed at demonstrating
the effectiveness of the proposed methods. The primary objective of these experi-
ments is to offer insights into the selection of various parameters within the proposed
algorithms and to investigate the influence of these parameters on the algorithm’s
performance.

Throughout these numerical experiments, the projection onto a convex set is com-
puted using the built-in MATLAB function fmincon. In the graphs provided, the
error term (F,,) denotes the norm value ||z, 1 — 2,||. The total number of iterations
and CPU time (measured in seconds) required to satisfy the termination criterion
||Zny1—2n|| < 1076 are represented by n and t, respectively. All MATLAB code was
executed using MATLAB R2012b on a Lenovo Core(TM) 19-13900H 2.60 GHz laptop
with 32.0 GB (31.7 GB usable) RAM.
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Example 4.1. In the following, we present an illustrative example to demonstrate
the utility and effectiveness of the proposed rule. Let us set the parameters as follows:
)\1:e:Ti:%,u:azﬁzé,vnzg,sn:m,andan:ﬁ.

We construct an example where the set

N
Q= VI(C,A) N (ﬂ 7;1F1X(Si)> #0,
i=1
with the following conditions: A : H — H is a pseudomonotone and Lipschitz con-
tinuous mapping, 7; : H — H; is a bounded linear operator, and S; : H; — H; is a
&;-demimetric mapping for ¢ = 1,2,...,N. We set H; = H = R and use the inner
product {(a,b) = ab with the induced norm || - || = | - |. Furthermore, let the set
C = [—2,2]. The initial points x1, xg, and wq are chosen arbitrarily in C. Define the

mapping F(z) = Jx — 1 sin(z) for all z € H.

We define the mapping Sy : Hi — Hp as: Si(x) = %x + ésin(m), Vo € H;.
Assume that 71(z) = « for all € H. Then, 7T; is a bounded linear operator from H
into H;. It is evident that S is a £;-demicontractive mapping with &; = %, and that:
Fix(S1) = {0}. In fact, Sy is a & -strictly pseudocontractive mapping with & = %
because:

2

3 1, . .
81(0) = $10)1? = |20 =)+  Ginte) — sny)
1
<yl 4 L0 )~ (1 Syl
Let A:H — H be defined as:
1 1

A@) = T @l " T

We now demonstrate that A is pseudomonotone and Lipschitz continuous. For any
v,w € H, we have:

o Jooll — [lo] Jsin(w)] — [|sin(w)]
l4() A(”§<uwwmu4ﬂA‘a+wmmmu+wmwn
o - Jsin(v) — sin(w)]

= T oD@+ Twl) T [sm()D( + [sin(w)])
< lv = wl| + [[sin(v) = sin(w)|| < 2[jv - w].

This establishes that A is L-Lipschitz continuous with L = 2. Next, we claim that A
is pseudomonotone. For any v, w € H, it is readily established that:

1 1
(Av),w —v) = <1+|Sin(v)| a 1+|v> (w=v) 20,
1 1

= (Aw),w—v) = <1+|Sin(w)| - 1+|w|) (w—v) 20.

We assert that VI(C, A) = {0}. In fact, it is evident that 0 € VI(C, A). Suppose
there exists a v € VI(C, A) such that v # 0. Then, we have (Av,w —v) > 0 Vw € C,
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and
1 1
Av = - — > 0.
14 |sinv| 1+ |v]
This implies that w — v > 0 Yw € C, leading to a contradiction. Consequently, we
have 2 := VI(C, A) N T; 'Fix(S;) = {0} # 0. Furthermore, we observe that

1 (1=&)I = S)Tigal? 3
0<—-=€e<m1 < —e=—
5T T - S)Tianl? 5
it (I—-51)T1¢n #0,and 7,1 =71 = = otherw1se Thus, we set 7,1 = % > 1.

is also clear that 7 (I — S1)T1qn = (I —S1)¢n and (I — 0, F)z, = ( n+1) )
In this case, we define
min {Ixi(—tci)ll’ ;}} if o, # Tp_1,

otherwise,

Qy =

W=

and

1
. FICFSIE 1 .
By = min { Twn—1—zn 1]’ 3} if wp_1 # Tp1,

% otherwise.

We can then rewrite Algorithm 2 as follows:

Wp = Tp, + an(xn - xnfl) + Bn(wnfl - xnfl)a
n — PC(wn - )\nAwn)a

an = Fc, (wn - AnAyn)a

Zn = {4n — %(Qn — S1Gn),

Tpt1 = (I F) Zn Yn>1,

(n+1)

where for each n > 1, C,, and A, are chosen as in Algorithm 2. Therefore, by using
Theorem 3.11, we conclude that {z,} converges to 0 € (2.

In this section, we present a series of numerical experiments based on Example
4.1 to evaluate the performance of Algorithm 2. The evaluation is carried out in
terms of the execution time (t, measured in seconds) and the number of iterations
(n) required for the algorithm to converge. Specifically, we aim to investigate how
the performance of Algorithm 2 is affected by varying the following parameters:

(i) Ezxperiment 1: Different initial values of z¢, x1, and wg, where these values
belong to the space H.
) Ezperiment 2: Different values of the parameter a € [0, 1].
) Ezperiment 3: Different values of the parameter 5 € [0, 1].
iv) Ezperiment 4: Different values of the parameter A; > 0.
) Experiment 5: Different values of the parameter 7 € [0, +00).
) Ezperiment 6: Different values of the parameter p € (0, 1).
) Experiment 7: Different values of the parameter o, € (0,1).
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In all the numerical experiments, the stopping criterion is set as
E, = ||zpy1 — 20| <107°,

Unless otherwise specified in individual experiments, the default values for the
parameters and sequences are as follows:

1 1 1
:07 :17 :27 = =3 tn = )
wo Zg 1 a=g B 3 € CESIE
\ 1 1 1 1
==, T==, 0p=—F, = —.
1= Ty 3mr1) M3

(Impact of initial points wg, xo, and x1): This experiment investigates
how the initial points wq, g, and x; influence the performance of Algorithm 2. The
results for ten different triplets are presented in Figure 1 and Table 1, analyzing their
effects on the number of iterations (n) and CPU time (¢).

(i) The triplet (—0.79,—1.92, —0.54) yields the lowest iteration count (n = 180)
and the shortest CPU time (¢ = 1.445890), while the triplet (—0.54,0.79, —1.92)
results in the highest iteration count (n = 241) and CPU time (¢ = 1.858170),
indicating slower convergence.

(ii) Triplets comprising all negative values tend to converge more rapidly, whereas
those with mixed-sign or varied values exhibit slower convergence.

(iii) Triplets with similar or closely spaced values (e.g., (—1.87,—1.23,0.54)) achieve
quicker convergence compared to those with dispersed values.

(iv) The most efficient triplets are (—0.79,—1.92, —-0.54), (1.23,—1.92,—0.79), and
(—1.87,—1.23,0.54), which demonstrate lower iteration counts and CPU times.

(v) Overall, selecting initial values that are closer together or all negative signifi-
cantly enhances the convergence speed.

TABLE 1. The numerical date link with Figure 1.

wo To T Algorithm 2.

m)
-1.87 -1.23 0.54 198 1.533936
-1.23 -0.79 1.46 224 1.735602
-0.564 0.79 -1.92 241 1.858170
0.79 146 -1.23 233 1.849935
1.46 -0.54 0.79 216 1.643528
1.92  0.54 -1.87 239 1.842925
-1.46 1.23 192 229 1.738488
-0.79 -1.92 -0.54 180 1.445890
0.54 -1.46 1.23 224 1.704911
1.23 -1.92 -0.79 200 1.460150
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[wo = —1.87, 29 = ~1.23,2; = 0.54]
- = = [wy=—1.23, 2y = —0.79,z, = 1.46]

10°F o = —0.54, 9 = 0.79, 21 = —1.92] |3 100 . ’
ceveen [ug = 0.79, g = 1.46, 2y = —1.23) 0 = 0.79, 1[,—145 o= —1.23]
" [u'q =1.46, 29 = —0.54, 2, = 0. /9 " \\ U 46,29 = —0.54, 7, = 0. 7‘7]
10 - = = [wy =192, 0.54, 21 = —1.87) E 10

92,9 = 0.54,21 = ~1.87]
146,29 = 1.23,z) = 1.92]
~0.79, 2y = ~1.92,2, = —0.54]
[wo = 0.54, 2 = —1.46, 2 = 1.23]
[wo = 1.23, 29 = —1.92, 2, = —0.79]

[wo = —1.46, 7 = 1.23, 21 = 1.92]

wy = —0.79, 2y = —1.92,2; = —0.54]
[wo = 0.54, 2 = —1.46, 21 = 1.23]

- = = [wo = 1.23,5 = —1.92,5, = —0.79]

|21 — 2l

3 10°F E
q 104 ¢ 3
E 10° ¢ 3
Py ) S ——— ) T 10 N A\“;\ .
O ¥ ah P R S AV PRI PP LIS PP N Q» P> Qv» R IR TR NN w" RN INIR X
Tterations Count CPU Time
(A) [|£nt1 — @n|| vs. Iterations Count (B) ||znt1 — zn|| vs. CPU Time

FIGURE 1. The error term graph for Algorithm 2, plotted against the
iteration number (n) and elapsed time (¢) for ten different x;-values.

Ezperiment 2. | (Impact of parameter «). This experiment assesses the effect of vary-

ing « on the performance of Algorithm 2, focusing on the number of iterations (n)
and CPU time (). The results are summarized in Figure 2 and Table 2

(i) As « increases from 0.01 to 0.99, both the iteration count n and CPU time ¢

decrease, indicating faster convergence. The number of iterations reduces from
256 at o = 0.01 to 201 at o = 0.99.

(if) Similarly, CPU time decreases from 3.26 seconds at o = 0.01 to 2.49 seconds at
a = 0.99, demonstrating improved efficiency.

(iii) Values of « in the range of 0.66 to 0.99 offer the best performance, with o = 0.99
achieving the lowest iteration count and CPU time.

(iv) Increasing a enhances the algorithm’s performance, especially within the range
0.66 to 0.99, with a = 0.99 proving to be the most efficient.

TABLE 2. The numerical data linked with Figure 2.

Algorithm 2 @

0.01 0.11 0.22 0.33 0.44 0.55 0.66 0.77 0.88 0.99

n) 256 244 236 230 224 219 214 209 205 201
3.258826 2.992441 2.883373 2.822021 2.744974 2.727800 2.599790 2.729572 2.591730 2.485404

=
Nas
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FIGURE 2. The error term graph for Algorithm 2, plotted against the
iteration number (n) and elapsed time (¢) for ten different a-values.

Ezperiment 3. | (Impact of parameter 3). This experiment investigates the influence
of varying 8 on the performance of Algorithm 2, with particular attention to the
number of iterations (n) and CPU time (¢). The results are presented in Figure 3 and
Table 3.

(i)

As f increases from 0.00 to 0.90, the number of iterations decreases, with the
maximum iteration count at § = 0.00 (235 iterations) and the minimum at
B = 0.90 (213 iterations). This suggests faster convergence for higher values of
8.

Although CPU time exhibits slight fluctuations, it generally declines as S in-
creases. The lowest CPU time occurs at 5 = 0.90 (2.73 seconds), while the
highest is observed at 8 = 0.00 (3.04 seconds), indicating improved efficiency
for larger values of (.

The values 8 = 0.70 and 8 = 0.80 provide a favorable balance, producing
relatively low iteration counts and reasonable CPU times.

In conclusion, increasing [ enhances the algorithm’s convergence, with § =
0.70 and S = 0.80 emerging as particularly effective choices for subsequent
experiments.

TABLE 3. The numerical data linked with Figure 3.

Algorithm 2 B

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90

(m)
(t)

235 234 232 230 228 226 223 220 217 213
3.042121  3.054295 2.929429 2.836859 2.888161 2.801054 2.808738 2.751537 2.869400 2.734657
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F1GURE 3. The error term graph for Algorithm 2, plotted against the
iteration number (n) and elapsed time (¢) for ten different S-values.

Ezxperiment 4. | (Impact of parameter A1). This experiment investigates the influence

of varying A; on the performance of Algorithm 2, with a focus on the number of
iterations (n) and CPU time (¢). The results are presented in Figure 4 and Table 4.
Key observations include:

(i)
(if)

(iii)

As )\ increases, the number of iterations decreases from 232 at A\; = 0.10 to 212
at A\; = 1.00, indicating faster convergence with higher values of A;.

CPU time also decreases with increasing A, ranging from approximately 1.949
seconds at A\; = 0.10 to 1.646 seconds at A\; = 1.00, reflecting a reduction in
computational effort.

Among the tested values, \; = 1.00 yields the lowest number of iterations and
CPU time, suggesting that it is the most efficient choice. Values around \; =
0.50 and A\; = 0.60 also perform well, providing a balance between speed and
stability.

In summary, increasing A; significantly enhances both the number of iterations
and CPU time required for convergence. Higher values of \; are recommended
for achieving faster results, and testing values above 1.00 may provide additional
insights into the convergence behavior.

TABLE 4. The numerical data linked with Figure 4.

Algorithm 2 M

0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

(m)
(t)

232 229 227 225 223 222 220 218 217 212
1.949502 1.883964 1.876402 1.826792 1.747356 1.709095 1.702436 1.879257 1.789440 1.646142
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FIGURE 4. The error term graph for Algorithm 2, plotted against the
iteration number (n) and elapsed time (¢) for ten different A;-values.

Ezperiment 5. | (Impact of parameter 7). This experiment evaluates the impact of

varying 7 on the performance of Algorithm 2, specifically concerning the number of
iterations (n) and CPU time (t). We selected ten values of 7 evenly distributed over
the interval [0, +00), with an initial focus on the practical range of [0, 1]. The results,
as presented in Figure 5 and Table 5, indicate the following:

(i) As 7 increases, the number of iterations significantly decreases. For 7 = 0.10, 437
iterations are required, whereas 7 = 1.00 reduces this count to 47, demonstrating
faster convergence with higher values of 7.

(ii) CPU time also decreases with increasing 7, dropping from 3.540912 seconds at
7 = 0.10 to 0.382580 seconds at 7 = 1.00, which reflects improved computational
efficiency.

(iii) Larger values of 7 (specifically between 0.70 and 1.00) are more effective in
minimizing both iterations and CPU time, with 7 = 0.90 and 7 = 1.00 providing
optimal performance.

(iv) Overall, higher values of 7 enhance both convergence speed and efficiency, with
values approaching 1.00 proving to be the most effective.

TABLE 5. The numerical data linked with Figure 5.

Algorithm 2 T
0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

(n) 437 229 156 118 95 79 68 59 52 47
(t) 3.540912  1.835303 1.253118 1.000242 0.790663 0.654590 0.558803 0.467551 0.437773 0.382580
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F1GURE 5. The error term graph for Algorithm 2, plotted against the
iteration number (n) and elapsed time (t) for ten different 7-values.

Ezxperiment 6. | (Impact of parameter p). This experiment investigates the effect of

varying p on the performance of Algorithm 2 in terms of the number of iterations
(n) and CPU time (t). Ten values of u were selected from the interval (0,1). As
illustrated in Figure 6 and summarized in Table 6:

(i) The number of iterations remains constant at 229 for u values between 0.05 and
0.95, suggesting that p has no significant impact on the convergence behavior.

(i) The CPU time exhibits slight variations, with the minimum at g = 0.65
(2.786849) and the maximum at x4 = 0.15 and g = 0.45 (2.962838, 2.967505).

TABLE 6. The numerical data linked with Figure 6.

Algorithm 2 I
0.05 0.15 0.25 0.35 0.45 0.55 0.65 0.75 0.85 0.95

(n) 229 229 229 229 229 229 229 229 229 229
(t) 2.855605 2.962838 2.839915 2.849222 2.967505 2.874852 2.786849 2.862010 2.893535 2.846614
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FI1GURE 6. The error term graph for Algorithm 2, plotted against the
iteration number (n) and elapsed time (¢) for ten different u-values.

Ezperiment 7.| (Impact of parameter o). This experiment examines the effect of

varying o, on the performance of Algorithm 2, specifically in terms of the number
of iterations (n) and CPU time (¢). Ten values of o,, were selected from the interval
(0,1). Based on the numerical data presented in Figure 7 and Table 7, the following
observations can be made regarding the influence of different o, values on the iteration
count (n) and CPU time (t):

1
[CEs)] to
1

. Specifically, the iteration count ranges from 207 for o, = (cE=))

indicating that smaller values of o, require more

(i) The number of iterations increases as o, decreases (e.g., from o, =

_ 1
On = 10(n+1))
to 237 for On = m,
iterations for convergence.

(ii) CPU time also varies with different o, values. The shortest CPU time, 2.629895

seconds, is observed for o, = ﬁ, while the highest, 3.221875 seconds, occurs
1

for o, = 3T Although there are fluctuations, the overall trend suggests that

smaller values of o, generally lead to higher CPU times.

(iii) The selection of o, significantly affects the algorithm’s performance. Larger

values of o,,, such as ﬁ, seem to be more favorable, resulting in faster con-

vergence (fewer iterations) and reduced CPU time. Further reducing o, does
not enhance performance and may slightly diminish the algorithm’s efficiency.

TABLE 7. The numerical data linked with Figure 7.

Algorithm 2 On

1

(nJlrl) 2(n]+1) 3(n+1) 4(n1+1) 5(n1+1) 6(nI+1) 7(n1+1) 8(nl+1) 9(n1+1) 1o(nl+1)
(n) 207 224 229 232 234 235 236 236 237 237
(t) 2.629895 2.755611 3.221875 2.945376 2.868887 3.165253 2.968663 2.922523 2.934973 3.132077
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F1GURE 7. The error term graph for Algorithm 2, plotted against the
iteration number (n) and elapsed time () for ten different o,,-values.

5. CONCLUSIONS

By incorporating an inertial method with a correction term and a self-adaptive
stepsize strategy from [17], we developed a modified subgradient extragradient scheme
to solve the BPVIP constrained by a SCFPP involving demimetric mappings in real
Hilbert spaces. The BPVIP includes a strongly monotone operator in the upper-level
VIP and a pseudomonotone operator in the lower-level VIP. We also established a
strong convergence theorem under mild conditions. Our main result was applied to the
BSPVIP, which has potential applications in fields such as image recognition, signal
processing, and machine learning. To illustrate the effectiveness and practical utility
of the proposed scheme, we provide an example. The method employs an adaptive
stepsize that does not require prior knowledge of the operator norm and uses an
inertial approach with a correction term to accelerate the algorithm’s convergence.

6. LIST OF ABBREVIATIONS

The following abbreviations are used throughout this paper:

a
b

) Bilevel Pseudomonotone Variational Inequality Problem (BPVIP)

) Split Common Fixed Point Problem (SCFPP)

) Variational Inequality Problem (VIP)

) Bilevel Split Pseudomonotone Variational Inequality Problem (BSPVIP)
)

)

)

—~ —

c
d
e) Common Fixed Point Problem (CFPP)
Bilevel Split Variational Inequality Problem (BSVIP)
Split Variational Inequality Problem (SVIP)
) Fixed Point Problem (FPP)

f

—~ —~
= 09
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