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1. INTRODUCTION

Let E be a real Banach space, let C be a nonempty subset of E. A mapping
T :C — (' is called nonexpansive if

[Tz — Tyl < llz -yl

for all 2,y € C. For a mapping T : C — C, we denote by F(T) the set of fized points
of T,ie, F(T)={z€C:Tz==z}.

Ran and Reurings [15] proved an analogue of the classical Banach contraction
principle [6] in metric spaces endowed with a partial order. In particular, they show
how this extension is useful when dealing with some special matrix equations (see
also [10, 14, 21, 22]).

Mann [12] introduced an iteration process for approximation of fixed points of a
mapping 7" in a Hilbert space as follows:

Tnt1 = QpTp + (1 — ap)Tx,

for all n > 1, where {«a,} are sequences in [0,1]. Later, Reich [13] discussed this
iteration process in a uniformly convex Banach space whose norm is Frechet differ-
entiable. Bin Dehaish and Khamsi [7] proved a weak convergence theorem of Mann’s
type [12] iteration for monotone nonexpansive mappings in Banach spaces endowed
with a partial order (see also [1, 17]).

In this paper, we prove weak convergence theorems for finite monotone nonexpan-
sive mappings in uniformly convex Banach spaces endowed with a partial order.
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2. PRELIMINARIES AND NOTATIONS

Throughout this paper, we assume that E is a real Banach space with norm || - ||
and endowed with a partial order < compatible with the linear structure of E, that
is,

r <X yimpliesz + z 2y + z,
x =y implies Az <X Ay
for every z,y,z € E and A > 0. As usual we adopt the convention x > y if and
only if y = x. It follows that all order intervals [zt,—) = {z € E : x < z} and
(«—y]={2z€ E:z€ E:z =y} are convex. Moreover, we assume that each order
intervals [z, —) and (+,y] are closed. Recall that an order interval is any of the
subsets [a, =) = {z € X;a <z} or (+,a={reX;x<a}foranyaecE. Asa
direct consequence of this, the subset

[a,b] = {z € Xja =2 2 b} = [a,—) N (+, D]

is also closed and convex for each a,b € E.

Let E be a real Banach space with norm || - || and endowed with a partial order
< compatible with the linear structure of £. We will say that this Banach space
(E,|| - |I,X) is an ordered Banach space. Let C be a nonempty subset of E. A

mapping T : C' — C is called nonezpansive if
[Tz - Ty| < [lz -y
for all x,y € C. A mapping T : C' — C is called monotone if
Tx X Ty

for each x,y € C such that x < y (see also [7]). For a mapping T': C — C, we denote
by F(T) the set of fired points of T, i.e., F(T) ={z € C : Tz = z}. For a mapping
T:C — C and € > 0, we define the set F.(T') to be

F(T)={zeC:|Tx—z| <e}.

We denote by E* the topological dual space of E. We denote by N and Z% the
set of all positive integers and the set of all nonnegative integers, respectively. We
also denote by R and R the set of all real numbers and the set of all nonnegative
real numbers, respectively. We write x,, — x (or nhﬁrr;() Z, = x) to indicate that the

sequence {z,} of vectors in E converges strongly to x. We also write z,, — x (or
w-lim, 00 , = z) to indicate that the sequence {x,} of vectors in E converges
weakly to z. We also denote by (y, z*) the value of * € E* at y € E. For a subset A
of E, coA and ¢6A mean the convex hull of A and the closure of the convex hull of
A, respectively.

A Banach space F is said to be strictly convex if

lz + yll
— <1
2
for z,y € E with ||z|]| = ||y]| = 1 and = # y. In a strictly convex Banach space, we

have that if
[zl = llyll = I (T = A) z + Ay]|
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for z,y € E and X\ € (0,1), then x = y. For every ¢ with 0 < ¢ < 2, we define the
modulus é(¢e) of convexity of E by

s =nt {1 B o < 1yl < 1o - 2 <.
A Banach space F is said to be uniformly convex if § (¢) > 0 for every € > 0. If F is
uniformly convex, then for r, & with r > ¢ > 0, we have § (%) > 0 and

= B 6)

for every z,y € E with ||z|| < r, |jy]| < r and ||z — y|| > e. It is well-known that a
uniformly convex Banach space is reflexive and strictly convex.
The following lemmas were proved in [9)].

Lemma 2.1 ([9]). Let E be a uniformly convex Banach space and let C be a nonempty
bounded closed convex subset of E. Then, for each € > 0, there exists § > 0 such that

coFs(T) C F.(T)
for every nonezxpansive mapping T of C into itself.

Lemma 2.2 ([9]). Let E be a uniformly convex Banach space and let C be a nonempty
bounded closed convex subset of E. Then,

n—1 n—1
1 . 1 .
lim su — T'x—-T | — Tz =0
TEN(C) = =

where N(C') denotes the set of all nonexpansive mappings of C into itself.
The following theorem was proved in [8].

Theorem 2.3 ([8]). Let C be a nonempty bounded closed convex subset of a uniformly
convexr Banach space E and let T be a nonexpansive mapping of C into itself. Let
{zn} be a sequence in C such that it converges weakly to an element u in C' and
{zy, — Tx,} converges strongly to 0. Then, u is a fized point of T.

The following lemma was proved in [23].

Lemma 2.4 ([23]). Let p > 1 and r > 0 be two fized real numbers. Let E be a
uniformly conver Banach space. Then, there is a continuous, strictly increasing and
convex function g : [0,00) = [0,00) such that g(0) =0 and
Az + (1 =Nyl
<A ]|” 4+ (1= N[yll” = {27 (1 = A) + A1 = 2"} (llz - yl))

for all x,y € B, and A with 0 < X\ < 1 where B, ={x € E: ||z| <r}
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3. LEMMAS

In this paper, we consider the following iteration process for approximation of
common fixed points of finite nonexpansive mappings in a Banach space: Let C be
a nonempty closed convex subset of an ordered Banach space E. Let T1,T5,..., T,
be finite nonexpansive mappings of C into itself such that T;7; = T;T; for every
i,7=1,2,...,7 and (,_, F(T}) is nonempty. For z; € C, {x,} is defined by

$n+1:an$n+(1*an)'mZ"‘ZTll'“Tr"xn

i1=0 i»=0

for every n € N, where {a,,} is a sequence in [0, 1] (see also [12]).

Let C be a nonempty subset of an ordered Banach space E and let T be a mapping
of C into itself. A sequence {x,} in C is said to be an approzimate fized point sequence
of a mapping T of C into itself if

lim ||z, — Tz, =0
n—oo
(see also [13, 18]). Let Ty, T5, ..., T, be mappings of C into itself. A sequence {z,} in

C is said to be an approximate common fixed point sequence of mappings 11,75, ..., T,
of C if for every k =1,2,....,7,

lim ||, — Than|| = 0.
n— oo
A sequence {z,} in E is said to be monotone increasing if
Ty X wy S wg X

(see also [7]).
The following lemma plays an important role in this paper (see also [2]).
Lemma 3.1. Let E be a uniformly convexr Banach space, let C' be a nonempty bounded

closed conver subset of E. Let T1,T5, ..., T, be nonexpansive mappings of C into itself
such that T;T; = T;T; for every i,j5 =1,2,...,r. For anyn € N, put

1 n—1 n—1
Slseslrg — — Z Z Tyt ity for every x € C.
n

n
i1=0 ir-=0

Then, for every k=1,2,...,r,

nh_)néo 216110) HSij"“’lTa: — T (S,ll1 """ lrx) H =0. (3.1)
.. l-ezt

Proof. Let ¢ > 0. From Lemma 2.1, we know that there exists § > 0 such that
cols5(U) C F.(U) (3.2)

for every nonexpansive mapping U of C' into itself. Let £k = 1,2,...,r. By Lemma
2.2, we also have

lim sup
n—oo yEC

17171 ) 1n71 )
e n (o)
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Then, there exists n; € N such that

1%~ 1=,
zgg E;Tk y— Ty (n;Tk y) <90
for every n > ny. Then, we obtain that
1%,
- > Ti'y € F5(Ty) C ©0F5(Th) (3.3)
i=0
for every y € C and n > ny. We prove
i, nz_:l oy nz_:l Tyath ity € GOF(Ty) (3.4)
n"ith o
for every x € C, l1,la,...,l, € ZT and n € N with n > n;. If not, for some xq € C,

my,Ma,...,my € ZT and n > ny,
1 n—1 n—1
— Z - Z Tyatma o ety ¢ coF5(Ty) .
i1=0  i,=0
From the separation theorem, there exists y; € E* such that
1 n—1 n—1
<nr >y mitm --~TT’T+meO,y’1k> <inf{(z,y}) : 2 € @F5(Ty)}.  (3.5)
i1=0  i.=0

Then, from (3.3), we obtain

S|

n—1
inf {(z,y7) : z € OFs(Tx)} < inf{< ZTkix,yi‘> rxeCin> nl}
i=0

1 n—1 )
< < zmy,yr>
i=0

for all y € C and n € N with n > ny. Then, we have that for any i,49,...,7, € ZT,

inf {(z,y7) : z € OFs(Tk)}

1 n—1 ) ) e s )
< <n Z Tkz(Tlqurm L. T]:k_ll mg 1Tkkalz:_+11 ME+1 | Trlr+mrz0)’ yT .
i=0

Put

M., My _ 1+mq Tk_1+mME_1 Mg k1M1 it
115eeeylp o 7T1 .“Tk—l Tk Tk+1 Tr Zo-
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Then, it follows that
inf {(z,y7) : z€TOFs(Tx)}

1 n—1 n—1 n-1 n—1 1nfl ]
=D ID DD S '-~Z<nZTk1<UZIi%::;;;Wo>7yr>

11=0 9 _1=00p41=0 4,.=0 =0

1 n—1 n—1 ‘ ‘
= ,ni'r Z . e Z <T17‘1+m1 . .Trl7'+mrx0’y>1k> .

i1=0 i»=0

Therefore, by (3.5), we have

inf {(2,y}) : = € @Fs(T})}

1 n—1 n—1 . .
< — Z Z <T111+m1 "'Tr“-‘_m“"xo,yﬂ

i1=0 ir=0

1 n—1 n—1 ) )
— <n7‘ Z Z T111+m1 . _Trlr+m7‘x07yr>

11=0 ir-=0

<inf{(z,y7) : z € ©0Fs(Tx)} .

This is a contradiction and hence (3.4) hold for every ly,l2,...,l, € Z*,z € C and
n > ny. Then, from (3.2), we have

n—1 n—1
1 . )
Syt = — % e Y I T € o Fy(Ty) © Fe(T)

i1=0 i =0

for every li,ls,...,l, € Z*,z € C and n > ny. We ramark that k is arbitrary. Then,
it follows that
sup ||S£Ll""’lrx — T (Sij""’lrx) H <e€

zeC
Ly, lrezt

for every n > ny and hence we obtain (3.1). (]

Lemma 3.2. Let E be a Banach space and let C' be a nonempty closed convex subset of
E. Let 11,15, ..., T, be nonexpansive mappings of C' into itself such that T;T; = T;T;
for every i,5 =1,2,...,r and (\,_, F(T;) is nonempty. Suppose x1 € C and {x,} is
given by

1 n n ] )
Tpy1 = QpZp + (1 — an)m Z Z " ---T. "z, forevery n €N,
i1=0  i,=0

where {a,} is a sequence in [0,1]. Let w be a common fized point of Ty, Ts, ..., Ty.
Then, lim ||z, —w| exists.
n—oo
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Proof. Let w be a common fixed point of 11,75, ...,T,. Then, we have

|Znt1 — w| = [|an(Tn —w) + (1 — ay,) ﬁZ"'ZTif'“Trrxn_w
(n+1) =0  i,=0
1 - o i
< apllzn — w|| + (1 — ay) ‘WZZTI LT, —w
11 =0 i,=0
SO‘HHIH*WHWL(I*O%)'W2}"'2)||T1 LT, — w|
11= U=
S anflzn —w|+ (1 = an)llzn — w| = [Jzn —w]]
and hence lim ||z, — w|| exists. O
n—r00

Lemma 3.3. Let C be a nonempty closed convex subset of an ordered uniformly
convexr Banach space E. Let Ty, Ts, ..., T, be monotone nonexpansive mappings of
C into itself such that T;T; = T;T; for every i,j = 1,2,...,r, and (\,_, F(T}) is
nonempty. Suppose 1 € C and {x,} is given by

n n
Z Z " T, x, for every mn €N,

1
Tpt1 = @y + (1 — an)(
i1=0  i.=0

n+ 1)

where {a,} is a sequence in [0,a] for some 0 < a < 1. Then, {x,} is an approzimate
common fized point sequence of mappings T1,Ts,..., T of C, i.e., for every k =
1,2,...,r,

lim ||z, — Than|| = 0.
n—oo
Proof. For z1 € C and f € (._, F(T}), put L = ||z1 — f|| and set
X={uecE:|u-f|<L}nC.

Then, X is a nonempty bounded closed convex subset of C' which is Tj-invariant for
every k = 1,2,...,r, and contains z; € C. So, without loss of generality, we may
assume that C' is bounded. Let w be a common fixed point of 171,75, ..., T,. Then,
from Lemma 2.4, there exists a continuous, strictly increasing and convex function
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g :10,00) = [0,00) such that g(0) =0 and
1 n n 2
g1 —w|]? = ||an(zn —w) + (1 —ay) [ ——— T Tira, —w
CESUPORPY
1 n n 2
< apllzn —w|? 4+ (1 — an) Z...ZTlil...Trirxn_w
( + 1) i1=0 i,,=0
_ 1— , T T,
O‘n( O‘n)Q(*’EL (n+1> 12220 ZTZ::O 1 r xz)
< anlln — wll? + (1 = )z, — w]?
_ 1— T ... T b
Kl (SR
= llzn — w]?
1 n n
— 1— - - Ty ... T o
! “"”( B
for all n € N. Then, since a,, < a, we have
K==y SR SEARE L] )
n+ 1 7,1—0 ZT—O
< an(l—ap)g < xnf Z ZTl“. ST, )
7’l+ 1 11=0 1,-=0
< ey = wl? = |zt —w]®.
So, from Lemma 3.2, we obtain
lim o, n—i T T, | = 0.
] BT SR AR )
Since g satisfies the suitable condition, we have
] 11 DY i’r p—
nl;ngo on ||z ZO ZOT T x,, 0. (3.6)
11 1=

It follows from the definition of {x,} that

Z ZTIH...

i1=0 i,,=0

anrl

= ay (a:

11=0 i-=0

RPN IE

T.'"ay

lr

) |
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Since

1Tk@nr1 — Tngall

1 - G :
e (MZZTT>H

n n 2 1 n n i )
n—|—1 z;J z,Z:OTlh. T T = T
i ir 1 S —~ ir
< Tk((n—l—lz ZTll"'Tr zn>—(n+1)rz...ZT11...Tr T
11=0 1,=0 i1=0 i-=0
n+1 ZZ—O z;)Tlhl T = Tt
1 n n ) )
:‘ <n+1 Z@ S >_(+1)ZZTT
i Gp= i1= =
+ 2au, (le_:o lz_:olel...Trirxn_xn ,
from (3.6) and Lemma 3.1, we have, for every k =1,2,...,r,

lim ||z, — Txan|| = 0. O
n— oo

Lemma 3.4. Let C be a nonempty closed convex subset of an ordered Banach space
E. Let T, Ts,...,T,. be monotone nonexpansive mappings of C into itself such that
T,T; = TyT; for every i,j = 1,2,...,7, and (\;_, F(T;) is nonempty. Assume that
x 3 Tpx for every k=1,2,...,7 and x € C. Suppose x1 € C and {x,} is given by

n n

1 . )
Tpt1 = @y + (1 — an)m E E 7Tz,  for every n €N,
i1=0  ip=0

where {a,} is a sequence in [0,1]. Then, {x,} is monotone increasing.
Proof. Tt follows from the assumption that z < Tyx <X T,, Tz and = < Tpx =< Ty 2.

for every m,k = 1,2,...,r, We remark that all order intervals are convex. Then, we
obtain that

= n—|-1 Z ZTlh' T T

71 =0 1,,=0
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So, we also have that

Tp = nZpn + (1 — ay)z,

janfanr(l*Ozn)m Z ZTl LT rE = e
=0 =0

for each n € N. Hence, we have that {x,} is monotone increasing. O

4. WEAK CONVERGENCE THEOREMS OF MANN’S TYPE ITERATION

In this section, we provide the approximation of common fixed points of families of
monotone nonexpansive mappings in ordered Banach spaces. It is connected with the
theory of differential equations (see [11]). We assume that F is an ordered Banach
space in the sense that

r <yimpliesz + 2z <Xy + z,
r <y implies Az =< Ay
for every x,y,z € E and A > 0. Note that this is a very typical situation. Let C' be a

nonempty, bounded, closed and convex subset of E. Let us fix x € C. We consider the
following initial value problem (IVP) for an unknown function u(z,-) : [0,00) — C.

u(z,0) ==
{ () + (I — Hy)(u(, ) =0, (4.1)

where H; : C' — C are monotone nonexpansive mappings with respect to the order <.
The notation u/(z,t) denotes the derivative of the function ¢t — u(x,t). We assume
that * < Hy(z) for every t € RT. Our aim is to construct a solution u(z, -) for the IVP
(4.1), such that = < u(z,t) for every t € RT. To achieve this we need to construct
u(x,-) such that

u(z,t) = e 'w —|—/O e ' Hy(u(s))ds.

It can be proved, using the standard methods of the Bochner integration, that the
above formula gives us the required solution. Define then T; : C — C by Ti(x) =
u(z,t) for all ¢ € RT. It can be proved that T} is a monotone nonexpansive mapping
for each t € RT. Hence, it follows that S = {7} : t € R"} is a family of monotone
nonexpansive mappings (see [11, 3, 4]).

We prove a weak convergence theorem for a family of monotone nonexpansive
mappings in an ordered uniformly convex Banach space.

Theorem 4.1. Let C' be a nonempty closed convex subset of an ordered uniformly
conver Banach space E. Let Ty, T, ..., T, be monotone nonexpansive mappings of
C into itself such that T;T; = T;T; for every i,j = 1,2,...,r and (;_, F(T;) is
nonempty. Assume that x < Tpx for every k = 1,2,...,r and x € C. Suppose
x1 € C and {x,} is given by

1 n n . )
Tpt1 = QpTp + (1 — an)m Z Z " ---T. "z, for every n €N,

11=0 ir=0
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where {an} is a sequence in [0,1]. If {ow,} is chosen so that ay, € [0,a] for some a
with 0 < a < 1, then the sequence {x,} converges weakly to a point of (i_, F(T3).

Proof. As in the proof of Lemma 3.3, we may assume that C' is bounded. It fol-
lows from Lemma 3.3 that the sequence {z,} is an approximate common fixed point

sequence of 171,75, ..., T, i.e., for every k =1,2,....,7,
lim ||z, — Txx,| = 0.
n—oo

Since F is reflexive, {z,,} must contain a subsequence which converges weakly to a
point in C. So, let {z,,} and {z,,} be two subsequences of {x,} such that x,, — 2

and z,,; — 22, respectively. We remark that for every k =1,2,...,r,
lim ||z, — Tk2y,|| = 0and lim ||z,, — Tpz,,| = 0.
1—00 j—o0
It follows from Theorem 2.3 that z; and zo are common fixed points of 71,75, ..., T;.

Next, we show z; = 2o (see also [7]). Fix m > 1. By Lemma 3.4, {z,} is monotone
increasing. Since {z, } is monotone increasing and the order interval [x,,, —) is weakly
closed, we conclude that z; € [z,,,—) for i = 1,2. Then, we also obtain that {z,} C
(¢, z) for i = 1,2. It follows from the same reason that z; € (+,z;] for ¢,j = 1,2.
So, we have z; = z9. Therefore, we obtain that {z,} converges weakly to a point of
N, F(T). D

Using Theorem 4.1, we get some convergence theorems for monotone nonexpansive
mappings in ordered uniformly convex Banach spaces (see also [17]).

Theorem 4.2. Let C' be a nonempty closed convex subset of an ordered uniformly
convexr Banach space E. Let S and T be monotone nonexpansive mappings of C into
itself such that ST =TS and F(S)NF(T) # 0. Assume that x < Tz and x < Sz for
each z € C. Suppose x1 € C and {x,} is given by

1 n o n o
Tpt1 = QpTp + (1 — an)m g g S*T7x,, for every n €N,
i=0 j=0

where {an} is a sequence in [0,1]. If {an} is chosen so that a,, € [0,a] for some a
with 0 < a < 1, {x,} converges weakly to a point of F(T)N F(S).

Theorem 4.3. Let C' be a nonempty closed convex subset of an ordered uniformly
convex Banach space E and let T be a monotone nonexpansive mapping of C into
itself such that F(T) # (. Assume that x < Tz for each x € C. Suppose x1 € C' and
{zn} is given by

1 .
Tpt1 = QpTp + (1 — ozn)ni_‘_1 ZT’xn for every n €N,
i=0

where {an} is a sequence in [0,1]. If {ay} is chosen so that a,, € [0,a] for some a
with 0 < a <1, {x,} converges weakly to a point of F(T).
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