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1. INTRODUCTION

Throughout this paper, we assume that H is a real Hilbert space, and D C H is
a nonempty, closed and convex. Let S : D — D be a nonexpansive mapping (i.e.,
[ISu — Sv|| < |Ju—v|) and let & : H — R be a convex and bounded below function.
The minimization problem over the fixed point set of a mapping is defined as:

find u € Fix(S) such that @(u) = inf P(Fiz(9)), (1.1)
where Fiz(S) = {u € D; Su = u} denotes the fixed point set of S.
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It is remarked that the problem (1.1) is equivalent to the following variational
inequality problem VIP(&, Fiz(S)) ([23)):

find u € Fiz(S) such that (v —u, d(u)) > 0, for all v € Fixz(S), (1.2)

provided that @ is Gateaux differentiable over an open set including Fiiz(S) where &
denotes the derivative of @.

For a slow decreasing sequence @&, C (0,1), the following class of hybrid steepest-
descent approximants (HSDA):

o1 = S(tn) — Gpp1D(S(tn)) for all n € N, (1.3)

is prominent for solving (1.2). The algorithm (1.3) converges strongly to the set
of solutions of (1.2), involving a (quasi-)nonexpansive mapping S, under suitable
set of conditions on &, and (@) [33, 34]. A robust variant of HSDA, involving
(asymptotically) quasi-shrinking operators, was analyzed in [35](see also [8, 5, 7, 10,
2,1, 6, 9]).

In 2008, Maingé [26] studied the problem (1.1) involving a more general class of
demicontractive and demiclosed mapping via the following Mann-type variant of the
HSDA:

Yn = Tp — dné(tn)7
{ tns i= (1= B)ya + BSyn. (14)

The following compact form of (1.4) coincides with the HSDA:

Yn+1 = S,Byn - &n-ﬁ—lé(sﬁ(yn))a (15)

where Sg := (1 — 8)I 4+ 8S and I denotes the identity mapping. Thus the following
natural question arises in view of the architecture of the approximants (1.4).

The theory of equilibrium problems is a systematic approach to study a diverse range
of problems arising in the field of physics, optimization, variational inequalities, trans-
portation, economics, network and noncooperative games, see, for example [12, 21, 22]
and the references cited therein.

In 1994, Blum and Oettli [12] proposed a systematic mathematical formulation
of equilibrium problems to solve a diverse range of problems occurring in various
branches of sciences. Note that an equilibrium problem with respect to a bifunction
G defined on a nonempty subset D of a real Hilbert space H; aims to find a point
4 € D such that

G (a,v) >0, for all v € D. (1.6)

The set of equilibrium points or the set of solutions of the problem (1.6) is denoted
by EP(G). The current literature provides various classical iterative algorithms to
solve the equilibrium problem. The class of split feasibility problems (SFP) has an
extraordinary utility and broad applicability in medical image reconstruction, signal
processing and computerized tomography [13, 20, 16, 15]. Some interesting and crucial
results regarding the SFP with areas of feasible applications are established in [14,
18, 17]. The first prototype strategies for computing the optimal solution of the split
common null point problem (SCNPP) can be found in [14]. Since then, different
variants of these strategies have been proposed and analyzed for SCNPP and other
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instances of SFP [4, 3, 18, 17]. Let H; and Hs be two real Hilbert spaces and
¢ :Hy — Hz be a bounded linear operator. Let D and ) be nonempty, closed and
convex subsets of H; and Hs, respectively.

We now finally introduce the formalism of the proposed problem.
Let G1 : D xD — R and Gy : Q X Q — R be two bifunctions, then SEP is to find:

% €D such that Gy (u,?0) > 0 for all v € D, (1.7)
and
y*=4Lu €@ such that Gy (y*,y) >0 for all y € Q. (1.8)
The solution set of the SEP (1.7) and (1.8) is denoted by
Q:={z"eD:ue EP(G;) and {uec EP(G2)}. (1.9)

Another useful formalism for modeling various nonlinear phenomenon is the fixed
point problem (FPP) of the operator under consideration. Most of the problems
in diverse areas such as mathematical economics, variational inequality theory, con-
trol theory and game theory can be reformulated in terms of FPP. It is remarked
that various nonlinear fixed point operators play equivalent important role in con-
vex optimization problems(COP). In 2015, Takahashi et al.[31] investigated a unified
formalism of equilibrium problem and FPP in Hilbert spaces. Since then, FPP associ-
ated with different nonlinear operators are jointly investigated with split equilibrium
problem(SEP) in this domain. It is therefore natural to investigate FPP associated
with an infinite family of operators jointly with SEP in Hilbert spaces.

A variety of strategies combining iterative optimization algorithms and fixed point
algorithms have been introduced and analyzed to construct an optimal solution of the
SEP and FPP. This pioneering work drives the mathematical research community to
propose and analyze combined iterative algorithms to address two or more abstract
mathematical problems.

In this paper we are interested to solve the convex minimization problems over the
set of fixed point and split equilibrium problems in the setting of Hilbert space. We
can reformulate (1.2)-(1.4) in the following form:

find @ € (Fiz(T) N Q) such that &(u) = inf P((Fiz(T) N Q). (1.10)

Thus the following natural question arises in view of the architecture of the approxi-
mants (1.4):

Can one modify the approximants (1.4) to solve the convex minimization problem
(1.1) over SEP and the fixed point set of multivalued mappings? Answering this
question in the affirmative, we propose a HSDA for the convex minimization problem
over SEP and the fixed point set of a finite family of multivalued demicontractive
mappings in Hilbert spaces. As far as we know, such results have not so far appeared
in the literature.

The rest of the paper is organized as follows: Section 2 contains some relevant
preliminary concepts and results for convex minimization problem, SEP and fixed
point problem. Section 3 comprises strong convergence results of the proposed a
HSDA whereas Section 4 provides numerical results concerning the viability of the
proposed algorithm.
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2. PRELIMINARIES

Let CB(D) denote the family of nonempty bounded and closed subsets of D. The
Hausdorff metric on CB(D) is defined as:

H(A,B) = max{ sup d(u, B), sup d(v, fl)},
ucA veB

for all A, B € CB(D) where d(u, B) = inf 5 |lu—all.

Let S : D — CB(D) be a multivalued mapping, then u is said to be: (i) a fixed
point of S if u € S(u) and (ii) an endpoint of S if S(u) = {u}. If S satisfies the
endpoint condition then Fiz(S) is convex. Recall that the multivalued mapping S
is said to be (i) nonexpansive if H(Su,Sv)? < |ju — v|? for all (u,v) € D x D,
(ii) quasi-nonexpansive if Fiz(S) # 0 and d(Sv,u)? < ||v — u||? for all v € D and
u € Fiz(S) and (iii) demicontractive [19] if Fiz(S) # () and there exists n € [0,1)
such that d(Sv,u)? < ||u —v||* + nd(v, Sv)? for all v € D and u € Fix(S). The class
of multivalued demicontractive mappings contains properly the class of multivalued
quasi-nonexpansive mappings [24].

Definition 2.1. Let D be a nonempty, closed and convex subset of a Hilbert space H
and S : D — CB(D) be a multivalued mapping. Then I — S is said to be demiclosed
at 0 if for any sequence (tx) in D which converges weakly to u € D and the sequence
(|[tn — ynl|) converges strongly to 0, where y,, € St,, then u € Fiz(S5).

For every point u € H, there exists a unique nearest point in D, denote by Ppu,
such that |[u — Ppul| < |lu —v|| V u,v € D. The mapping Pp is called the metric
projection of H onto D. It is well known that Pp is nonexpansive and satisfies
(u— Ppu,b—Ppu) <0VbeD.

Assumption 2.2. Let D be a nonempty, closed and convex subset of a Hilbert space
Hi. Let G : D x D — R be a bifunction satisfying the following conditions:

(Al): Gi(z,z) =0 for all z € D;

(A2) :  G; is monotone, i.e., G1(z,y) + G1(y,z) <0 for all z,y € D;

(A3): for each z,y,z € D, limsup,_,, G1(kz + (1 — k)z,y) < G1(z,y);

(A4) : for each x € D, y — G1(z,y) is convex and lower semi-continuous.

Now, we proposed an iterative scheme for solving (1.10) in the more general case
when S are a finite family of n-demicontractive multivalued mapping and split equi-
librium problems, respectively.

Now we consider the proposed iterative scheme:

Let G1 : DXxD — R and G5 : Q X Q — R be two bifunction satisfying Assumption 2.2
such that G5 is upper semicontinous. Let £ : H1 — Hs be a bounded linear operator
and let £* be the adjoint operator of £ and let S; : D — CB(D), j € {1,2,--- ,N}is a
finite family of n-demicontractive multivalued mapping. Let @ : D — RU(—o0, +00] is
a proper, convex and bounded below function. Assume that II := Qﬂﬂévzl Fix(S;) #
(). To this end, in a more general frame, we investigate the asymptotic convergence
of the sequence (t,) generated, with an arbitrary ¢y in H, we examine the following
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iteration method:

T =ty — @D (tn);
Yn = TGH(I — h*(I — T2 )0) (2.1)

N N
tn+1 = (1 - ’Yn)xn + Y ijl u]ng), ] = {1,2, s ,N}
where w,(zj) € Sjyn, for j ={1,2,--- N}, p; € (0,1) such that Z;vﬂ wi =1, (& C

[0,1)), v € (0,1) and and h € (0, §) such that ¥ is the spectral radius of £*¢. These
are the following conditions needed in throughout paper:

(Cl) Tn € (07 %) and ’Yn(l - Vn) > 05

(C2) liminf,, o my, > 0;

(C3) limy o0 Gy = 0;

(C4) ano Qi = +00;

(C5) & is L-Lipschitz continuous on H (for some L > 0); i.e

|B(u) — D(v)|| < Llju—vl|, for all u,v € H.
(C6) & is W-strongly monotone on # (for some ¥ > 0); i.e.
(D(u) — D(v), u —v) > ¥|ju—v|]?, for all u,v € H.
It is noted that the unique existence of the solution of (1.10) is ensured by the con-
ditions (C5) and (C6) (see for instance [33]).

The following lemmas are helpful to prove the strong convergence results in the
next section.

Lemma 2.3. Let u,v,n € H and a € [0,1] C R, then

(1) flu+ol? < [lul® +2(v, u+ v);

(2) fluw= ol = flul® = [[olI* = 2(u — v, v);

(3) flaw+ (1 = a)o —n|* = alu = n[* + (1 = a)[v = n[* — a(1 = a) Ju — v|>.
Lemma 2.4 ([32]). Let D be a nonempty, closed and convex subset of a real Hilbert
space H and S : D — CB(D) be a n-demicontractive multivalued mapping. Then, we
have, (i) Fixz(S) is closed; (i) if S satisfies the endpoint condition, then Fixz(S) is
convez.

Lemma 2.5 ([28]). Let D be a nonempty closed convex subset of a real Hilbert space
H. For every c,d,e € H and p € R, the set is closed and convex, which is defined as:

C={feD:|d~fII” <lle— fI* + (e, f) + o},

Lemma 2.6 ([25]). Let D be a nonempty, closed and convex subset of a real Hilbert
space Hi and let G1 : D x D — R be a bifunction satisfying Assumption 2.2. For
m >0 and x € Hy, there exists z € D such that
1
Gi(z,y)+ —{y—z,z—x) >0, forally € D.
m

Moreover, define a operator TS : Hy — D by

TG (z) = {zEC’:Gl(z,y)—&—;l(y—z,z—x) >0, for allyEC’},
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for all x € Hy. Then, we have the following observations:
): for each x € Hi, TS # 0);

): TS is single-valued;

): Tnc,fl 18 firmly nonexpansive;

): Fiz(TS) = EP(G1);

): EP(Gh) is closed and conver.

It is remarked that if G5 : @ X @ — R is a bifunction satisfying Assumption 2.2,
where @ is a nonempty, closed and convex subset of a Hilbert space Hs. Then for
each 7 > 0 and w € Hs, we define the operator:

1
T (w) = {deD:Gg(d,e)+r<e—d,d—w> >0, for alleEQ}.

Similarly, we have the following relations:

(1): for each w € Ha, TG # ();

(2) : T is single-valued;
(3) : T2 is firmly nonexpansive;
(4): Fin(TS) = EP(Gy);
(5): EP(Gy) is closed and convex.
We need the following result to establish the strong convergence results of iterative
scheme (2.1). First we show that ¢*(I —T52){ is a 5-ism operator. For this, we utilize
the firmly nonexpansiveness of ng which implies that (I — ng) is a 1-ism operator.
Now, observe that

1*(1 = Tg2)ew — (I = To) | = (01 = T52)(bx — by), (1 = T52) (bx — Ly))
(I = T52) (b — Ly), U1 — T, (ha — Ly))

< (I —T52)(tx — ty), (I — TS?)(bx — Lty))
= (I = T52) (b — ty)|?
< Wa—y, 01 = T52) (tx — ty)),

for all z,y € H;. So, we observe that, £*(I — Tgi)é is a %—ism.

Moreover, I — ht*(I — TS?){ is nonexpansive provided & € (0, $).

Lemma 2.7. Let Gy : D XD — R and G2 : Q X Q — R be two bifunction satisfying
Assumption 2.2 such that Gy is upper semicontinous. Let £ : Hi — Ho be a bounded
linear operator and let ¢* be the adjoint operator of (. Let Sj, j € {1,2,--- N} be
a finite family of n-demicontractive multivalued mappings on H and @ be a conver,
bounded below and Gateauz differentiable function on H with derivative &. Assume
furthermore the conditions (C1) — (C3) and (C6) hold. Then the sequence (ty) given
by (2.1) satisfies for all k >0,

1 ,
Upi1—Up+ 5(1 —2L6) [ths1 — tall? < =G (tn — 0, D(t,)), (2.2)

where u € II and

1
Un = 5ltn — il|? + G (P(t,) — inf B). (2.3)
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Proof. Let w € II. Now, it follows from iterative scheme (2.1) that utilizing Lemma
2.3-2.6, we obtain

M
[tns1 = all* = (1 =) (@n — @) = (Y pyw —a)?
j=1
M
= 1> 1[(1 = 7n) (@0 — @) = (W — )] >
j=1

M
< Z:uj [H(l - ’Yn)(xn - ﬂ) - ’Yn(wfzj) - a)HQ]

15 [(1 = )|z — @)% + Allwd) = a@)® = (1 =)l — w|?]

M=

<.
Il
—_

15 [(1 = )|z — @l? + ymd(w?, 8;8)% — (1 — o)yl — w§|?]

s

<.
I
—

M-

Hj [(I_Vn)”xn - I_L||2 + 'YnH(Sjynv Sja)z — (I=y)"nllTn — wS’Lj)||2:|

<.
Il
—

M-

Hj [(1 - 'Yn)Hxn - HHQ + 'YnHyn - EHQ - (1 - 'Yn)'Yonn - wéj)HQ]'

j=1
(2.4)
Since T\ 4 = @ and we obtain
lyn —al* = |T5LI = (I = T2) 0w, — al®
< |y — RE(I — Tg:)éxn — a?
<l — al® + B3I = T2 )|
+21(0 — T, 05 (I — T2 )ly,). (2.5)
Thus, we have
lyn —all® < aw —al|® + B2 bz, — TG 0w, €701 — TS )lxy,)
+20(0 — T, 05 (I — T2 Y. (2.6)

Moreover, we have

R bz, — TS bxy, 001 — TS Yz,

IN

IR (b, — TS by Ly, — TS Uy,
OR?|[bx,, — TS L2 (2.7)
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Note that
20t — @y, (I — T2 )ly,)
= 2h{l(a — zp), by — T2 L)
= 2h[(0u — TS bxy bz — TS ) — ||y — T2 02y ||
< ORI — T2 Lra|? — |, — T2,
= —h|lz, — T5? bz, || (2.8)
Utilizing (2.6)-(2.8), we have
lyn = all® < Naw = all® + 002 ||len — T2 ban|® = iz, — T2 by |2

< N —alf? + h(9h — 1) bz, — TS? L |12 (2.9)
Since 1 € (0, 1), the estimate (2.9) implies that
lyn = all* = llzn —all*. (2.10)

Utilizing (2.10), the estimate (2.4) implies that
ltns1 = @ll? = llza — @l = (1 = ) ynllzn — w2 (2.11)
From (2.1), we have
- 1
Zﬂij'Ezj) —nll = —(tnt1 — n).
=1 T
Setting = := %(1 — Yn), we get from
tn+r = all* < o — @1 = Elltnsr — al?, (2.12)

so therefore, if vz € (0,1) (so that = > 1), we obtain

tn1 = all* < llzn = @l = l[tnar — zall?, (2.13)
From (2.1) and (C3), we have
lzn —al® = |I(tn — @) — Gudb(t)|?
= |t —all* =260 (tn — @, B(t0)) + an|Bt)IP. (2.14)
Moreover
20 = tnril? = [[(tnt1 = tn) + @d(t,)|?

,

41 = toll® + 26k (tng1 — tn, B(tn) — B(tns1))
F28n (tns1 — tn, D(tngr)) + &2 [ D(L,)||. (2.15)
Using the L-Lipschitz continuity of & and the convexity of @, we obtain

<tn+1 - tmé(tn) - é(tn+1)> > _L”thrl - tn||2

(t
”tn-‘rl - tn||2 + 2dn<tn+1 — tnv Q%(tn» + dkHQ(tn)Hz
(t

and

,

<tn+1 - tnvqs(tn+1)> > (Ab(thrl) - dj(tn)v
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utilizing the above estimate in (2.15), we get
Ftns1 =2nll* > [[tns1 = tnll* =280 Llltn —tni1 | + 200 (B(tn1) — D(t)) + anlD(ta)lI?

= (1=2Léw)[[tnt1 —tn|*+200(@(tns1) — B(tn))+an Bt [P, (2.16)
So therefore, from (2.14), (2.16) in (2.13), we get

ltnr —all® < ltn — al* = 260 (tn — @, b(tn))
—(1 = 2Léan) [tns1 = tall® = 240 (P(tnt1) — B(tn)),
Rearranging the above statement, we have
st — 12 + 20041 (B(tns1) — inf &)
< ltn — @lf? + 260 (D(tn) — inf &) — 2d (t,, — @, B(t0))
— (1= 2Lé) [tnsr — tall® — 2(&n — @ng1)(D(tny1) — inf D).

Note that, if &, is non-increasing, we have (&, — n+1)(@(tnt1) — inf @) > 0, that is
1 .
§||tn+1 — ] + ang1(P(tnt1) — inf @)

1 ,
S §||tn - aHQ + &n(ds(tn) - inf@) - dn<tn - ﬂ,@(tn»

1 B
- 5(1 —2L6) [thsr — tal*

The following results can easily be derived from [26, Lemma 2.2 & 2.3].

Lemma 2.8. Let the conditions (C1)-(C4) and (C6) hold, given for any @ € II and
any € € (0,2), the sequence (t,)(for n € N) given by (2.1) satisfies,

, 1
n—1U,P(t,)) > ———(VeU,, — (D, Ued,)), 2.1
(tn, — 1, P(t,)) 1+Ll75an( elU, — (D + dPedy,)) (2.17)
where
1
U, = §||tn—ﬂ\|2+dn((l>(tn)—inf@),
d = &(a)— inf @,
A7) ]2
p, o lE@F
212 —-¢e)¥

Further, assume that the conditions (C1)-(C3) and (C6) hold and suppose (éy) C
(0, 5=] (when L #0). Then we have

14 2Weqqy _2ve
——¢

U, < Upe” Trpeay (Dreo @r=0) | (De + d¥eay) RSN (2.18)
- Ve

Proof. See proof in [26].

Lemma 2.9. Let the conditions (C1)-(C4) and (C6) hold, given for any @ € II and
any € € (0,2), the sequence (t,)(for n € N) generated by (2.1) is bounded.

Proof. This result is easily can see in consequence of Lemma 2.8.
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3. STRONG CONVERGENCE ANALYSIS

In this section, we first introduce the necessary results required in the sequel to
formulate the proposed scheme (2.1) for a convex minimization problems over the set
of SEP and FPP associated with a finite family of 7;-demicontractive multivalued
mapping in Hilbert spaces. Consequently, we formulate our hybrid stepeast descend
iterative scheme along with the required control conditions for further investigation
in such settings.

We need the following result to establish the strong convergence results of scheme
(2.1).

Lemma 3.1. Let the demiclosed principal and the conditions (C5) and (C6) hold and
assume the sequence (t,) generated by (2.1) is bounded and satisfies ||[tn+1 — Zn| — 0
and ||Yn, — Zn|| = 0. Then t, = @, u € I and we have

lim inf (t, — @, ®(a)) >0,

n—roo
where @ is the solution of (1.10).

Proof. Let (t,,) be a subsequence of (t,,) which converges weakly to an element @ in
H. Assume that [[t,+1 — tn]| = 0, &, — 0 and (¢,) is bounded, consequently, ¢,
is weakly converges to @ and y,, = t,, — &n P(t,,) converges weakly to @, utilizing

(C5) and boundedness of é(t,,), we have ay,_||D(t,,)|| — 0. From (2.1), we get

N

. 1 .
Zujnwgzjs) _mns|| = 7Ht’ﬂs+1 — Tng|| — O’ J= 172a"' 7N'
= Yn

It now from the following triangle inequality, we have

(4)

1wl = yn | < w0 = @n, |l + lln, = yn.l,
that
Timw) =y, || =0. (3.1)

Notably, S; is demiclosed, then we obtain z* = S;z*, j € {1,2,--- ,N}. Next, we
show that z* € Q.
Rearranging the the estimates (2.9) and Lemma 2.4, we have,

—h(9h —1)|[ly, — Tgif%lF < (”xn —ul + llyn — ﬂ”)”iﬁn —ynl- (32)
Since A(Yh — 1) < 0 and (3.2) that

lim ¢z, - TS bz, || = 0. (3.3)
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Note that Tgi is firmly nonexpansive and I —h¢*(1 anCji)E is nonexpansive, therefore
we have

lyn —all> = TG (wn — he*(I = TS lxy) — TS >
< (TS (wn — WO (I — TG xy) — TS 0, w0, — WO (I — TS? )z, — )
= (yn—u, vy — (I - TS )z, — )
1 _ . B
= iy — Ul + |wn — BE(I = T332 )b, — a||?
~llyn — @0 + (I = T52) x|}
1 _ _ .
< Sillye - |l + [lzn = all® = llyn — @0 + 21 = T,52 )l ||*}

= %{Ilyn =l + llen = all® = (lyn — zal® + 8%)|€° (1 = T2 ba
120 (yn — T, (1 = TS )lxy))}
So, we have
lyn —all® < llzn =@l = llyn = @al® + 28{yn — 20, (1 = T2 )ly). (3.4)

Therefore, we have

lyn = zall® < llzn = @l® = lyn — @ll* + 2Rllyn — @nllll€* (1 = T2 ) x|
< (e —all + lyn — @) len = yall + 2Rllyn — zalll16°(1 = T52 )|
(3.5)
Utilizing (3.3) and (A1), we have
Jim [y, — zn[| = 0. (3.6)

From the estimate (3.6) and the triangle inequality ||y, —tn|| < ||y — 20|l + |Zn —tnll,
we have

~—

lim ||y, — tn] = 0. (3.7
n—oo

|

Note that the existence of a convergent subsequence (z,;) of (z,) such that x,,
@ € Hy as j — oo follows from the boundedness of (x,,). This also infers that y,, —
as j — oo. To establish the claim, we first prove that @ € .

Show that @ € ).

Let 4 € EP(G1). For any p € H;, we have

S

)

1
Gl(ynap) + m7<p —Yn,Yn — Tp — M*(I - Tgi&rn» > 0.

n

This implies that

1 1
n (P =L, Y — Tp) — —(p — b, RO (I — TC?(2,,)) > 0.
Gily ,p)+m (p Yn — Tn) — (p ( melry)) >0

n n

From the Assumption 2.2(A2), we have

1 1
mf<p — Yn>Yn — tn) — mf<p — Y, W (I = T2 b)) > —G1(Yns D) = G1(D, Yn)-
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So, we have

(P = YnorYn, —tn,) — (= Yno W (I = T2 b2y ) > G(p,yn,)-  (3.8)

mns mns
Utilizing (3.3) and (C2), we get that y,, — 4. Moreover, from (3.3) and the Assump-
tion 2.2(A4), we get
G(p,u) <0, forall p € H;.
Let g = kp+ (1 — k)u for some 1 > ¢ > 0 and p € H;. Since u € H, consequently,
qr € H and hence G1(gi,p) < 0. Using Assumption 2.2((Al) and (A4)), it follows
that

o
|

G1(qr, ar)
< kGi(gr,p) + (1 = k)G1(qr,p)
< k(Gi(gqk,p))-

This implies that

G1(qk,p) >0, forall p € C.
Let £ — 0, we have

G1(u,p) >0, for all p € C.

Thus, @ € EP(G4). Similarly, we can show that & € FP(G3). Since £ is a bounded
linear operator, we have ¢t,,, — ¢u. It follows from (3.8) that

TS by, — hiass — oo. (3.9)

Now, from Lemma 2.7 we have

Go(TS? L, p) +

(p— Tgisﬁxns , Tgi hx,, —lx,, ) >0,

Ns

for all p € H;. Since G2 is upper semicontinuous in the first argument and from (3.9),
we have

Ga(tu, p) > 0,
for all p € H;. This implies that, fu € EP(G3). Therefore, u € Q.
Since t,, = u € ‘H as s — oo, therefore we have ¢,,,4+1 — @ and t,, — @ as s — o0.
Moreover, from z,, = @ and ||z, — yn| — 0 as n — oo imply that y,, — @.
The term (¢, — @, P(a)) is bounded, as (¢,) is bounded. So, there exists a subsequence
(tn,) weakly converges to a point z* € H, so therefore z* € II and such that
hnrglgf@n —u,d(u)) = Sgr&<tns —u,d(a)),
hence lim inf,, o0 (t, — @, D(@)) = (z* —u, $()). As @ is a solution of (1.10), we have
(z* — @, ®(@)) > 0. This is required result.
Lemma 3.2. Let the demiclosed principal and the conditions (C4),(C5) and (C6)
hold and let the sequence (t,) generated by (2.1) has a subsequence (t,,) such that:
(@) (tn,) CT:={a* € H: (z* —u,d(a)) < 0}, where @ is the solution of (1.10).
(D) |ltn.41 — tn.ll = 0 as n — oo.

Then, (tn,) converges strongly to .
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Proof. It is observed that using (C6), we have ¥||t,,. — @||? < (tn, — @, D(t,,) — D(a)),
then (I), it yields

Ult,, —a|* < —(t,, — a,d(a)). (3.10)
From (3.10), we obtain ||t,, —a| < @ so therefore, (¢,_) and as well T’ are bounded.
Consequently, a subsequence (t,,) € H converges weakly to a point z* € H and
utilizing (II), we obtain ||t,, — tn +1]| = 0 as n — co. Moreover, from (2.1), we have

IN

N
Yo > willwn, —w|| (3.11)

N
Volltn, =Y njws)
j=1 j=1

1
= —|tn+1— an,
Vs

— 0, as n — oo.

By using (C6) and since (&) — 0, y,, converges weakly to u. Note that, a € II, (as
proved in Lemma 3.1) and utilizing (3.10) and (1.10) entails
1

limsup ||t,, — a||*> < —(=){z* — [L’QS(Q» <0,
n—+o00 ' 4

hence lims_, 4 oo ||tn, — @|| = 0. This is the required result.
Lemma 3.3. Let the demiclosed principal and conditions(C1)-(C6) hold then the
sequence (t,) given by (2.1) satisfies:

(@D Ntna = tull = 0.

(1) limy,—seo |[tn — @|| exists,

where 4 is the solution of (1.10). Then (t,) converges strongly to a.

Proof. Tt is observed that from Lemma 2.9, (¢,,) is a bounded sequence. Suppose that
limy, s ||tn—@|| = g > 0 and utilizing Lemma 3.1, we have lim inf,,_, (¢, —@, P(a)) >
0 and also from (C6), we get
(tn — 0, B(tn)) > Ut —a|® + (t, — , &(w)).
After simplification, We obtain
lim inf (t,, — @, D(t,)) > Wp.

n— 00

It deduced from Lemma 2.7 that there exists ng > 0 such that for n > ng,
1
Vn+1 - Vn S —dn(§Q/M2)’

where V,, := £/t — @||? + & (P(tn) — inf &), it yields

1 S
(§WM2) Z (e79) S Vng - VnJrl-

S=ngo

It is observe from the above estimate, if > &, = oo, then the last inequality is
inappropriate as n — oo, because (t,) is bounded, so its right hand side is supposed
to be bounded, while the left hand side approaches to +o0c. Hence, as consequence
@ = 0. This is the required result.
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Theorem 3.4. Let G1 : DXxD — R and G5 : Q@ X Q — R be two bifunction satisfying
Assumption 2.2 such that Gy is upper semicontinous. Let £ : Hi — Ho be a bounded
linear operator and let ¢* be the adjoint operator of £. Let S; : D — CB(D) is a
finite family of n;-demicontractive multivalued mapping and @ be a convezx, bounded
below and Gateauz differentiable function on H with derivative &. Assume that I1 :=
aQn ﬂjvzl Fiz(S;) # 0. Suppose that (C1)-(C6) hold then the sequence (t,) given by

(2.1) converges strongly to 4, where @ is the unique solution of (1.10).

Proof. 1t follows from Lemma 2.8 that if V;, = 3||t, — @||* + &y, (D(t,) — inf &), then
both (V,,) and (¢,) are bounded. Hence, there exists a constant M > 0 such that
[{tr, — @, ®(tn))|| < M for all n > 0, utilizing Lemma 2.7, it yields

1
Vit = Vi £ 5(1 = 2L [tnsr — tal|? < Ma,. (3.12)

For simplification, we consider the following two cases:
Case A. In the first instance, we assume that (V},) is monotone, i.e., for large
enough ng, (V,)n>n, is either non-increasing or non-decreasing. In addition, (ny)
is bounded and hence it is convergent. Using (C1), that lim, o ||tn — @ exists,
that is, lim, e ||tn — @l = d (say). Utilizing (3.12) and lim, e ||[Vit1 — Vall =0,
we have

lim ||t,4+1 —tn] = 0. (3.13)

n—oo

Now, consider the re-arranging estimate (2.4) and using (C1), we have

M
V(L =) D pillen —wP P < e —@ll* = [[tnr — al®
j=1

IN

(It = @ll + lltns1 = @l)lltn = tnall-

Letting n — oo and utilizing (3.13), we have

M
(1 =7) D pilln — w2 = 0. (3.14)
j=1
It is observed that
al 1
S willw =l = —ltass — a0 =0, j=1,2,- N,
— In
j=1
The above estimate implies that
nhﬂn;o |xn — tnt1] = 0. (3.15)

From (3.13), (3.15) and the following triangular inequality:
zn = tall < 20 = tnga || + [[tns1 — tall,

we get,
lim |z, —t,|| =0. (3.16)
n—oo
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Note that limsup,, ., [|[yn — @] < limsup,,_, ||ltn — @|| < d. Moreover, from the
estimate (2.5), we get d < liminf,,,  ||yn —@/|. In total, we have lim,, oo ||y —1l| = d.
That is,
lim |y, —al = lim |TS (I — (I — TS2) )z, — al?|| = d. (3.17)
n—00 n—00 n n
Since limsup,,_, ., ||zn — @|| < d and by the virtue of the variant of estimate (2.9)
limsup,,_, o |15 (I — he* (I — TG2) )z, — TS (w)]] < d. It now follows from Lemma
2.9, that

lim ||z, — TS (I — We*(I — TS*)0)z,| = 0. (3.18)
n— 00 " "
Also observe that, ||z, — ynl| = |lzn — TG (I — he*(I — TG2))zy|. Tt now follows

from the estimate (3.22) that
Jim [y, — ynl| = 0. (3.19)
Consider this alternative version of the estimate (2.11) through utilizing the estimate
(2.9):
ltsr =2 < [lon — a2 = AL — OB)|[6 — TG b2
The above estimate implies that

B — 9B)|[f — TS bz, |2 <
<

The above estimate then implies from the estimate (3.15) that
lim |lx, — TS? 0z, = 0. (3.20)
k—o0 "

Hence from Lemma 3.3, we deduce that @ € II.
Case B. Conversely, suppose (V},) is not monotone sequence and for all n > ng (for
some ng large enough) let a mapping w : N — N defined by

w(n) :=max{s € N;s <n,V,, <V,41}. (3.21)

Note that, w is a non-decreasing sequence imply that w(n) — 400 as n — 400 and
Vion < Vign)+41 for n > ng, so therefor by using (3.12), it yields

(1= 2Ly )t — g | < Mo, =50, (3.22)
hence, |[ty(n)+1 — twem)l| — 0. Utilizing Lemma 2.7, for any & > 0, the inequality
Vir1 < Vi holds provided that ¢, ¢ I := {t € H; (t — @, $(t)) < 0}. Consequently, we
have t,,(,y € I for alln > ng (since V,,(,) < Viy(n)+1). By Lemma 3.2, we conclude that
ltw(n) — @ll = 0 and it follows that lim, o0 Viy(n) = limy 00 Viy(n)41 = 0. Moreover,
for n > nyg, it is mention that V,, < V)41 if n # w(n) that is , if w(n) < n,
because we have Vi > V41 for w(n) + 1 < k <n —1. It follows that for all n > ny,
0 < Vi <max{V,n), Vim)+1} — 0, hence lim,,_, . V,, = 0. This completes the proof.
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4. NUMERICAL EXPERIMENT AND RESULTS

This section provides effective viability of our algorithm supported by a suitable
example.

Example 4.1. Let H, = Ha = (R, (-,),| - |) where (t,u) = tu and D C H;. Let
G1 : RxR — R be a bifunction defined as Gy (z,y) = 22(y—=z) and let G2 : RxR — R
be a bifunction defined as Ga(p,q) = p(q — p). Consider the operator £ : R — R are
defined as £(t) = 3t. Suppose @ : R — (—o0, 00] is defined as ¢(z) = %Hflx—e”?, with
Az =0 = e. Then @ is a proper, convex and lower semicontinuouos mapping, since A
is a continuous linear mapping (see[27]). Let a multivalued mapping S : R — CB(R)
be defined as follows: if ¢t € (—o00,0], take S(t) = [—(Z), —4t]. Then there exists
unique sequences (t,), (), (yn) and (t,+1) generated by the iterative method in
(2.1) then t,, converge strongly to a point .

It is noted that the bifunctions G and G satisfy the Assumptions (A4;)-(A4) and
(5 is upper semicontinuous with £ = 0. Moreover, £ is bounded linear operator on R
with adjoint opertator £* and ||| = ||¢*|| = 3 and ﬂ;vzl Fiz(S;) = 0. Hence II := QN
ﬂ;v:l Fiz(S;) = 0. In order to compute ¢,41, for each j € {1,2,--- , N}, take S; = S.
By Example 2.2 in Ref. [24], we know that S is a multivalued demicontractive operator

with a constant n = %. Choose w,(f) = —5t,,j € {1,2,--- N}, v, = m,
N = 3 x 10*. The numerical experiment of a hybrid steepest descent approximants
defined in iterative scheme 2.1. The stopping criteria is defined as Error=F, =
[ltn+1 — ta]| < 1075, The different cases of xq are giving as following:

Case I: zg = 3.7

Case II: zg =5

The error plotting ||t,+1 — t,| against the iterative scheme 2.1 for each case in
Table 1 has shown in Figure 1.

TABLE 1. Computations of iterative scheme 2.1 with different values of dy.

No. of Iterations CPU Time

Casel Casell Case 1 Case II

Scheme. 2.1 (=0.90) 20 34 0.022654 0.0264547
Scheme. 2.1 (6=0.70) 91 63 0.037654  0.046367
2.1 ( )
2.1 ( )

Scheme. a=0.50) 171 84 0.044364 0.069274
Scheme. a=0.30) 233 102 0.068654 0.0743659
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FiGURE 1. Computations of a number of iterations and error for iterative scheme 2.1
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Remark 4.2.

(1) The example presented above is serving a purpose to show the impact of
different values of &, on our proposed iterative scheme.

(2) The numerical results presented in Table 1 and Figure ?? indicate that our
proposed iterative scheme is efficient, easy to implement and does well for any
values of & # 0 in both number of iterations and CPU time required.

(3) We observe that the CPU time of iterative scheme 2.1 increases, but the
number of iterations decreases when the parameter & approaches 1.

(4) We observe from the numerical implementation above as well that our pro-
posed iterative scheme outperformed in the number of iterations and CPU
time required to reach the stopping criterion.

5. CONCLUSIONS

In this paper, we have devised a hybrid steepest descent approximants method for
computing the convex minimization problems over SEP and the set of FPP problems
in Hilbert space. The theoretical framework of the algorithm has been strengthened
with an appropriate numerical example. We would like to emphasize that the above
mentioned problems occur naturally in many applications, therefore, iterative algo-
rithms are inevitable in this field of investigation. As a consequence, our theoretical
framework constitutes an important topic of future research.
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