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E-mail: bogdan.anghelina@unitbv.ro

Abstract. This paper deals with the notion of f -metric space, a genuine generalization of the
concept of b-metric space. We present Matkowski, Kannan and Chatterjea type fixed point theorems

in the context of f -metric spaces.
Key Words and Phrases: Matkowski’s fixed point theorem, Kannan’s fixed point theorem, Chat-

terjea’s fixed point theorem, b-metric space, f -metric space.

2020 Mathematics Subject Classification: 47H10, 54H25.

1. Introduction

There are many generalizations of the concept of metric spaces (see [17]). One
particular extension was introduced by Vulpe et al. [29] (see also [6]), I.A. Bakhtin
[5] and S. Czerwik [11], known under the label of b-metric space. Their idea was
to replace the triangle inequality by a weaker axiom. More precisely we have the
following:

Definition 1.1. Let X be a nonempty set. A map d : X × X → [0,∞) is called a
b-metric if there exists s ≥ 1 such that for all x, y and z ∈ X the following conditions
hold

(b1) d(x, y) = 0 if and only if x = y,

(b2) d(x, y) = d(y, x),

(b3) d(x, y) ≤ s[d(x, z) + d(z, y)].

The triplet (X, d, s) is called a b-metric space.

Czerwik proved Matkowski’s fixed point theorem [19], within the context of b-
metric spaces [12]. Some corrections have been added in [14]. Many other results
concerning generalizations of fixed point theorems, in this framework, were provided
(see, for example, [8, 22, 18, 20, 10, 1, 4] and [6] for an excellent survey concerning
early developments in fixed point theory on b-metric spaces). On the other hand, the
topological properties of b-metric spaces were studied in [2] and [9].
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Some authors introduced generalizations of b-metric spaces by weakening the tri-
angle inequality even further (see [24, 26, 21, 27, 3, 16]). Of particular interest for
our paper is the one introduced by A.V. Arutyunov in [3], where the focus is on the
topological properties of f -quasimetric spaces. Along these lines of research, E.S.
Zhukovski obtained a Browder type fixed point result in the above mentioned frame-
work (see [30]).

In this paper we generalize some classical fixed point theorems to the framework of
f -metric spaces. More precisely, Theorem 3.1 is a Matkowski type fixed point result,
Theorem 3.2 is a Kannan type fixed point result and Theorem 3.3 is a Chatterjea
type fixed point result.

2. Preliminaries

In this section, we introduce the concept of f -metric space (see [9, 3] for a more
general notion) and some useful properties.

In line with the previously mentioned paper by Arutyunov we define

Definition 2.1. Let X 6= ∅ be a set and a function f : [0,∞)× [0,∞)→ [0,∞) such
that

(α1) lim
(x,y)→(0,0)

f(x, y) = 0,

(α2) f(x, y) ≥ f(x′, y′),

for all x, y, x′, y′ ∈ [0,∞) having the property that x ≥ x′ and y ≥ y′.
A map d : X × X → [0,∞) is called an f -metric if for all x, y and z ∈ X the

following conditions hold

(β1) d(x, y) = 0 if and only if x = y,

(β2) d(x, y) = d(y, x),

(β3) d(x, y) ≤ f(d(x, z), d(z, y)).

The triplet (X, d, f) is called an f -metric space.

Convergent and Cauchy sequences are introduced in a similar manner to metric
spaces (see [9]).

Definition 2.2. Let (X, d, f) be an f -metric space.

i) A sequence (xn)n∈N ⊆ X is called convergent to x ∈ X if lim
n→∞

d(xn, x) = 0.

ii) A sequence (xn)n∈N ⊆ X is called Cauchy, if for any ε > 0 there exists nε ∈ N
such that d(xn, xm) < ε, for all n,m ∈ N, n,m > nε .

iii) (X, d, f) is called complete if every Cauchy sequence is convergent to some
x ∈ X.

Proposition 2.1. Let (X, d, f) be an f -metric space. Then each convergent sequence
(xn)n∈N ⊆ X has a unique limit.
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Proof. Suppose that for a convergent sequence (xn)n∈N there are two limits l1, l2 ∈ X.
Then

d(l1, l2) ≤ f(d(l1, xn), d(xn, l2)),

for all n ∈ N. Based on α1, taking the limit as n→∞, we conclude that d(l1, l2) = 0,
so l1 = l2. �

Remark 2.1. For a function f as described in Definition 2.1 we have

f(x, y) ≤ f(x, x) + f(y, y),

for all x, y ∈ [0,∞).

Proof. Indeed, for x, y ∈ [0,∞) with x ≤ y, we have

f(x, y) ≤ f(y, y) ≤ f(x, x) + f(y, y).

The same conclusion holds for x ≥ y. �

Example 1.
(1) Taking the function f given by f(x, y) = x+ y, for all x, y ∈ [0,∞) we obtain

the concept of metric space.
(2) Taking the function f given by f(x, y) = s(x + y), for all x, y ∈ [0,∞) we

obtain the concept of b-metric space with constant s due to Czerwik and
Bakhtin.

(3) Taking the function f given by f(x, y) = smax{x, y}, for all x, y ∈ [0,∞) we
obtain the concept of quasi-metric space (see [25]).

We introduce the following method of constructing new f -metric spaces from metric
spaces:

Proposition 2.2. Let (X, d) be a metric space and θ : [0,∞)× [0,∞)→ [0,∞) such
that

(1) lim
(x,y)→(0,0)

θ(x, y) = 0,

(2) θ(x, y) ≥ θ(x′, y′) for all x, x′, y, y′ ∈ [0,∞) with x ≥ x′ and y ≥ y′,
(3) x ≤ θ(x, x) for all x ∈ [0,∞),
(4) f(x, y) = θ(x+ y, x+ y) for all x, y ∈ [0,∞),
(5) ρd(x, y) = θ(d(x, y), d(x, y)) for all x, y ∈ X.

Then (X, ρd, f) is an f -metric space.

Proof. Note that from 2 and 3 we have

0 ≤ θ(0, 0) ≤ θ
(

1

n
,

1

n

)
,

for all n ∈ N. Taking the limit as n→∞ we find that θ(0, 0) = 0.

Let x, y ∈ X with 0 = ρd(x, y) = θ(d(x, y), d(x, y))
3
≥ d(x, y). Consequently

d(x, y) = 0, hence x = y.
Conversely, let x, y ∈ X with x = y. We have

ρd(x, y) = θ(d(x, y), d(x, y)) = θ(0, 0) = 0.
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Additionally

ρd(x, y) = θ(d(x, y), d(x, y)) = θ(d(y, x), d(y, x)) = ρd(y, x),

for all x, y ∈ X.
Conditions β1 and β2 are verified.
Moreover

ρd(x, y) = θ(d(x, y), d(x, y))

2
≤ θ(d(x, z) + d(y, z), d(x, z) + d(y, z))

= f(d(x, z), d(y, z))

3
≤ f(θ(d(x, z), d(x, z)), θ(d(y, z), d(y, z)))

≤ f(ρd(x, z), ρd(y, z)),

for every x, y and z ∈ X, so condition β3 is valid. �

A space constructed in this manner is given in the following example:

Example 2. For the metric space (R, | · |), define

θ(x, y) = e
x+y
2 − 1,

for every x, y ∈ [0,∞).
Taking into account the previous result we get that (R, d, f) with

d(x, y) = θ(|x− y|, |x− y|) = e|x−y| − 1,

for every x, y ∈ R and

f(x, y) = θ(x+ y, x+ y) = ex+y − 1,

for every x, y ∈ [0,∞) is an f -metric space.
We claim that (R, d, f) is not a b-metric space, i.e. there is no s such that d verifies

Definition 1.1 b3.
Indeed, if this is not the case, there exists s ≥ 1 such that

e|x−y| − 1 ≤ s[e|x−z| − 1 + e|z−y| − 1],

for all x, y and z ∈ R. Taking x > 0, y = −x and z = 0 we get s ≥ e2x−1
2(ex−1) , for all

x > 0. Clearly no s can satisfy this condition.

Remark 2.2. The previous example shows that the class of f -metric spaces is strictly
larger than that of b-metric spaces.
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3. Main results

For a map T : X → X and n ∈ N by T [n] we mean T ◦ T ◦ · · · ◦ T︸ ︷︷ ︸
n times

.

Theorem 3.1. Let (X, d, f) be a complete f -metric space and ϕ : [0,∞) → [0,∞)
satisfying the following conditions:

lim
n→∞

ϕ[n](t) = 0 for all t > 0, (3.1)

ϕ is increasing . (3.2)

If T : X → X verifies

d(Tx, Ty) ≤ ϕ(d(x, y)), (3.3)

for all x, y ∈ X, then T is a Picard operator, i.e. it has a unique fixed point x∗ ∈ X
and

lim
n→∞

d(T [n]x, x∗) = 0,

for all x ∈ X.

Proof. It is known that

0 = ϕ(0) ≤ ϕ(t) < t, (3.4)

for all t > 0 (see, for example, Remark 3.1 in [9]).
From (3.1) and (3.4) we find that

lim
n→∞

ϕ[n](t) = 0 for all t ≥ 0. (3.5)

Let x0 ∈ X and set xn = T [n]x0, n ∈ N.
Inequality (3.3) implies

d(T [n]x, T [n]y) ≤ ϕ[n](d(x, y)), (3.6)

for all x, y ∈ X, n ∈ N.
Then

d(T [n]xmn, xmn) = d(T [nm]xn, T
[nm]x0)

≤ ϕ[nm](d(xn, x0)),
(3.7)

for all m,n ∈ N.
Taking the limit with m→∞ we obtain

lim
m→∞

d(T [n]xmn, xmn) = 0, (3.8)

for all n ∈ N.
Let ε > 0 be arbitrarily chosen, but fixed.
Based on Definition 2.1 α1 there exist ε1, ε2, ε3, ε4 with

0 < ε1 ≤ ε2 ≤ ε3 ≤ ε4,

such that

f(ε1, ε1) ≤ ε2, f(ε2, ε2) ≤ ε3, f(ε3, ε3) ≤ ε4, f(ε4, ε4) ≤ ε.
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Due to (3.5) and (3.8) we can choose N,M ∈ N such that

ϕ[n](f(ε1, ε1)) ≤ ε1, for all n ≥ N. (3.9)

d(T [N ]xmN , xmN ) ≤ ε1, for all m ≥M. (3.10)

For any z ∈ X and m ≥M such that d(z, xmN ) ≤ f(ε1, ε1), we have

d(T [N ]z, T [N ]xmN )
(3.6)

≤ ϕ[N ](d(z, xmN ))

≤ ϕ[N ](f(ε1, ε1))
(3.9)

≤ ε1.

(3.11)

This implies

d(T [N ]z, xmN )≤ f(d(T [N ]z, T [N ]xmN ), d(T [N ]xmN , xmN ))

(3.10)&(3.11)

≤ f(ε1, ε1),
(3.12)

for all z ∈ X and m ≥M with d(z, xmN ) ≤ f(ε1, ε1).
We claim that

d(x(m+i)N , xmN ) ≤ f(ε1, ε1), (3.13)

for all i,m ∈ N, m ≥M .
Indeed, we have d(xmN , xmN ) = 0 ≤ f(ε1, ε1) and x(m+1)N = T [N ]xmN , and

choosing z = xmN in (3.12) we deduce that d(x(m+1)N , xmN ) ≤ f(ε1, ε1), for all
m > M . So (3.13) is valid for i = 1.

Suppose that, for a fixed i ∈ N, d(x(m+i)N , xmN ) ≤ f(ε1, ε1). By consid-

ering z = x(m+i)N in (3.12) since x(m+i+1)N = T [N ]x(m+i)N we conclude that
d(x(m+i+1)N , xmN ) ≤ f(ε1, ε1), for all m > M . According to the principle of mathe-
matical induction, inequality (3.13) is true.

For m1,m2 ∈ N such that m1,m2 ≥M , we have

d(xm1N , xm2N ) ≤ f(d(xm1N , xmN ), d(xmN , xm2N ))

(3.13)

≤ f(f(ε1, ε1), f(ε1, ε1)) ≤ f(ε2, ε2) ≤ ε3,
(3.14)

where m ∈ N was chosen such that m > M .
Fix p ∈ {0, 1, . . . , N − 1}. Then

d(xmN+p, xmN )
(3.6)

≤ ϕ[mN ](d(xp, x0)),

for all m ∈ N.
Taking the limit as m→∞ in the above inequality, via (3.5), we get

lim
m→∞

d(xmN+p, xmN ) = 0,

for all p ∈ {0, 1, . . . , N − 1}.
Consequently there exists M1 ∈ N such that

d(xmN+p, xmN ) ≤ ε3, (3.15)

for all m ≥M1 and p ∈ {0, 1, . . . , N − 1}.
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Let us consider q1, q2 ∈ N, q1, q2 ≥ max{M,M1}N . Then, there exist p1, p2 ∈
{0, 1, . . . , N − 1} and m1,m2 ≥ max{M,M1} such that q1 = m1N + p1 and q2 =
m2N + p2.

We have

d(xq1 , xq2) ≤ f(d(xq1 , xm1N ), d(xm1N , xq2))

= f(d(xm1N+p1
, xm1N ), d(xm1N , xq2))

≤ f(d(xm1N+p1 , xm1N ), f(d(xm1N , xm2N ), d(xm2N , xm2N+p2)))

(3.14)&(3.15)

≤ f(ε3, f(ε3, ε3)) ≤ f(ε3, ε4) ≤ f(ε4, ε4) ≤ ε.

Thus we conclude that (xn)n∈N is Cauchy. Since (X, d, f) is complete there exists
x∗ ∈ X so that

lim
n→∞

d(xn, x
∗) = 0.

We claim that x∗ is a fixed point for T . Indeed, we have

0 ≤ d(x∗, Tx∗) ≤ f(d(x∗, xn+1), d(xn+1, Tx
∗))

≤ f(d(x∗, xn+1), ϕ(d(xn, x
∗)))

(4)

≤ f(d(x∗, xn+1), d(xn, x
∗)),

for all n ∈ N and taking the limit as n→∞ we obtain x∗ = Tx∗.
Suppose x∗ and y∗ are distinct fixed points for T . Then

d(x∗, y∗) = d(Tx∗, T y∗) ≤ ϕ(d(x∗, y∗))
(3.4)
< d(x∗, y∗).

The above contradiction shows that T has a unique fixed point. �

We mention that even though a Theorem similar to Theorem 3.1 was obtained in
[30], our proof is different from the one presented by Zhukovski.

Remark 3.1. By choosing ϕ(x) = cx, c ∈ [0, 1) in Theorem 3.1 we find the analogue
of Banach’s contraction principle in the framework of f -metric spaces.

Example 3. Consider X the f -metric space stated in Example 2.2. and the function
ϕ : [0,∞)→ [0,∞) given by ϕ(x) = 1

2x, for all x ∈ [0,∞).
Let T : X → X defined by

Tx = ln

(
e−|x| + 1

2

)
,

for all x ∈ R.
Then T is a Picard operator.

Proof. For x, y ∈ R we have

d(Tx, Ty) = e

∣∣∣∣ln( e−|x|+1
2

)
−ln

(
e−|y|+1

2

)∣∣∣∣ − 1 = e

∣∣∣∣ln( e−|x|+1

e−|y|+1

)∣∣∣∣ − 1.
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Assume |x| ≤ |y|, we deduce

d(Tx, Ty) = e
ln

(
e−|x|+1

e−|y|+1

)
− 1 =

e−|x| − e−|y|

e−|y| + 1
=

e|y|

e|x|
− 1

e|y| + 1
=
e|y|−|x| − 1

e|y| + 1

≤ 1

e|y| + 1
(e|y−x| − 1) ≤ 1

2
(e|y−x| − 1) = ϕ(d(x, y)).

Since the case |y| ≤ |x| is similar we find that

d(Tx, Ty) ≤ ϕ(d(x, y)),

for all x, y ∈ X.
Consequently T satisfies the conditions imposed by Theorem 3.1, therefore it is a

Picard operator. �

Definition 3.1. Let (X, d, f) be a complete f -metric space. We say that T : X → X
is a Kannan map if there exists a ∈ [0, 1

2 ) such that

d(Tx, Ty) ≤ a(d(x, Tx) + d(y, Ty)),

for all x, y ∈ X.

The method used in Theorem 3.1 can be adapted to show the following

Theorem 3.2. Let (X, d, f) be a complete f -metric space and let T : X → X be a
Kannan map. Then there is x∗ ∈ X such that lim

n→∞
d(T [n]x, x∗) = 0, for all x ∈ X.

Proof. Let us consider a fixed x ∈ X and set xn = T [n]x,n ∈ N. Since T is a Kannan
map we have

d(T [n+1]x, T [n]x) ≤ a[d(T [n−1]x, T [n]x) + d(T [n+1]x, T [n]x)],

so

d(T [n+1]x, T [n]x) ≤ a

1− a
d(T [n−1]x, T [n]x),

for all n ∈ N.
Inductively, we obtain

d(T [n+1]x, T [n]x) ≤
(

a

1− a

)n

d(Tx, x), (3.1)

for all n ∈ N.
Taking in (3.1) the limit as n→∞ we get that

lim
n→∞

d(xn+1, xn) = lim
n→∞

d(T [n+1]x, T [n]x) = 0. (3.2)
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We also have

d(T [n]xmn, xmn) = d(T [mn+n]x0, T
[mn]x0)

Definition 3.1
≤ a[d(T [mn+n−1]x0, T

[mn+n]x0) + d(T [mn−1]x0, T
[mn]x0)]

(3.1)

≤ a

[(
a

1− a

)mn+n−1

d(Tx0, x0) +

(
a

1− a

)mn−1

d(Tx0, x0)

]

≤ ad(Tx0, x0)

(
a

1− a

)mn−1 [
1 +

(
a

1− a

)n]
,

for all m,n ∈ N.
Taking the limit as m→∞ in the above relation we get

lim
m→∞

d(T [n]xmn, xmn) = 0,

i.e.
lim

m→∞
d(x(m+1)n, xmn) = 0,

for all n ∈ N
Let ε > 0, arbitrarily chosen, but fixed. Based on Definition 2.1 α1 there exist

ε1, ε2, ε3, ε4 with
0 < ε1 ≤ ε2 ≤ ε3 ≤ ε4,

such that
f(ε1, ε1) ≤ ε2, f(ε2, ε2) ≤ ε3, f(ε3, ε3) ≤ ε4, f(ε4, ε4) ≤ ε.

Choose N and M ∈ N such that(
a

1− a

)n−1

≤
√
ε1

2a
, for all n ≥ N. (3.3)

d(x(m+1)N , xmN ) ≤ ε1, for all m ≥M. (3.4)

d(xmN+1, xmN ) ≤
√
ε1, for all m ≥M. (3.5)

For any z ∈ X that satisfies d(z, xmN ) ≤ f(ε1, ε1) and d(Tz, z) ≤ √ε1, we have

d(T [N ]z, T [N ]xmN )
Definition 3.1
≤ a[d(T [N−1]z, T [N ]z) + d(T [N−1]xmN , T

[N ]xmN )]

(3.1)

≤ a

(
a

1− a

)N−1

[d(Tz, z) + d(xmN+1, xmN )]

(3.3)&(3.5)

≤ a

√
ε1

2a
[
√
ε1 +

√
ε1] = ε1.

(3.6)
Therefore

d(T [N ]z, xmN ) ≤ f(d(T [N ]z, x(m+1)N ), d(x(m+1)N , xmN ))

(3.4)&(3.6)

≤ f(ε1, ε1),
(3.7)

for all m ≥M .
Claim.

d(x(m+i)N , xmN ) ≤ f(ε1, ε1),
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for all i,m ∈ N, m > M .
Justification of the claim. Since d(xmN , xmN ) = 0 ≤ f(ε1, ε1), via (3.5), choosing

z = xmN in (3.7) we deduce that d(x(m+1)N , xmN ) ≤ f(ε1, ε1).
Suppose that for a fixed i ∈ N, d(x(m+i)N , xmN ) ≤ f(ε1, ε1).

Set z = x(m+i)N . Since x(m+i+1)N = T [N ]x(m+i)N and m + i ≥ m ≥ M we get
from (3.5) that d(Tx(m+i)N , x(m+i)N ) ≤ √ε1.

We deduce from (3.7) that

d(x(m+i+1)N , xmN ) ≤ f(ε1, ε1),

for all m ∈ N.
Via the principle of mathematical induction, the justification of the claim is com-

pleted.
For m1,m2 ∈ N such that m1,m2 ≥M , we have

d(xm1n, xm2n) ≤ f(d(xm1n, xmn), d(xmn, xm2n))

Claim
≤ f(f(ε1, ε1), f(ε1, ε1)) ≤ f(ε2, ε2) ≤ ε3.

(3.8)

Fix p ∈ {0, 1, . . . , N − 1}. Then

d(xmN+p, xmN )
Definition 3.1
≤ a[d(xmN+p−1, xmN+p) + d(xmN−1, xmN )],

for all m ≥M .
Taking the limit with m→∞, based on (3.2), we get

lim
m→∞

d(xmN+p, xmN ) = 0,

for all p ∈ {0, 1, . . . , N − 1}.
Consequently, there exists M1 ∈ N such that

d(xmN+p, xmN ) ≤ ε3, (3.9)

for all m ≥M1 and p ∈ {0, 1, . . . , N − 1}.
Let us consider q1, q2 ∈ N, q1, q2 ≥ max{M,M1}N . Then, there exist p1, p2 ∈

{0, 1, . . . , N−1} and m1,m2 ≥ max{M,M1} such that q1 = m1N+p1, q2 = m2N+p2

and we have

d(xq1 , xq2) ≤ f(d(xq1 , xm1N ), d(xm1N , xq2))

= f(d(xm1N+p1 , xm1N ), d(xm1N , xq2))

≤ f(d(xm1N+p1
, xm1N ), f(d(xm1N , xm2N ), d(xm2N , xm2N+p2

)))

(3.8)&(3.9)

≤ f(ε3, f(ε3, ε3)) ≤ f(ε4, ε4) ≤ ε.

Therefore (xn)n∈N is Cauchy, and since (X, d, f) is complete there exists x∗ ∈ X
such that

lim
n→∞

d(xn, x
∗) = 0.
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As

d(T [n]y, x∗) ≤ f(d(T [n]y, T [n]x), d(T [n]x, x∗))

Definition 3.1
≤ f(ad(T [n−1]y, T [n]y) + ad(T [n−1]x, T [n]x), d(T [n]x, x∗)),

for all n ∈ N and y ∈ X, taking the limit as n → ∞ in the above inequality, we
conclude that

lim
n→∞

d(T [n]y, x∗) = 0,

for all y ∈ X. �

Proposition 3.1. Let (X, d, f) be an f-metric space and T : X → X a Kannan map.
Then T has at most one fixed point.

Proof. Suppose there are x∗, y∗ ∈ X such that Tx∗ = x∗ and Ty∗ = y∗. Then

d(x∗, y∗) = d(Tx∗, T y∗) ≤ a[d(x∗, Tx∗) + d(y∗, Ty∗)] = 0,

and consequently x∗ = y∗. �

A sufficient condition such that a Kannan map has a fixed point is the following

Theorem 3.3. Let (X, d, f) be an f-metric space with f continuous and T : X → X
a Kannan map. If the constant a from Definition 3.1 satisfies

f(ax, 0) < x,

for all x ∈ (0, diam(X)], then T has a unique fixed point.

Proof. From Theorem 3.2 there exists x∗ ∈ X such that lim
n→∞

T [n]x = x∗ for all x ∈ X.

Suppose d(x∗, Tx∗) > 0. Then

d(Tx∗, x∗) ≤ f(d(Tx∗, T [n]x), d(T [n]x, x∗))

≤ f(a[d(Tx∗, x∗) + d(T [n]x, T [n−1]x)], d(T [n]x, x∗)).

Taking the limit as n→∞ in the above inequality we obtain the following contra-
diction

d(Tx∗, x∗) ≤ f(ad(Tx∗, x∗), 0) < d(Tx∗, x∗).

Therefore d(Tx∗, x∗) = 0, that is Tx∗ = x∗. �

Remark 3.2. Let us note that for f as in Example 2.1, 1) Theorem 3.3 yields the
well known Kannan fixed point theorem.

Definition 3.2. Let (X, d, f) be an f -metric space and let T : X → X. We say that
T is a Chatterjea map if there exists b ∈ [0, 1

2 ) such that

d(Tx, Ty) ≤ b[d(x, Ty) + d(y, Tx)],

for all x, y ∈ X.

The proof of the following theorem is based on an idea similar to the one used in
[18].
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Theorem 3.4. Let (X, d, f) be a complete f-metric space and let T : X → X be a
Chatterjea map such that the sequence (d(T [n]x, x))n∈N is bounded for any x ∈ X.

Then T is a Picard operator, i.e. there exists a unique fixed point x∗ of T and
lim
n→∞

d(T [n]x, x∗) = 0 for all x ∈ X.

Proof. Let us consider x ∈ X arbitrarily chosen, but fixed. For the sake of simplicity
let us denote d(T [n]x, x) by an and T [n]x by xn, for every n ∈ N. Let M be such that
an < M for all n ∈ N.

We will prove by double induction (see pp. 45 in [13]) that

d(xn, xm) ≤
(

b

1− b

)min{n,m}

M, (3.1)

for all n,m ∈ N.
First we claim that

d(xn, x1) ≤ b

1− b
M, (3.2)

for all n ∈ N.
Indeed, we have

d(x2, x1) ≤ b[d(x1, x1) + d(x, x2)] ≤ bM ≤ b

1− b
M.

Suppose that (3.2) is true for an arbitrary n ∈ N. Then

d(xn+1, x1) ≤ b[d(xn, x1) + d(x, xn+1)]

≤ b
[

b

1− b
M +M

]
≤ b

1− b
M.

Therefore (3.2) is true.
Similarly it can be shown that

d(x1, xm) ≤ b

1− b
M, (3.3)

for all m ∈ N.
Assume

d(xn+1, xm) ≤
(

b

1− b

)min{n+1,m}

M,

and

d(xn, xm+1) ≤
(

b

1− b

)min{n,m+1}

M,

are true for some fixed m,n ∈ N.
We have

d(xn+1, xm+1) ≤ b[d(xn, xm+1) + d(xm, xn+1)]

≤ b

[(
b

1− b

)min{n+1,m}

+

(
b

1− b

)min{n,m+1}
]
M.

The following cases occur:
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(1) If n < m, we get

d(xn+1, xm+1) ≤ b

[(
b

1− b

)n+1

+

(
b

1− b

)n
]
M

≤
(

b

1− b

)n+1

M =

(
b

1− b

)min{n+1,m+1}

M,

i.e. (1) is valid.
(2) If n = m, (1) is obviously true.
(3) If n > m, we have

d(xn+1, xm+1) ≤ b

[(
b

1− b

)m

+

(
b

1− b

)m+1
]
M

≤
(

b

1− b

)m+1

M =

(
b

1− b

)min{n+1,m+1}

M,

so (1) is verified.

This concludes the proof of (1) by mathematical induction.
Since b

1−b < 1, via (3.1), we infer that the sequence(xn)n∈N is Cauchy and, since

the space (X, d, f) is complete, there is x∗ ∈ X such that

lim
n→∞

d(xn, x
∗) = 0.

Note that

d(xn+1, Tx
∗) ≤ f(d(xn+1, x

∗), d(Tx∗, x∗))

Remark 2.1
≤ f(d(xn+1, x

∗), d(xn+1, x
∗)) + f(d(Tx∗, x∗), d(Tx∗, x∗)),

for every n ∈ N. In consequence

0 ≤ lim sup
n→∞

d(xn+1, Tx
∗) <∞.

Since
d(xn+1, Tx

∗) ≤ b[d(xn, Tx
∗) + d(x∗, xn+1)],

for every n ∈ N, we deduce

lim sup
n→∞

d(xn+1, Tx
∗) ≤ b[lim sup

n→∞
d(xn, Tx

∗) + lim sup
n→∞

d(x∗, xn+1)]

≤ b lim sup
n→∞

d(xn+1, Tx
∗),

so
lim sup
n→∞

d(xn+1, Tx
∗) = 0,

and consequently
lim

n→∞
d(xn, Tx

∗) = 0.

According to Proposition 2.1 the limit of (xn)n∈N is unique, hence Tx∗ = x∗.
Suppose there are x∗, y∗ ∈ X such that Tx∗ = x∗ and Ty∗ = y∗. Then

d(x∗, y∗) = d(Tx∗, Ty∗) ≤ b[d(x∗, Ty∗) + bd(y∗, Tx∗)] = 2bd(x∗, y∗).
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Therefore d(x∗, y∗) = 0, i.e. x∗ = y∗. �

Remark 3.3. For f as in Example 2.1, 1), the sequence (d(T [n]x, x))n∈N is bounded
for any x ∈ X.

Indeed we have

d(T [n]x, T [n+1]x) ≤ b[d(T [n−1]x, T [n+1]x) + d(T [n]x, T [n]x)]

≤ b[d(T [n−1]x, T [n]x) + d(T [n]x, T [n+1]x)],

for all n ∈ N, hence

d(T [n]x, T [n+1]x) ≤ b

1− b
d(T [n−1]x, T [n]x), for all n ∈ N.

Inductively we obtain

d(T [n]x, T [n+1]x) ≤
(

b

1− b

)n

d(Tx, x), for all n ∈ N.

Consequently

d(T [n]x, x) ≤ d(T [n]x, T [n−1]x) + d(T [n−1]x, T [n−2]x) + · · ·+ d(Tx, x)

≤

[(
b

1− b

)n−1

+

(
b

1− b

)n−2

+ · · ·+ 1

]
d(Tx, x)

≤
1−

(
b

1−b

)n
1− b

1−b
d(Tx, x) ≤ 1

1− b
1−b

d(Tx, x),

for all n ∈ N. We conclude that (d(T [n]x, x))n∈N is bounded for any x ∈ X.
Therefore Theorem 3.4 yields the well known Chatterjea fixed point theorem. �

4. Conclusion

In this study we introduced the notion of f -metrics and the corresponding f -metric
spaces as a generalization of the concept of b-metric spaces. In the sequel, we proved
that Matkowski’s fixed point theorem still holds true in this, more general, context.
Likewise, we extended Kannan’s and Chatterjea’s fixed point results, albeit with some
restrictions, in the case of complete f -metric spaces.

It remains to be seen if the above mentioned restrictions, namely the condition
imposed on the function f in Theorem 3.3 and the boundness condition required in
Theorem 3.4, are necessary.

References

[1] A. Aghajani, M. Abbas, J.R. Roshan, Common fixed point of generalized weak contractive

mappings in partially ordered b-metric spaces, Math. Slovaca, 64(2014), 941-960.
[2] T.V. An, L.Q. Tuyen, N.V. Dung, Stone-type theorem on b-metric spaces and applications,

Topology Appl., 185/186(2015), 50-64.

[3] A.V. Arutyunov, A.V. Greshnov, L.V. Lokutsievskii, K.V. Storozhuk, Topological and geomet-
rical properties of spaces with symmetric and nonsymmetric f-quasimetrics, Topology Appl.,

221(2017), 178-194.



SOME FIXED POINT THEOREMS IN THE FRAMEWORK OF f-METRIC SPACES 357

[4] H. Aydi, M.F. Bota, E. Karapinar, S. Mitrović, A fixed point theorem for set-valued quasi-
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