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1. INTRODUCTION

The topic of uniform convexities in metric spaces has recently become a focus of
attention for many mathematicians. The first form of uniform convexity for Banach
spaces was investigated by Clarkson [9]. After that Garkavi [16] introduced the notion
of uniform convexity in every direction. Recently, Alfuraidan and Khamsi [2] have
considered a variant form of uniform convexity in partially ordered Banach spaces.
In the non-linear setting of so called CAT(0)-spaces, uniform convexity is by now
well-understood (see [5], [7]). Only recently, Kuwae [25] based on the approach of
Noar and Silberman [29] studied spaces with the p-uniformly convex property similar
to that of Banach spaces.

In 2016, Dehaish and Khamsi [10] used uniform convexity for hyperbolic metric
spaces to prove the existence of fixed points for monotone nonexpansive mappings.
The function d(r, €), as discussed in [10], exhibits similarities to the modulus of con-
vexity in uniformly convex Banach spaces. However, the modulus of convexity in
uniformly convex Banach spaces (see Definition 1, [9]) only depends on €. In the def-
inition of Dehaish and Khamsi, the function d(r,e) (see Definition 3.1, [10]) depends
not only on r and € but also on the point a in the hyperbolic metric space X. There-
fore, it will be denoted by d,(r,€) in this paper. In a uniformly convex hyperbolic
metric space (X,d), we have d,(r,e) > 0 for every a € X, r > 0, ¢ > 0. But this
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condition does not guarantee that inf{d,(r,€) : a € X,r > 0,e > 0} is positive. For
example, in uniformly convex spaces L,, or l,,, we have d(¢) = 1 — [1 — (¢/2)P]}/? for
p > 1 (see [9]). If we take ¢ — 0, then §(¢) — 0. If X = R? is furnished with one of
the norm |(a,b)| = |a| + |b| or |(a,b)| = max{|a|, |b|} then §(c¢) =0 for all 0 < e < 2.
If X is a Hilbert space, then d(¢) = 1 — (1 —2/4)"/2 — 0 as ¢ — 0. In Section 2, we
assume that inf{d,(r,e) :a € X,r > a,e > 8} > 0 for every a > 0, 8 > 0. From that
we extend the definition of 2-uniformly convex property in [21] to p-UUC property.
Our definition extends the definitions of both Noar-Silberman [29] and Kuwae [25].
By taking an approach like that of Khamsi-Khan [21], we give simple proofs of some
properties in hyperbolic metric spaces.

In Section 3 we use the properties in Section 2 to show in Theorem 3.8 the exis-
tence of fixed points of monotone G-nonexpansive multivalued mappings in p-UUC
hyperbolic metric spaces, where p > 2. It is a “monotone ”counterpart of the Lim
theorem [27].

2. MAIN RESULTS

Let (X, d) be a metric space. Recall that X is said to be uniquely geodesic if any
two points z,y in X are endpoints of a unique metric segment [x,y] (i.e., [z,y] is an
isometric image of the interval [0, d(x,y)]). We shall denote by ax & (1 —«a)y a unique
point z of [z,y] which satisfies

d(z,2) = (1 —a)d(z,y) and d(z,y) = ad(z,y),

where o € [0,1]. A set C' C X is convex if the metric segment [z,y] C C for each z,
y € C. Moreover, if for all z1, 22, y1, y2 in X and ¢ € [0, 1] we have

d(tzy & (1 — t)ao, tyr & (1 — t)y2) < td(w1,y1) + (1 — t)d(w2,2),

then X is said to be a hyperbolic metric space [30]. The space satisfying the mentioned
conditions is also called a Busemann space in some references (see [24]).

Definition 2.1. Let (X, d) be a hyperbolic metric space. For any a € X, r > 0, and
€ > 0, define
) 1 1 1
do(r,e) = inf {1 - ;d(a, 3% ® §y) cd(z,a) <rd(y,a) <rd(z,y) > rs}.
(i) (see Definition 3.1, [10]) We say that X is uniformly convex (UC for short)
if and only if d,(r,e) > 0 for any @ € X, r > 0 and € > 0. The space X
satisfying this property is also known as weakly uniformly convex (see [26]).
(ii) (see Definition 4.1, [22]) We say that X is UUC if and only if for every
a € X,s >0 and € € (0,2], there exists n,(s,e) > 0 such that d,(r,e) >
Na(s,€) >0 for r > s > 0.
(i) We say that X is UUUC if and only if for every o > 0 and 5 € (0, 2], we have
inf{d,(r,e) :a € X,r > a,e > p} > 0.
The following properties follow easily from Definition 2.1.

Proposition 2.2. The following conditions characterize relationship between the
above defined notions:
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(i) If X is UUC then X is UC.
(ii) If X is UUUC then X is UUC.

We are going to prove a simple property of d,(r, ) in hyperbolic metric spaces.

Lemma 2.3. Let (X,d) be a hyperbolic metric space. Let a € X, r >0, and € > 0.
(i) 04(r,0) =0 and §,(r,€) is an increasing function of € for every fized r and a.
(ii) Suppose that X is UC and t,, > 0 for alln > 1. If lim 04(r,t,) = 0 for a
n—oo
fized a € X and r > 0, then H;fl t, = 0.

Proof. It is not difficult to see (i). We are going to prove (ii). Assume that
lim 6,(r,t,) =0 and 1I;f1 t, # 0. Then there exists a such that

n—o0
0 < a < inf t,.

n>1
Consequently, a < ¢, for all n > 1. Since the function d,(r, ) is increasing of &, we
have

5a(ra a) S 6a(r7 tn)a (21)
for every n > 1. Taking the limit on both sides of (2.1) as n — oo, we have
0 < du(r,a) < lim §,(r,ty).
n—oo

It contradicts lim d,(r,t,) = 0. Therefore, inf ¢, = 0. O
n—00 n>1

Lemma 2.4 ([14]). Let (X, d) be a hyperbolic metric space. Assume that X is UUC.
Letr >0,a€ X.
(i) Assume that t € [a, (], where 0 < o < § < 1. For any number ¢ > 0,
a,z,y € X such that

d(z,a) <r,d(y,a) < d(z,y) > re,
there exists 6(r,2e min{a,1 — 8}) € (0,1) such that

d(a, (1 —t)z @ ty) < T(l — 6(r, 2¢ min{a, 1 — ﬁ})).

(ii) Assume that t, € [a,fB], where 0 < a < B < 1 and (zp)n, (Yn)n are

two sequences in X such that limsupd(a,x,) < r, limsupd(a,y,) < r,
n— 00 n— o0

lim d(cutnxn ®(1- tn)yn) =r. Then lim d(x,,y,) =0.
n— oo

n—oo
In Theorem 2.3 [21], a metric version of the parallelogram identity is stated for the
case p = 2, the following theorem is an extension of it when p > 2.

Theorem 2.5. Let (X, d) be a hyperbolic metric space. Let a € X, p > 2. For each
r>0ande >0 set
. 1, 1., ol 1 1
va(r,e) = inf {Sd(a,2) + 3¢ (a,y) — & (a, 5w @ Sy) |,

where the infimum is taken over all z,y € X such that d(a,z) < r, d(a,y) < r and
d(xz,y) > re. Then ¢q(r,e) > 0 for any r,e > 0. Moreover, for a fized r > 0, we have:
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(i) Ya(r,0) =

(ii) a(rye) is a nondecreasmg function of £;
(iii) If hm Ya(ryty) =0, then 11;f1t
n>

Proof. Assume on the contrary that v, (r,e) = 0 for some r > 0, ¢ > 0. Then there
exist two sequences (), and (y, ), in X such that
A L
where d(a,x,) < r, d(a,y,) < r and d(z,,y,) > re for every n > 1. Now for p > 2,
using the Clarkson’s inequality
a+bp
=

p

‘afb

1
_ p —|b|P
| < 3laP + 210

for any a,b € R, we get

d(a, zn) +d(a, yn)\P _ 1 1
< Z P —JP —

Since X is a hyperbolic metric space, it follows that

d(a, xn) — d(aa yn) p
2

‘d(m Tn) — d(a,yn) P

1 1
D — — < ZJp P
@ (a, 50 © un) L n) + 5 S () - 5

2 -2
for every n > 1. Hence

d(a,z,) — d(a,y,) P 1 1 1 1
< Z P —JP — _
‘ 5 < 2d (a,zn) + 2d (a,yn) —dP (a 2xn€B 5 )

for every n > 1. It implies that lim |d(a,z,) — d(a,y,)| = 0. Since (d(a,z,))n is a
n— oo
)

bounded sequence, we can choose a subsequence (d(a, zy, )i of (d(a,zy)), such that
klim d(a,zy,) = R. By our assumptions, we have
—00

1
2ynk) = R.

Lemma 2.4 (ii) yields klim d(%n,, s Yn, ) = 0 which contradicts d(xy, , Yn, ) > 1€ > 0 for
—00
all k > 1. The proofs of (i)-(ii) are immediate.

By an argument analogous to that used in the proof of Lemma 2.3 (ii) we can
easily prove (iii). O

1
klim d(a,yn,) =R and hm d(a, 2% @
—00

Remark 2.6. Assume that a € (0,2]. By Theorem 2.5 (iii) we have ir>1f Ya(r,e) > 0.

The concept of p-uniform convexity was used extensively by Xu [31T. Its nonlinear
version for p = 2 is given by Khamsi and Khan [21]. We extend this definition in the
case of p > 2 and give the definition of p-UUC property.

Definition 2.7. Let (X, d) be a hyperbolic metric space. Let a € X, p > 2. For each
r >0 and € > 0 we define Y, (r,e) as in Theorem 2.5. We will say that (X,d) is
p-UUC if

cX:inf{M:an,r>0,£>0}>O.
rPepb



MONOTONE G-NONEXPANSIVE MULTIVALUED MAPPINGS 279

The following proposition can be easily deduced from Definition 2.1 and 2.7.
Proposition 2.8. If X is p-UUC then X is UUUC.

Proof. Let o > 0 and 8 > 0. Since X is p-UUC, then for everya € X, r > a, e > (8
we have 1, (r,€)/r? > cxeP. Then v, (r,e)/r? > cx P for every a € X, r > o, € > S.
On the other hand, taking any a € X, r > «, € > 3, we get
1 1 1 1 1 1
Ya(r€) < 3P(a,2) + 5 (ay) - d(a, 32 5y) < 17— o, 526 )
for every z,y € X such that d(a,z) <7, d(a,y) <r and d(z,y) > re. Hence
d(a, iz @ Iy)\» 1 1 1
o (7, p<17(#) < (1——d @ )
Ya(r,e)/r? < . <p(1l-_dla,52®5y)
It implies that

1 1 1
exBP/p<1— ;d(% 57 ® -y)

2
for every x,y € X such that d(a,z) <r, d(a,y) < r and d(z,y) > re. Thus we have
exPP/p < d4(r,e) for every a € X, r > «, € > (. Therefore, X is UUUC. O

Example 2.9. A geodesic metric space X is said to be a CAT(0) space (the term is
due to M. Gromov-see, e.g., [7], page 159) if every geodesic triangle in X is at least
as “thin” as its comparison triangle in the Euclidean plane.

In 2017, Khamsi and Shukri [23] have extended the Gromov geometric definition of
CAT(0) spaces to the case when the comparison triangles belong to a general Banach
space. In particular, to the case when the Banach space is I,,, p > 2.

Recall that a geodesic triangle A(z1, 22, 23) in a geodesic metric space (X, d) con-
sists of three points 1, x2, 23 in X (the vertices of A) and a geodesic segment between
each pair of vertices (the edges of A). A comparison triangle for geodesic triangle
N(z1, 29, 23) in (X, d) is a triangle A(xy, z9,23) := A(T7, T2, T3) in the Banach space
lp, for p > 2, such that ||z; — ;|| for 4,5 € {1,2,3}. A point T € [T, T>] is called a
comparison point for € [z1,x9] if d(z1,22) = d(T1,Z2).

Let (X, d) be a geodesic metric space. X is said to be a CAT,(0) space, for p > 2,
if for any geodesic triangle A in X, there exists a comparison triangle A in [, such
that the comparison axiom is satisfied, i.e., for all z,y € A and all comparison points
T,7 € A, we have

d(z,y) < ||z -7l
It is obvious that ,, p > 2, is a CAT,(0) space which is not a CAT(0) space [23]. Let
z,y1,y2 be in CAT,(0), and 1y & 1y» be the midpoint of the geodesic [y1,y2], then
the comparison axiom implies

&, 5o @ L) < 5w 9) + 2P (2, 00) — o, ).
1pdt ) =t 2"\ TR

This inequality is the (C'N,) inequality of Khamsi and Shukri [23]. The (CN,) in-
equality implies that

rPeb

alr,e) 2 —;

for every a € CAT,(0).
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This clearly implies that any CAT,(0) space is p-UUC with c¢x > 2%
Example 2.10. Every p-uniformly convex space as defined in [25, 29] is p-UUC.

In [19], Kell introduced the notion of uniform p-convexity (where p € [1,00]) in
metric spaces admitting midpoints. A complete metric space (X, d) admits midpoints
if for every x,y € X there is an m(x,y) € X such that d(z, m(z,y)) = d(y,m(z,y)) =
1/2d(x,y). Obviously each such space is a geodesic space. Let us recall the definition
of uniform p-convexity.

Definition 2.11 (see Definition 1.3, [19]). A metric space X admitting midpoints is
called uniformly p-convex (UpC for short) if for every e > 0 there exists p,(e) € (0,1)
such that for all x,y,a € X satisfying d(z,y) > e MP(d(x,a),d(y,a)) for p > 1 and
d(z,y) > |d(x,a) — d(y,a)| + eM*(d(z,a),d(y,a)) for p=1, we have that

d(a’7 m($> y)) < (1 - pp(E))Mp(d(.T, a’)7 d(y7 a)))

1/
where MP(a,b) = (a”/? + b”/2> " and M (a,b) = max{a,b}.
We show the connection between properties UpC and p-UUC.

Lemma 2.12. If X is p-UUC then X is UpC for all p > 2.

Proof. We put
ex :inf{M :aEX,r>O,€>O}.
rPepb
Assume that ¢ > 0 and put p(e) = (1 — cxsp)l/p. Take any triples z,y,z € X
satisfying

1 1 1/p
P Z P
d@,y) > (50 (2. 2) + 5A(9,2))
Thus
2 2 2
d(z,z) < %[d(x,y), d(y, z) < %[d(ﬂc,y) and d(z,y) = i[d(:my);i
Since X is p-UUC, we have
1 1 1 1 1
<« = (Zgr 2P O
ex < s (302 + 5y 2) (e e 6 5)
1 1 1 1 1
< (58 (@, 2) + 5P (y, 2) — (2, 52 & )
ap(%dp(m,z) + %dp(y,z)) 2 2 2 2
It implies that
1 1 1 1 1/p
z Zy) < (1 - p\1/p( Zgp —dp )
d(z, 50 5y) < (1= exe) 7 (Sd(@,2) + 5(y.2)
Therefore X is UpC. O

Next, we show some properties of hyperbolic metric space with UUUC and p-UUC
properties.

Theorem 2.13. Let (X, d) be a hyperbolic metric space. Assume that X is UUUC.
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Letp >2,r > 0. Assume that xo,y0 € X such that xo # yo and B(xg,r) N B(yo,r) #
(. Then

wﬂio,yo( ) lnf{¢( ) ( Zo, ) < d(yOaz) < T} > 0,
where (z) = %dp(z,zo) + §d z,90) — dP ( , 2m0 @ 2y0)

Proof. Tt is not difficult to see that g, 4, (r) > 0. Assume that 1y, (r) = 0, then
there exists a sequence (2,)n in X such that

. 1 1 1 1
nh_{go bdp(zmxo) + idp(zmyo) —d? (Zm 5»% =) iyo)] =0,

where d(z,, 29) <7, d(2n,yo) < r for every n > 1. Similarly, we get

d(zp, —d(zn, r 1 1 1 1
‘ (z $0)2 (Z yo)‘ S*dp(zn,xo)—ﬁ-idp(zmyo)—dp(zm§$0€9§y0>-

[\

Thus

lim d(znv 1’0) B d(Zn, yO) ‘p
n—00 2
Since the sequence (d(zn, o)), is bounded, passing to a subsequence if necessary,
we can assume that lim d(z,,x0) = ro. Hence lim d(z,,x0) = lm d(z,,yo). It
n—oo n—oo n—oo

=0.

implies that

1 1
nll)m d(zp, o) = hm d(zn,yo) = hm d(zn, 2m0 o) 5yo) = 1.
Obviously, 0 < rg < r. Let « = 1/2r¢ and for every n > 1, put

Tn = max{d(zn, .’,Uo), d(Z”, yO)}
Clearly, lim r, = rg. Thus there exists ng > 1 such that r, > « for every n > ny.
n— oo
We have
d(x()v yO) )

n IrTL

1 1 1
<1- 7d( ny o o )
< z 2560@ 5 Y0

for every n > ng, where 8, (7, d(moinyo)) = inf {1 — %d(z”, %:c @ %y) }, the infimum

.
is taken over all x,y € X such that d(z,,z) <7y, d(zn,y) < 1o, d(z,y) > rnd(xfifm).
Thus we have

8., (Tn,

d
lim 6., (rn, M) =0,
n—oo n
which contradicts the fact that for every n > ng, d., (rn, M) > (B where 8 =
inf{d,(r,e) :aGX,rZa,eEM}>OsinceXis UvUuC. O

By using the inequality ¥z, y, (1) < prPéz, g (r), where p > 2, it is not difficult to
derive the following lemma.

Lemma 2.14. Let (X,d) be a hyperbolz'cinetm'c space. Assume that X is UUUC. Let
r >0, To,yo € X such that xo # yo and B(zo,7) N B(yo,r) # 0. Then

1 1 1
6lo7y0(r) = inf {1 - ;d<z7 §I0 S 52/0) : d(anz) S T7d(y0,2) S ’I"} > 0.
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Lemma 2.15. Let (X,d) be a hyperbolic metric space. Assume that X is p-UUC.
Let (Yn)n, (2n)n be two sequences in X such that lim d(yn,z,) = l. Assume that
n—oo

there exist R > 0 and a sequence (Tm)m in X such that

1 1
limsup d(zm,yn) < R, limsupd(wm,2,) < R, lmsupd(zm, 5yn © 52.) = R

for everyn > 1. Then I =0.

Proof. If R = 0, then limsup d(zm, yn) = 0, limsup d(2,,, z,) = 0. It is not difficult

m—0o0 m—0o0
to see that | = 0.
Otherwise, assume that R > 0 and [ # 0. Fix £ > 0. There exists NV > 1 such that

AT, yn) S R+e, d(@m,20) S R+e, dyn,z0) > €
for any m > N, n > N. Using Theorem 2.13, we have

1 1 1 1
Yoz (R ) S 5 @) + 50 @y 20) = @ (2, 590 © 520 )

for every m > N, p > 2. Letting m — co we have 1, ., (R+¢) =0foralln > N
which contradicts [ # 0. Therefore, [ = 0. O

In the case of convex modular spaces, uniform convexity in every direction was
introduced by Mostafa Bachar and Osvaldo Méndez [4]. We have a similar notion in
hyperbolic metric spaces.

Definition 2.16. A hyperbolic metric space X is said to be uniformly convex in every
direction (UCED for short) if and only if for any y,z € X, y # z and R > 0, there
exists 0 = 6(y, z, R) > 0 such that if d(x,y) < R, d(x,z) < R, then

1 1
— — < — .
d(z, 2y@ 22) R(1-19)

From Lemma 2.14 we have the following proposition.

Proposition 2.17. Let (X,d) be a hyperbolic metric space.

(i) If X is UUUC then X is UCED.
(ii) If X is UCED then X s also strictly convex (see [15]) i.e., whenever x,y, z €
X with x # vy if d(z,2) < R and d(z,y) < R then d(z, %x P %y) < R.
iii) Assume that X is uniformly convez defined in [13], i.e., for any r > 0 and
€ (0,2], there exists 6 € (0,1] such that for all a,xz,y € X with d(z,a) <,
d(y,a) < r and d(z,y) > re, we have d(a, 3z ® 3y) < (1 —0)r. Then X is
UCED.

The type function was introduced by Bin Dehaish and Khamsi [10]. Recently, there
appeared many fixed point theorems using the type function in their proofs. First we
recall two important properties of a hyperbolic metric space satisfying UC property
that we apply to obtain the properties of the type function.

Theorem 2.18 ([21]). Let (X,d) be a hyperbolic metric space. Assume that X is
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UC. Let C be a nonempty closed convex subset of X. Then the following properties
hold.
(i) Let a € X with d(a,C) = inf{d(a,z) : x € C} < co. Then there exists a
unique ¢ € C' such that d(a,c) = d(a,C).
(ii) Assume that (Cp)n>1 is a decreasing sequence of nonempty bounded closed

convez subsets of X. Then (| C, # 0.

n>1
By taking the same approach as Dehaish and Khamsi (see Lemma 3.1, [10]), we
have the following counterpart in hyperbolic metric spaces with the UUUC property.

Theorem 2.19. Let C be a nonempty closed conver subset of a hyperbolic
metric space (X,d). Assume that X is UUUC. Let 7 : C — [0,00) be a type function,
that is, there exists a bounded sequence (), C X such that
7(x) = limsup d(xy, x)
n—oo

for any x € C. Then T is continuous. Since X is hyperbolic, T is convex, that is the
subset {x € C : 7(x) < r} is convex for every r > 0. Moreover, there exists a unique
minimum point ¢ € C' such that

7(c) = inf{r(x) : z € C}.

Proof. 1t is not difficult to prove the continuity and convexity of the function 7. We
are going to show the existence of the minimum point of 7. Set 79 = inf{7(z) : z € C}.
Then for any n > 1,

1
CnZ{Z‘ECITSTo-l-E}

is not empty, closed, convex subset of C. Obviously, (Cp,)n>1 is a decreasing sequence.
It follows from Theorem 2.18 that Coo = () Cy, # 0. Clearly, Coo = {z € C: 7(2) =

n>1
To}. We are going to prove that Co consists of one point. Assume that z1,20 € C
with d(z1,22) > 0. We have 79 > 0. Take a € (0,79). Then there exists ny > 1 such
that for any n > ng we have

d(xp,z1) <10+ a and d(xn,22) <70+ .
Since X is UUUC and d(z1, 22) > (10+a)d(21, 22) /270, there exists 4, (70+a, d(zl’zz))

- 27’0
and v = inf{d,(r,e) : x € X,r > 19,€ > d(#1, 22)/270 } such that 6, (r0+a, d(2217:022)) =
~ > 0. Hence

1 1
d(zy, 521 & 522) < (10 + «) (1 — 0z, (10 + @,

Letting limsup as n — +oo, we get

d(Zl, 22)

i )) < (70 +a)(1—7).

1 1
7'(521 D §z2) < (10 + a)(1—7),

and letting o — 0, we have

1 1
7'(521 D 522) < To(l — ’y).
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Since C, is convex, %zl ® %22 € C. Hence

1 1
7o < 7(521 S 522) <7(l-7)

which is a contradiction. The proof is complete. O

Theorem 2.20. Let C' be a nonempty, closed, convex and bounded subset of a com-
plete hyperbolic metric space (X,d). Assume that X is p-UUC and 7 is a type function
on C. Then any minimizing sequence of T converges to ¢ € C and there exists M > 0
such that

7P(c) + 2MdP(z,c) < 7P(x)
forallz € C.

Proof. Suppose that (2., )m is a sequence in C' such that for any = € C,

7(x) = limsup d(z,, ).
m—r o0
Let 79 = inf{7(x) : & € C'}. Then there exists a minimizing sequence (y,), of 7, that
is, lim 7(yn,) = 79. Since C is bounded, there exists r > 0 such that d(z,y) < r

n—oo

for every z,y € C. We are going to prove that (y,)n is a Cauchy sequence. In the
contrary case, there exists ¢ > 0 and two subsequences (Yn, )k, (Yn,)i Of (Yn)n such
that

d(Yn,sYn,) =€, foreveryl >k >1.
We have d(Tm, Yn,) <7, d(Tm,Yn,) < 7, for every m > 1,1 > k > 1. Hence for every
m>1,

1 1 1
wwm( ) < d (xmaym) + §dp($ma ynk) - dp(-rmv §ym S2] iynk)v
where
1 1 1 1
1/)96711( ) lnf{2 (iL’m,CL')-i-*d mm,y ( 5 5 )}a
the infimum taken over all z,y € X such that d(z,,z) <7, d(zm,y) <7, dz,y) >
re/r. Since X is p-UUC, 9, (r, £) > cx > 0, where
cx = inf{wa(pl’p&) race X,rp >0,61 > 0}.
711
Hence
1 1 1 1
CYX S idp(wm»ynl) + §dp(xmvynk) - dp(xma §ynl @ iynk) (22)

for every 1 < k < I, where C'x = c¢xeP > 0. Taking limsup as m — oo of (2.2), we
get
1 1 1 1
C'X < §Tp(ym) + §Tp(ynk) - Tp(§ynz S §ynk>
for every 1 < k < [. Since C' is convex, %ym &) %ynk € C. Hence

1 1
Cx < §Tp(ym) + §Tp(ynk) -7 (2.3)
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for every 1 < k < . Letting k — oo in (2.3), we have Cx < 0. It is a contraction.
Thus (y,), is a Cauchy sequence. Hence there exists ¢ € C' such that lim y, = c.
n—oo

Clearly, 79 = 7(c) since 7 is a continuous function.
Furthermore, take an arbitrary z € C, x # ¢. Since X is p-UUC, we have

1 1 1 1 d(z,c)
P - Ze) < ZgP —dp _ ?
@ (s 57 @ 5¢) < 5 (@) + 58 (@ms0) = v, (1. 522

1 1
< §dp(:vm,x) + §dp(a:m, ¢) —exdP(z,c)

for any m > 1. Letting m — oo, we get

1 1 1 1
lim sup d” (a:m, 22 ® fc) < B lim sup dP (z,, x) + B lim sup d? (z,, ¢) — cxdP(z, c).

m—r oo 2 m—r oo m—r o0

It implies that

1 1
lim sup d? (z,, ¢) < = limsup d(z,, ) + = limsup dP (2, ¢) — cxdP(z, c).

m—» 00 m—ro0 m—o0
Hence
lim sup d (z,, ¢) + 2¢xdP (z, ¢) < limsup dP (z,, ).
m—r o0 m—o0
It follows that 77(c) + 2cxdP(z,¢) < 7P(x). This inequality is also clearly true when
x = c. Therefore, the proof is complete. O

The minimizer of 7(x) is called the asymptotic center. With this definition we can
define the weak sequential convergence as follows.

Definition 2.21 (Weak sequential convergence). We say that a sequence (x,,)n con-
verges weakly sequentially to a point c if c is the asymptotic center for each subsequence
of (xn)n. We denote this by x,, X .

Proposition 2.22. Let X be a hyperbolic metric space. Assume that X is UUUC.
Then each bounded sequence (x,,), has a subsequence (x,,)x such that x,, — .

Proof. The proof can be found in ([5], Proposition 3.1.2) in the case of Hadamard
spaces. Since it is rather technical we leave it out. O

Assume that (z,,), is a bounded sequence in a hyperbolic metric space (X, d), K
is a nonempty subset of X. We denote

r(K, (z,)) = inf { limsupd(x,,z) 1z € K}.
n—oo

In what follows, we show an analogue of Lemma 15.2 [18] for hyperbolic metric

spaces. It will be used in the proof of Theorem 3.8.

Lemma 2.23. Let X be a hyperbolic metric space, K a nonempty subset of X and
(Tn)n a bounded sequence in X. Then there exists a subsequence (n, )i of (Tn)n such
that for every subsequence (Tn,)1 of (Tny )k,

T(Kv (xnk)) = T(K7 (xm))
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Proof. If (yn)n is a subsequence of (z,),, we will use the notation (y,) < (zn)-
Denote

ro i= inf {r(K, (yn)) : () < (@)},

Then we can choose (y}) < (z,,) such that
(K, (y})) < ro+ 1.

Denote
= inf{r(K, (20)) : (2n) < (y,ﬁ)}.

Now select (y2) < (y1) such that

1
T(Ka (yrgl)) <r;+ 5

Continuing this process, we can construct sequences (y¢) and

o= it L, () < () < ()}
such that (y%) < (yi1) and

; 1
K, i+1 <7 -
PO 7)) < it g
for any ¢ > 1. Since (r;); is nondecreasing and bounded from above by r(K, (x,)), it
has a limit, say 7. Hence lim r(K, (yitt)) =r.
i—o00
Now take the diagonal sequence (y7) and denote 7 = (K, (y")). Then (y?) < (%),
and hence 7 > 7;. On the other hand, we have (y7) < (y.™!), which gives 7 < r; + 1—%1
Thus 7 = 7.
Since any subsequence (z,) of (y) also satisfies (for the same reasons) the inequal-
ities
1
K n) = Ti d K7 n)) ST o
(K, (uy,) >r; and 7( (u))_r—i—z_’_l
for any ¢ > 1, one gets (K, (u,)) = r. We conclude that (y[), is the desired
subsequence. O

Proposition 2.24. Let (X,d) be a uniformly convex hyperbolic metric space, C be

a nonempty closed conver subset of X. Assume that T : C — X is a nonexpansive

mapping. If (x,), is a sequence in C such that x,, = = and lim d(z,,Tx,) = 0,
n—oo

then x € C and Tz = x.

Proof. Notice that
7(Tx) = limsup d(z,, Tz) < limsupd(z,, Tz,) + limsup d(Tz,, Tz)

n—oo n—oo n— oo

A

lim sup d(2y,, Txy,) + lim sup d(z,,, x)

n—oo n— oo

and hence 7(Tz) < 7(z). Since z is the unique minimizer of 7, we have Tx = z. O
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3. MONOTONE MULTIVALUED NONEXPANSIVE MAPPINGS

Let (X, ||.]]) be a Banach space, C' be a nonempty weakly compact convex subset
of X and P.,(C) be the family of nonempty compact subsets of C' equipped with
the Hausdorff metric H(.,.). A multivalued mapping T' : C — P,,(C) is said to be
nonexpansive if for each z,y € C, H(T(x),T(y)) < ||z — y|. In 1968, Markin [28]
established a fixed point theorem for such mappings in Hilbert spaces. Later, Browder
[8] proved a similar result for spaces with weakly continuous duality mapping, and
Lami Dozo [12] proved it for spaces satisfying Opial’s condition. Assad and Kirk
[3] then generalized Lami Dozo’s result. In 1974, Lim [27] established a fixed point
theorem by considering a closed convex subset of a uniformly convex Banach space.
It is natural to extend these fixed point results to the case of monotone nonexpansive
mappings. In this section we are going to prove the existence of fixed points of
monotone G-nonexpansive multivalued mappings in hyperbolic metric spaces.

We start this section with recalling some basic notions in graph theory (see [6, 11]).

Definition 3.1. A graph G is a pair (V(G),E(G)), where the elements of a
nonempty set V(G) are called vertices of G, and E(G) is a set of paired vertices
called edges. If a direction is imposed on each edge, we call the graph a directed graph
or a digraph.

Definition 3.2. Assume that G = (V(G), E(Q)) is a digraph.
(i) G is reflexive if for each x € V(G), (x,z) € E(G).
(ii) G is transitive if for every x,y,z € V(G) with (z,y), (y,z) € E(G), we have
(z,2) € E(GQ).
(iii) We call (V',E") a subgraph of G if V! C V(GQ), E' C E(G), and x,y € V'
whenever (z,y) € E'.
(iv) For a,b € V(G), we define G-intervals as follows:

[a,—) = {x€V(G): (a,z) € E(G)},
(<, = {z€eV(G):(z,b) € E(G)},
[a,b] = [a,—) N (+,b].

Definition 3.3. ([20]) Let (X, d) be a hyperbolic metric space. A graph G on X is
said to be convex if and only if for any x,y,z,t € X and o € [0,1], we have

(LIZ‘, Z)a (y?t) € E(G) = (ax ® (1 - Oé)y,OéZ @ (1 - Oé)t) € E(G)
We note that this property implies any G-interval is convex.

Definition 3.4. ([1]) Let (X, d) be a metric space with a digraph G and C a nonempty
subset of X. We say that a mapping T : C — C is G-monotone if

V(z,y) € C ((z,y) € E(G) = (Tx,Ty) < E(Q)).

Definition 3.5. ([1]) Let (X, d) be a metric space with a digraph G, C be a nonempty
subset of X, and P(C) be a family of nonempty subsets of C. A multivalued mapping
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T :C — P(C) is said to be monotone G-nonexpansive if for any x,y € C with
z,y) € E(GQ) and any u € Tz, there exists v € Ty such that
(u,v) € E(G), and d(u,v) <d(z,y).

A point x € C is called a fixed point of T' if and only if x € Txz. The set of all fixed
points of a mapping 7T is denoted by Fiz(T).

Definition 3.6. Let (X,d) be a metric space and T : X — P(X) be a multivalued
mapping. A sequence (xn)n 1s called an approzimate fized point sequence if for any
n > 1, there exists y, € Tx, such that lim d(x,,y,) = 0.

n—oo

Let C be a nonempty closed convex bounded subset of a hyperbolic metric space
X with a reflexive, transitive digraph G and T : C — P(C) be a monotone G-
nonexpansive multivalued mapping. Assume that all G-intervals are closed and con-
vex, and (zg,yo) € E(G) for some yo € T'(zg). Put 1 = %xo @ %yo. Since G-intervals
are convex, we have (g, 1), (21,y0) € E(G). Since T is a monotone G-nonexpansive
multivalued mapping, there is y; € T'(x1) such that

(Yo,y1) € E(G) and  d(y1,y0) < d(z1,0)-

Continuing in this manner, we get a sequence (X, )n, (Yn)n in C defined by

1 1
Tpal = §m” &) §y"’ Yn € T(z,) for all n > 0. (3.1)

By induction, we have
(@n, Tnt1), (Tn41,Yn), (Yns Ynt1) € E(G)
and
At ) < Aenia,0) = 3, )
for any n > 0. We have
A(@nt15Ynt1) < d(@nt1,Yn) + d(Ynt1, Yn)

IN

1 1 1
id(xmyn) + d(mn-‘rla xn) = §d(75na yn) + 561(1‘.,“ yn) = d(l‘n, yn)

Hence d(zp+1, Ynt+1) < d(xn, yn) for every n > 0.
The following important proposition is a consequence of the result of Goebel and
Kirk [17].

Proposition 3.7. Let (X,d) be a hyperbolic metric space. Let (xy,)n and (yn)n be
two sequences in (X, d) such that
1

Tn+1 = 51771 S iyn

for any n € N. Suppose that
d(yn7yn+1) < d(l‘n7$n+1), n € N.

Then we have

1+ g)d(fci,yi) < d(@i, Yitn) +2" (d(ﬂfia Yi) = d($i+"7yi+”))’ (3.2)
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for every i,n € N. In particular, lim d(z,,y,) = 0.
n—oo
Next we give the main result of this section. This theorem presents a “mono-
tonic” counterpart of the Lim’s theorem [27].

Theorem 3.8. Let (X, d) be a complete hyperbolic metric space with a reflexive, tran-
sitive digraph G. Assume that X is p-UUC and G-intervals are closed and conver.
Let C be a nonempty, closed, conver and bounded subset of X. Let T : C — Pe,(C)
be a monotone G-nonexpansive multivalued mapping. If there exists xo € C such that
(zo,y0) € E(G) for some yo € Txq then Fiz(T) # 0.

Proof. The argument above and Proposition 3.7 yield that there are two sequences
(Zn)n, (Yn)n in C such that

1 1
Tn41 = §$n @ iynv Yn € T(xn)a
d(Znt1, Yn+1) < d(xp,yn) for all n > 0 and lim d(z,,y,) = 0.
n— o0
By the properties of (z,,) and transitivity of G, {[z,,—), n > 0} is a nonincreasing

sequence of nonempty convex and closed subsets of X. It follows from Theorem 2.18
that

Coo = m[xn,—>)ﬁC: ﬂ{xEC:(m‘n,x) € E(G)} #0.

n>0 n>0
Now Lemma 2.23 implies the existence of a subsequence (z, )i of (z,,)n such that for
each subsequence (z,); of (2, )r we have

T(Com (xnl)) = T(Coov (xnk))
From Theorem 2.19 there exists a unique ¢ € Cy, such that

limsup d(zy,,c) = inf{limsup d(x,, ,z) : © € Co} = 1(Coo, (Tn,,))-
k—

k—o0 [eS)

Thus we have (z,,,c) € E(G) for any k > 0. Since T is a monotone G-nonexpansive
multivalued mapping, there exists ¢y, € T'(c) such that

(ynk’cnk) € E(G) and d(ynkacnk) S d(xnkac)
for any k > 0. Since T'c is compact, there exists a subsequence (cy,); of (¢p, )i such
that llim ¢n, = ¢ € T(c). First we prove that ¢ € Cy. Indeed, it is not difficult to
— 00
see that

0 # m[ynkv_» - m[xnka_w = ﬂ[wm_}) = Cw.

k>0 k>0 n>0
For each m > 0 and n; > m, we get
(yma ym+1>7 (ym ) cm) € E(G)

It implies that (cp,)n,>m i in [ym, —). Hence ¢’ € [ym,—) for every m > 0. Thus
¢ € Npm>0[Ym, —) and therefore,

de ﬂ [Ty —)-

m>0
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Now, we are going to prove that ¢ = ¢/. Assume that ¢ = d(c,/) > 0. We have
d(Tp,,c) <7, d(zp,, ) <1, where (z,,); is a subsequence of (z,,),, r = diam(C') and
hence

1 1, 1 1 ,

dp(xn“ §C @ 56 ) S idp(xm ) C) + §dp(xm ) & ) - djmnl (T7 6/1").
Since X is p-UUC, we have
dP(x 1cEB }c’) < 1dp(x c) + 1alp(ﬂc ) —cxe?

nyy 2 2 — 2 n 2 nyy

for every k > 1, where

Ya(r1,€1)

Cx :inf{T:anﬂ“l >O,<€1 >O}
e

Taking limsup as [ — oo, we have

1 1 1 1
limsup dP(zp,, =c® =) < = limsup d”(z,,, ¢) + = limsup d”(zy,,, ") — cxe?
l—o00 2 2 2 l—o00 =00

IN

1 1 p
3 lim sup d(z,,, ¢) + 3 lim sup [d(wn”ynl) + d(Yn,;, Cny) + d(cm,c’)} —cxeP

l—o0 l—o0

IN

1 1
— limsup d”(z,,,c) + B lim sup d? (yn,, cn,) — cx &P
=00 l—00

IN

limsup dP(x,,,, ¢) — cxe?
l—00

AN

limsup dP(zy,, ,c) — cxe? = r(Cx, (20, ) — cxeP.
k—o0

On the other hand, since C, is nonempty bounded, closed and convex, we have

1 1
lim sup d? (0, 5¢ @ ') > 7(Coos (&n,))

=00 2

Thus we have
7(Coos (Tn,)) = 7(Coo, (Tn,)) < 7(Coss (Ty,)) — cxe?.

This is a contradiction since c¢xeP > 0. Thus ¢ = ¢’. Therefore, ¢ € T(c), i.e, ¢ is a
fixed point of T O

Our first corollary is an application of Theorem 3.8 to the case of a partial order
<:= E(G). We recall that on (X, <), order intervals are sets of the forms [a, =) =
{reX:a<ua} («,b={zre X :z<b}and [a,b] = [a,—) N (+,b] for some
a,be X.

Corollary 3.9. Let (X,d, <) be a complete hyperbolic metric space with a partial
order <. Assume (X,d) is p-UUC and all order intervals are closed and convex. Let
C be a nonempty conver closed bounded subset of X. Let T : C — P.,(C) be a
monotone nonexpansive multivalued mapping. Assume that there exists xqg € C such
that xo < yo for some yo € Txg. Then there exists ¢ € X such that T'(c) = c.

In the case of single-valued mappings, we recall that a mapping T : X — X is said
to be monotone (or increasing) if T'(z) < T'(y) whenever z,y € X such that x < y,
and T is monotone nonexpansive if 1" is monotone and for every x,y € X such that
x <y, dTz,Ty) <d(z,y). Thus we have the following corollary.
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Corollary 3.10. Let (X,d, <) be a complete hyperbolic metric space with a partial
order <. Assume that (X,d) is p-UUC and all order intervals are closed and convex.
Let C be a monempty convex closed bounded subset of X. Let T : C — C be a
monotone nonexpansive mapping. If there exists xg € C' such that o < Txg then T
has a fized point.
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