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Abstract. In this paper, we prove relational analogue of the Banach contraction principle in the
settings of Menger probabilistic metric spaces under a Hadžić-type t-norm. In view of such investiga-

tions we obtain a Kelisky-Rivlin type results for a class of Bernstein type special operators introduced

by Deo et. al. [Appl. Math. Comput. 201, (2008), 604-612 ] on the spaces of continuous functions

C
([

0, k
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])
. Thus, such findings enrich, modify and generalize various prominent recent fixed point

results of the existing literature.
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1. Introduction

An analogue of Banach contraction principle (Bcp) [4] in the settings of partially
ordered metric spaces was presented by Turinici [26, 27] which was later revisited
by several authors such as Ran and Reurings [20], Nieto and López [15], Samet
and Turinici [23], Alam and Imdad [2], Alam et al. [1], and the process of this
exploration is still on. Meanwhile, Jachymski [9] established an interesting metrical
fixed point result by incorporating the notion of graphical contraction mapping
besides presenting a variant of the Kelisky and Rivlin theorem [11] concerning
Bernstein operators on the space C[0, 1], and there exist detailed generalization on
this theme, see for instance ([3], [17, 18, 19]).

Fixed points of lattice structures and ordered sets was investigated by several
authors such as Zermelo (1908), Knaster (1928), Zorn (1935), Tarski (1955) and
many others. Fixed point theorems established for ordered sets are equally important
as fixed point theorems proved on metric structures discussed above. One of the
main objective, adopted by many researchers in the last decade, is that to formulate
a connection between these two theories. In order to study such connection, we
precisely refer Petrusel and Rus [16], wherein the respective authors highlighted
some interesting remarks, open questions, discussion and several conclusions for the
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same. They also presented some interesting applications to integral and differential
equations. This research work constitutes a broader framework of the classical Bcp,
leading to new fixed point results.

Among all these generalizations, we must revisit Alam and Imdad [2] and Jachym-
ski [9] in which the authors made use of relational analogs of metrical notions of
continuity, completeness and some other concepts related to metric space to acquire
some interesting generalizations and conclusions of the Banach contraction principle.
Noticeably, Alam et al. [1] presented a refinements of the relation-theoretic contrac-
tion principle besides highlighting the importance of the notion of d-self-closedness
utilized by Alam and Imdad [2] to such settings. Moreover, the respective authors
vindicated that the relation theoretic approach still remain a genuine improvement
over graphical approach.

On another point of note, recently Kamran et al. [10] extended the results of
Jachymski [9] to the settings of Menger probabilistic metric spaces. They introduced
the class of probabilistic G-contractions and studied the existence of fixed points
for such mappings. Sadeghi and Vaezpour [22] obtained generalized probabilistic
analogue of the Bcp on complete Menger PM spaces and partially ordered Menger
PM spaces as well. They also presented some applications to determine the solution
of Volterra-type integral equations to such spaces. Most recently, some fixed point
results for probabilistic α-minimum Ciric type contraction are presented by Bhandari
et al. [5].

In order to understand many diversified physical problems modeled on functional
analysis, the above theoretical study has been very useful. In recent times, there has
been keen interest in adopting the generalizations of Bcp for the same. In light of
the above research direction, the primary goal of this research work, is to investigate
a new fixed point theorem for contraction mappings defined on a Menger PM spaces
equipped with an arbitrary binary relation. Moreover, we furnish some non-trivial
examples and establish a Kelisky-Rivlin type result for a class of Bernstein type special
operators on the spaces of continuous functions, in light of the obtained results. Thus,
the goal is to substantiate the usability of such exploration by establishing some new
core theoretical results with some interesting applications.

2. Preliminaries

The notion of statistical metric spaces was introduced by Karl Menger in 1942.
Later on the new theory of fundamental probabilistic structures was developed by
many authors. In this section, firstly we recall some relevant important background
study and start with some core concepts from Menger probabilistic metric spaces. For
detailed study of such spaces, we refer [8, 25, 24] and references therein. Throughout
this presentation, N indicates the set of natural numbers and N0 = N ∪ {0} whereas,
a non-empty binary relation is symbolized by R.
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A mapping F : R → [0, 1] is called a distribution function if it satisfies the
following conditions:
(d1) F is nondecreasing;
(d2) F is left continuous;
(d3) inft∈R F(t) = 0 and supt∈R F(t) = 1.
If, in addition, we have
(d4) F(0) = 0, then F is called a distance distribution function.

Assume that D+ is a set defined by

D+ =
{
F : R→ [0, 1] : F is distance distribution function, lim

t→+∞
F(t) = 1

}
.

The element δ0 ∈ D+ defined by

δ0(t) =

{
0 if t ≤ 0,
1 if t > 0,

is the Dirac distribution function.
Definition 2.1 [8]. A mapping T : [0, 1] × [0, 1] → [0, 1] is said to be a triangular
norm (briefly t-norm) if for every u, v, w ∈ [0, 1], we have
(t1) T (u, v) = T (v, u);
(t2) T (u, T (v, u)) = T (T (u, v), w);
(t3) T (u, v) ≤ T (u,w)ifv ≤ w;
(t4) T (u, 1) = u.

The commutativity (t1), the monotonicity (t3), and the boundary condition (t4)
imply that for each t-norm T and for each u ∈ [0, 1], we have the following boundary
conditions:
T (u, 1) = T (1, u) = u and T (u, 0) = T (0, u) = 0.
Typical examples of t-norms are TM (u, v) = min{a, b} and TP (u, v) = uv.

Definition 2.2 [8]. A t-norm T is said to be of H-type if the family of functions
{T k}k∈N is equicontinuous at t = 1, where T k : [0, 1]→ [0, 1] is recursively defined by

T 1(t) = T (t, t), T k+1(t) = T
(
T k(t), t

)
; t ∈ [0, 1], k = 1, 2, . . . .

A trivial example of a t-norm of H-type is TM = min, but there exist t-norms of
H-type with T 6= TM .

Definition 2.3 [8]. A Menger probabilistic metric space or Menger PM -space
is a triple (X ,F , T ), where X is a nonempty set, F : X × X → D+, and
T : [0, 1]× [0, 1]→ [0, 1] is a t-norm such that for every u, v, w ∈ X , we have
(M1) F(u, v) = δ0 ⇔ u = v;
(M2) F(u, v) = F(v, u);
(M3) F(u,w)(t+ s) ≥ T (F(u, v)(t),F(v, w)(s)) for all t, s ≥ 0.
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Let (X ,F , T ) be a Menger PM -space. For ε > 0 and δ ∈ (0, 1], the (ε, δ)-
neighborhood of u ∈ X is denoted by Nu(ε, δ) and is defined by

Nu(ε, δ) =
{
y ∈ X : F(u, v)(ε) > 1− δ

}
.

Furthermore, if sup0<a<1 T (a, a) = 1, then the family of neighborhoods{
Nu(ε, δ) : u ∈ X , ε > 0, δ ∈ (0, 1]

}
determines a Hausdorff topology for X .

Definition 2.4 [8]. Assume that (X ,F , T ) is a Menger PM -space.
(a) A sequence {un} ⊂ X converges to an element u ∈ X if for every ε > 0 and
δ ∈ (0, 1], there exists k0 ∈ N such that uk ∈ Nu(ε, δ) for every k ≥ k0.
(b) A sequence {uk} ⊂ X is a Cauchy sequence if for every ε > 0 and δ ∈ (0, 1], there
exists k0 ∈ N such that F(uk, um)(ε) > 1− λ, whenever k,m ≥ k0.
(c) A Menger PM -space is complete if every Cauchy sequence in X converges to a
point in X .
(d) A subset A of X is closed if every convergent sequence in A converges to an
element of A.

Some relation theoretic metrical notions:
Definition 2.5 [13, 2]. Assume that X is a non-empty set and R is a subset of
X × X . Then
(a) R is a binary relation and u is R-related to v, that is, the set of ordered pair
(u, v) ∈ R,
(b) u and v are comparable, if either (u, v) ∈ R or (v, u) ∈ R, and symbolized as
[u, v] ∈ R,
(c) (u, v) ∈ Rs, if and only if [u, v] ∈ R where Rs denotes the symmetric closure of
R, that is, Rs = R∪R−1.

Definition 2.6 [2]. Assume that X is a non-empty set and R is a binary relation on
X . Let f be self-mappings on X . Then for u, v ∈ X , R is f -closed if

(u, v) ∈ R ⇒ (fu, fv) ∈ R.

Definition 2.7 [2]. Assume that X is a non-empty set and R is a binary relation on
X . A sequence {uk} ⊂ X is R-preserving if (uk, uk+1) ∈ R, k ∈ N0.

Definition 2.8. Assume that (X ,F , T ) is a Menger PM -space equipped with a
binary relation R on X . If every R-preserving Cauchy sequence converges to a point
in X . Then (X ,F , T ) is an R-complete Menger PM -space.

Remark 2.9. Every R-complete Menger PM -space is complete Menger PM -space
and in respect to the global relation these notions are the same.

The following notion coined by Turinici [27] is an extension of d-self-closedness of
a partial order relation ”�”.
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Definition 2.10 [2]. Assume that (X , d) is a metric space and R is a binary relation
on a non-empty set X . Then R is d-self-closed if for any R-preserving sequence {uk}
such that uk

d−→ u, there exists a subsequence {ukr} of {uk} with [ukr , u] ∈ R for all
r ∈ N0.

Inspired by the above definition by Alam and Imdad [2], we define analogue of
d-self-closedness in Menger PM -space.

Definition 2.11. Assume that (X ,F , T ) is a Menger PM -space and R is a binary
relation on a non-empty set X . Then R is dF -self-closed if for any {uk} ⊂ X is a

sequence in TN (f,R, u0), so that uk
d−→ u, there exists a subsequence {ukr} of {uk}

with [ukr , u] ∈ R, r ∈ N0.

Definition 2.12. [2]. Assume that X is a non-empty set and R is a binary relation
on X . A subset E of X is R-connected if there exists a path in R from u to v for
every u, v ∈ E.

Definition 2.13. [12]. Assume that X is a non-empty set and R be a binary relation
on X . For u, v ∈ X , a path of length r (r ∈ N), in R from u to v is a finite sequence
{w0, w1, w2, ..., wr} ⊂ X satisfying the subsequent assumptions:
(a) w0 = u and wr = v,
(b) (wi, wi+1) ∈ R for each i (0 ≤ i ≤ r − 1).
Noticeably, a path of length r has r+1 elements of X , though they are not necessarily
distinct. For some u ∈ X , denote by P(u; r) the set of all v ∈ X such that there exists
a path of length r from u to v, that is,

P(u; r) = {v ∈ X : there exists a path of length r from u to v.}.

3. Fixed points for fR-contraction mappings

In this part, at first, we establish fixed point results for fR-contraction mappings
in a Menger PM -spaces. Secondly, we furnish some suitable illustrative examples and
important remarks.
Definition 3.1. Assume that (X ,F , T ) is a Menger PM -space and f : X → X , then
f is an fR-contraction if there exists τ ∈ (0, 1) such that

(u, v) ∈ R =⇒ (fu, fv) ∈ R, F(fu, fv)(τt) ≥ F(u, v)(t), t > 0. (1)

Proposition 3.2. Assume that (X , d) is a metric space endowed with an arbitrary
binary relation R. Let f : X → X is a f -closed, fR-contraction mapping. Then f is
an fR-contraction mapping on the induced Menger PM -space too.
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Proof. Assume that (X , d) is a metric space equipped with a binary relation R defined
on X . Let f : X → X is a f -closed fR-contraction mapping. Then for u, v ∈ X with
(u, v) ∈ R, we have (fu, fv) ∈ R and there exists τ ∈ (0, 1) such that

d(fu, fv) ≤ τd(u, v).

Now, for t > 0, we have

F(fu, fv)(τt) = δ0(τt− d(fu, fv))

≥ δ0(τt− τd(u, v)) = F(u, v)(t).

Thus f is an fR-contraction. �

Remark 3.3 From the Proposition 3.2 it is interesting to note that every relation
theoretic Banach contraction mapping is also a relation theoretic probabilistic con-
traction mapping with the same contraction constant.

Assume that (X ,F , T ) is a Menger PM -space equipped with a binary relation R
defined on X . Then {ui}li=0 is an l-directed path from u ∈ X to v ∈ X if

u0 = u, ul = v,
(
ui−1, ui

)
∈ R and d

(
ui−1, ui

)
<∞ for all i = 1, 2, . . . , l.

For u ∈ X and l ∈ N, we denote

P(u, l,R) = {v ∈ X : there is an l-directed path from u to v}
and

P(u,R) =
⋃
P(u, l,R).

We prove the following lemma
Lemma 3.4. Assume that (X ,F , T ) be a Menger PM -space under a t-norm T with
supa<1 T (a, a) = 1. Let f : X → X be an fR-contraction mapping and v ∈ P(u,R),
then for t > 0, F(fku, fkv)(t)→ 1 as k →∞. Moreover, for w ∈ X , fku→ w if and
only if fkv → w as k →∞.

Proof. Consider u ∈ X and v ∈ P(u,R), then {ui}li=0 is a l-directed path from u to
v with

u0 = u, ul = v,
(
ui−1, ui

)
∈ R and d

(
ui−1, ui

)
<∞ for all i = 1, 2, . . . , l.

If f is an fR-contraction, then in the light of symmetry of F , f is fRs-contraction.
By mathematical induction, for t > 0 and k ∈ N, we have
(fkui−1, fkui) ∈ Rs and F(fkui−1, fkui)(τt) ≥ F(fk−1ui−1, fk−1ui)(t) where i =
1, 2, ..., l. Consequently, we obtain

F(fkui−1, fkui)(t) ≥ F(fk−1ui−1, fk−1ui)

(
t

τ

)
≥ F(fk−2ui−1, fk−2ui)

(
t

τ2

)
...

≥ F(ui−1, ui)

(
t

τk

)
→ 1 (as k →∞).
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For given ε > 0 and t > 0, as supa<1 T (a, a) = 1, implies that there exists µ ∈ (0, 1)
depending upon ε, so that T (1−µ, 1−µ) > 1− ε. Select k0 ∈ N so that for all k ∈ N
and k ≥ k0, we have F(fku0, fku1)( t2 ) > 1 − µ and F(fku1, fku2)( t2 ) > 1 − µ. For
all k ≥ k0 and t > 0, we have

F(fku0, fku2)(t) ≥ T
(
F(fku0, fku1)

(
t

2

)
, (fku1, fku2)

(
t

2

))
≥ T (1− µ, 1− µ) > 1− ε,

so that F(fku0, fku2)(t) → 1 as k → ∞. Iteratively, one can easily verify that as
k →∞, we have

F(fku0, fkul)(t)→ 1.

Again, let fku → w ∈ X , also supa<1 T (a, a) = 1, then there exists µ(ε) ∈ (0, 1) so
that T (1−µ, 1−µ) > 1−ε. Selecting k0 ∈ N, so that, we have F(fku, fkv)( t2 ) > 1−µ
and F(w, fku)( t2 ) > 1− µ for all k ≥ k0. Consequently, we have

F(w, fkv)(t) ≥ T
(
F(w, fku)

(
t

2

)
, (fku, fkv)

(
t

2

))
≥ T (1− µ, 1− µ) > 1− ε.

Thus, fkv → w as k →∞. �

The following useful lemma is necessary to prove the main results.

Lemma 3.5 [14]. Assume that (X ,F , T ) be a Menger PM -space under a t-norm T
of Hadžić type. Let {uk} be sequence in X , and there exist τ ∈ (0, 1) such that

F(uk, uk+1)(τt) ≥ F(uk−1, uk)(t) for all k ∈ N and t > 0.

Then {uk} is a Cauchy sequence.

Theorem 3.6. Assume that f is a self-mappings on an R-complete Menger PM -
space (X ,F , T ) together with Hadžić-type norm. Let the subsequent assumptions hold:
(a) f is an fR-contraction mapping,
(b) there exists u0 ∈ X such that (u0, fu0) ∈ R,
(c) R is dF -self-closed, that is, for any R-preserving sequence {uk} ⊂ X , so that

uk
d−→ u, there exists a subsequence {ukr} of {uk} with [ukr , u] ∈ R, for all r ∈ N0.

Then f has a unique fixed point.

Proof. Since f is an fR-contraction mapping and there exists u0 ∈ X such that
(u0, fu0) ∈ R. By mathematical induction (fku0, f

k+1u0) ∈ R, k ∈ N, we have

F(fku0, f
k+1u0)(τt) ≥ F(fk−1u0, f

ku0)(t), k ∈ N with t > 0. (2)

As T is of Hadžić-type, therefore in view of Lemma 3.5 it can be concluded that
{fku0} is a Cauchy sequence in X . By the R-completeness of the Menger PM-space
(X ,F , T ) there exists σ ∈ X , such that

lim
k→∞

fku0 = σ. (3)
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Now we shall show that σ is a fixed point of f . Let the assumption (c) holds, then
there exists a subsequence {fkru0} of {fku0} with [fkru0, σ] ∈ R, for all r ∈ N0.
Note that {u0, fu0, f2u0, ..., fk1u0, ..., fkNu0, σ} is a path in R and therefore in Rs
from u0 to σ, consequently, σ ∈ P(u0,Rs).
Since f is an fR-contraction and [fkru0, σ] ∈ R, for all r ≥ N. For t > 0 and r ≥ N,
we have

F(fkr+1u0, fσ)(t) ≥ F(fkr+1u0, fσ)(τt)

≥ F(fkru0, σ)(t)→ 1, as r →∞.

So, we have

lim
r→∞

fkr+1u0 = fσ. (4)

Thus, we obtain fσ = σ. Now if v ∈ P(u0,Rs) then in light of the Lemma 3.4, we
have

lim
r→∞

fkv = σ. (5)

Next we prove the uniqueness of a fixed point, suppose σ∗ ∈ P(u0,Rs) = P(σ,Rs)
so that fσ∗ = σ∗. Owing to Lemma 3.4, we have

F(σ, σ∗)(t) = F(fσ, fσ∗)(t)→ 1, as k →∞. (6)

Therefore σ∗ = σ, that is, f has a unique fixed point. �

Now, we provide a non-trivial example to substantiate the assumptions of Theorem
3.6, which assure the existence of unique fixed point.

Example 3.7 Assume that X = R+ with the metric d(u, v) = |u− v|. Define

F(u, v)(t) =
t

t+ d(u, v)
,

then (X ,F , T ) is a complete Menger PM -space with T , the t-norm of H-type.
So (X ,F , T ) is an R-complete Menger PM space. Let the binary relation R =
{(u, v) : u, v ∈ [0, 1]} . Define f : X → X by

fu =


u

2(u+1) , if u ∈ [0, 1],

2u2 + 1, if u > 1.

Now, we prove that f is an fR-contraction, that is, for (u, v) ∈ R implies (fu, fv) ∈ R,
such that

F(fu, fv)(τt) = F
(

u

2(u+ 1)
,

v

2(v + 1)

)(
t

2

)
=

t
2

t
2 + | v

2(v+1) −
u

2(u+1) |

=
t

t+ 1
2 |

v−u
(v+1)(u+1) |

≥ t

t+ |u− v|
= F(u, v)(t),
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for all t > 0. This implies that f is an fR-contraction. Thus, assumption (a) of
Theorem 3.6 holds for τ = 1

2 . For u ∈ [0, 1] we have fu ∈ [0, 1] this implies that
(u, fu) ∈ R. Therefore, taking any u0 ∈ [0, 1] we have (u0, fu0) ∈ R. This verifies
the assumption (b) of Theorem 3.6. Also if we take {uk} such that uk ≤ 1 for all
k ∈ N0 then uk ∈ TN (f,R, u0), such that uk −→ u. Therefore by the definition of the
R, we have uk ∈ [0, 1] for all k ∈ N0 and there exists a subsequence {ukr} of {uk}
with [ukr , u] ∈ R, for all r ∈ N0. This implies that X satisfies the assumption (c) of
Theorem 3.6. Since all the assumptions of the Theorem 3.6 satisfied for τ ∈ (0, 1),
and t > 0 which ensures the survival of a unique fixed point. Namely, 0 is the fixed
point of f .
Notice that, if we take u = 1, v = 2 then fu = 1

4 , fv = 9, we have

F(
1

4
, 9)(τt) =

τt

τt+ | 14 − 9|
=

t

t+ 35
4τ

≥ t

t+ |1− 2|

implies that τ ≥ 35
4 , this implies that there is no τ < 1 such that

F(fu, fv)(τt) ≥ F(u, v)(t) for all t > 0.

This implies that f does not satisfy the contraction assumption. However if (u, v) ∈ R
then the assumption is satisfied for all such u, v ∈ X .

Remark 3.8 Noticeably, in light of the above example we point out the fact that f
is not a probabilistic contraction and therefore the corresponding Theorem 3 of ([25],
Sehgal and Bharucha-Reid) and Corollary 1 of ([7], Fang) are not applicable here
which indicate the usability of such generalizations over the corresponding several
prominent recent fixed point results on this settings.

4. Applications: Kelisky-Rivlin type result for Bernstein operators

In this section we establish a Kelisky-Rivlin type result for a class of Bernstein type
of special operators introduced by Deo et. al. [6]. Thus, the aim is to substantiate
the utility of such exploration by establishing some new core theoretical results with
some interesting applications and important remarks on this theme.
We start with the proof of result related to the convergence of successive approxima-
tions for class of Bernstein operators.

Theorem 4.1. Assume that E is a group with respect to addition and X ⊆ E
equipped with a metric d such that (X , d) is complete. Let X0 ⊆ X be a closed subset
of X such that X0 is a subgroup of E. Let f : X → X such that

(u, v) ∈ X × X , u− v ∈ X0 =⇒ d(fu, fv) ≤ τd(u, v),

where τ ∈ (0, 1) is a constant. Assume that

u− fu ∈ X0 for all u ∈ X . (7)

Then we have
(a) for every u ∈ X , the Picard sequence {fku} converges to a fixed point of f ,
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(b) for every u ∈ X , (u + X0) ∩ Fix f = {limk→∞ fku}, where Fix f denotes the set
of fixed points of f.

Proof. Consider F : X × X → D+ defined by

F(u, v)(t) = δ0
(
t− d(u, v)

)
for all u, v ∈ X , t > 0,

where δ0 is the Dirac distribution function. Consider the arbitrary binary relation
R ⊂ X ×X such that

R =
{

(u, v) ∈ X × X : u− v ∈ X0

}
.

Owing to (7), we have

(u, v) ∈ R =⇒ u− v ∈ X0 =⇒ fu− fv = (fu− u) + (y − fy) + (u− v) ∈ X0

=⇒ (fu, fv) ∈ R.

Then by the definition of δ0, we have

(u, v) ∈ R =⇒ (fu, fv) ∈ R,F(fu, fv)(τt) ≥ F(u, v)(t), t > 0,

which implies that f is an fR-contraction mapping. Also a sequence {uk} ⊂ X
converges to u ∈ X with respect to d if and only if {uk} converges to u with respect
to the Menger PM -space. Let u0 ∈ X be an arbitrary point. By (7), we have
u0 − fu0 ∈ X0, that is, (u0, fu0) ∈ R, which implies that fu0 ∈ P(u0,R).
Now suppose that {fku0} converges to u ∈ X with respect to (X ,F , TM ), that is,
Menger PM -space. Then {fku0} converges to u with respect to the metric d.
On the other hand, we have fu0 = (fu0 − u0) + u0 ∈ X0. Again, we have
f2u0 = (f2u0 − fu0) + fu0 ∈ X0. Continuing in this process, we have fku0 ∈ X0 for
every k ∈ N. As X0 is closed, then u ∈ X0. As a result, we have (fku0, u) ∈ R for
every k ≥ 1. Finally, in view of Theorem 3.6, the proof of (a) accomplished.

Now, to prove (b) let u ∈ X be any arbitrary point. From (a), we know that {fku}
converges with respect to the metric d to some u∗ ∈ X0, a fixed point of f. Moreover,
from the proof of (a), we have fku0 − u ∈ X0 for all k ∈ N. Since X0 is closed, we
have u∗ − u ∈ X0, that is, u∗ ∈ u + X0. On the other hand, suppose that u1, u2 ∈
(u+X0)∩Fix f, with u1 6= u2. Since u1−u, u2−u ∈ X0, then d(u1, u1) = d(fu1, fu2) ≤
τd(u1, u2), which is a contradiction. This completes the proof of (b). �

Remark 4.2. Theorem 4.1 recovers Theorem 4.1 in [9], where X was supposed to be
a Banach space and f was supposed to be a linear operator.

The Bernstein operator on f ∈ C([0, 1]), the space of all continuous real functions
on the interval [0, 1], is defined by

(Bkf)(u) =

k∑
r=0

f

(
r

k

)(
k
r

)
ur(1− u)k−r, f ∈ C

(
[0, 1]

)
, u ∈ [0, 1], k = 1, 2, . . . .
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Kelisky and Rivlin [11] proved that each Bernstein operator Bk is a weak operator.
Moreover, for any k and f ∈ C([0, 1]),

lim
j→∞

(
Bjkf

)
(u) = f(0) +

(
f(1)− f(0)

)
u, u ∈ [0, 1].

The proof given by Kelisky and Rivlin is based on linear algebra involving the
Stirling numbers of the second kind, and eigenvalues and eigenvectors of some
matrices. In view of these findings I. A. Rus [21] presented a simple and elegant
proof utilizing contraction principle to study the iterates of Bernstein operators.
Jachymski [9] (see Theorem 4.1) introduced yet more analogous and simpler proof
via contraction mapping to produce fixed points for linear operators on Banach spaces.

Now, we are interested in establishing Kelisky and Rivlin type results for the class
of Bernstein type of special operators introduced by Deo et. al. [6] as follows:

If f(u) is a function defined on [0, k
k+1 ]

(Vkf)(u) =

k∑
r=0

pk,r(u)f

(
r

k

)
,

where

pk,r(u) =

(
1 +

1

k

)k (
k
r

)
ur
(

k

k + 1
− u
)k−r

, for
k

k + 1
≥ u.

Let

X =
{
f ∈ C

([
0,

k

k + 1

])
: f(0) ≥ 0, f

( k

k + 1

)
≥ 0
}
.

Clearly, Vk(·) : X → X is well defined.
We have the following result.

Theorem 4.3. Assume that k ∈ N. Then, for every f ∈ X , the Picard sequence
{Vjk(f)}j∈N converges to a fixed point of Vk(·). Moreover, for every f ∈ X , we have

lim
j→∞

max
u∈[0, k

k+1 ]

∣∣Vjk(f)(u)− ω(u)
∣∣ = 0,

where ω(u) = f(0)
(

k
k+1 − u

)
+ f

(
k
k+1

)
u, u ∈ [0, k

k+1 ].

Proof. Let E = C
([

0, k
k+1

])
. We endow X with the metric defined by

d(U ,V) = max
u∈[0, k

kk+1 ]

∣∣U(u)− V(u)
∣∣, U ,V ∈ X .

Clearly, (X , d) is a complete metric space. Let

X0 =
{
U ∈ E : U(0) = U

( k

k + 1

)
= 0
}
.
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Then X0 ⊂ X is a closed subgroup of E. Let f, g ∈ X such that f − g ∈ X0. Let
u ∈

[
0, k

k+1

]
, then we have

∣∣Vk(f)(u)− Vk(g)(u)
∣∣ =

∣∣∣∣∣
k∑
r=0

(
f

(
r

k

)
− g
(
r

k

))(
1 +

1

k

)k (
k
r

)
ur
(

k

k + 1
− u
)k−r∣∣∣∣∣

≤
k∑
r=0

∣∣∣∣(f − g)

(
r

k

)∣∣∣∣(1 +
1

k

)k (
k
r

)
ur
(

k

k + 1
− u
)k−r

≤
k−1∑
r=1

(
1 +

1

k

)k (
k
r

)
ur
(

k

k + 1
− u
)k−r

d(f, g).

Note that
k∑
r=0

(
1 +

1

k

)k (
k
r

)
ur
(

k

k + 1
− u
)k−r

= 1.

Then it is easy to observe that

k−1∑
r=1

(
1 +

1

k

)k (
k
r

)
ur
(

k

k + 1
− u
)k−r

≤ 1−
(

1 +
1

k

)k
uk −

(
1 +

1

k

)k
(

k

k + 1
− u)k

≤ 1− 1

2k−1
.

As a consequence, we have

f, g ∈ X , f − g ∈ X0 =⇒ d
(
Vk(f),Vk(g)

)
≤
(

1− 1

2k−1

)
d(f, g).

Now, let f ∈ X . For any u ∈ [0, k
k+1 ], we have

f(u)− Vk(f) =

k∑
r=0

(
f(u)− f

(
r

k

))(
1 +

1

k

)k (
k
r

)
ur
(

k

k + 1
− u
)k−r

.

Observe that f(0)−Vk(f)(0) = f( k
k+1 )−Vk(f)( k

k+1 ) = 0. Then, for every f ∈ X , we
have

f − Vk(f) ∈ X0.

By Theorem 4.1, we deduce that for every f ∈ X , the Picard sequence {Vjk(f)}j∈N
converges to a fixed point of Vk(·) and

(f + X0) ∩ FixVk(·) =
{

lim
j→∞

Vjk(f)
}
.

Let f ∈ X . It is not difficult to observe that ω(u) = f(0)
(

k
k+1 − u

)
+ f

(
k
k+1

)
u ∈

FixVk(·). We have also

ω(u) = f(u) + θ(u),

where

θ(u) = f(0)
( k

k + 1
− u
)

+ f
( k

k + 1

)
u− f(u).
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Observe that θ(0) = θ
(

k
k+1

)
= 0, which implies that θ ∈ X0. This completes the proof

of Theorem 4.3. �

Conclusion

In this research work, we studied problems modeled on non-linear functional analy-
sis and approximation theory that have been very useful for future research directions.
We investigated a variant of Banach contraction principle for mappings defined on a
Menger PM spaces equipped with an arbitrary binary relation. Indeed, we presented a
variant of prominent recent results on the relational metric settings as the underlying
linear contraction is assumed to satisfy for elements belonging to an arbitrary binary
relation. Further, we presented non-trivial example vindicating that the claims are
novel and original. In addition, to annotate the utility of such newly obtained results,
we established Kelisky-Rivlin type result for the class of Bernstein type special oper-
ators on the spaces of continuous functions. Thus, these findings supply yet another
view on fixed point results. In fact, we substantiated the usability of such exploration
by establishing some new core theoretical results with applications.

Acknowledgement. The referees have reviewed the paper very carefully. The
author express their deep thanks for the comments.
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[19] G. Prasad, H. Işık, On solution of boundary value problems via weak contractions, J. Funct.
Spaces, 2022, Article ID 6799205, (2022).

[20] A.C.M. Ran, M.C.B. Reurings, A fixed point theorem in partially ordered sets and some appli-

cations to matrix equations, Proc. Am. Math. Soc., 132(2004), no. 5, 1435-1443.
[21] I.A. Rus, Iterates of Bernstein operators, via contraction principle, J. Math. Anal. Appl.,

282(2004), 259-261.
[22] Z. Sadeghi, S.M. Vaezpour, Fixed point theorems for multivalued and single-valued contractive

mappings on Menger PM spaces with applications, J. Fixed Point Theory Appl., 20(114)(2018).

[23] B. Samet, M. Turinici, Fixed point theorems on a metric space endowed with an arbitrary
binary relation and applications, Commun. Math. Anal., 13(2012), no. 2, 82-97.

[24] B. Schweizer, A. Sklar, Probabilistic Metric Spaces, North-Holland, New York, 1983.

[25] V.M. Sehgal, A.T. Bharucha-Reid, Fixed points of contraction mappings on PM-spaces, Math.
Syst. Theory, 6(1972), 97-102.

[26] M. Turinici, Fixed points for monotone iteratively local contractions, Demonstr. Math.,

19(1986), no. 1, 171-180.
[27] M. Turinici, Ran and Reuring’s theorems in ordered metric spaces, J. Indian Math. Soc.,

78(2011), 207-214.

Received: June 16, 2023; Accepted: December 12, 2023.


