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Abstract. In this paper we shall study, in terms of a metric and an order relation, the existence,

uniqueness and data dependence for the solutions of integral equation

x(t) = (g1(t) +

t∫
a

K1(t, s, x(s))ds) · (g2(t) +

t∫
a

K2(t, s, x(s))ds), t ∈ [a, b].

Our results extend the results from I.M.Olaru An Integral Equation via Weakly Picard Operators,

Fixed Point Theory, 11(2010), No. 1, pp 97-106.

Key Words and Phrases: Integral equations, Picard operators, fixed points, data dependence,
ordered metric space, Gronwall lemma.

2020 Mathematics Subject Classification: 45G10, 47H10, 45D05.

1. Introduction

Let X be a nonempty set and T : X → X an operator. We denote by T 0 := 1X ,
T 1 := T , Tn+1 := Tn ◦ T , n ∈ N the iterate operators of the operator T . We also
have

FT := {x ∈ X | T (x) = x}
the set of fixed point for operator T .

Definition 1.1. (see [3]) Let X be a nonempty set and let us consider
s(X) := {{xn}n∈N | xn ∈ X}, c(X) ⊂ s(X) and Lim : c(X)→ X an operator.We say

that (X, c(X), Lim) is an L−space (denoted also by (X,
F→)) if the following conditions

are satisfied:

(i) if xn = x for all n ∈ N then {xn}n∈N ∈ c(X) and Lim{xn}n∈N = x
(ii) if {xn}n∈N ∈ c(X) and Lim{xn}n∈N = x then for all subsequences {xni

}i∈N
of {xn}n∈N we have {xni

}i∈N ∈ c(X) and Lim{xni
}i∈N = x

Definition 1.2. Let (X,
F→) be an L−space An operator T : X → X is orbitally

continuous if x ∈ X and Tn(i)(x)→ a ∈ X as i →∞ imply Tn(i)+1(x)→ T (a) ∈ X
as i→∞.
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Definition 1.3. (see [12]) Let (X,
F→) be an L−space An operator T : X → X is

weakly Picard operator (WPO) if the sequence (Tn(x))n∈N converges, for all x ∈ X
and the limit (which depend on x ) is a fixed point of T .

Definition 1.4. (see [12]) If the operator T is WPO and FT = {x∗} then by definition
T is Picard operator.

Notice that if T is WPO, then we define the operator T∞ : X → FT by

T∞(x) = lim
n→∞

Tn(x).

Definition 1.5. A triple (X,
F→,�) is called an ordered L−space if (X,

F→) is an

L−space and � is a partial order on X which is closed with respect to
F→ i.e. if

{xn}n∈N and {yn}n∈N are sequences in X such that xn � yn for every n ∈ N and
xn → x, yn → y as n→∞ then x � y

The following abstract Gronwall type lemma takes place for POs

Lemma 1.1. Let (X,
F→,�) be an ordered L−space and T : X → X be an operator.

We suppose that:

(a) T is a PO with respect to →(we denote by x∗T its unique fixed point);
(b) T is increasing with respect to �;

Then we have:

(i) x ∈ X, x � T (x) implies x � x∗T ;
(ii) x ∈ X, T (x) � x implies x∗T � x.

Definition 1.6. (see [9]) A nonempty ordered set (X,�) is said to be generalized
directed set if for each pair of elements x, y ∈ X there exists z ∈ X such that (x, z)
and (y, z) are in X� where X� := {(x, y) ∈ X ×X | x � y or y � x}.

Definition 1.7. (see [9]) Let us consider (X,�) an ordered set and T : X → X an
operator. Then T is called a generalized monotone operator if (T × T )(X�) ⊂ X�,
where (T × T ))(x, y) := (T (x), T (y)) for (x, y) ∈ X ×X.

Definition 1.8. (see [11]) A function ϕ : R+ → R+ is a comparison function if the
following conditions are satisfied:

(i) ϕ is increasing;
(ii) the sequence ϕn(t)→ 0 as n→∞, for every t > 0.

Definition 1.9. (see [11]) A comparison function is a strong comparison function if∑
k≥0

ϕk(t) <∞, for any t > 0.

Next result will be used by us in order to study the existence and uniqueness of
solution for the above mentioned integral equation.

Lemma 1.2. (see [9]) Let X be a nonempty set, d be a metric on X and � an order
relation on X. We consider an operator T : X → X having the generalized monotone
property. We suppose that:
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(i) (X,�) is a generalized directed set;
(ii) if (x, y) ∈ X�, then x and y are asymptotically equivalent;

(iii) the set XT = {x ∈ X | T (x) � x or x � T (x)} is not empty and T : XT → XT

is WPO.

Then T : X → X is a PO.

More results about generalized contraction in partially ordered complete metric
spaces can be found in [2], [1], [5], [4], [6], [8], [10], [9]

2. Existence and uniqueness results

Let us consider denote

X = C([a, b],R+) := {x : [a, b]→ R+ | x is continuous}.

We consider on X the following norms:

‖x‖∞ = max
t∈[a,b]

|x(t)|, ‖x‖τ = max
t∈[a,b]

|x(t)| · e−τ(t−a), τ > 0

and the standard order relation

x � y ⇐⇒ x(t) ≤ y(t), (∀)t ∈ [a, b].

We get the following Banach lattices (X,+,R, ‖ ·‖τ ,�) and (X,+,R, ‖ ·‖∞,�). From
the above definition we notice that (X,�) is a generalized directed set. Next we
shall study, in the above defined Banach lattices, the existence and uniqueness, data
dependence for the solution of the following integral equation:

x(t) = (g1(t) +

t∫
a

K1(t, s, x(s))ds) · (g2(t) +

t∫
a

K2(t, s, x(s))ds), t ∈ [a, b] (2.1)

The equation (2.1) is equivalent with the following fixed point problem

x = T (x) (2.2)

where:

T : C([a, b],R+)→ C([a, b],R+)

T (x)(t) = (g1(t) +

t∫
a

K1(t, s, x(s))ds) · (g2(t) +

t∫
a

K2(t, s, x(s))ds) (2.3)

Our first result is the following one, where we get the existence and uniqueness, in
the Banach lattices (X,+,R, ‖ · ‖τ ,�), for the solution of equation (2.1)

Theorem 2.1. We suppose that

(i) gi ∈ C([a, b],R+), Ki ∈ C([a, b]× [a, b]× R+,R+), i = 1, 2;
(ii) Ki(t, s, ·) : R+ → R+ is increasing for every t, s ∈ [a, b], i = 1, 2;

(iii) there exists LKi
> 0 such that

|Ki(t, s, u)−Ki(t, s, v)| ≤ LKi |u− v|,

for all t, s ∈ [a, b], u, v ∈ R+,u ≤ v, i = 1, 2;
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(iv) there exists MKi
> 0 such that

|Ki(t, s, u)| ≤MKi ,

for all t, s ∈ [a, b], u, v ∈ R+, i = 1, 2;
(v) the set XT is not empty;

Then

(a) the equation (2.1) has a unique solution x? ∈ C([a, b],R+);
(b) if x ∈ X is such that x � T (x) then x � x?;
(c) if x ∈ X is such that T (x) � x then x? � x;

Proof. (a) First of all we remark that the condition (ii) leads us to the fact that the
operator T defined by equation (2.3) is increasing and consequently it is a generalized
monotone operator. On the other hand for all x, y ∈ X� we have that

|T (x)(t)− T (y)(t)| ≤

≤ |(g1(t) +

t∫
a

K1(t, s, x(s))ds) · (g2(t) +

t∫
a

K2(t, s, x(s))ds)−

−(g1(t) +

t∫
a

K1(t, s, y(s))ds) · (g2(t) +

t∫
a

K2(t, s, y(s))ds)| =

= |(g1(t) +

t∫
a

K1(t, s, x(s))ds) · (g2(t) +

t∫
a

K2(t, s, x(s))ds)−

−(g1(t) +

t∫
a

K1(t, s, x(s))ds) · (g2(t) +

t∫
a

K2(t, s, y(s))ds)+

+(g1(t) +

t∫
a

K1(t, s, x(s))ds) · (g2(t) +

t∫
a

K2(t, s, y(s))ds)−

−(g1(t) +

t∫
a

K1(t, s, y(s))ds) · (g2(t) +

t∫
a

K2(t, s, y(s))ds)| ≤

(LK2M(g1,K1)

r
+
LK1M(g2,K2)

τ

)
‖x− y‖τeτ(t−a),

where

M(g1,K1) := max
t∈[a,b]

|g1(t)|+MK1(b− a)

M(g2,K2) := max
t∈[a,b]

|g2(t)|+MK2(b− a)|.

Then, for any x, y ∈ X� we have that

‖T (x)− T (y)‖τ ≤
(LK2

M(g1,K1)

τ
+
LK1

M(g2,K2)

τ

)
‖x− y‖τ .
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Thus, for any x ∈ XT we get that

|T (x)− T 2(x)‖τ ≤
(LK2

M(g1,K1)

τ
+
LK1

M(g2,K2)

τ

)
‖x− T (x)‖τ

and consequently T : XT → XT is a graphic L−contraction. and taking into account
that

OT (z) := {Tn(z) | n ∈ N} ⊂ XT

we get that Tn(z)→ T∞(z) ∈ FT , for any z ∈ XT . Hence T is a WPO on XT . Since
the operator T is a L−contraction on XT we obtain that

d(Tn(x), Tn(y)) ≤ Ln · d(x, y)→ 0,

as n→∞ for any x, y ∈ X� and consequently x, y are asymptotic equivalent. Lemma
1.2 leads us to the conclusion that operator T is PO and therefore the equation (2.1)
has a unique solution in C([a, b],R+).

(b)+(c) It follows from Lemma 1.1 applied to the operator T . �

Theorem 2.2. We suppose that g1, g2, K1,K2 , verify the conditions (i)− (v) from
the Theorem 2.1 and (LK1 ·M(g2,K2) + LK2 ·M(g1,K1)) · (b− a) < 1 where

M(g1,K1) := max
t∈[a,b]

|g1(t)|+MK1
(b− a)

M(g2,K2) := max
t∈[a,b]

|g2(t)|+MK2(b− a)|.

Then

(a) the equation (2.1) has a unique solution x? ∈ C([a, b],R+);
(b) if x ∈ X is such that x � T (x) then x � x?;
(c) if x ∈ X is such that T (x) � x then x? � x.

Proof. (a) By using the same arguments as in the proof of Theorem 2.1 we have that

‖T (x)− T (y)(t)‖∞ ≤M(g1, g2,K1,K2)(b− a)‖x− y‖∞,
for all x, y ∈ X�.

M(g1, g2,K1,K2) := LK1
M(g2,K2) + LK2

M(g1,K1).

Now, the conclusions follows from Lemma 1.2
(b)-(e) Analogous with the proof or Theorem2.1. �

Theorem 2.3. We suppose that

(i) g1, g2, K1,K2 , verify the conditions (i), (ii), (iv) and (iv) from the Theorem
2.1;

(ii) there exists ϕ : R+ → R+ a strong comparison function such that

|Ki(t, s, u)−Ki(t, s, v)| ≤ ϕ(|u− v|),
for all t, s ∈ [a, b], u, v ∈ R+,u ≤ v i = 1, 2;

(iii) (M(g1,K1) +M(g2,K2))(b− a) ≤ 1
(iv) XT is not empty and T : X → X is orbitally continuous;

Then

(a) the equation (2.1) has a unique solution x? ∈ C([a, b],R+);
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(b) if x ∈ X is such that x � T (x) then x � x?;
(c) if x ∈ X is such that T (x) � x then x? � x.

Proof. (a) First of all we remark that the condition (ii) leads us to the fact that
the operator T has the generalized monotone property. On the other hand for all
x, y ∈ X� we have that

|T (x)(t)− T (y)(t)| ≤

≤ |(g1(t) +

t∫
a

K1(t, s, x(s))ds) · (g2(t) +

t∫
a

K2(t, s, x(s))ds)−

−(g1(t) +

t∫
a

K1(t, s, y(s))ds) · (g2(t) +

t∫
a

K2(t, s, y(s))ds)| =

= |(g1(t) +

t∫
a

K1(t, s, x(s))ds) · (g2(t) +

t∫
a

K2(t, s, x(s))ds)−

−(g1(t) +

t∫
a

K1(t, s, x(s))ds) · (g2(t) +

t∫
a

K2(t, s, y(s))ds)+

+(g1(t) +

t∫
a

K1(t, s, x(s))ds) · (g2(t) +

t∫
a

K2(t, s, y(s))ds)−

−(g1(t) +

t∫
a

K1(t, s, y(s))ds) · (g2(t) +

t∫
a

K2(t, s, y(s))ds)| ≤

(M(g1,K1) +M(g2,K2)) · (b− a)ϕ(‖x− y‖∞),

where
M(g1,K1) := max

t∈[a,b]
|g1(t)|+MK1(b− a)

M(g2,K2) := max
t∈[a,b]

|g2(t)|+MK2(b− a)|.

Then, for any x, y ∈ X� we have that

‖T (x)− T (y)‖∞ ≤ (M(g1,K1) +M(g2,K2)) · (b− a) · ϕ(‖x− y‖∞) ≤ ϕ(‖x− y‖∞).

From the above inequality we get that T : XT → XT is a ϕ−contraction and conse-
quently

d(Tx, T 2(x)) ≤ ϕ(d(x, T (x))),

for every x ∈ XT . Then we obtain

d(Tn(x), Tn+1(x)) ≤ ϕn(d(x, T (x)))→ 0,

as n→∞, for every x ∈ XT . Therefore, for any n ∈ N and p ≥ 1 we have that

d(Tn(x), Tn+p(x)) ≤
p−1∑
k=0

ϕn+k(d(x, T (x)))
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and taking into consideration the strong comparison assumption on ϕ we get that,
for each x ∈ XT , the sequence {Tn(x)}n∈N is Cauchy. Since T | XT is orbitally
continuous it follows that Tn(x) → T∞(x) ∈ FT as n → ∞, for each x ∈ XT and
consequently T : XT → XT is WPO.

On the other hand the operator T being a ϕ−contraction on XT we obtain that

d(Tn(x), Tn(y)) ≤ ϕn(d(x, y))→ 0,

as n → ∞ for any x, y ∈ X� and consequently x, y are asymptotic equivalent.
By using Lemma 1.2 we conclude that the equation (2.1) has a unique solution in
C([a, b],R+).

(b)+(c) It follows from Lemma 1.1 applied to the operator T . �

3. Data dependence: Continuity

Consider the equation (2.1) and let us denote by x(·; g1, g2,K1,K2) the solution of
this equation. We have

Theorem 3.1. Let gj1, g
j
2,K

j
1 ,K

j
2 , j = 1, 2 be as in the Theorem 2.2. We suppose

that

(a) there exists ηi > 0 such that

|g1i (t)− g2i (t)| ≤ ηi,

for all t ∈ [a, b], i = 1, 2;
(b) there exists µi > 0 such that

|K1
i (t, s, u)−K2

i (t, s, u)| ≤ µi,

for all t, s ∈ [a, b], u ∈ R+, i = 1, 2.

Then

‖x(·; g11 , g12 ,K1
1 ,K

1
2 )− x(·; g21 , g22 ,K2

1 ,K
2
2 )‖∞ ≤

≤ M(g11 ,K
1
1 )(η2 + µ2(b− a)) +M(g22 ,K

2
2 )(η1 + µ1(b− a))

1− α
τ

,

where

α = max
j=1,2

{LKj
2
M(gj1,K

j
1) + LKj

1
M(gj2,K

j
2)}.

Proof. For j = 1, 2 we consider the operators Tj : C([a, b],R+)→ C([a, b],R+) defined
by

Tj(x)(t) = (gj1(t) +

t∫
a

Kj
1(t, s, x(s))ds) · (gj2(t) +

t∫
a

Kj
2(t, s, x(s))ds).

According with Theorem 2.2 the above operators are POs and additionally

‖T1(x)− T2(x)‖∞ ≤M(g11 ,K
1
1 )(η2 + µ2(b− a)) +M(g22 ,K

2
2 )(η1 + µ1(b− a)),

for all x ∈ C([a, b],R+). Now the proof follows from the well known data dependence
result (see [12], Theorem 10.2.1 pp.122 ) �
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4. Smooth dependence on parameter

Next we consider the following integral equation

x(t, λ) = (g1(t, λ)+

t∫
a

K1(t, s, x(s, λ), λ)ds)·(g2(t, λ)+

t∫
a

K2(t, s, x(s, λ), λ)ds), (4.1)

for all t ∈ [a, b], λ ∈ J ⊂ R. We assume that

(H1) J ⊂ R an compact interval;
(H2) gi ∈ C1([a, b]× J,R+), Ki ∈ C1([a, b]× [a, b]× R+ × J,R+), i = 1, 2;
(H3) there exists LKi

> 0 such that:

|Ki(t, s, u)−Ki(t, s, v)| ≤ LKi
· |u− v|,

for all t, s ∈ [a, b], u, v ∈ R+, u ≤ v, λ ∈ J , i = 1, 2;
(H4) there exists MKi > 0 such that

|Ki(t, s, u, λ)| ≤MKi∣∣∂Ki

∂u
(t, s, u, λ)

∣∣ ≤MKi

for all t, s ∈ [a, b], u ∈ R+, λ ∈ J , i = 1, 2;
(H5) Ki(t, s, ·, λ) : R+ → R+ is increasing for every t, s ∈ [a, b], λ ∈ J , i = 1, 2.

We define the operator

B : C([a, b]× J,R+)→ C([a, b]× J,R+),

B(x)(t, λ) =

= [g1(t, λ) +

t∫
a

K1(t, s, x(s, λ), λ)ds] · [g2(t, λ) +

t∫
a

K2(t, s, x(s, λ), λ)ds]

According with Theorem 2.1, under hypothesis (H1)− (H5), the operator B is PO.
Let x?(·, λ) the unique fixed point of operator B. Then

x?(t, λ) =

[g1(t, λ) +

t∫
a

K1(t, s, x?(s, λ), λ)ds] · [g2(t, λ) +

t∫
a

K2(t, s, x?(s, λ), λ)ds], (4.2)

for all t ∈ [a, b], λ ∈ J ⊂ R. We suppose that there exists
∂x?

∂λ
. Then from relation

(4.2) we obtain that
∂x?

∂λ
=

= [
∂g1
∂λ

(t, λ) +

t∫
a

∂K1

∂u
(t, s, x?(s, λ), λ) · ∂x

?

∂λ
(s, λ)ds+

t∫
a

∂K1

∂λ
(t, s, x?(s, λ), λ)ds]·

[g2(t, λ) +

t∫
a

K2(t, s, x?(s, λ), λ)ds] + [g1(t, λ) +

t∫
a

K1(t, s, x?(s, λ), λ)ds]·
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[
∂g2
∂λ

(t, λ) +

t∫
a

∂K2

∂u
(t, s, x?(s, λ), λ) · ∂x

?

∂λ
(s, λ)ds+

t∫
a

∂K2

∂λ
(t, s, x?(s, λ), λ)ds].

This relation suggest us to consider the following operator

C : C([a, b]× J,R+)× C([a, b]× J,R+)→ C([a, b]× J,R+),

C(x, y)(t, λ) :=

[∂g1
∂λ

(t, λ) +

t∫
a

∂K1

∂u
(t, s, x(s, λ), λ) · y(s, λ)ds+

t∫
a

∂K1

∂λ
(t, s, x(s, λ), λ)ds

]
·

[
g2(t, λ) +

t∫
a

K2(t, s, x(s, λ), λ)ds
]
+

[
g1(t, λ) +

t∫
a

K1(t, s, x(s, λ), λ)ds
]
·

[∂g2
∂λ

(t, λ) +

t∫
a

∂K2

∂u
(t, s, x(s, λ), λ) · y(s, λ)ds+

t∫
a

∂K2

∂λ
(t, s, x(s, λ), λ)ds

]
.

In this way we have the triangular operator

A : C([a, b]× J,R+)× C([a, b]× J,R+)→ C([a, b]× J,R+)× C([a, b]× J,R+),

A(x, y)(t, λ) = (B(x)(t, λ), C(x, y)(t, λ)).

We remark that for each x ∈ C([a, b]× J,R+) we have∣∣C(x, y)(t, λ)− C(x, z)(t, λ)
∣∣ =

∣∣[∂g1
∂λ

(t, λ) +

t∫
a

∂K1

∂u
(t, s, x(s, λ), λ) · y(s, λ)ds+

t∫
a

∂K1

∂λ
(t, s, x(s, λ), λ)ds

]
·

[
g2(t, λ) +

t∫
a

K2(t, s, x(s, λ), λ)ds
]

+
[
g1(t, λ) +

t∫
a

K1(t, s, x(s, λ), λ)ds
]
·

[∂g2
∂λ

(t, λ) +

t∫
a

∂K2

∂u
(t, s, x, λ) · y(s, λ)ds+

t∫
a

∂K2

∂λ
(t, s, x, λ)ds

]

−
[∂g1
∂λ

(t, λ) +

t∫
a

∂K1

∂u
(t, s, x(s, λ), λ) · z(s, λ)ds+

t∫
a

∂K1

∂λ
(t, s, x(s, λ), λ)ds

]
·
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[
g2(t, λ) +

t∫
a

K2(t, s, x(s, λ), λ)ds
]

−
[
g1(t, λ) +

t∫
a

K1(t, s, x(s, λ), λ)ds
]
·

[∂g2
∂λ

(t, λ) +

t∫
a

∂K2

∂u
(t, s, x(s, λ), λ) · z(s, λ)ds+

t∫
a

∂K2

∂λ
(t, s, x(s, λ), λ)ds

]∣∣
≤
[ t∫
a

∣∣∂K1

∂u
(t, s, x(s, λ), λ)

∣∣·|y(s, λ)−z(s, λ)|ds
]
·
[
|g2(t, λ)|+

t∫
a

|K2(t, s, x(s, λ), λ)|ds
]
+

[ t∫
a

∣∣∂K2

∂u
(t, s, x(s, λ), λ)

∣∣·|y(s, λ)−z(s, λ)|ds
]
·
[
|g1(t, λ)|+

t∫
a

|K1(t, s, x(s, λ), λ)|ds
]
≤

MK1
·M(g2,K2) +MK2

·M(g1,K1)

τ
· eτ ·(t−a) · ‖y − z‖τ

where
M(g1,K1) := max

(t,λ)∈[a,b]×J
|g1(t, λ)|+MK1

(b− a)

M(g2,K2) := max
(t,λ)∈[a,b]×J

|g2(t, λ)|+MK2
(b− a)|.

From the above inequality we get that

‖C(x, y)− C(x, z)‖τ ≤
MK1

·M(g2,K2) +MK2
·M(g1,K1)

τ
· ‖y − z‖τ .

for each x, y, z ∈ C([a, b]× J,R+). Therefore the operator

C(x, ·) : C([a, b]× J,R+)→ C([a, b]× J,R+)

is a α− contraction with α :=
M(g2,K2)MK1

+M(g1,K1)MK2

τ
. From the theorem

of fiber contraction (see I.A. Rus [12] Theorem 10.5.1, pp.125) we have that the
operator A is Picard operator. So, the sequences

xn+1 = B(xn), n ∈ N

yn+1 = C(xn, yn)

converges uniformly to (x?, y?) ∈ FA, for all x0, y0 ∈ C([a, b]× J,R+).
If we take x0, y0 ∈ C([a, b] × J,R+) such that y0 = ∂x0

∂λ then y1 = ∂x1

∂λ and by

induction we prove that yn = ∂xn

∂λ , for all n ∈ N?.
Thus

xn → x?, uniform as n→∞

∂xn
∂λ
→ y?, uniform as n→∞

These imply that there exists ∂x?

∂λ and ∂x?

∂λ = y?
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From the above considerations, we have that

Theorem 4.1. We consider the integral equation (4.1) in the hypothesis (H1)−(H5).
Then

(i) the equation (4.1) has, in C([a, b]× J,R+), a unique solution x?(t, ·);
(ii) x?(t, ·) ∈ C1(J,R+), for all t ∈ [a, b].
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