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Abstract. In the framework of b-metric spaces, we establish three fixed point theorems concerning
multi-valued contractions, which improve and generalize various well known results in the literature.
Based on the result of Aydi et al. (Journal of Fixed Point Theory and Applications 2012: 88 2012),
we give the first fixed point theorem for g-multi-valued quasi-contraction, where the range of the
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Also, we establish the second result which extends the theorem presented by Haghi et al. (Applied
Mathematics Letters 25: 843-846 2012) from metric spaces to b-metric spaces. Furthermore, we
give a unified result to improve the recent several fixed point theorems for multi-valued mappings
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contraction constant is extended to {0,

1. INTRODUCTION

In 1969, Nadler [23] presented a fixed point theorem for multi-valued mappings
with Hausdorff metric, which is an extension of Banach contraction principle. In
the last decades, all kinds of fixed point results for multi-valued functions have been
studied in the framework of metric spaces (see, for example, [26, 15, 27, 12, 4, 30, 5,
13, 14, 1, 28, 3, 29, 24, 22, 19] and the references therein).

Definition 1.1 ([6]). Let X be any nonempty set. An element x in X is said to be a
fixed point of a multi-valued mapping T : X — 2% if z € Tz, where 2% denotes the
collection of all nonempty subsets of X.

Definition 1.2 ([6]). Let (X,d) be a metric space. Let €B(X) be the collection of
all nonempty closed bounded subsets of X. For A, B € €B(X), define

H(A, B) = max{6(A, B),5(B, A)}, (1.1)
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where
0(A, B) = sup{d(a, B),a € A},6(B, A) = sup{d(b, A),b € B} (1.2)
with
d(a,C) = inf{d(a,z),z € C},C € €B(X). (1.3)

Note that H is called the Hausdorff metric induced by the metric d.

On the other hand, in 1993, Czerwik [10] introduced a new class of generalized
metric spaces called b-metric spaces which have been studied by numerous authors
(also see [16]). In the sequel, the letters RT, N and N* will denote the set of all
nonnegative real numbers, the set of all natural numbers and the set of all positive
integer numbers, respectively.

Definition 1.3 ([10]). Let X be a nonempty set and s > 1 a given real number. A
mapping d : X x X — R7 is called a b-metric if

(1) d(z,y) =0 if and only if x = y;
(2) d(z,y) =d(y,x), for all x,y € X;
(3) d(x,y) < s[d(x, z) + d(z,y)], for all x,y,z € X.

Then, the pair (X, d) is called a b-metric space.

As a kind of the meaningful fixed point results, the theorems for multi-valued
contractions have also been studied in the setting of b-metric spaces, see [6, 11, 21, 17,
2, 20, 8, 7, 25]. By combining the results of Nadler [23] and Ciri¢ [9], Amini-Harandi
[5] initiated the concept of g-multi-valued quasi-contraction in 2011 and proved the
corresponding fixed point theorem in metric spaces. After these pioneering work, Aydi
et al. [6] extended Amini-Harandi’s theorem and some existing results in the literature
to b-metric spaces with contraction constant g < S%H In addition, Amini-Harandi
[5] put forward a question:

Does the conclusion of [5, Theorem 2.2] remain true for any k € [%, 1)?

As the research on Amini-Harandi’s question [5], Haghi et al. [14] introduced
the notion of multi-valued quasi-contraction type multifunction and extended the
contraction constant to [0, 1) for such mappings. Furthermore, Lu et al. [19] presented

the fixed point theorem for g-multi-valued quasi-contraction mapping in metric spaces

by extending the contraction constant from [O, %) to [O, %), which partially answers

the Amini-Harandi’s [5] question. Naturally, a question will arise:

Can the theorem provided by Haghi et al. [14] and Lu et al. [19] be improved to
b-metric spaces?

Another remarkable generalization of Nadler’s contraction principle was given by
Miculescu et al. [20] in 2017. In their outstanding paper, the authors proposed
three fixed point theorems for multi-valued mappings in b-metric spaces, which also
improved the result due to Aydi et al. [6].

In this paper, drawing inspiration from the above mentioned works, we establish
three fixed point theorems concerning multi-valued mappings by using the Hausdorff
metric in b-metric spaces. The first theorem generalizes [6, Theorem 2.2] and [2,
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Theorem 3.3] in b-metric spaces, where the contraction constant

1 )
q< Tarss® 1<s<14+V2;
1 s>14+2.

s?

The second result extends the theorem by Haghi et al. [14] from metric spaces to
b-metric spaces. As the last part of our main results, we establish an unified result
of three theorems for multi-valued functions by Miculescu et al. [20]. This theorem
also improves Nadler’s fixed point theorem, Rus’s fixed point theorem, Reich’s fixed
point theorem and Hardy-Rogers type fixed point theorem. The scientific novelty of
our proofs lies in the application of two crucial lemmas and some skills to prove a
Picard sequence is a Cauchy sequence. Finally, some related applications are given
to illustrate that our results are true extensions of the existing ones.

2. PRELIMINARIES

In this section, we present two lemmas which will be applied in later sections.
Other elementary lemmas concerning Hausdorff metric refer to [6].

Lemma 2.1 ([18]). Let (X,d) be a b-metric space and {x,} a sequence in X. If there
erist P> 0 and 0 < Q < 1 such that

d(xnaxn-i-l) S PQn+1
for all n € N*, then {x,} is a Cauchy sequence.

Lemma 2.2. Let (X, d) be a b-metric space, {A,} C €B(X) be a sequence of set and
A* € €B(X). Let {a,} C X be a sequence such that a,, € A, for alln € N. If

nhHH;O H(A,,A")=0 (2.1)
and
nhﬁngo d(an,a*) =0 (2.2)

for some a* € X, then a* € A*.

Proof. By means of a, € A, for all n € N, we have d(a,, A*) < H(A,, A*). Due to
(2.1), we can obtain that
nhﬁngo d(an, A*) = 0. (2.3)
Then, there exists a sequence {b,} C A* such that d(an,b,) < d(an, A*) + = for all
n € N. From (2.3), we deduce that
lim d(ay,b,) =0. (2.4)

n—oo

By the triangle inequality, we get d(by,, a*) < s[d(b,, a,)+d(an,a*)]. Combining (2.2)

and (2.4), we conclude that lim, . b, = a*, which implies a* € A*. O
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3. MAIN RESULTS

In this section, we establish and prove our main results. Before that we give two
significant lemmas, which play a crucial role in the sequel.

Lemma 3.1. Let (X,d) be a b-metric space with s > 1 and {z,} a sequence in X.
Suppose that there exist 5 < 1 and a positive integer p such that

A(xp, Tpy1) < Bmax{d(z;,ziy1) :n—p<i<n-—1} (3.1)
for all n € N with n > p, then {z,} is a Cauchy sequence.
Proof. Let |r] = max{n € N:n <r} for all » € R. Define that
G = max{d(z;,z;y1): 0 <i<p—1}

By (3.1), we obtain that d(z,, zp+1) < SG < G. Then, applying (3.1) again, we have
d(xps1,Tpy2) < BG. Continuing this process, we can see that

d(p1j, Tprjr1) < BG

for all 0 < j < p — 1, which implies that max{d(zpt;, Tp+j+1) : 0 < j <p—1} <
BG. Similarly, we can obtain that max{d(z2p4j, T2ptj+1) : 0 < j < p—1} < B2G.
Proceeding inductively, we conclude that max{d(xp+;, Tip+j+1) 1 0 < j <p—1} <

B'G for all i € N.
For alln € N, by n = {%J p+j for some 0 < j < p— 1, we derive that
d(Xp, Tpt1) < max {d(mL%JpH’xL%JpHH) 0<j<p— 1}
< gl3la
<pr~'a
nG
= ﬁp —_—
g
— ({/B)nG*’
where G* = & and for all n» € N. From Lemma 2.1, we can obtain that {z,} is a
Cauchy sequence in X. O

Lemma 3.2. Let (X,d) be a b-metric space with s > 1 ++/2 and {z,,} a sequence in
X. If there exist A € [O, %) and a positive integer k > 2 such that

d(xp, Tni1) < max{N2d(z,_o,2,), N2d(Tn_3,7,), - ,)\kd(a:n_k, Tn)} (3.2)

for alln € N and n > k, then
2s+1

d(l‘n, mn+1) < max{d(xn—h xn)z d(xn—% l‘n—l)a Tty d(mn—ka xn—k—i—l)}-

Proof. From (3.2) we consider the following four cases to prove the desired result.
Case 1. If

d( Xy, pi1) < )\Qd(xn,g,xn), (3.3)
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then we prove

2
d(xp, Tpt1) < - max{d(xp_2,Tn-1), d(Tpn_1,Zn)} (3.4)
s
From (3.3) and using the triangle inequality,

d(xna xn+1) S Azd(xn—% xn)
S 5)\2 [d(xn—% xn—l) + d(-rn—ly xn)]
< 252 max{d(zn—2,Tn—1),d(Tn_1,2n)}

Since A\ < %, we conclude that

2
d(Tp, Tpi1) < —max{d(Tn—2,Tn-1), d(Tn-1,Zn)}
S

Case 2. If
d(Q?n, anrl) < )\3d(xn737 xn)v (35)
then we will show that

2 1
d(xnvl'nqu) S i

max{d(mn,g, xn72)a d(xn72a xnfl)v d(l'nflv xn)} (36)
By (3.5), we obtain that

d(2n, Tnyp1) < Nd(xp_3, )
< sNd(2n_3,Tn_1) + d(Tp_1,2,)]
<N [d(2p_3,Tn_0) + d(Tp_o,n_1)] + sNd(2n_1,x,)
< (25°2% + s\*) max{d(xp_3,Zn_2), d(Tn_2,Tp_1),d(Tn_1,2,)}.

Similarly, owing to A < %, we get

AT, Tpi1) < 2325;_ i max{d(zn—_3, Tn-2), d(Tn—2,Tn_1),d(Tn-1,%n)}
_ 238‘; L ax{d(@n_s,2n_2), d(@n_2,2n1)s d(Tn_1,20)}-
Case 3. If
Ay, Tny1) < Nd(xn_y, 1), (3.7
where | = 2m for some m € {2,3,---,| 4|}, then we prove
A, 2ns1) < 252 +283 4 ... 42571 £ 45T max{d(@n_om Tn_2ms1),

82m
d(mn72m+1; xn72m+2); e ,d(.’l)n,h -Tn)} (38>



202 SHU-FANG LI, FEI HE AND SHU-MIN LU

By (3.7) and applying the triangle inequality,

(T, Tpi1) < N"A(Tp_om, Tn)

<SNA(Zy—2m> Tn-m) + A(Tp—m, )]

<[NP (2 —2m, Tn—oma1) + 82N A(Tn—omi 1, Tn—omi2)
o SN (AT -2y Treme1) + AT 1, Tp—m))]
+ [$* A2 (2 T 1) + SN ATy g1y Trmt2)
o SN (d( 20y 1) + d(Tp1, 7))

(282N 4 283 NE T L 25T\ 4 gm N2
-max{d(Tn—2m, Tn—2m+1)s ATn—2m+1, Tn—om+t2),  * »d(Tn_1,Tn)}.

Using the fact that A < 1, we deduce that

S

252 4283 + - 4 2sm1 4 4gm

AT, Tpt1) < S max{d(Zn—2m, Tn—2m+1),
A(Tn—2m+1; Tn—2m+2), s ATp—1,Tn).
Case 4. If
A(xp, Tpi1) < Nd(zp_i, ), (3.9)
where [ = 2m + 1 for some m € {2, 3,0, L%J }7 then we shall prove that

252 + 253 + -+ 4 2571 4 3™ 4 2gm ]
S2m+1

d(mnaxn+1) <

~max{d(Tn—2m-1,Tn—2m), ATn—2m, Tn—2m+1)s * ,d(Tn-1,Tn)}. (3.10)
Employing (3.9) and the triangle inequality again, we derive

d(@n, Tnt1)
S)\Qmﬂd(xn,gm,l, Tp) < s)\QmH[d(xn,gm,l, Tpem) + Ad(Tp—m, Tn))
<[NP (2 om 1, Tnom) + SN2 (20 om, Tnomi1) -

4+ 8N (2 3, Ty m2)

4+ 8PN (A 0y 1) F AT 1, Tnom))]

+ [N (s 1) + SN (2 1y T mg2)

4 SN (2 0y 1) A+ (T 1, T0))]

§(282>\2m+1 =+ 283>\2m+1 Lt 2Sm—1)\2m+1 + 3Sm)\2m+1

+ 23m+1/\2m+1) max{d($n—2m—17 xn—Qm)v d(xn—?ma xn—2m+1)a R} d(xn—h xn)}

Since A\ < %, we conclude that

252 4253 4+ ... 4 25m7 L 4 3gm—L L 2gmHlL
82m+1

: maX{d(xn72m71; $n72m)7 d(xn72m7 mn72m+1)7 T d(.’L'n,h mn)}

d(xru xn—i—l) S
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Using the fact that s > 1 + /2, it is easy to calculate that

1 254+ 1 2524283 ... 425m" L 4 4™ 1 k
- < , <=-(mel2,3, -, 3

s 52 §2m s
and
252 4253 + ... 42571 £ 35™m 4 25mFL ] 5 k—1
s < (me ,3, e — )
Combining (3.4), (3.6), (3.8) and (3.10), from (3.2), we deduce that
d(xnv $n+1)
< max{)@d(wn,g, xn)y >\3d(xn737 l'n)a Tty )\kd(l'nfka l'n)}
2s+1
<max { 52 max{d(mn,l,xn),d(xnfg,xn,ﬂ},
25 +1
82 max{d(acn,l, xn)a d($n727 xnfl)a d(xn737 xn72)}a )
25 +1
32 max{d(xn,h fn)v d(xnf% -Tnfl)v R d(IIJn,k, xnkJrl)}}
25 +1
= 32 max{d(xn717xn)7d(xn727xn71)7 e 7d(xnfk7xn7k+l)}'
Therefore, the proof of this lemma is completed. O

Now we introduce the notion of ¢g-multi-valued quasi-contraction in the framework
of b-metric spaces and prove the corresponding theorem.

Definition 3.3 ([6]). Let (X,d) be a b-metric space with s > 1. The multi-valued
map T : X — €B(X) is said to be a g-multi-valued quasi-contraction if for any
T,y € X,
H(Tz,Ty) < gM(,y), (3.11)
where 0 < ¢ < 1 and
M(.’K, y) = ma’x{d(xa y)> d(:C, Tl’), d(ya Ty)7 d(xa Ty)v d(yv T:B)}

Theorem 3.4. Let (X,d) be a complete b-metric space with s > 1 and T be a g-
multi-valued quasi-contraction. Assume that

T 1Sss14VE
e L s>1+\/§,

then T has a fized point in X, that is, there exists u € X such that u € Tu.

Pl

Proof. From the assumption, there exists A such that

1 .
qg< A< Vsf2s2’ L<s <14V
%, s> 1++/2.
By a simple calculation, we can obtain that ﬁ < % when 1 <s<1+ \/§7 which

leading to A < % for s > 1. Let zg € X and 1 € Txg. If zg € Txg, then zg is a
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fixed point of T'. Thus, we assume that z¢ ¢ Tx(, which implies that o # z; and
d(zo,Tzp) > 0. Thus, there must exist zo € T’z such that
d(z1,22) < H(Txo, Tx1) + (A — q)M(x0, 1)
< qM(wo, 1) + (A — q) M (x0, 21)
=AM (z9,21)-

Similarly, suppose that x1 ¢ T'z1. Then, we can find x5 € T’z such that

d(zg,23) < H(Tx1,Tx2) + (A — q)M(z1,22)
< qM (21, 22) + (A — )M (21, 22)
=AM (z1, x2).
Repeating this process infinitely, there exists a sequence {x, } in X such that x,,41 €
T2y, xp ¢ Tx, and
d(xnv mn+1) < H(Txnfla Txn) + ()\ - Q)M(‘rnfla xn)
< gM(zn—1,70) + (A = Q)M (zn—1,70)
=AM (zp_1,2n) (3.12)
for all n € N*.
For s > 1, we consider the following two cases.
Case 1. If 1 < s < 1+ /2, for any n € N*,
M(mn—la xn)
=max{d(zn—1,%n), d(Xpn-1,TTpn_1),d(xn, Txy),d(@n—1,T2p), d(@n, Txp_1)}
< max{d(xnfl, mn)7 d(il'n,l, .%'n), d(l’n, xn+1)7 d(xnfb T(L'n), d(mru xn)}
= maX{d(xn—ly l‘n), d(xnv xn-l—l)v d(l’n_l, Txn)}

If max{d(zn—1,2n), d(xn,Tnt1),d(xn—1,Txy)} = d(xp,Tns1) for some n € N*.
From (3.12), we find that d(z,,zn+1) < AM (-1, 2,) < Ad(Zp, Zp41), which is a
contradiction with 0 < A < ﬁ < 1. Then (3.12) turns into

AT, Tpt1) < AM (-1, ) < max{Ad(zp—1,2n), Ad(Tp—1,T2n)}. (3.13)

Using the condition (3.11), we have

d(xn—la T:En) S H(T'In—27 Txn) S AM(IH—Qv xn)
=\ max{d(xnfb mn)» d(xnf% Txnf2)7 d(l’n, Txn); d(xn72; Txn)a d(.’tn, Tmn72)}
S)\ max{d(a:n,g, xn)» d(mnf% xnfl)a d(-rn» xn+1); d(xnf% T(En); d(xru xnfl)}- (314)
Similarly, M (zp—2,2y) # d(@y, Tne1) for all n € N. Thus, by (3.13) and (3.14)

d(l’n, xn+1) S max{)\d(;vn,l, xn)v )\2d(xn727 xn)a Azd(ﬁn,% xnfl)v )\2d(xn727 Txn)}
(3.15)
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By (3.11), we deduce

d(l‘n,g, Txn) < H(Tl‘nfg, T-'L‘n) < )\M(.ﬁl,‘n,g, xn)
:A max{d(xn—i% xn); d(xn—37 Ta:n—3)7 d(x'r“u Txn)) d(xn—3; Txn)a d(xfu Txn—S)}
<A max{d(mn_g, xn), d(xn—S, wn—Z)a d(xn; zn+1); d(xn—S; T:ZZn), d(xna xn—Q)}- (316)

It is similar to the process above, M (z,,—3,%,) # d(2n, Xn41) for all n € N. By (3.15)
and (3.16), we get

d(pn, Tpt1) < max{d(z,—1,T,), )\2d($n_2,:ﬂn), /\zd(:cn_g,xn_l),
Nd(2n_3,20), Nd(2_3, 2p_2), NPd(xy_3, T,)}. (3.17)
Applying the condition (3.11),

d(xn—Sy Tzn) § H(T‘Tn—ﬁla Txn) § A]\4'(:1771—47 xn)
=\ max{d(xnféb xn)» d(.’En,4, Txn74)7 d(x'ru Txn)a d(xn74a Txn)a d($na T$n74)}
S)\ HlaX{d(l‘n,AL, xn)» d(l‘n,4, J)n,g), d(.’l?n, $n+1); d(xn74; Tmn); d(.’L‘n, .’L‘n,?,)}. (318>

Note that if
d(zp_3,Txy) < Ad(Tp_a,Txyn) < sSAd(Tn_g,Tn_3) + d(xn_3,T2y)],

then
d(xp—3,Txy,) <

S
1- S)\d(.’lﬁn,4,l'n,3). (319)

From (3.17), (3.18) and (3.19),
d(xna xn-ﬁ-l)
Smax{Ad(azn_l,zn),)\Qd(xn_g,xn),)\Qd(a:n_2,3:n_1),

)\Sd(zn—?n xn)» Agd(xn—S; 'Tn—2)7 )\4d(zn—47 xn);

D%
>\4d($n747mn73) d(xnélyan)}

[ )
<max {)\d(aﬁnl, Tp), SN2 [d(xp 0y Tp1) + d(Tp_1,x,)],
52>\3 [d(xnffia xn72) + d(xn727 irnfl)] + S)\gd(xnfh xn)u

52>\4 [d($n_4, mn—3) + d(xn—l%a xn—2) + d(zn—% xn—l) + d(xn—la -Tn)]v

sA?
d n—4; n—:
1—sA (¥n—g,2 3)}

sAt
= s/\} -max{d(xn—4, Tn_3),

d({En,g” $n72)7 d(xn727 xnfl)a d("En,l, xn)}

:51 max{d(acn,4, xn,?,), d(.ﬁn,g, xn72)7 d(xnf% xnfl)a d<xn71a $n)}7

< max {)\, 2502, 25203 + sA3, 452\,
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where 31 = max{)\, 2sA?,2s2)\3 + s)\3 4524 1‘93‘:)\}. Since A < ﬁ,

verify that 8; < 1. From Lemma 3.1, we deduce that {z,} is a Cauchy sequence in
X.

Case 2. If s > 1++/2. On account of s\ < 1, there exists € N such that s\ <r < 1.
Taking ng € N such that A" < 1= By the same proof of (3.13), (3.15) and (3.17),
we can deduce that

d(xp, Tpi1) < max{Ad(zn_1,2,), N2d(Tn_2, ), N2d(Tp_o, Tn_1), N3d(2n_3, ),
Nd(n_3,Tn_2), Nd(@n_g,20), N2d(Tp_a,2n_3), -, AN (@ por1, Tn),
N (2 o1y Trngs2)s A" (@11, T} (3.20)
Applying (3.11), we obtain that
A(Tn—ng+1,T2n) < HTTp—ny, Tn) < AM(Tp—ng, Tn)
=Amax{d(Tn—ng, Tn), ATn—ng, TTn—ng)s A Tn, Txp), d(Tpn—ng, TXn), d(Zn, TTn—ng)}
<Amax{d(Tn—ngs Tn), A(Tn—ngs Tn-ng+1)s AT, Tnt1), A(Tp—ng, TTn),
A(XTpy Ty—ng+1)}- (3.21)
Note that if
A(@p—ngt+1, TTr) < A(XTp—ng, Tn) < SAA(Tn—ngs Tn-ng+1) + ATn—ng+1, TTn)],
then

it is easy to

SA
d(xnfnoJrl,Tl'n) S md(xnfno,xnfno+1). (322)
Combining (3.20), (3.21) and (3.22), we derive
d(l‘n, xn—i—l) S max{/\d(xn_l, xn)a )\Qd(xn—% xn—l)a R

)\nod(xn—noa xn—ng—&-l)y )\2d(xn—23 xn)a )‘Bd(xn—Ba xn)a

NOQ (e )y~ (@ s Tnmo1) b (3.23)
07 "1 s\ 07 0
Owing to (3.23) and Lemma 3.2, since A < %, we deduce
d(xﬂa xn-i-l)
< max {)\d(mnh xn)v >\2d(xn727 $n,1), Tty Anod(xnfnm "L'nfn(hLl)a
25 +1
52 max{d(xn,l, l'n), d(-rany xn71)7 Ty d(xnfno ) $n7n0+1)}7
sA™0
md(xnfnm xnno+1)}
25+ 1
< max { 52 max{d(xn—la -Tn)a d(xn—Za 'Tn—l)v Tt d(xn—ng , xn—mﬁ-l)}a

sATo
1— 8)\ d(xn—nm xn—no-&-l)}

SB2 max{d(a?n,l, -'L'n)» d(mnf% :Cnfl)a T d(xnfnoz xnfn0+1)}7
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where 85 = max { 254l %} Note that 8 < 1. From Lemma 3.1, we obtain that

{zn} is a Cauchy sequence in X.

Following the above discussion, since (X, d) is complete, there exists z* € X such
that {x,} converges to z*. Then we shall show that z* is a fixed point of T. By
(3.11), we have

H(Tz,,Tz*) < AM(z,,z")
=Amax{d(zp,2"),d(zn, Txy),d(a*, Tx"),d(x,, Tx"),d(z*, Tx,)}
<max{d(zn,x"),d(xn, ni1),d(@*, Tz"),d(xn, Tx*),d(z", Tni1)}-
If M(z,,x*)=d(z*,Tz*) for some n € N, then we get
H(Tz,,Tz*) < Md(z*,Tz") < sAld(z*, Txp,) + H(Tz,, Tx")],
which implies that

SA SA
T <
—s)\d(x Tan) < 1—s

H(Tx,,Tz*) < 1 )\d(a:*,xn+1).

Similarly, if M (z,,z*) = d(z,, Tx*) for some n € N, then we obtain that

SA
1— s\

H(Tx,,Tz*) < d(zp, Try,) < A(Tny Tyt1)-

s

1—sA

Thus, for every n € N we can see that
H(Tz,,Tz") < Amax {d(xn, ), d(Tpn, Tnt1),

S S
d(z* n '3 oy
1— s\ (@ 1) 1— s\

N SA N SA
= max {)\d(mn, T )7 md(ﬁf ,xn+1)7 md(ftn, xn+1)}7 (324)

d($n, xn+1)7 d(l’*, xn-i-l)

Letting n — oo, we obtain that H(Tx,,Tz*) — 0 as n — oco. Note that z,1 € Tz,
for all n € N. Thus, from Lemma 2.2, we conclude that z* € Txz*. Therefore, x* is a
fixed point of T. O

Remark 3.5. Our Theorem 3.4 generalizes [6, Theorem 2.2] and [2, Theorem 3.3],

where the contraction constant of the former theorem is q € {0 and the constant

1
b 3+82
of the other one is ¢ € [O, ﬁ) Obviously, the range of the contraction constant of
Theorem 3.4 is wider than theirs. Indeed, we can see that

if1<s<1++2 th L < L < L

1 S en —

== ’ 252 " 5452 s+ 282
1 1 1

ifs>1+\/§,then—<7<f.

252 T s+s52 s
Next, we present the concept of multi-valued quasi-contraction type multifunctions
in the setting of b-metric spaces and investigate the existence of the fixed point of
such a mapping. The obtained result is an extension of [14, Theorem 2.2] and [19,
Theorem 3.4] from metric spaces to b-metric spaces.



208 SHU-FANG LI, FEI HE AND SHU-MIN LU

Definition 3.6. (see [14]) Let (X,d) be a b-metric space with s > 1. The multi-
valued map T : X — €B(X) is said to be a multi-valued quasi-contraction type if
there exists A\ € [0, %) such that

H(Tz,Ty) < AN(z,y), (3.25)
for all z,y € X, where N(z,y) = max{d(z,Tx),d(y, Ty),d(z,Ty),d(y,Tx)}.

Theorem 3.7. Let (X,d) be a complete b-metric space and T : X — CB(X) a
multi-valued quasi-contraction type multifunctions. Then T has a fixed point.

Proof. Since \ < %, there exists « such that A < a < % Let 29 € X and z1 € Txg.
It is similar to the proof of Theorem 3.3, we can construct a sequence {x,,} such that
Tnt1 € Ty, 2y ¢ T, and

A(Xn, Tpt1) < aN(Tp_1,Tn). (3.26)

Next, we prove that {x,} is a Cauchy sequence in X. Due to the fact that o < %, we
can find a positive integer r € N such that

sar Tl 1
< -. 3.27
1—sa s ( )
Put n € N such that n > r 4+ 1. Combining (3.26) and z,; € Tx,, we can see that

d(py Tpt1) < aN(zp—1,2n)
=amax{d(xn_1,Txn_1),d(xn, Txp), d(Xn_1,Txs),d(Tn, TTn_1)}
<amax{d(xn—1,%n), d(Xn, Tpt1), A Tn-1,T%y),d(Tp, TTn_1)}. (3.28)

If d(zy, tnt1) < ad(xn, Tnt1), then we conclude z,, = 41, which is a contradiction
with the fact 41 € T2, and x,, ¢ Tz,. Thus, we obtain that

A(Xp, Tpt1) < amax{d(p—1,Tn), d(@n—1,Txy),d(Tpn, Txn_1)}. (3.29)
Owing to (3.25),

d(xn—la Txn) < H(Txn—% Tﬁvn) < )\N(zn—% xn) < OLN(In_Q, zn)
=amax{d(xp—2,Txn_2),d(xn, Txy,),d(@n—2,Txy), d(xpn, TTp_2)}
<amax{d(xn_2,Tn_1),d(Tn, Tni1), d(@n—2,TTy),d(xn, TTn_2)}. (3.30)
From (3.25), we have
d(l’n,T{En,1) S H(Tmnthxnfl) S )\N(xnflyxnfl) S aN(xnflaxnfl)
= max{d(a?n,l, T-'Enfl)a d<xn71a T$n,1), d(l‘n,l, T,Tn,l), d(.ﬂ?n,l, T-rnfl)}
<amax{d(x,—1,Tn),d(Xn_1,TTn_1)}. (3.31)
Combining (3.29), (3.30) and (3.31), we obtain that

d(‘rna xn—i—l) S max{ad(xn—h zn); O‘d(gjn—Qa xn—l), azd(xn—% Txn)v

Pd(xy, Tey ), ?d(zy_1,TT, 1)} (3.32)
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Employing (3.25) again, we have
d(xp—2,Txy) < H(TTp-3,T2,) < aN(xp_3,Tp)
=amax{d(xy_3,Txn_3),d(xn, Txy,),d(@n—3,Txn), d(xpn, TTp_3)}
<amax{d(xn_3,Tn—2),d(Tn, Tni1), d(Xn_3,Txy,),d(Tn, Txn_3)}.
Similarly,
d(xp, Trp—2) < amax{d(x,—3,Tn—2),d(Tn_2,Tn_1),
d(xp—1,Txn_2),d(®n—2,Trn_1)},
d(xp—1,Txn_1) < amax{d(xn_2,Tn_1),d(Tn_1,Tn),
d(xp—o0,Txpn_1),d(xn_1,TxHn_2)}
Thus, we obtain that
d(xn, Tnt1) < max{ad(xn_1,2,), ad(Tp_o, Tp_1), @d(Tpn_3, Tn—2),
Bd(xy_3,Txy), 3d(xy, T2y 3), ad(2y_o, T2n 1), ad(2y_1,T2n o)}
Repeating the above process r times, we deduce that
d(Zpn, Tpt1) < maxC, U D,,

where
Cr ={ad(xp_i,xn_i+1): 1 <i<r}
and
D, =max{a"d(zpn—;, Txn—j) : 0<4,j<randi+j=r}
Then, using (3.25),
d(@pn—s,Txn—j) < HT2p—i—1,Txn_j) < aN(Tn_i—1,Tn—j)

209

(3.33)

(3.34)

(3.35)

(3.36)

=amax{d(@n—i—1,TTn—i-1),d(@n—j, TTp_j),d(@n—i—1,Tn_j),d(@p_j, TTp_;_1)}

<amax{d(®n—i—1,Tn—i), d(Tn—j, Tn—js1), d(@n—i—1, Txn—_;),d(xn_j, TTr_i—1)}.

I HTrp—im1,Ten—j) < ad(Tp—i—1,TTp—;), then we deduce
H(Txy i1, Trn—j) < sald(@n_i1,Trp_i—1) + H(Txn i1, Txn_j)],
which implies that

H(Txp—i1,Txpj) < o d(Tp—i—1,Txp_—1) < o

— S« 104

It HTzp—i—1,Txn—;) < ad(Tp—j, TTn—i—1), then we derive
H(Txn,i,l, Txn,j) é sa[d(xn,j, T"En,j) + H(Tmn,j, T.’En,ifl)}.
It follows that
s« sa

H(Txnfiflvanfj) < md(xnfgﬁTxnfj) < md(xnfjaxnfj%*l)-
S
1—-sa?

d(xn—l'a Txn—j) S H(Tl'n—i—la Tzn—j)

we conclude that

Therefore, having in mind a <

<

a
5 max{d(Tn—i—1, Tn—i), d(Tn—j, Tn—j11)}-

A(Tp—i—1, Tn—i).

(3.37)
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Hence, by (3.27), (3.36) and (3.37), we can deduce that

(@, Tpa1) < ymax{d(zp—i, Tn_ir1) : 1 < i <r+ 1},

sar !
? 1-sa

where v = max {oz } < % According to Lemma 3.1 with p = r+1, we conclude

that {z,} is a Cauchy sequence in X. Since b-metric space (X, d) is complete, there
exists * € X such that x,, — z* as n — oo. Note that

H(Tx,,Tx"*) < AN(xp,x")
= dmax{d(zn, Txy,),d(z*, Tz*),d(x,, Tx"),d(z*, Tz,)}
< Amax{d(xn, Tpi1), d(x*, Ta™), d(z,, Te"), d(x*, zpi1)}
If H(Txy, Ta*) < Ad(z*,Tz*) for some n € N, we can see that
H(Txn, Tx*) < sAd(z*, Txy) + H(Txy,, Tx™)],
which implies that

H(Tx,,Tz*) < 1 sA )\d(gc*,Ta:n) < A )\d(x*,mnﬂ). (3.38)

—s T 1-s
If H(Txy, Tx*) < Md(xy, Tx*) for some n € N, we obtain that
H(Txy, Tx*) < sAd(zp, Tzyn) + H(Txy, Tx")].

It follows that

sSA s
—_— T <
175)\0{(%” on) < 1— s\

By inequalities (3.38) and (3.39), since A < 1, we get

H(Tx,,Tz*) < AT, Tps1)- (3.39)

A
H(Tz,,Tz*) < 1 5 S max{d(z,, Tnt1),d(@*, Tpi1)}

Note that d(xyn,zn+r1) — 0 and d(x*, x,41) — 0 as n — oco. Then, we can see that
(Tzp, Tx*) — 0 as n — oo. Observing the fact z,41 € T, for all n € N and from
Lemma 2.2, we conclude that * € T'z*. Therefore, z* is a fixed point of 7. O

Inspired by the results of Miculescu et al. [20], we propose a new theorem to
generalize and improve their three fixed point theorems for multi-valued functions in
b-metric spaces as follows.

Theorem 3.8. A function T : X — €B(X), where (X,d) is a complete b-metric
space of constant s. Suppose that there exists A € [0,1) such that

H(Tz,Ty) < AM;(z,y)

for all x,y € X, where

M (z,y) = max {d(x,y) 1d(:z:,T:1:), %d(y,Ty) 21 [d(z, Ty) + d(y,T:z:)]} . (3.40)

) [P
S S

Then T has a fized point in X.
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Proof. Since A < 1, there exists # such that A < § < 1. Let xg € X and z; € Txg.
From a similar argument in the proof of Theorem 3.3, we can obtain a sequence {z, }
such that 2,11 € Ty, x, ¢ Tx, and

d(xna xn+1) S oMl (In—la In)

1 1
=0 max {d(xnl, Tn)y —d(@p—1,TTp-1), —d(xn, Txy),
S s
1
o1, Ta) + d(a, Txn_l)]}

1 1
<  max d(xn—hxn)v 7d(-rn—17xn)7 7d(xn7xn+1)7
S S

2—15 [d(l’n,h $n+1) + d(x"’ w”)] }

IN

1 1
0 max {d(xnl7 Tn), ;d(mn, Tpg1), i[d(xn,l, Zp) + d(2p, xn+1)]}
< Omax{d(xp—_1,2n),d(Tn, Tnt1)}

If d(zn,zn+1) < 0d(xn,Znt1), we have d(xy,, 1) = 0, which is a contraction
with the fact that x,11 € Tz, and z,, ¢ Tx,. Thus, by induction we deduce that

d(znaxn-i-l) < ad(zn—hxn) < 92d(zn—27xn—1) <-.- < Qnd(IO,lﬁ)-

Combining the assumption 6 < 1 and Lemma 2.1, we conclude that {z,} is a Cauchy
sequence in X. Since (X, d) is complete, there exists 2* € X such that {z,,} converges
to «*. Then we show that z* is a fixed point of T. By (3.40), we have

H(Txn, Tx*) < AMy(2n, ")

=) max {d(xn, x*), éd(a:n, Txy,), %d(:c*, Tz™), ;S[d(:cn, Tz*) + d(z*, Tacn)]}
<Amax {d(xn, x*), éd(xn, Tnt1), %d(az*, Tz"), %[d(mm Tz*) + d(z*, Txn)]}
If My(xn,z*) = %d(x*,Tﬂc*) for some n € N, then we obtain that
H(Tx,,Tz*) < gd(x*,Tm*) < Nd(z*,Txzp) + H(Txy,, Tz")],
which implies that

A
* < — * .
1 _)\d(a: JTxy,) < 1_)\d(a: s Trt1)

Similarly, if My (zyn,2*) = 3 [d(zn, T2*) + d(T,, z*)] for some n € N, then we derive

H(Tz,,Txz*) <

H(Txz,, Tz") < —[d(xp, Tz") + d(Txy,, %)) < %[d(zn,Tx*) + d(xpt1,2")]
s

< —ld(zp, Txy) + HT2p, Tz*)] + —d(zpi1,x").

[N}
l\3>/m>/

A
2s
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It follows that
A

d(zp, Tzy,) + . is Ad(;vnﬂ,ac*)
2

N[>

H(Tz,,Tz*) <

,_\
ol |
rol>

A

by d({I?n, (En+1) + i}\d(:ﬂn+1a x*)
-3 1—3

<

—_

Thus, for every n € N we can see that

1

1
H(Tx,, Tz*) < Amax {d(xmx*), gd(xn,xn+1), =

d(@*, Znt1),

1

AT, Tpt1) + . ) d(an,x*)}. (3.41)

2

(SIS

[t

o[>

Letting n — oo in the above inequality, we obtain that H(Tz,,Tz*) — 0 as n — oo.
Note that x,41 € Tx, for all n € N. Hence, from Lemma 2.2, we conclude that
x* € Tx*. Therefore, z* is a fixed point of T O

Remark 3.9. Compared with the main results in [20], it is obvious that Theorem 3.8
gives several improvements. Actually, the condition that the mapping T is closed
from [20, Theorem 3.1] and the condition that d is *-continuous from [20, Theorem
3.2] are omitted. Moreover, the range of contraction constant in [20, Theorem 3.3] is
smaller than ours.

Remark 3.10. In Theorem 3.7 and Theorem 3.8, the proofs that {z,} is a Cauchy
sequence are still valid for A € [0,1). However, under the above conditions we can
not obtain the fixed points in corresponding theorems. Therefore, we present such
results.

4. APPLICATIONS

In what follows we discuss some consequences of the above theorems in the context
of metric spaces and b-metric spaces. (In the following corollaries, we always assume
that M (z,y) is same as Theorem 3.8 if not stated otherwise.)

Corollary 4.1 ([19]). Let (X,d) be a complete metric space and T : X — CB(X)
be a multi-valued quasi-contraction with constant A. If there exists A € [0, 3%/5) such
that

H(Tz,Ty) < Md(z,y),d(x, Tx),d(y, Ty), d(z,Ty), d(y, Tx)}.
Then T has a fized point in X, that is, there exists u € X such that u € Tu.

Proof. In Theorem 3.4, if we take s = 1, then Theorem 3.1 in [19] is obtained. g

Corollary 4.2 (see [23]). Let (X,d) be a complete b-metric space with coefficient
s>1andT: X — CB(X) be a mapping. Suppose that there exists o € [0,1) such
that

H(Tz,Ty) < ad(z,y) (4.1)
forall x,y € X. Then T has a fized point in X.
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Proof. Note that
H(Txv Ty) < Oéd(:t, y) < OéMl(.’E, y)

for all z,y € X. By applying Theorem 3.8, it is easy to obtain the desired result. [

Remark 4.3. Tt is generally known that a b-metric space is a generalized metric space
and thus Corollary 4.2 is more general than the result of Nadler [23] in metric spaces.

Corollary 4.4 (see [27]). Let (X,d) be a complete b-metric space with coefficient
s>1. T: X — €B(X) be a mapping. Suppose that there exist B,y € [0,1) such that

H(Tz,Ty) < pd(z,y) +vd(y, Ty).
Assume that B+ v < %, then T has a fized point in X.
Proof. Observing that
Bd(z,y) +~d(y, Ty) < (B + ) max{d(z,y), d(y,Ty)}
= o { (o). 30 Ty) } < dadhs (o).
where A\g € [0,1). Thus, by Theorem 3.8, we can obtain that T has a fixed point in
X. d

Remark 4.5. Taking s = 1 in Corollary 4.4, we improve and simplify the main result
of Rus [27] by deleting the condition “T" is a closed multi-valued operator”.

Corollary 4.6. Let (X,d) be a complete b-metric space with coefficient s > 1 and
T:X — CB(X) be a mapping. If there exist o, B,y € [0,1) such that

H(Tz,Ty) < ad(z,y) + fd(xz, Tx) + vd(y, Ty).
Assume that o+ +v < %, then T has a fized point in X.
Proof. 1t is notice that
ad(z,y)+pd(x, Tx) + vd(y, Ty) < (a+ B + ) max{d(z,y),d(z, Tx),d(y, Ty)}
1 1 1
v { L), e To), T To) | < Mdo)

where A\ € [0,1). Therefore, by applying Theorem 3.8, we must have T has a fixed
point in X. 0O

Remark 4.7. Letting s = 1 in Corollary 4.6, we obtain the result of Reich [26].
Therefore, Corollary 4.6 is more general than theirs.

The last corollary is the fixed point theorem for Hardy-Rogers type multi-valued
contractions in b-metric spaces.

Corollary 4.8. Let (X,d) be a complete b-metric space with coefficient s > 1. T :
X — CB(X) such that

H(Tz,Ty) < ard(x,y) + asd(z, Tz) + asd(y, Ty) + asd(z, Ty) + asd(y, Tx) (4.2)

forall x,y € X, where a1, as, a3, aq, as are nonnegative constants such that Z?Zl a; <
%. Then T has a fized point in X.
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Proof. By virtue of (4.2), we can obtain
H(Ty,Tx) < a1d(y, z) + a2d(y, Ty) + asd(x, Tx) + asd(y, Tx) + asd(x, Ty). (4.3)
Adding (4.2) to (4.3), we deduce that

1 1 1
ramax{ La(o,0), L, Ta). (. Ty),
S S

H(Tz,Ty)

a2+a3 +CL4<|>(15

<ayd(z,y) + [d(z, Tx) + d(y, Ty)]
d(z,Tx) + d(y, Ty)

2

[d(z, Ty) + d(y, Tx)]

d(x,Ty) + d(y, Tx)
2
d(z,Ty) + d(y, Tz)
2

=ard(x,y) + (a2 + a3) + (aq + as)

Sald(x7 y) + ((12 + a?)) max{d(m, T.’L‘), d(y7 Ty)} + ((l4 + a5)
<(a1 +az +az + a4+ as)

- max {d(x, y),d(z,Tx),d(y, Ty),

d(z,Ty) + d(y, Tx) }
2

1 d(z,Ty) + d(y, Tx)
" s 2s

} é >\2M1(1'7y)3

where Ay € [0,1). Hence, by Theorem 3.8, it can be proved that T has a fixed point
in X. O
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