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Abstract. Under some conditions concerning the first eigenvalue corresponding to the relevant
linear operator, the existence of nontrivial solutions and positive solutions for nonlinear fourth-order
equation with Neumann boundary conditions

{ y D (@) + (k1 + k2)y" (z) + kikoy(z) = Af(z,y(x)), =€ [0,1],

y'(0) =y (1) =y"(0) =y"(1) =0

is obtained, where k1 and k2 are constants, f € C([0,1] x R,R). And we discuss the properties
of Green’s function in detail according to the different classification of k; and k2, an example is
presented to illustrate the application of our main results. The main results are obtained by using
the topological method and the fixed point theory of superlinear operators.
Key Words and Phrases: Euler-Bernoulli beam equations, fixed point, nontrivial and positive
solutions, topological degree.
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1. INTRODUCTION

In this paper, we aim to investigate the existence of nontrivial solutions and positive
solutions to the following nonlinear Euler-Bernoulli beam equation with Neumann
boundary conditions (for short NBVP)

YD)+ (b + koo (@) + bikay(e) = M(oy(@) sl
y'(0) =y'(1) =y"(0) =¢"(1) =0, '

where k1 and ko are constants, ) is a positive parameter, f € C([0,1] x R,R). One

function y € C[0,1] is called a positive solution of NBVP (1.1) if y is a solution of

NBVP (1.1) and y(x) > 0, = € (0,1). This problem is always used to describe the
sliding braces at both ends of an elastic beam.
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Boundary value problems of ordinary differential equations are of great importance
in both theory and application, many of which come from classical mechanics and elec-
tricity. For example, the equation of the elastic beam studied in this paper is derived
from the description of the deformation of the elastic beam in material mechanics.
In material mechanics, the boundary value problem of the fourth order differential
equation is used to describe the deformation of the elastic beam in the equilibrium
state. In particular, the elastic beam equation is also called the Euler-Bernoulli beam
equation. In the last decades, the equation in (1.1) with clamped beam boundary
condition

y(0) =y(1) =y (0) =y'(1) =0 (1.2)
has attracted the attention of many scholars, it describes the deformations of elastic

beams with both fixed end-point, see [4, 11, 15, 26, 31, 33] as well as the references
therein. In addition, the equation in (1.1) with Lidstone boundary condition

y(0) =y(1) =y"(0) =y"(1) =0 (1.3)

also has received a lot of attention, since it models the stationary states of the deflec-
tion of an elastic beam with both hinged ends, see [5, 12, 17, 31] and the references
therein. In addition to the above mentioned common types of boundary conditions
for elastic beams, another type of boundary conditions have also been considered due
to the difference in the support forms of the elastic beams, namely, a simple support
and a sliding support boundary condition

y(0) =4'(1) =y"(0) =" (1) = 0. (1.4)

Besides, the elastic beams boundary value problem with local and nonlocal boundary
conditions have been obtained in [13, 25].

Some of nonlinear analysis tools have been used to investigate the existence of
solutions for the fourth-order elastic beam equation with boundary conditions (1.2)
and (1.3), such as, lower and upper solutions [4, 20, 21, 23], monotone iterative
technique [2, 5, 10, 22, 28], Krasnosel’skii fixed point theorem [8, 29, 31, 30], fixed-
point index [5, 13, 33], Leray-Schauder degree [1, 9] and bifurcation theory [6, 17, 18,
19, 24]. In particular, by using the bifurcation techniques, Ma [17] considered the
existence and multiplicity results of differential equation

y @ (@) +ny" (z) = Cy(a) = Ah(2) f(y(2)), = € (0,1) (1.5)

with boundary condition (1.3), where f € C(R,R) satisfies yf(y) > 0 for all y # 0,
n € (—00,400),¢ € [0, +00) are constants and satisfy the key condition 25 + % <1
Now, the interesting question is whether we could give a more general condition on 7
and ¢ 7

In 2014, by using lower and upper solutions methods, Vrabel [23] discussed the
existence of solution the following beam equation

yD(2) + (k1 + k2)y" () + kikay(z) = f(z,y(x)), = € (0,1) (1.6)
with hinged ends condition (1.3). Here, constants k; and ko satisfy the condition:

k1 < ko < 0. (17)
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Now, if we take np = k1 + ko, { = —k1 k2, then the left sides of equation (1.5) and (1.6)
are the same. However, it is easy to see that the condition (1.7) is more general than
the condition 2% + % < 1. Later, Ma et al. [20, 21] discussed the same problem (1.6)
with Lidstone boundary condition (1.3) under the restrictive condition

0<k <ky<m?and k; <0< ky < 72, (1.8)

and obtained the existence of solution by using lower and upper methods. It is noted
that Vrabel [23], Ma et al. [20, 21] only obtained the positivity of Green’s function
under the condition (1.7) and (1.8). Naturally, the question is: could we obtain sign
properties of Green’s function when k; and ks change and the positive solution to
these kind of problem under the similar condition?

In particular, the existence and multiplicity of positive solutions for the elastic
beam equations have been studied extensively when the nonlinear term satisfies as-
suming condition (F) : f(z,y) > 0,Vy > 0. However there are only a few papers
concerned with the non-positone or semipositone elastic beam equations. For the
case of non-positone, in 2022, Wang et al. [24] discussed the global structure of posi-
tive solutions for NBVP (1.1) by global bifurcation theory under assumption condition
f(z,0) < 0,Vz € [0,1]. Similar conclusion have been studied on Yan et al. [27], and
SO on.

Yao [30] considered the existence of positive solutions of semipositone nonlinear
elastic beam equation y®* (z) = f(z,y(x),y"(z)),z € [0,1] with boundary condi-
tion (1.3) by using a special cone and the fixed point theorem of cone expansion-
compression type, where nonlinear term f(z,y) satisfies

5 1
0,1) X |—==—=X X | —o0, =X | = [-X
F10.1]x =g o0 ) x (—oe, g | - X0
is continuous, where X > 0 is a constant. Ma [16] considered the existence and
multiplicity of positive solutions for nonlinear fourth order boundary value problem

y W (@) = M(z,y(x), ¢ (2)), = € [0,1] (1.9)

with boundary condition (1.4) by using Guo-Krasnosel’skii fixed point theorem in
cones. They make the following assumptions:
(A1)f :[0,1] x R x RT — R is continuous and there exists constant X > 0 such
that f(z,y,p) > —X, for (z,y,p) € [0,1] x RT x RF;
(A2) There exists a subinterval [a,b] C (0,1) with a < b such that
i L@Y0)
p——+o0 p
holds uniformly for (x,y) € [a,b] x RT;
(A3)f(z,9,0) >0, (z,y) €[0,1] x R¥;
and main results of paper [16] as follows:
Theorem A. Assume (Al) and (A2) hold. Then the problem (1.9) has at least one
positive solution if A > 0 is small enough;
Theorem B. Assume (A1), (A2) and (A3) hold. Then the problem (1.9) has at least
two positive solutions if A > 0 is small enough.



158 WENFENG HU, JINGJING WANG AND XINGYUE HE

It is worth pointing out that papers [16] and [30] only discussed the existence
and multiplicity of positive solutions for fourth-order equations under the simply
supported beam conditions (1.3) and (1.4), respectively. However, to the best of
our knowledge, a fourth-order equation with parameters under Neumann boundary
conditions in spite of its simple looking structure, is considered as a difficult problem
in the literature. Therefore, relatively little is known about problem (1.1). Motivated
by the above studies, the main purpose of this paper is to establish existence of
nontrivial solutions and positive solutions for nonlinear problem (1.1) with Neumann
boundary condition.

To sum up all the ideas mentioned in the introduction, we try to discuss the
existence of solutions for the nonlinear NBVP (1.1) under a more general condition,
like (1.7) and (1.8). Our method is also suitable for the problem (1.6),(1.7) and the
problem (1.6),(1.8). Throughout this paper, we use the following assumptions:

(H1) There exists a constant ¢ > 0 satisfying

liminf L&Y s ¢ vae [0, 1];
y—r—+o0 Yy

(H2) There exists a constant 7 > 0 with 0 < n < ¢ satisfying

f(z,y)

Y

lim sup <n, Vzel01l]

y—0

(H3) There exists a constant X > 0 such that

(H4) f € C([0,1] x R, R) satisfying superlinear condition

lim
y—r—+o00 Yy

This paper is divided into five sections; From the previous discussion, we find that
the appearance of k; and ks lead to the absence of the positivity of Green’s function
in NBVP (1.1), which greatly increases the complexity of the calculation of Green’s
function. On this basis, in the second part of this paper, we discuss the properties
of Green’s function in detail according to the different classification of k; and ks.
Including the cases of k1 < ko < 0, k1 < 0 < ko < 7%/4 and 0 < ky < ky < 72/4,
respectively. We introduce to the some preliminary results which we shall require.
Section 3 and Section 4 are devoted to establishing the existence results of nontrivial
solutions and positive solutions of NBVP (1.1) by the topological method and the
fixed point theory of superlinear operators, and we give an example to illustrate our
main results.
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2. GREEN’S FUNCTION AND ITS SIGN PROPERTIES

Let X = C]0,1] be a Banach space, with its usual normal |ly|| = max{|y(z)|,z €
[0,1]} for all y € X. In this section, we discuss the Green’s function for NBVP (1.1),
the main results came from papers of Wang et al. [24].

2.1 Green’s function and its sign properties in case k; < ks <0

From ki < ky < 0, let ky = —a?, ko = —f3%, where o and 3 are constants greater
than zero that satisfy o > 8. Then, the NBVP (1.1) is transformed into the following
boundary value problem

{ YO (@) — (a2 + B2y (x) + 028%y(x) = [z, y(x)), « € [0,1] )
y(0) =y (1) =y (0) =y"(1) =0. |

Define linear operator L : D(L) — X as follows
Ly =y —(a® + %)y" + a*B%, y € D(L),

where D(L) := {y € C*[0,1] : ¥/ (0) = ¢/(1) = y"(0) = v'"(1) = 0}.
To get the Green’s function G(z, s) of Ly = 0, we define another linear operator

Liy :=vy" — oy, D(Ly) := {y € C?[0,1] : y/(0) = ¢/(1) = 0}.
It’s not difficult to calculate that the Green’s function of L1y = 0 is
cosh[a(1 — t)] cosh(as)

. : , 0<s<t<1,
Gl t,S = ailn F:
cosh[a(1 .SS']COSh(at), 0<t<s<1
o sinh «v

Define linear operator
Loy :=y" — f%y, D(Ls):={y € C?[0,1] : y/(0) = y'(1) = 0}.

Then the Green’s function of Loy = 0 is
cosh[B(1 — t)] cosh(Bs)

Bsinh 3 , 0<s<t<l,
Ga(t:5) = =0 cosh[B(1 — 5)] cosh(B¢) 0<t<s<l1
Bsinh 3 Lol

It’s easy to verify that the Green’s function of Ly = Ls o (L1y), and Ly = 0 is
1
G(z,s) ::/ Go(z,t)G1(t, s)dt, (x,s) € [0,1] x [0,1]. (2.2)
0

Notice that if o = 3, then the characteristic equation p* — 2a2u? 4+ a* = 0 of (2.1)
has double roots p; = a, gz = —a. In this case, the expression of G(z,s) can not be
directly obtained from (2.2). Therefore, we divide two cases as follows:
Case 1.a=8>0

In this case,

y(x) = Cy cosh(ax) + Cy sinh(ax) + Csz cosh(ax) + Cyx sinh(ax)
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is the general solution of y®*) (z) — (o +52)y"( )+a?B%y(x) = 0. It’s easy to compute
that ¢(x) = (ax cosh(ax) — sinh(ax))(2a3) ! is the solution of initial value problem

{ oW (z) —2a2so”< )+ate(x) =0,  x€[0,1],
©(0) = ¢'(1) = ¢"(0) = 0,¢""(1) = 1.

From the theory of Green’s function, we can obtain the explicit expression of Green’s
function of (2.1) as follows

sinh a cosh[a(1 — s)][cosh(az) — ax sinh(ax)]
203 sinh?
o' cosh(ax)[cosh(aasb—li—ns sinh o sinh[a(1 — s)]] s <
Gla,s) = sinh o cosh[a(1 — x?}?[cglb% a% — assinh(as)] (2:3)
203 sinh? o
a cosh(as)[cosh(aax h{lx sinh asinh[a(1 — z)]]
+ — ; T <s
20 sinh” «
Case 2. a> (>0
In this case, if 0 <z < s < 1, then
Cla,s) = 1 {cosh(ﬁm) cosh[B(1 —s)]  cosh(ax) coshla(1 — s)}}
T a2 — B2 Bsinh 3 asinh o '
By a similar calculation, when 0 < s <z <1,
Cla,s) = 1 [cosh[ﬁ(l — )] cosh(Bs)  cosh[a(l — )] cosh(as)}
T a2 — B2 Bsinh 3 asinh o '
Thus the concrete expression of Green’s function of problem (2.1) is
1 [cosh[ﬂ(l — 8)] cosh(Bx)
— 52 Bsinh B
shla(1 — sh
B _ cosh[a(1 — s)] cosh(ax) C0<rz<s<l,
G(z,s) = (2.4)

a2 -4

1 [cosh[ﬂ (% Sfin:g?cosh(ﬂs)

B sinh g8
_ cosh[a(1 — )] cosh(as)

asinh a
Theorem 2.1 [24] If o, 5 € (0, 4+00) with a > 3, then the Green’s function of problem
(2.1) satisfies G(z,s) > 0, (z,s) € [0,1] x [0, 1].

Proof. According to literature [14], we know G;(t,s) <0, i = 1, 2, (¢, s) € [0,1]x]0, 1],
and from (2.2), we can get G(x,s) > 0, (z,5) € [0,1] x [ 1].

2.2 Green’s function and its sign properties in case k; < 0 < ky < 72/4
From k; < 0 < ko < 72/4, let ky = —a?, ky = B2 and a € (0,+), 8 € (0,7/2],
Then the NBVP (1.1) can be written as the following boundary value problem

{ yW (@) + (B2 = a®)y"(z) — &?BPy(2) = f(z,y(x)), = €[0,1], (2.5)
y'(0) =y'(1) = y"(0) = y™(1) = 0. '

}, 0<s<z<1.
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Define linear operator L : D(L) — X as follows
Ly =y + (8% - a®)y" — a®8%, y € D(L),
where D(L) := {y € C*[0,1] : /(0) = ¢/ (1) = y""(0) = y""(1) = 0}

To get the Green’s function G(z, s) of the operator Ly = 0, define linear operator
Ly :=vy" — oy, D(Ly) := {y € C*[0,1] : y/(0) = ¢/(1) = 0}.

It’s not difficult to calculate G (t, s) is the Green’s function of Ly = 0.
Define a linear operator

Lay :=y" + %y, D(Ls) := {y € C?[0,1] : 4/(0) = /(1) = 0},
then the Green’s function of L3y = 0 is

cos[B(1 — t)] cos(fs)

Bsin Usestsh
Gs(t,s) = cos[ﬁ(l—S)fCOS(ﬁt) 0<t<s<l1
Bsin 3 7 St

Obviously, if @ > 0, then Gy(t,s) < 0, (¢,s) € [0,1] x [0,1]. If 0 < 8 < 7/2, then
Gs(t,s) > 0; If 8 =7/2, then G3(t,s) > 0. Especially, G5(t,s) = 0 with t = s =0 or
t=s=1.

Hence, Ly = L3 o (L1y), the Green’s function of Ly = 0 is

G(z, s) ::/0 Gs(z,t)G1(t, s)dt, (x,s) € [0,1] x [0,1]. (2.6)

Moreover, if 0 < z < s < 1, then
1 |:COS(ﬂ$) cos[B(1 — s)] N cosh(ax) cosh[a(1l — s)]]
a? 4 32 Bsin 3 asinh o ’
By a similar calculation, if 0 < s < x < 1, then we can get
1 {cos[ﬂ(l — )] cos(Bs) n cosh[a(1 — )] cosh(as)]
o? + B2 Bsin 3 asinh a '
Thus, the concrete expression of Green’s function of problem (2.5) is
1 [cos[ﬁ(l — s)] cos(Bx)
a? + 32 Bsin 8
+cosh[oz(1 —5)] cosh(oza:)} 0
1 [cos[ﬁ(la—s% gos(ﬂs)
a? + (32 Bsin 3
cosh[a(1 — x)] cosh(as)
+ :
asinh «

—CNT'(x, s) =

—é(x, s) =

~G(x,s) = (2.7)

}, 0<s<z<1.

The properties of Green’s function CNQ’(I, s) are given as follows:
Theorem 2.2 [24] If o € (0,400), B € (0,7/2], then G(z,s) < 0, (x,s) € [0,1] x
[0,1].
Proof. When « € (0,400), 8 € (0,7/2], it can be obtained directly from literature
[14] that G;1(t,s) < 0, Gs(t,s) > 0, (t,s) € [0,1] x [0, 1]. Combining (2.3), we know
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G(z,s) <0, (z,5) € [0,1] x [0,1]. When a € (0, +00), 8 = 7/2, we can get Gy (¢, s) <
0 and Gs(z,t) > 0.
In particular, Gs(x,t) = 0 if and only if x =t = 0 or x = t = 1. Therefore, if
x = 0, combining this with (2.7), we can obtain
_G(0,5) = i 1 cos[ﬂ('l — 5)] cosh[c)f(l — 5]
a? + (32 Bsin asinh o

},ogsg.

Because zsinz is increasing on z € (0,7/2), cosx is decreasing, so cosz/(zsinz)~!
is a decreasing function, however, cosx/(zsinz)~! is positive on = € (0,7/2). Ap-
parently, sinha and coshz are increasing and positive on z € (0,+00). Therefore,
75'(0,5) >0, s € [0,1], then we can get é(O,s) <0,s5€[0,1; If z =1,

~G(1,s) = 04241rﬂ2 [COS(ﬁs) cosh(as)

Similar to reachable G(1,s) < 0, s € [0,1]. To sum up, G(z,s) < 0, (z,s) €
[0,1] x [0, 1].

Remark 2.3 It is worth noting that we get G(z, s) < 0 with the case of k1 < 0 <
ko < 7%/4. At this point, if the problem we are studying (1.1) is transformed into the
following form

{ y (@) + (k1 + ka)y" () + kikay(z) + Mf (2, y(x)) = 0, x € [0,1],
y'(0) = /(1) = y™(0) =y (1) = 0,

then the results obtained in this paper still held true for the above problems.

0<s<1.
BsinB  asinha l’ =8=

(2.8)

2.3 Green’s function and its sign properties in case 0 < ky < ky < 72/4
From 0 < k1 < kg < 72/4, let ky = a2, ko = 2 and 0 < o < 8 < /2, then the

NBVP (1.1) can be written as the following boundary value problem

Y@+ (07 + B @)+ 2P0 = fay@). TEOD), g

y'(0) =y'(1) =y"(0) =y"(1) = 0. '
Define linear operators L : D(L) — X

Ly :=yW + (o® + )y + o*B%y, y € D(L),
where
D(L) = {y € C[0,1] : y/(0) = ¢/ (1) = y""(0) = y"'(1) = 0}.

To get the Green’s function G(z, s) of the operator Ly = 0, define another linear
operator

Lay == y" + %y, D(La) :={y € C?[0,1] : y/(0) = ¢/ (1) = O}.
It’s not difficult to calculate the Green’s function of Lyy = 0 is

cos[a(1l — t)] cos(as)

G4(t’ 8) = cos[a(la—Si;B?COS(Oét)

asinh «

0<s<t<1,
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Define the linear operator
Lyy == y" + %, D(Ls):={y € C?[0,1] : ' (0) = y'(1) = 0}.

Gs(t, s) is the Green’s function of Ly = 0.
It is easy to verify Ly = L3 o (L4y), then the Green’s function of Ly = 0 is

G(z,s) ::/0 Gs(z,t)Gy(t, s)dt, (x,s) € [0,1] x [0,1]. (2.10)

Notice that if @ = 3, then the characteristic equation u* +2a2u? +a* = 0 of (2.5)
has double roots p1 = ai, pe = —ai. In this case, the expression of G(z,s) can not
be directly obtained from (2.6).

Therefore, we divide two cases as follows:

Case 8. o= <m/2

In this case, y(z) = Cycos(azx) + Cysin(ax) + Csx cos(ax) + Cyzsin(az) is the
general solution of y™*) (x) + (a? + B2y (z) + a?B%y(x) = 0. Tt is easy to compute
that ¢(x) = (sin(ax) — axcos(az))/(2a3) 7t is the solution of initial value problem

{ W () + 209" (z) + a'p(z) = 0, z € [0,1],
e(0) = ¢'(1) = ¢"(0) =

Then, we can obtain the concrete expression of Green’s function of problem (2.5) as
follows

sin a cos[a(1 — s)][cos(ax) + az sin(ax)]
acos(am)[cos%gj S—ir}szs?nasin[a(l —9)]] s <
Glw,s) = sin a cos[a(1 — x?ﬁcgossi(nofs% + assin(as)] , o (2.11)
a cos(as) [cosggs S—mj sin o sin[a(1 — z)])
203 sin a =S

In particular, if « = f =7/2, thent =s=0or t =s =1, G(x, s) contains zero.
Case 4.0<a<fB<m/2
In this case, if 0 <z < s < 1, then

1 {cos(ax) cos[a(l —s)]  cos(Bx)cos[B(1 — 5)]}

Gla,s) = B2 — a2 asin o Bsin 3

Similarly, if 0 < s <z <1, then

1 {cos[a(l — )] cos(as)  cos[B(1 — )] cos(ﬁs)}.

Gla,s) = B2 — a? asin o Bsin 8
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So the concrete expression of Green’s function of problem (2.5) is

1 [cos[a(l — 8)] cos(ax)
B2 —a? asin o
—COSWlﬂ_ ) COSW)}, 0<z<s<l,
— sin
Glz,s) = 1 [cos[a(l - xg] cos(as) (212)
B2 — a? asin o
7608[6(1 f:r)] cos(ﬁs)}7 0<s<z<l.
[sin 3
The properties of Green’s function G(z, s) are given as follows:
Theorem 2.4 [24] If 0 < a < 8 < w/2, then G(z,s) >0, (z,s) € [0,1] x [0,1].
Proof. According to literature [14], we know that G;(t,s) > 0, i = 3,4, (¢,s) €
[0,1] x [0, 1]. Combining (2.6), we can obtain G(x,s) > 0, (z,s) € [0,1] x [0,1].
)

[0,
If 0 < a < 8 =m/2, then we can get G4(t,s) > 0 and Gg(a: t) > 0. Especially,
Gs(z,t) = 0 if and only if x = ¢ = 0 or ¢ = ¢t = 1. Therefore, when = = 0, by
combining (2.12), we can obtain

1 cosla(l —s)]  cos[B(1 — s)]
ﬂ2—042|: asina PBsing

Because zsinx is increasing on z € (0,7/2), cosx is decreasing, so cosx/(zsinz)~
is a decreasing function. Therefore G(0,s) > 0, s € [0, 1]; When = = 1,

G(0,s) = },ogsgl.

1

G(l,s) =

1 cos(as)  cos(fs)
B2 — a2 [ -
Similarly, we can get G(1,s) > 0, s € [0,1]. To sum up, G(z,s) > 0, (x,s) €
[0,1] x [0,1].

Remark 2.5 [24] It should be noted that in the three cases discussed in this section,
if the parameter k&1 = 0 or k; = 0, the operator Ly has eigenvalue \y = 0 and
Ly = 0 has nontrivial solution y = C' (C # 0). Therefore, according to the Fredholm
alternative theorem, there is no solution to the problem (1.1), so the parameters in
this paper meet the requirement that k1ke # 0 are always valid. In particular, the
parameter k; = ko = m2/4,if t =s =0or t = s = 1, then G(z, s) contains zero.

0<s<1.
asina Bsinﬂ}’ =53

2.4 Preliminaries

Based on the sign of Green’s function of NBVP (1.1), without loss of generality,
we discuss the case of 0 < ky < ko < 72/4.
Obviously, y(x) is a solution of the problem

{ y W () 4 (k1 + ko)y" (x) + krkoy(z) = h(z), =z €0,1],
y/(o) — y/(l) y///(o) y///( ) — 0’

then )
y(z) = /0 G(z, s)h(s)ds, x € [0,1],

where G(z, s) is given by (2.12).
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From Theorem 2.4, there exist 0 < m < M such that

m= min G(z,s), M = max G(z,s).
z,s€[0,1] xz,s€[0,1]

Besides, by (2.12) we have
(G1) G(z,8) = G(s,z), 0 <x,8 <1
(G3) There exist nonnegative function g(z) € C[0, 1] such that

G(z,s) > g(x)G(r,s), 0 <z, 8,7 < 1.
Consider 4-dimensional Banach space

E={yeC'0,1]:4(0) =y'(1) =" (0) = y"(1) = 0}
with the norm ||y|| = Jmax ly(z)| for all y € E and the cone P in E given by

P={yeE,yx) >0yx) >olyll, c =mM'}.

For u,v € E, we write v < v if u(z) < v(x) for any € [0,1]. For any r > 0, let
={ye FE:|y|l <r}and 0B, = {y € E : ||y|| = r}. We denote 0 is the zero

element in E.

Lemma 2.6 Define operators A, K : E — E, by

(Ay)(z / G(z,s)f(s,y(s))ds, y € E, x €]0,1]; (2.13)

/st s)ds, y € E, x € [0,1]; (2.14)

Then K(P)C P, A(P)CP and K:E — E, A: E — E are completely continuous.
Proof. By the definitions of m and M, it follows that

Ay(z) = / Gl 5)f(s,y())ds > m / f(s,y(s))ds, x € [0,1],

Ay(x) = /0 G(z,8)f(s,y(s))ds < M/o f(s,y(s))ds,z € ]0,1].

Accordingly,

Ay(z) = o max, Ay(z) = o Ayl|,
where 0 = mM~!. So A(P) C P, by using the Arzela-Ascoli theorem, A is a com-
pletely continuous operator. By using similar method it yields that K(P) C P and
K : E — FE is completely continuous.

It is evident that y € P is a fixed point of the operator AA if and only if y is a
solution of NBVP (1.1). K defined by (2.14) is an important operator in our later
discussion. We present some properties of it as follows.

Lemma 2.7 Suppose that the linear operator K is defined by (2.14). Then the spectral
radius r(K) > 0, and there exist £ € E with § > 0 on [0,1] such that

K¢ =r(K)E and /g “1(K).
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Moreover, \y = r~Y(K) is the first positive eigenvalue of the linear NBVP (1.1) and

1 1
/0 (Ky)(s)E(s)ds = —

= y(s)€(s)ds, Vy € E. (2.15)
1Jo

Proof. Define the cone
Py={yeE:y(x)>0,Vazel01]}

Then the cone Py is normal and has nonempty interiors int Fy. It is clear that Py
is also a total cone of F, that is, ¥ = Py — Py, which means that the set Py — Py =
{u—v :u,v € Py} is dense in E. It follows from Lemma 2.6 that K is strongly
positive, that is,

K(y) € imtPy for ye Py\{0}.
Obviously, K(Py) C Fy. By the Krein-Rutman theorem ([7], Theorem 19.3; [32],
Theorem 7.C), the spectral radius r(K) > 0 and there exists § € E with £, > 0 on
[0,1] such that K&, = r(K)&. Let

‘= b
r(K) [y €o(s)ds

Obviously, € > 0 on [0,1], K& = r(K)¢ and fol £(s)ds = r~Y(K).
Notice that K¢ = r(K)E is equivalent to the following NBVP

€0(@) + (i + k)¢ () + hilaé(z) = —p=t(o). @ € (0.1

§(0) =¢'(1) =£"(0) = ¢ (1) = 0,

we can obtain that A; = r~1(K) is an eigenvalue of the linear NBVP (1.1). From the
strong positivity of K, we know that there exist n € Py and a constant ¢ > 0 such
that ¢Kn > n on [0,1]. Then A; is the first positive eigenvalue of the linear problem
NBVP (1.1). Since £'(0) =¢&'(1) = £"(0) = £"(1) = 0, we have

" / (K y) ()€ (s)ds = / (Ky) ()P (5) + (kr + ka)€" (5) + krkat () s
0 0
- / £()(Ky)® ()ds + (k1 + k) / £()(Ky)" (s)ds + kuks / £()(Ky)(s)ds
0 0 0

1
- / y()€(s)ds.
0

Then (2.15) holds.

The proof of the main theorems are based on the Leray-Schauder theorem. The
following three well-known theorem in [3, 9] are needed in our argument.
Lemma 2.8 [3] Let Q C E be a bounded open set, € Q, and A : Q — E a completely
continuous operator. If Ax # px, x € 0Q, u > 1, then deg(I — A,Q,0) = 1.
Lemma 2.9 [3] Let Q C E be a bounded open set and A : Q — E a completely
continuous operator. If there exists yo € E\{0} such that y — Ay # uyo, y € 09,
w >0, then deg(I — A,Q,0) = 0.
Lemma 2.10 [9] Let Q C E be a bounded open set, 0 € 2, and A : Q@ — E a
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completely continuous operator with A8 = 6. Suppose that the Frechet derivative Aj
of A at 0 exists and I is not an eigenvalue of Ajy. Then there exists ro > 0 such that
forany 0 <r <rg, deg(I — A, T,,0) = deg(I — Ay, T,,0) = (—1)*, where k is the sum
of algebraic multiplicities for all eigenvalues of eigenvalues of Ay lying in the interval
(0,1) and T, = {z € E|||z| < r}.

3. NONTRIVIAL SOLUTIONS

In this section, we give the existence of nontrivial solutions for NBVP (1.1), and

the main results as follows:
Theorem 3.1 Suppose that (H1)-(H3) hold. Then for any

A )\1>
A€ SR ]
(C U

NBVP (1.1) has at least one nontrivial solution, where A\; = r~1(K) and K is given
by (2.14).
Proof. Let (Fy)(z) = f(x,y(x)) for all y € E, then by (2.14), A = KF. Applying the
Arzela-Ascoli theorem and a standard argument, we can prove that (AA) : E — E is
a completely continuous operator. It is known to all that the nonzero fixed points of
the operator A\A are the nontrivial solutions of the NBVP (1.1).

Now we show that there exists Ry > 0, such that for any R > Ry,

y— Ny #py*, Ypu>0, yedlg, (3.1)

where y* is the positive eigenfunction of K corresponding to its first eigenvalue \; =
r Y K), Tr = {y € C[0,1]]|]y|| < R} is a bounded open subset of E.
If (3.1) is not true, then there exists o > 0 (if 1o = 0, then Theorem 3.1 holds)
and yo € 0Tr such that
Yo — AMyo = poy”- (32)
By conditions (H1) and (H2), there exists constant a > 0, ro > 0 and

A—M 77/\—/\1}

O<€<min{

AT A
such that
flay) 2 ((—e)y—a, xe01], y=0, (3:3)
@yl <m+elyl, =01, y<ro. (3.4)
It follows from (H3) that
fly) > =X >((—-e)y-X, z€0,1, y<0. (3.5)
Take w = max{X,a}, then by (3.3) and (3.5), we have
fay) > (C—ey—w, z€[01], yekR (3.6)

Let (1 = ( — ¢, then
My = KFy > \aKy—1y1, Yy€eE, (3.7)
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where y; = fol G(z,s) \wds. Take
1
0= m/\l/ y*(s)ds > 0.
0
By (2.14) and the definition of m we have
1
V@) = MKy @) =\ [ Glasy (s
0

1
> mA; / y*(s)ds = 0.
0
Let

Plz{yGP

/0 v @)y (z)do > oA116|y||} .

For any y € P, we have

/01 y* (2)(A\Ky)(v)dz = /Oly*(x) {/01 G(M)Ay(s)ds} dx

_ /01 y(s) {/01 G(s,x)y*(m)dm} ds

= / Ay(s)Ky*(s)ds

0

> J)\l_ld/l G(z,s)\y(s)ds

= J)\flé()?Ky)(x).
And so

[ v @omi@> oxsll,
ie. (AK)(P) C P,. Since Fyg+w € P,
(AK)(Fyo +w) € Py and poy™ = poM Ky* € Py.
By (3.2) we have
Yo + AKw = My + poy™ + AKw = AK(Fyo + w) + poy™ € Pi.
Thus
/01 y* () (yo + AKw)(2)dx > oA 6||yo + AKw||

(3.8)
> oA; llyoll — oA AR w.
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Take €9 = (1 Ar(K) —1 > 0. By (3.7) we have

/0 (@) dyo) (@)da > /

v (@)¢ (\K o) () dar — / y* () ()de

1 1
:(1)\T(K)/O y*(m)yo(x)dxf/o y* (x)y1(z)dx
~ [ v @w@ds e [ 5@+ Axw) (@
0 0

—50/0 y*(x)()\Kw)(x)dx—/O y* (z)y1 (z)dx.

Take
)\1 —1 !
=—— 490N IAKw| +e0 | y*(x) AKw)(z)dz
6(]0’(5 0
A7
+7
506 0
For any ||yo|| = R > Ro, by (3.8) we have

Ry

y* @)y ()de.

1
/ Y () (AMyo — yo) (z)dz >eo[o AT dllyoll — o AT S AKw]]
0

1 1

e / y* () (M w) (2)de — / v (@) (2)de
0 0

>e00A] PRy — 0o A\ O AKw||

—60/0 y*(x)()\Kw)(z)dx—/ y*(x)y1 (z)dz = 0.

0
But we see from (3.2) that

1 1
[ v @ -2 w)@dr = [y @y @ae 2o
0 0
which is a contradiction. So (3.1) is true. By Lemma 2.9 we have
deg(I — \A,Tg,0) = 0. (3.9)
Next we show that

M)y # py, yedl,, p=>1, (3.10)

where 0 < r < min{rg, Rp}. Assume on the contrary that exist yo € 97T, and py > 1
such that (AA)yo = poyo. Since AA has no fixed point on 97,., we have ug > 1. Let
K, = A(n+¢)K, then r(K;) < 1. By (3.4), we have

[AAyo| < (1 + e)AK1lyo| = Kilyol,
then polyo| < Kilyol, and therefore

polyol < K7'lyol- (3.11)
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Let D = {{[¢ > |yo|}. It follows from (3.11) that {ug"K7|yo| |n = 1,2,---} C D.
And 6 € T, implies that d = d(9 D) > 0. Then one can have that

HK?”> HKly(] ;U/Oa n:112»"'7

>4
n|| = Twol

which shows

) ) d i 1/n
() = Jim (7D >t () = o> 1

n—ro0
This contradicts (K1) < 1. So (3.10) holds. By Lemma 2.8, we have
deg(I — NA, T, 0) = 1. (3.12)
By (3.9) and (3.12), we have
deg(I — MA, TR\T,.,0) = deg(I — NA, Tg,0) — deg(I — N\A, T, 0) = —

Then AA has at least one fixed point in Tg\7T,.. This means that NBVP (1.1) has at
least one nontrivial solution.

Remark 3.2 For any ¢ > 0 and n = 0, the proof of Theorem 3.1 is valid. Then for
any A > 0, NBVP (1.1) has at least one nontrivial solution.

Theorem 3.3 Suppose that (H1) and (H2) hold. Assume there exists a constant
X* >0 such that

X* A X*
f(xay)z_Tv VZE[O,l], yZ— ! 9

n
A\

A

6(( 77)

NBVP (1.1) has at least one nontrivial solution, where C = max fol G(z, s)ds.

then for any

z€[0,1]
Proof. Let
A X"
f(lL',y(ZIZ)), v Yy 2 - 177 ’ US [071]3
filz,y) = M X* M X*
f(xv_ 177 )7 Vy<_ ln ) $6[071]7

and

(Auy)(@ /wawm»

Then all conditions of Theorem 3.1 hold for f;. By Theorem 3.1, AA; has at least
one nonzero fixed point £*(x), and

x):/\/o Gz, s)fi(s, € (s))ds > — )é*/o G(ac,s)dsz_)q;(*.

Thus

x)=/\/0 Gla, ) fi (s, € ds—)\/st £*(s))ds = AAE* ().
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This indicates £*(z) is a nontrivial solution of NBVP (1.1).
Theorem 3.4 Suppose that (H1) and (H3) hold. Let f(x,0) =0, V z € [0,1] and

lim L&Y _ (3.13)
Y—00 Y
Then for any

A M
/\E<C,+oo> and A # 5’
NBVP (1.1) has at least one nontrivial solution.
Proof. From the proof of Theorem 3.1, if (H1) and (H3) hold, then there exists Ry > 0
such that for any R > Ry and A > A\;¢ ™! (3.9) holds.
Since f(x,0) = 0, V = € [0,1], A0 = 6. By (3.13) we have that the Frechet
derivative Aj of A at 6 exists and

(Apy) (@) = /O G, 5)dy(s)ds.

Notice that A # A\;¢~1, then 1 is not an eigenvalue of AAj. By Lemma 2.10 there
exists 1o > 0, for any 0 < r < min{rg, Ro},
deg(I — MNA, T,,0) = deg(I — NAy, T,,0) = (—1)" #£ 0, (3.14)
where & is the sum of algebraic multiplicities for all eigenvalues of AAj lying in the
interval (0, 1).
By (3.9) and (3.14) AA has at least one nonzero fixed point. Thus NBVP (1.1) has
at least one nontrivial solution.

4. POSITIVE SOLUTIONS

In many realistic problems, the positive solution is more significant. In this section
we will study this question.
Theorem 4.1 Suppose that (Hj) holds. Then there exists \* > 0 such that for any
0 < A<M\ NBVP (1.1) has at least one positive solution.
Proof. Let D =[0,1], Dy = [z1,22] C (0,1) C D, and constant

v= min g(z)>0.

r1<x<wT2

By (H4), there exist X; > 0 and R; > 0 such that
f(x7y)2_X17 vxe[ovl]a yZO,
f(x7y) Z 7771NX17 v U [‘rlax2]7 Yy Z R17 (41)

where N > [1 — (z2 — x1)](z2 — 1)~ is a natural number. Let

flzy(z), y=0,
R ={ J00) 120
Then
fo(z,y) > —-X1, Vzel01], yeR. (4.2)
Let

(Aap)@) = [ Glas) fas. ()i
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Obviously, As : F — F is a completely continuous operator.
From Remark 3.2 and the proof of Theorem 3.1, there exists Ry > 0, for any
R > Ry,

deg(‘[ - )‘A27TR,9) = 0, V> 0. (43)
Take 0 < r < Ry. Let
= = N — -1
m —$e[gﬁ%‘>§/l<r|f2(%y)|, M—Ogrr;iélG(x,s), X=r(mM)""

For any 0 < A < A, y € 9T}, we have

1
May] = max | [ AG(z,)fo(s.y()ds| < Xt = = [
z€[0,1] | .Jo

Thus

deg(I — Ay, Tp,0) =1, YO0 <X<A (4.4)
From (4.3) and (4.4) we have that for any 0 < A < A, there exists yy € C[0, 1] with
[lyxll > r such that yx = AAsyy. Now we show

lim A = 4o0. 4.5
>\—>0+7yx=z\A2ymllyxl\>rHy | (4.5)

In fact, if (4.5) doesn’t hold, then there exist A, > 0, y», € C]0, 1] such that A\,, — 0,
r < |y, |l < c (c>0is a constant), and
Yn, = Andoys, . (4.6)

Since Ay is completely continuous, then {y»,} has a subsequence (assume without
loss of generality that it is {yx,}) converging to y. € C[0,1]. Let n — oo in (4.6), we
have y. = 6, which is a contradiction of ||y, || > > 0. Then (4.5) holds.

Next we show that there exists R = R(\) > 0 such that if 0 < Ay < X, ||yo] > R
and yo = Ao Ay, then yo(x) > 0. Take

R =R(\) = max{2y 'Ry, 2y ']AX1 M, 2) X, M }. (4.7)
Assume that 0 < A\g < A, |lyo]| > R and yo = M\oAyo. Take any T € [x1, 2], by (G2)
we have that for any 7 € [0, 1],

1 1
Yo(T) :)\0/0 G(z, s)[fg(s,yo(s))Jer]ds—/\o/O X1G(z, s)ds

! - (4.8)
=Xy [ G(7,8)f2(s,y0(s))ds — AX1 M
0
= vyo(T) — AX1 M.
On account of the continuity of yg, there exists x* € [0,1] such that yo(z*) = ||yol|-

Take 7 = z* in (4.8), by (4.7) we have
— — 1 1 - 1
90(®) = Yllyoll = XXiM 2 R = XX\ M = 3R+ SyR—XX:M 2 29R > Ry.

Thus yo(ZT) > Ry, for any T € [x1,x2]. By (4.1) we have
fa(s,90(5)) =7 'NXy, Vs € Do=[x1,22]. (4.9)
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It follows from (G1) and (Gs) that for any s € [z1,x2] and z,7 € [0, 1]

G(z,s) = G(s,x) > vG(r,z) = vG(x, T). (4.10)
N

Take D; C D(i =1,2,--+,N) such that mesD; = mesDy, |J D; D D\Dy. By (4.9)
i=1

and (4.10) we have that for any « € D, s € Do, 7 € D;(i = 1_,2, <o N),

1
5 G (:8)f2(s,30(5)) 2 X2G(z, 7). (4.11)
Notice that mesD; = mesDg(i = 1,2,--- , N), then
1
— G(z, s) fa(d, yo(s))ds > / X,G(x,7)dr, i=1,2,--- ,N.
N Do D;

Thus

N
G(z, s) f2(s,yo0(s))ds > X1G(z,T)dr
Do R ;/D 1 (4.12)

2/ XlG(;U,T)dT:/ X1G(z, s)ds.
D\ Dq D\Dq

By (4.12) and (4.1) we have that for any z € [0, 1],

@) =0 [ Glas)falsso(s)ds + 2o [ Gl falswn(s)ds = 0
Dy D\DO

For R in (4.7), by (4.5), there exists A* > A such that if 0 < A < X*, |lys|| > 7 and

yx = Aayy, then ||yy|| > R, thus yx(z) > 0. By the definitions of As and f> we have

yﬂ@=kl;G@ﬁﬁﬂ&w@D%+AA<%L®ﬂ&w@D%=AAwM@-

So ya(z) is a positive solution of NBVP (1.1).

Remark 4.2 In Theorem 4.1 we obtain the existence of positive solutions for the
semipositone boundary value problem (1.1) without that assuming (F) holds.
Remark 4.3 Since we only study the existence of positive solutions for the boundary
value problem (1.1), which is irrelevant to the value of f(z,y) when y < 0, we only
suppose that f(z,y) is bounded below when y > 0. The nonlinear term f(z,y) may
be unbounded from below when y < 0.

Example 4.4 Consider the fourth-order Neumann boundary value problem

{%W@+%W@+%M@=M@W+Df—wﬁ,xEMH
v(0) = y/(1) = y"(0) = y"(1) = 0.

In this example, f(z,y) = (z'/2 4+ 1)y® — y'/3, then

lim fay) = lim (\/:E—l- y? — 21/3) = 400,
Y

y—+oo Yy y—r—+oo
which means that (H4) holds. By Theorem 4.1 there exists A* > 0 such that for
any 0 < A < A* NBVP (4.13) has at least one positive solution. In particular, the

nonlinear term f doesn’t satisfy condition (F) and (H3), but the existence of positive
solutions of NBVP (4.13) is obtained by using our result.

(4.13)



174

WENFENG HU, JINGJING WANG AND XINGYUE HE

Acknowledgment. This paper is supported by the Doctoral Research Fund Project
of Lanzhou City University (LZCU-BS2023-24, LZCU-BS2024-15), Youth Fund
Project of Lanzhou City University (LZCU-QN2023-09), Gansu Youth Science and
Technology Fund Project (24JRRA536) and Discipline Construction Project of
Lanzhou City University.

1]
2]
3]
[4]

[5]

(10]
(11]
(12]

(13]

(14]
(15]
(16]
(17]
(18]
(19]
20]

(21]

(22]

REFERENCES

A .R. Aftabizadeh, Ezistence and uniqueness theorems for fourth-order boundary value problems,
J. Math. Anal. Appl., 116(1986), 415-426.

J. Ali, R. Shivaji, K. Wampler, Population models with diffusion, strong Allee effect and con-
stant yield harvesting, (English summary), J. Math. Anal. Appl., 352(2009), 907-913.

H. Amann, Fized point equations and nonlinear eigenvalue problems in ordered Banach spaces,
SIAM Rev., 18(1976), 620-709.

A. Cabada, R.R. Enguica, Positive solutions of fourth order problems with clamped beam bound-
ary conditions, Nonlinear. Anal., 74(2011), 3112-3112.

J.A. Cid, D. Franco, F. Minos, Positive fized points and fourth-order equations, Bull. Lond.
Math. Soc., 41(2009), 72-78.

G.W. Dai, X.L. Han, Global bifurcation and nodal solutions for fourth-order problems with
sign-changing weight, Appl. Math. Comput., 219(2013), 9399-9407.

K. Deimling, Nonlinear Functional Analysis, Spring-Verlag, Berlin, 1987.

J.R. Graef, B. Yang, Existence and nonezistence of positive solutions of fourth order nonlinear
boundary value problems, Appl. Anal., 74(2000), 201-214.

D.J. Guo, Nonlinear Functional Analysis, (in Chinese), second ed., Shandong Science and Tech-
nology Press, Jinan, 2001.

P. Habets, M. Ramalho, A monotone method for fourth order boundary value problems involving
a factorizable linear operator, Port. Math., 64(2007), 255-279.

X.L. Han, T. Gao, A priori bounds and existence of non-real eigenvalues of fourth-order bound-
ary value problem with indefinite weight function, Electron. J. Differ. Equ., 82(2016), 1-9.
G.E. Hernandez, R. Manasevich, Fxistence and multiplicity of solutions of a fourth order equa-
tion, Appl. Anal., 54(1994), 237-250.

G. Infante, P. Pietramala, The displacement of a sliding bar subject to nonlinear controllers.
Differential and difference equations with applications, Springer Proc. Math. Stat., Springer,
New York, 47(2013), 429-437.

D.Q. Jiang, Existence of positive soluitions for Neumann boundary value problems of second
order differential equations, J. Math. Res. Exposition., 20(2000), 360-364.

Q.Z. Ma, On the existence of positive solutions of fourth-order semipositone boundary value
problem, Chinese Journal of Engineering Mathematics., 19(2002), 133-136.

R.Y. Ma, Multiple positive solutions for a semipositone fourth-order boundary value problem,
Hiroshima Math. J., 33(2003), 217-227.

R.Y. Ma, Nodal solutions for a fourth-order two-point boundary value problem, J. Math. Anal.
Appl., 314(2006), 254-265.

R.Y. Ma, Nodal solutions of boundary value problems of fourth-order ordinary differential equa-
tions, J. Math. Anal. Appl., 319(2006), 424-434.

R.Y. Ma, C.H. Gao, X.L. Han, On linear and nonlinear fourth-order eigenvalue problems with
indefinite weight, Nonlinear Anal., 74(2011), 6965-6969.

R.Y. Ma, J.X. Wang, Y. Long, Lower and upper solution method for the problem of elastic beam
with hinged ends, J. Fixed Point Theory Appl., 20(2018), no. 46, 13 pp.

R.Y. Ma, J.X. Wang, D.L. Yan, The method of lower and upper solutions for fourth order
equations with the Navier condition, (English summary), Bound. Value Probl., 2017, no. 152, 9
PP

M.H. Pei, S.K. Chang, Monotone iterative technique and symmetric positive solutions for a
fourth-order boundary value problem, Math. Comput. Model., 51(2010), 1260-1267.



23]

[24]

(25]
[26]
27]
28]
29]
(30]

(31]

(32]
(33]

(34]

SEMIPOSITONE EULER-BERNOULLI BEAM EQUATIONS 175

R. Vrabel, On the lower and upper solutions method for the problem of elastic beam with highed
ends, J. Math. Anal. Appl., 421(2015), 1455-1468.

J.J. Wang, C.H. Gao, Y.Q. Lu, Global structure of positive solutions for semipositone nonlinear
Euler-Bernoulli beam equation with Neumann boundary conditions, Quaest. Math., (2022), 1-
29.

J.R.L. Webb, G. Infante, Semi-positone nonlocal boundary value problems of arbitrary order,
Commun. Pure Appl. Anal., 9(2010), 563-581.

D.L. Yan, Three positive solutions of fourth-order problems with clamped beam boundary con-
ditions, Rocky Mt. J. Math., 50(2020), 2235-2244.

D.L. Yan, R.Y. Ma, Global behavior of positive solutions for some semipositone fourth-order
problems, Adv. Difference Equ. 443(2018), 1-14.

Q.L. Yao, Monotone iterative technique and positive solutions of Lidstone boundary value prob-
lems, Appl. Math. Comput., 138(2003), 1-9.

Q.L. Yao, Positive solutions for eigenvalue problems of fourth-order elastic beam equations,
Appl. Math. Lett., 17(2004), 237-243.

Q.L. Yao, Existence of n solutions and/or positive solutions to a semipositone elastic beam
equation, Nonlinear Anal., 66(2007), no. 1, 138-150.

Q.L. Yao, Existence and multiplicity of positive solutions for a class of semi-positive fourth-
order boundary value problems with parameters, Acta Math. Sin., (Chinese Series), 51(2008),
401-410.

E. Zeidler, Nonlinear Functional Analysis and Its Applications, 1, Fixed-Point Theorems,
Springer-Verlag, New York, 1985.

C.B. Zhai, R.P. Song, Q.Q. Han, The ezistence and the uniqueness of symmetric positive solu-
tions for a fourth-order boundary value problem, Comput. Math. Appl., 62(2011), 2639-2647.
G.W. Zhang, J.X. Sun, Multiple positive solutions of singular second-order m-point boundary
value problems, J. Math. Anal. Appl., 317(2006), 442-447.

Received: May 19, 2022; Accepted: November 23, 2024.



176

WENFENG HU, JINGJING WANG AND XINGYUE HE



