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1. INTRODUCTION

In the paper [2], Brzdek et al. introduced the notion of the dg-K-metric and
proposed a very general and uniform approach to many stability results of several
recent papers. The dg-K-metric is a generalization of many distances, including the
b-metric. The main result of [2] are stability results for the radical functional equation

Flp(n(@) +7(y))) = f(2) + F(y),

where S is a non-empty set, (P,+) and (G, +) are groupoids, d is a dg-K-metric on
G, m: S — P is surjective and p : P — S is a selection with respect to m, that is,
p(u) € 7~ (u) for all w € P. From this result, the authors deduced many stability
results in concrete cases.

In this paper, from a given dg-K-metric, we construct a new b-metric and state
some relationships between them. We also prove some stability results in b-metric
spaces. Then, by using the b-metric induced by the given dg- K-metric, we deduce the
stability result of [2] in dg-K-metric spaces.

2. PRELIMINARIES

In this section, we recall the notions and properties helpful in the latter. The first
is the notion of dg-K-metric space.
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Definition 1 ([2], page 2 & page 5). Let X be a non-empty set, x > 1 and d :
X x X — [0,00) be a function such that for all z,y,z € X, the following conditions
hold:

(1) if d(x,y) = d(y,z) = 0 then = = y;

(2) d(z,z) < wld(z,y) +d(y, 2)].
Then we have the following definitions.

(1) d is called a dg-K-metric with the coeflicient x, and (X, d, k) is called a dg-

K -metric space.
(2) The sequence {x,} in X is called convergent to x, denoted by nh_}rrgo Xy =z, if

li_)rn max{d(zn, r),d(z,2,)} = 0.

(3) The sequence {z,} in X is called Cauchy if lim sup d(x,,z,) =0.
k—o0 n,m>k

(4) The dg-K-metric space (X,d, k) is called complete if each Cauchy sequence
in X is a convergent sequence in X.

The next is the notion of a b-metric space.
Definition 2 ([3], page 263). Let X be a non-empty set, s > 1l and § : X x X — [0, 00)
be a function such that for all x,y, z € X, the following conditions hold:
(1) 6(z,y) =0 if and only if x = y;
(2) o(z,y) = 6(y, z);
(3) 8(z, 2) < kK[0(z,y) +(y, 2)].
Then we have the following definitions.

(1) 0 is called a b-metric on X and (X, 0, k) is called a b-metric space.

(2) The sequence {z,} in X is called convergent to x if lim d(x,,z) = 0, written
n—0o0

by lim z, = x.
n— oo
(3) The sequence {z,} in X is called Cauchy if lm §(zn,zm) = 0.
n,m— oo
(4) The b-metric space (X, 4, k) is called compete if every Cauchy sequence is a
convergent sequence.
The next is a metrizable result of a b-metric space in the sense that we have an
equivalent metric from a given b-metric. This result has been used to solve usefully
certain fixed point problems in b-metric spaces; see, for example, [4], [5].

Theorem 3 ([8], Proposition on page 4308). Let (X,6, k) be a b-metric space. Put
0 =log,,. 2, and

n
p(‘rvy) = lnf {Zée(xivxi+1) T = T,X2, 03Ty Tn41 =Y € X,’I’L 2 ]-}
i=1
for all x,y € X. Then we have the following assertions:
(1) p is a metric on X satisfying

20°() < play) < () (2.1)

forall x,y € X;
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(2) if § is a metric, then 0 =1 and p = 6.
The next are relevant notions to groupoids that will be used in the latter.

Definition 4 ([2], page 7). Let G be a non-empty set and + : G> — G be an inner
operation satisfying the following conditions:
(1) a+(b+c)=(a+b)+ciorallabceG;
(2) there exists an identity element 0 € G such that 0 +a = a + 0 = a for all
a € G,
(3) for each a € G, there exits —a € G such that a + (—a) = (—a) +a = 0.
Then we have the following definitions.
(1) (G,+) is called a groupoid.
(2) The groupoid (G, +) is called square symmetric if 2a + 2b = 2(a + b) for all
a,b € G, where 2a = a + a.
(3) The groupoid (G, +) is called uniquely divisible by 2 if for each a € G, there
exists a unique b € G such that a = 2b. We also write b = 27q if a = 2b,
and write 2~ ("*Dq = 271277 for all n € N.

The following are some basic remarks that have been presented in [2].

Remark 5 ([2], pages 7-8). (1) If a groupoid (G,+) is square symmetric, then
for all a,b € G and all n € N,
2"(a+b) =2"a + 2"b.
Moreover, if (G,+) is uniquely divisible by 2, then for all a,b € G and all
neN,
27"(a+b) =2""a+27"b.
(2) Every abelian semigroup is square symmetric.
(3) If F is a field, A, B € F, X is a linear space over F, 7 € X and @ : X? — X
is defined by
r@®y=Ax+ By + xg
for all z,y € X, then (X, ®) is a square symmetric groupoid.
(4) If (X,®) is a square symmetric groupoid, D is a non-empty set, h : D — X
is a bijection and * : D? — D is defined by
axb=h"(h(a) ® (b))
for all a,b € D, then (D, *) is a square symmetric groupoid.
One of main results of [2] is as follows.

Theorem 6 ([2], Theorem 2). Suppose that the following conditions hold.
(1) (G,+) and (X,+) are two square symmetric groupoids, where (X,+) is
untquely divisible by 2.
(2) (X,d,k) is a complete dq-K-metric space such that for some £ > 0 and all
z,y € X,
a2 1z, 27Yy) < €d(z,y). (2.2)
(8) The operation + is continuous with respect to the dg-K-metric d.
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(4) There exist p; : G x G — [0,00), where i = 1,2, satisfying for each i = 1,2
and for oll x,y € G,

D, (x) := Hzfi(ﬂf)j(pi(2j$,2j$) < o0, (2.3)
§=0
lim &p;(272,27y) = 0. (2.4)
j—o0
(5) [:G— X is a map such that for all z,y € G,
d(f(z+y), fx) + fly) < wila,y), (2.5)
d(f(@) + f(y), flz +y) < a(z,y). 2.6

Then there exists a unique map « : G — X such that for all x,y € G,
alz+y) = of@)+aly),
d(a(z), fz)) < @1(z),
d(f(z), a(z)) <

Moreover, for all x € G,

3. STABILITY OF FUNCTIONAL EQUATIONS IN b-METRIC SPACES

First, we give the following example that shows the role of the convergence of the

series k2¢ Y (k€)7¢;(292,272) in the assumption (2.3) of Theorem 6.
§=0

Example 7. Suppose that the following conditions hold.
(1)
G= L%[O7 1]={z:[0,1] > R: |33|% is Lebesgue integrable },
X = L%[O7 ={z:[0,1] > R: |x\% is Lebesgue integrable }

with the usual addition of functions (z+y)(t) = z(t)+y(t) and a dg-K-metric
d with k = 2 is defined by
2
/ | (t) t)

forallxyeXandallte[Ol
(2) f:G — X is defined by f(z) =z + +/|z| for all x € G, where

(@ + VI]z[)(t) = z(t) + V] ()]
for all t € [0, 1].
(3) ¢1: G X G —[0,00) and @3 : G X G — [0,00) are defined by

ore) = eatan) = ([ IVED 901 - VIO - V)

for all z,y € G.
Then we have the following assertions.
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(1) The assumptions (2.3) and (2.4) of Theorem 6 are not satisfied.
(2) All other assumptions of Theorem 6 are satisfied.

Proof. (1) We find that for i = 1,2 and & = % and z,y € G,

oo

(e 2) = 2 3 (V2 ([ VRO 501 - iz - Vil at)
Jj=0 J

0

1 1
Hence, for / |\/|x(t) +y@)] — ]z ()] - \/|y(t)\|§dt # 0, we find that the assump-
0

tions (2.3) and (2.4) are not satisfied.

(2) By [7, Example 1], we find that (X, d, ) is a complete dg-K-metric space with
k=2. For £ = 1 and all z,y € X, we have d(27'z,27y) = &d(=,y). Note that for
x € G, we have = + \/m € X. Then the map f: G — X is well-defined. We also
have for all z,y € G,

d(f(x+y), f@)+ fy) = eilz,y),
d(f(x)+ fw), fl@+y) = ea2(z,y).

We find that the given addition is the usual addition of functions. Then (G, +)
and (X, +) are two square symmetric groupoids, (X, +) is uniquely divisible by 2.
Moreover, the operation + is continuous with respect to the dg-K-metric d. O

Now we prove a stability result for the generalized radical functional equation in
b-metric spaces.

Theorem 8. Suppose that the following conditions hold.
(1) (G,+) and (X,+) are two square symmetric groupoids, where (X,+) is
uniquely divisible by 2.
(2) (X,9,K) is a complete b-metric space such that for some & > 0 and all x,y €
X

527 e, 27y) < €6(x,y). (3.1)
(8) The operation + is continuous with respect to the b-metric 4.
(4) There exists ¢ : G x G — [0,00) such that for all x,y € G,

O(x) = nzfi(nf)jga(ij,ij) < o0 (3.2)
§=0
and
HILII;O &2z, 2"y) = 0. (3.3)
(5) [:G— X is a map such that for all z,y € G,
8(f(x +y), f(z) + [(y) < ¢l@,y). (34)
Then there exists a unique map o : G — X such that for all x,y € G,
alz+y) = o) +aly), (3.5)

o(a(), f(z)) < @().
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Moreover, for all x € G,
a(z) = lim f,(z). (3.7

n—oo

Proof. Put fo = f, and for each n € N and all z € G, put f,(x) = 27" f(2"x). It
follows from (3.1) and (3.4) that for each n € N,

§(fri1(x), ful@)) = 627V f(2-2m0), 2" V2f(2m))

< S(f(2-2M),2f(2 )
= &MS(f(2"x +2"), f(2 ) + f(2"2))
< (2, 2 (3.8)

(
for all x € G. For all n,m € N, by using (3.8), we have

(farm (@), fu(2)) < Zw i (@), farj—1 (@)

IN

j=1
Z /i"+jf"+jgp(2"+j_lx7 2n+j—1x)
j=1

m—+n

= K¢ Z k€Y p(2x, 2 x) (3.9)

IN

for all x € G. Letting n,m — oo in (3.9) and using (3.2) we get
lirnooé(fwﬂn(x)7 fn(m)) =0

n,m—

for all z € G. This proves that for each € G, we have {f,(x)} is a Cauchy sequence
n (X, 0, k). Since (X, 9, k) is complete, there exists the map « : G — X defined by

a(z) = nh_}ngo fn(x) (3.10)

for all x € G. This proves that (3.7) holds.
For n =0 and m € N in (3.9), we have

m

5(fm(@), F(@)) < 1€ S (kEV (2, 2a)

7=0

for all x € G. Therefore, we have

§(a(x), f(x)) < r[8(a(@), fm(2)) + 8(fm(x), f(2))]
K[6(a(@), fm(x)) + K€Y (K (202, 272)]  (3.11)
7=0

IN

for all x € G. Letting m — oo in (3.11) and using (3.10), we get

5(ale), f(2) < Da)
for all x € G. This proves that (3.6) holds.



A b»-METRIC APPROACH TO dq-K-METRIC SPACES 125

Now, since G and X are square symmetric, by using Remark 5.(1) and (3.4), we
get

§(fal@ +9), ful@) + fu(y)) 527" (2" + 2"y), 27" (F(2"2) + f(2"y)))

< p(2"2,2%y) (3.12)
for all z,y € G. It follows from (3.2) that
n11_>1r010 &p(2"x,2"y) =0 (3.13)
for all z,y € G. Combining (3.12) and (3.13), we obtain
Tim 8(fu(e +9). Sule) + uly)) = 0 (3.14)
for all z,y € G. We also find that
0 (x+y), ay

ININ A

d(a )

K[0(a (fv+y fnw+y))+5(fnx+y) a(z) +a(y))]

k[0 (a(z + ), fa(z + 1) + &8 (falz + ), ful@) + foly))

R0 (fa(@) + fuly), alz) + aly))] (3.15)

for all z,y € G. Now, letting n — oo in (3.15) and using (3.10), (3.14) and the
continuity of the operation + with respect to d, we have 5(a(x +y),alz)+ a(y)) =0.
This proves that (3.5) holds.

Let 8: G — X be also a map satisfying (3.5) and (3.6) for all z,y € G, where 8
plays the role of a. Since « and 8 satisfy (3.5), for all n € N and z € G, we have

a(2"z) = 2"a(z) and 5(2"x) = 2" B(x). (3.16)
It follows from (3.1), (3.6) and (3.16) that for each z € G and n € N, we obtain
d(a(z), B(x)) 8(27"a(2"2), 27" B(2"))

< €Mo(a(2ma), 5(2" )
< €'[0(a2x), f(2"2)) +6(f(2"2), B(2"x))]
< OR[0(27) + (2" w)]
= 27K (K (2, V)
7=0
- ,ﬁg > (k&) (22,2 x)
j=n
20
,in(i)- (3.17)
Letting n — oo in (3.17), we have d(a(x), B(x)) = 0 for all z € G. This proves that
B = a. Then « is the unique map satisfying (3.5) and (3.6) for all z,y € G. O

In the next, we prove another stability result for the generalized radical functional
equation in b-metric spaces.

Theorem 9. Suppose that the following conditions hold.
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(1) (G,+) and (X,+) are two square symmetric groupoids, where (X,+) is
untquely divisible by 2.

(2) (X,9,k) is a complete b-metric space such that for some £ > 0 and all x,y €
X

J

5271w, 271y) < &6(x,y). (3.18)

(8) The operation + is continuous with respect to the b-metric §.
(4) There exists ¢ : G x G — [0,00) satisfying for all x,y € G and 0 = log,,; 2,

O(x) ::§HZ§9jcp9(2jx,2jm) < o0 (3.19)
3=0
and
lim &"p(2"x,2"y) = 0. (3.20)

n—roo

(5) f: G — X is a map such that for all z,y € G,

§(flx+y), fl@)+ fy) < oz,y). (3.21)

Then there exists a unique map o : G — X such that for all x,y € G,

alz+y) = alz)+aly), (3.22)
S(a@), f(x) < (16)7®7 (). (3.23)

Moreover, for all x € G,
alz) = lim f,(z). (3.24)

n—oo

Proof. Put fo = f, and for each n € N and all x € G, put f,(x) = 27" f(2"x). It
follows from (3.18) and (3.21) that

s(27 (T f(2.2m), 27 (T2 f(2m7))
§H(f(2.27), 2f(2"))

E(f(20a + 2"x), f(2"x) + f(2"))

e tlp(2e, 2" ) (3.25)

5(fn+1(x)7 fn(x))

A

IN
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for all z € G and for all n € N. For all n,m € N, by using (2.1) and (3.25), we have

i&e(fn+m(m),fn(x)) < p(fatm(@), ful2))

=

<

p(frij (@), fatj1(@))

1

<.
Il

3
S

T

50 (f""rj (.13), fn+j—1(3?))

(]

1
Z §G(n+j)(p0(2n+jflx, 2n+j71x)
j=1

n+m—1

= &> (Y, V) (3.26)

j=n

3

IN

for all x € G. Letting n, m — oo in (3.26) and using (3.19), we get

n,m—oco

This proves that { f,,(x)} is a Cauchy sequence in (X, §, ). Since (X, d, k) is complete,
there exists the map a : G — X defined by
alz) = lim f,(z) (3.27)
n—oo

for all x € G. This proves that (3.24) holds.
For n =0 and m € N in (3.26), we have

m—1
15 (@), f(@) < €03 €90 (P, 2m)
§=0
for all x € G. Therefore, for each z € G, we obtain
17(0@). f@) < plof), f(@))
a(z), f

p
< p( x), m(x)) +p(fm(x)7f($))
< d’ (a(x)afn(m)) —|—d9(fm($),f($))

)

~

m—1

d (@), fn (@) +4€° > €907 (202,272)  (3.28)

Jj=0

IN

for all m € N. Letting m — oo in (3.28) and using (3.27), we get

5(al), f(x)) < (16)7 @7 ()
for all x € G. This proves that (3.23) holds.

Now, since G and X are square symmetric, by using Remark 5.(1) and (3.21), for
each =,y € G and n € N, we get

§(fa(x+y), fu(@) + fu(y))

=

S(27nf(2 e +27y), 27" (F(2") + f(2"y)))
&2z, 2™y). (3.29)

IN
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Combining (3.29) and (3.20), we get
T 8+ ), fale) + fuly) =0 (3.30)
for all x,y € G. We find that for each n € N, we obtain
0 §(a(z +y), a(x) + aly))
k6 (a(z +y), falz+y)) + K66 (fulz +y), () + aly))
ké(a(z +y), fule +y) + K70 (fulz +y), fulz) + fuly))
a(x

+520(fu () + fn(y), o) + a(y)) (3.31)

for all z,y € G. Now, letting n — oo in (3.31) and using (3.27), (3.30) and the
continuity of the operation + with respect to d, we have

§(alz+y),a(z) +aly) =0
for all z,y € G. This proves that (3.22) holds.
Let §: G — X be also a map satisfying (3.22) and (3.23) for all z,y € G, where
plays the role of a. Since o and 8 satisfy (3.22), for all n € N and z € G we have

a(2"z) = 2"a(x), B(2"z) = 2" B(x). (3.32)
It follows from (3.18), (3.23) and (3.32) that for each z € G and n € N, we get
d(a(x), B(x)) §(27"a(2"z),27"B(2"))
"6 (a(2"z), B(2"x))
"k [ (a(2" ) f(2"a?)) +6(f(2"2), B(2"))]

ININCIA

IN AN IA
J‘r‘r
—
—~
[
(=2}
S~—
q:»\»—A
m\
/‘\
H
S~—
+
—~
[u—
(=2}
S~—
E
A
=
—
\)
3
K
S~—

=0

26" 1(16)7 (gf’ > b (2o, 20 2%))

- 7
_ 2%(16)%5 (Z fe(j+n)(‘0«9(2]'-&%337 2j+nx)>

§=0
1
) 6
= 2k(16)7¢ (Z €909 (27, ij)) . (3.33)
j=n
Note that from (3.19), for each z € G, we have
(o)
i 03 0 (93 J ) —
nh_}n;QZf 0’ (27x,2°2) = 0. (3.34)
ji=n

Letting n — oo in (3.33) and using (3.34), we have

(o), B(z)) =0
for all z € G. This proves that 8 = a. Then « is the unique map satisfying (3.22)
and (3.23) for all z,y € G. O
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The following example shows that Theorem 9 is a proper improvement of Theo-
rem 6.

Example 10. Consider the groupoids G, X, the functions ¢;, ¢ = 1,2, and the map
f as in Example 7. Then we have the following assertions.
(1) All assumptions of Theorem 9 are satisfied. So Theorem 9 is applicable to
given G, X, and f, and we have a(z) =z for all z € G.
(2) The series k26 Y (k&) p;(27x,272) is not convergent for some z,y € G. So
§=0
Theorem 6 is not applicable to given G, X, and f.

Proof. (1) Based on the proof of Example 7, we only need to show that for each
z,y € G,

€ 6% (202, 27y) < o0
j=0
because it implies that (3.19) and (3.20) hold.
Note that 6 = log,, 2 =log, 2 = % Hence, for each z,y € G, we have

S @ay) = S [ VR0 0] - VisO] - V| i
j=0 =0

Since the series > 217 is convergent, we find that the series £ > €999 (272, 27y) is
i=0 22 J=0
also convergent.
Moreover, we find that
o e
ole) = g, @) = I T =2
for all x € G.
(2) Tt follows from the proof of Example 7 that the series k2¢ > (k€)7 (272,27 x)
§=0
is not convergent for some x,y € G. So Theorem 6 is not applicable to given G, X,
and f. O

4. A b-METRIC APPROACH TO dg- K-METRIC SPACES AND APPLICATIONS TO THE
STABILITY OF FUNCTIONAL EQUATIONS IN dg- K-METRIC SPACES

The following result shows that from a given dg-K-metric, we can construct a b-
metric. The result also states some relationships of convergence and completeness
between the given dg- K-metric and the new b-metric.

Theorem 11. Let (X,d, k) be a dg-K-metric space. Put
0 ife=vy
O(z,y) = . (4.1)
max{d(z,y),d(y,x)} ifz#y.
Then we have the following assertions.
(1) 6 is a b-metric on X with the coefficient k.
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(2) Suppose that {x,} is a sequence in X. Then
(a) The sequence {x,} is convergent to x in the b-metric space (X, 6, k) if
and only if
(i) either it is convergent to x in the dq-K-metric space (X,d, k)
(ii) or x, = x for n large enough.
(b) The sequence {x,} is Cauchy in the b-metric space (X, 0, k) if and only
if
(i) either it is Cauchy in the dq-K-metric space (X,d, k)
(ii) or x, = T for n,m large enough.
(8) If the dq-K -metric space (X, d, k) is complete, then the b-metric space (X, §, k)
s also complete.

Proof. (1) Let x,y,z € X. We find that 6(z,y) > 0, §(z,y) = 0 if and only if z =y,
and 6(z,y) = d(y, ).
If z,y, z are not point-wise distinct, then

6(x,2) < 0(z,y) + 0(y, 2) < K[o(z,y) +0(y, 2)].
If x,y, z are point-wise distinct, then we have
§(z,z) = max{d(x,z),d(z,x)}
max{x[d(z,y) + d(y, 2)], xld(z,y) + d(y, z)]}
r[max{d(z,y), d(y, )} + max{d(y, z), d(z,y)}]
K[6(z,y) +0(y, 2)]. (4.2)

By the above relation, § is a b-metric on X with the coefficient .

(2a) Necessity. Since lim x, = z in the b-metric space (X, 4, «), we find that
n— o0

lim 6(x,,x) = 0. Therefore, we get the following assertion:
n—oo

(i) either x,, = « for n large enough
(ii) or there exists a subsequence {xj_ } such that all z _, z, and z are pointwise
distinct. Then for all n we have

d(l‘n, -T) < H[d(mm xkn) + d(.’L‘k",x)] < K[é(xn’ xkn) + 6('rkn7 :L‘)]

IAINA

and
d(z,xy) < kld(x,2,) + d(Tn, z1,)] < K[0(x, Tpn) + 6(Xn, Tk, )]

Then max{d(x,, z),d(z,z,)} < K[d(x, ) + 0(zn, 2k, )] for all n € N. We find
that
d(zk, ,z) = max{d(zy, , ), d(x, zx, )}
for all n € N. This proves that li_>m 0(zk,,x) =0in (X, 0, k) if and only if
n—oo

lim max{d(z,,x),d(z,z,)} =0,
n—o0

that is, lim xp, = z in the dg-K-metric space (X, d, k). Note that in this case
n—oo
we have d(z,z) = 0 since

d(z,x) < kld(z, zg,) + d(xg,, , x)]



A b»-METRIC APPROACH TO dq-K-METRIC SPACES 131

for all n € N. Therefore, lim max{d(z,,z),d(z,z,)} =0, that is, lim =, ==
n—oo n—0o0
in the dg-K-metric space (X,d, k).
Sufficiency. If z,, = x for n large enough, then lim xz, = x in the b-metric space

n—oo

(X,6,k). If lim xz, =z in the d¢-K-metric space (X, d, k), then
n—oo

lim max{d(zn,x),d(x,2,)} = 0.

n—oo
Note that for each n € N, we have
§(xn,x) < max{d(zn,x),d(x,z,)}.
This proves that nhﬂn;(} 0(xp,x) = 0, that is, nlgrolo Zn = x in the b-metric space (X, J, k).
(2b) Necessity. Since {x,} is a Cauchy sequence in the b-metric space (X, 6, k), we

have lim d(xy,,xn,) = 0. So we get the following assertion:
n,m— oo

(i) either x,, = x,, for n,m large enough
(ii) or the exists a subsequence {zy, } of {z,,} such that all xy, are point-wise distinct
and k, > n for all n. Then for all each n, m, we have

d(xnaxm) < K[d(l‘n,xkn) + d(l‘kn,xm)]

< kd(wn, wr,) + K2 [d(2k, , T, ) + ATk, )]
< ké(zp,xK,) + I<;2[5(£Ckn, xg, ) +0(zk,,, Tm)]- (4.3)
Note that
lim 6(zp,2k,) = lim &(xg,,x, ) =0. (4.4)
n— oo n,1Mm— 00

It follows from (4.3) and (4.4) that lim d(xy,,zm,) =0. Then {z,} is Cauchy
n,M—00
in dg-K-metric space (X, d, k).

Sufficiency. If x,, = x,, for n,m large enough, then {z,} is a Cauchy sequence in
the b-metric space (X,6,x). If {x,} is a Cauchy sequence in the dg-K-metric space
(X,d,k). Then lim d(zp,2m)=0. Note that

n,m—00

0(Tn, Tm) < max{d(Tn, Tm), d(Tm,2n)}

for all n,m. So lim 6(z,,x,,) = 0. This proves that {z,} is a Cauchy sequence in
n,m—o0o
the b-metric space (X, 6, k).
(3). Suppose that {z,} is a Cauchy sequence in the b-metric space (X, d, x). Then

n,71‘rlzri>loo 5(1.“7 l‘m) =0

If {z), } is a subsequence of {z,,} and xj, = x for all k,,, then §(zy,,,2) = 0 for all
n. This proves that lim zy, =z in (X, 4, k).
n—oo

If {xf, } is a subsequence of {z,} and all xj,’s are point-wise distinct, then
0(wk,, T, ) = max{d(zy,, , zr,, ), d(Tk,,, T, ) }-

Since lim (wg,, 2k, ) = 0, we have
n,m—00

lim max{d(xkn , l‘km), d(ka , xkn)} =0.
n,m—00
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This proves that lim sup d(zk,, 2k, ) =0. So {zk, } is a Cauchy sequence in the
k=00 ko kn >k

dg-K-metric space (X,d, k). Since (X,d, k) is complete, there exists lim zp, =y in
n—oo
(X,d, k). It follows from (2a) that lim zj, =y in (X, 4, k).
n—o0
Note that lim d(xy,,x,,) = 0. So if there exist  and y as the above, then z = y.

n,m— oo

This proves that lim z,, = z in the b-metric space (X,d, k). So the b-metric space
n—oo

(X, 4, k) is complete. O

In the case k = 1, we have the following corollary which shows that for a given
dg-metric, we can construct a metric.

Corollary 12. Let (X,d) be a dg-metric space. Put

)0 ife=y
)= {max{d(ﬂc, y),dly,z)}  ifzFy. (45

Then we have the following assertions.
(1) § is a metric on X.
(2) Suppose that {x,} is a sequence in X. Then
(a) The sequence {x,} is convergent to x in the metric space (X,9) if and
only if
(i) either it is convergent to x in the dg-metric space (X,d)
(ii) or x, = x for n large enough.
(b) The sequence {x,} is Cauchy in the metric space (X, ) if and only if
(i) either it is Cauchy in the dg-metric space (X, d)
(ii) or x,, =z, for n,m large enough.
(3) If the dq-metric space (X,d) is complete, then the metric space (X, d) is com-
plete.

For the stability results of functional equations in dg-metric spaces, see for example
1], [6].

Next, we shall apply Theorem 11 to prove stability results of the generalized radical
functional equation in dg- K-metric spaces. From Theorem 11 and Theorem 8, we get
Corollary 13, which is a very similar result to Theorem 6. The differences between
them are only as follows.

(1) We need not to assume the condition (2.4) in Theorem 6.
(2) The approximation (4.12) is a combination of the approximations (2.5)
and (2.6) in Theorem 6.

Corollary 13. Suppose that the following conditions hold.
(1) (G,+) and (X,+) are two square symmetric groupoids, where (X,+) is
uniquely divisible by 2.
(2) (X,d,k) is a complete dq-K-metric space such that for some £ > 0 and all
z,y € X,
d(27 e, 27Yy) < &d(x,y). (4.6)

(8) The operation + is continuous with respect to the dg-K-metric d.
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(4) There exist p; : G x G — [0,00), i = 1,2, satisfying for all z,y € G,

D, (x) := 52§i(nf)jg@i(2jm,2jx) < o0 (4.7)
§=0
and
nhﬁn;o o2z, 2"y) = 0. (4.8)
(5) [:G— X is a map such that for all z,y € G,
d(fz+y), f(@)+ f(v) < eilz,y), (4.9)
d(f(@) + f), flz+y) < ea(z,y). (4.10)
Then there exists a unique map o : G — X such that for all x,y € G,
afz+y) = o) +aly) (4.11)
and for all x € G with f(z) # a(zx),
max{d(a(z), f(z)),d(f(z),a(z))} < @1(z)+ Pa(2). (4.12)
Moreover, for all x € G,
alz) = nh_{rgo fn(z). (4.13)

Proof. Let ¢ be the b-metric defined in Theorem 11. If = y, then §(z,y) = 0. If
x # gy, then from (4.6), we have

527z, 27Yy) = max{d(27'z,27y),d(27 y,27 2)}
< max{&d(z,y),&d(y, )}
= &(z,y)
for all z,y € G. This proves that (3.1) holds.

It follows from Theorem 11 in (3) that (X, d, k) is a complete b-metric space. For
all z,y € X, put o(x,y) = ¢1(z,y) + v2(z,y). From (4.7), for each z € G, we get

O(z) == K2 Z(ﬁf)jcp@j:r, 2/x) = @y (x) + Pa(z) < 0.
=0

This proves that (3.2) holds.
It follows from (4.9) and (4.10) that
6(f(x+y), fz)+ f(y)) max{d(f(z +y), f(x) + f(y), d(f(x) + f(y), f(x + y))}
max{@1(2,y), p2(2,y)}
p(z,y)

for all z,y € G. This proves that (3.4) holds.

So all assumptions of Theorem 8 hold. Then the exists a unique o : G — X such
that (3.5), (3.6) and (3.7) hold. Then (4.11) holds. It follows from (3.6) and (4.1)
that (4.12) also hold. O

IN A CIA

Remark 14. We can apply the mentioned approach with Corollary 12 to certain
results in [1], [6].
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