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Abstract. This paper introduces and analyzes a self-adaptive inertial subgradient-like extragradient
method designed to solve the bilevel split pseudomonotone variational inequality problem within the
context of a common fixed-point problem, constrained by finite Bregman relatively nonexpansive
mappings in p-uniformly convex and uniformly smooth Banach spaces. The method incorporates
a strongly monotone mapping for the upper-level problem and a pseudomonotone operator for the
lower-level. We establish the strong convergence of the proposed method under mild conditions on
the algorithm parameters without requiring prior knowledge of the operator norm or the coefficient of
the underlying operator. Finally, we present numerical experiments to demonstrate the practicality
and applicability of the proposed method. Our findings extend and improve existing results in the
literature.
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1. INTRODUCTION

Consider a nonempty, closed, convex subsets C' and @ of real Hilbert spaces H; and
H,, respectively. Here, H; (for i = 1,2) is equipped with the inner product (-,-) and
the induced norm || - ||. Let 7 : H; — Hs be a nonzero linear bounded operator, and
let A,F : HA — Hy and B : Hy — Hy be nonlinear mappings. We denote VI(C, A)
and VI(Q, B) as the solution sets for the following variational inequality problems
(VIPs), respectively:

(i) The VIP seeks z* € C such that (Az*,z —2*) > 0 for all z € C.
(ii) The VIP aims to find y* € @ such that (By*,y —y*) > 0 for all y € Q.

To the best of our knowledge, Korpelevich’s extragradient approach [20], developed
in 1976, remains one of the most extensively utilized techniques for solving the VIP.
In other words, given any starting point xzo € C, the sequence {z,,} is constructed
using this method.

U = Po(zm — €Axy,),
Tmt1 = Po(zm — €Aupy) Vm >0,

where € € (0, 1) and L is the Lipschitz constant of A. If VI(C, A) # 0, it is well known
that the sequence {x,,} converges weakly to an element of VI(C, A). The literature
on the problem (VIP) is extensive, and Korpelevich’s extragradient approach has
garnered widespread attention from numerous scholars. This method has undergone
various improvements, as evidenced by the works in [6-12, 15, 17-19, 21, 25, 27, 29-31,
33-37].

In contrast, our focus shifts to the Bilevel Split Variational Inequality Problem
(BSVIP) [2] formulated as follows: Seek z* € 2 such that (Fz*,z — z*) > 0 Vz € 02,
where 2 := {z € VI(C,A) : Tz € VI(Q, B)} denotes the solution set of the Split
Variational Inequality Problem (SVIP), introduced by Censor et al. [13]. An iterative
method is proposed in [13] for approximating a solution to the SVIP. For any given
x1 € Hy, the sequence {x,} is formulated as

Tny1 = Po(I — ANA)(xp +4T (Po(I —AB) — )T zy) Vn > 1,

where both A and B are inverse-strongly monotone, and 7T is a nonzero bounded linear
operator. As illustrated in [13], the sequence {z,} converges weakly to a solution of
the (SVIP). Importantly, the problem (VIP) can be restated as a Fixed-Point Problem
(FPP):

Sy = Po(y — uBy), p >0,

where VI(Q, B) = Fix(5), and Fix(S) designates the fixed-point set of S. Conse-
quently, the (BSVIP) can be reformulated as follows: consider A : H; — H; as an
L-Lipschitzian quasimonotonicity mapping, F' : H; — H; as a k-Lipschitzian and 7-
strongly monotone mapping, 7 : H; — Hs as a nonzero linear bounded operator, and
S : Hy — Hy as a 7-demimetric mapping with 7 € (—o0,1). The problem is to find
z* € £ such that (Fz*,z—2*) > 0Vz € £2, where 2 := {z € VI(C, A) : Tz € Fix(9)}.
This problem is identified as a Bilevel Split Quasimonotone Variational Inequality
Problem (BSQVIP).
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Recently, Abuchu et al. [1] introduced a modified relaxed inertial subgradient
extragradient algorithm to address the Bilevel Split Quasimonotone Variational In-
equality Problem (BSQVIP). In their work, they demonstrated that the sequence
generated by this algorithm converges strongly to a unique solution of the BSQVIP
[1]. Subsequently, Ceng et al. [5] developed a triple-adaptive subgradient extragradi-
ent method with extrapolation to tackle a Bilevel Split Pseudomonotone Variational
Inequality Problem (BSPVIP). The problem (BSPVIP) involves the Common Fized-
point Problem (CFPP) constraint of finitely many nonexpansive mappings in real
Hilbert spaces. Notably, the BSPVIP incorporates a fixed-point problem of demimet-
ric mapping. Consider a nonzero bounded linear operator 7 : H; — Hy along with
its adjoint 7*, and a 7-demimetric mapping S : Ho — Hs, where 7 € (—o0, 1). Addi-
tionally, let A : H; — H; be a pseudomonotone and L-Lipschitz continuous mapping.
Assume a finite set of nonexpansive self-mappings {S;}~; on H;, and define

N
Q2:={z € VI(C,A): Tz € Fix(S)} and 5 := [ | Fix(S;) N 2 # 0.

i=1
If necessary, denote S;, := Spmoan for n = 1,2,3,.... Introduce a contraction map-
ping f : H; — H; with a constant § € [0,1), and a mapping F' : H; — H; that is both
n-strongly monotone and s-Lipschitzian, satisfying § < ¢ :=1—+/1 — p(2n — pk?) for
p € (0,2n/K%). Assume sequences {8}, {vn}, {en} C (0,00) such that B8, + v, < 1,
oo Bn = 00, im0 B, = 0, liminf, o0 v, (1 —v,) > 0, and &, = o(3,). The
specification of the triple-adaptive subgradient extragradient method is as follows.

Algorithm 1.1 (Refer to [7, Algorithm 3.1}).
Initialization: Choose arbitrary values for A\; > 0,e > 0,0 > 0, € (0,1),a € [0,1),
and select 2o and z1 from Hj.

Iterative steps: Calculate x,,41 as follows:
Step 1. Given the iterates x,_1 and x,, (n > 1), determine «, such that 0 < «,, < @,
where

Qp =

. e .
min —fn if _
_ { {aa [y } T F# Tn—1,

« otherwise.

Step 2. Compute wy, = Spp + @ (Spxn — Sptp—1) and y, = Po(w, — Ay Awy,).

Step 3. Construct C,, = {y € Hy : (w, — \pAwy, — Yn,yn — y) > 0}, and find
vp, = Po, (wy, — M Ayy) and z, = vy, — 0, T*(I — S)T vy,

Step 4. Calculate x,41 = Bnf(zn) + Ynon + (1 — )L — BnpF)z, and update
_ 2 _ 2
wingln = 9l & o = ]

)\n+1 = 2<Awn - AyTu Up — yn>
An otherwise.

a)‘n} lf <Awn - Ayn»@n - yn> > 0,
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For any fixed € > 0, o, is selected as a bounded sequence that satisfies

(1= D[ Tvn — STwnlf?
1T (Ton — STv)|?

otherwise set 0, = ¢ > 0. Return to Step 1 after setting n :=n + 1.

0<e<o, < if T, # STy,

In reference [5], it was established that the sequence {z,} strongly converges to a
point z € =, which serves as the unique solution to the problem (VIP):

((pF = flz,y—2) 20Vy € Z.

Moving to a different perspective, for p and ¢ in the range (1, 00) with %D + % =1, let
FE be a Banach space characterized by p-uniform convexity and uniform smoothness.
Consider C' as a nonempty, closed, and convex subset of E. The dual space of FE is
denoted as E*. The norm and duality pairing between elements in E and E* are
represented by | - || and (-, ), respectively. Consider the duality mappings of E and
E* denoted as Jk and JZ., respectively. Define the function f,(z) = ||z||?/p for all
x € E and let Dy, represent the Bregman distance with respect to f,. Additionally,
denote Il as the Bregman projection of £ onto C with respect to f,. Eskandani
et al. [15] introduced a Mann-type subgradient-like extragradient method with
a line search process designed to find a common solution to the problem (VIP)
associated with a uniformly continuous pseudomonotonicity mapping F' : £ — E*
and the Fixed-Point Problem (FPP) of a Bregman relatively nonexpansive mapping
T :C — C. It is assumed that there exist sequences {a,} and {8,} in the in-
terval (0, 1) such that lim,, 0 a;, = 0, liminf,, o B, (1—3,) > 0, and Y~ a;, = 00.

Algorithm 1.2 (Refer to [15]).
Initialization: Given p > 0, I € (0,1), A € (O,i), choose an arbitrary point

r € C.
Iterative steps: For the current iterate z,, calculate x,41 as follows:

Step 1. Compute y,, = o (Jh. (Joxn — AFzy)) and ra(2n) = Ty — Yp. Hra(z,) =0
and Tz, = x,, then stop; z,, € 2 = Fix(T)NVI(C, F). Otherwise, go to the next step.

Step 2. Compute t, = z, — T,7A(7,), where 7, = [’» and j, is the smallest
nonnegative integer j satisfying (Fay, — F(z,, — Ura(zy)), ra(2n)) < §Dg, (@0, Yn)-

Step 3. Compute
Un = Jp- (Bndpn + (1= Bn) J5(THc, xn))
and
Tpi1 = Ho (T (andpu+ (1 — an) Jpon)),
where Cp, = {x € C: hy(z) <0} and hy(7) = (Ftp, 2 — 20) + 55 Dy, (Tn, Yn)-

In [15], the strong convergence of the sequence {z,} to @& = Igu is established,
representing the unique solution to the problem (VIP): (JE(a) — JE (u),v —a) >0
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for all v € . In this study, let H and F denote a Hilbert space and a p-uniformly
convex and uniformly smooth Banach space, respectively. Consider 7 : E — H as a
nonzero bounded linear operator. Drawing inspiration from prior research, we propose
a self-adaptive inertial subgradient-like extragradient method to address the BSPVIP
with a CFPP constraint involving a finite set of Bregman relatively nonexpansive self-
mappings {S;}2Y; on C. The BSPVIP encompasses a lower-level VIP associated with
a uniformly continuous pseudomonotonicity operator F' : E — E* and an additional
FPP related to a demimetric mapping S : H — H. Consider = = ﬂfil Fix(S;) N 2 #
(0, where 2 = {z € VI(C, F) : Tz € Fix(S)}. Subject to mild conditions, we establish
the strong convergence of the proposed method to 4 = Ilzu, representing a unique
solution to the upper-level problem (VIP): (JE (4) — JE(u),v —4) > 0 for all v € =.
Finally, we present an illustrative example to demonstrate the practical applicability
of the proposed method.

The paper is organized as follows: Section 2 introduces essential concepts and
basic tools for subsequent discussions. In Section 3, we delve into the convergence
analysis of the proposed algorithm. Section 4 applies our key findings to address
the BSPVIP with a CFPP constraint through an illustrative example and multiple
numerical examples. Importantly, our results significantly enhance and extend the
findings presented in [15], [5], [1]. Section 5 concludes the paper.

2. PRELIMINARIES

Let FE denote a real Banach space, with its dual denoted as E*. Consider a sequence
{z,} in E. We use the notation =, — x (or z, — x) to signify weak (or strong)
convergence of the sequence {x,} to x. Additionally, let w,,(z,) represent the weak
limit point set of {z,}, defined as

wo(zn) = {2t € B :x,, — 2 for certain {x,,} C {z,}}.

Define U = {z € E: ||z|]| = 1}, and let ¢ € (1,2] and p € [2, 00) satisfy % + % =1. FE
is considered strictly convex if, for all z and y in U such that = # y, ||z + y||/2 < 1.
It is termed uniformly convex if, for every £ € (0,2], there exists § > 0 such that for
all z and y in U with ||z —y|| > ¢, ||z +y|/2 < 1 —6. It is evident that the uniform
convexity of E implies reflexivity and strict convexity. The convexity modulus of
is a mapping ¢ : [0,2] — [0, 1], defined by

§(6) =inf{l — ||z +y||/2: z,y € U with ||z — y|| > €}.
The space E is labeled uniformly convex if §(¢) > 0 for all £ € (0, 2]. Furthermore, E
is termed p-uniformly convex if there exists ¢ > 0 such that §(¢) > ¢fP for all £ € [0, 2].
The smoothness modulus, denoted by pg : [0,00) — [0, 00), is defined as

pu(l) = sup{([lx + ty|| + [lz — ty[})/2 =1 : 2,y € U},

The space E is considered uniformly smooth if and only if limy_ pg(€)/¢ = 0, and
g-uniformly smooth if there exists Cy > 0 such that pg(¢) < Cy¢? for all £ > 0. The
p-uniform convexity of E is stated equivalently as the g-uniform smoothness of its
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dual, E*; for more details, please refer to [28].

Let B(0,4) = {x € E : ||z|| < £} for each £ > 0. A function f : E — R is
termed uniformly convex on bounded sets (see [15]) if pg(¢) > 0 for all £,¢ > 0, where
pe(t) : [0,00) — [0, 00] is defined by

pe(t) = inf{[af(z)+ (1 —a)f(y) = flex+ (1 - a)y)l/a(l —a):
a € (0,1) and z,y € B(0,¢) with ||z — y|| = t}.

This function py is referred to as the gauge of uniform convexity of f and is known
to be a nondecreasing function.

Consider the function f: E — R exhibiting convexity. If the limit
) —
i T+ ) — f()

£—0+ /

exists for each y € F, then f is referred to as Gateaux differentiable at v. In this
context, the gradient of f at v is represented by the linear function V f(v), defined as

(VS (v).y) = Jim w

for each y € E. The function f is characterized as Gateaux differentiable if and only
if it is Gateaux differentiable at each v € E. When the limit lim,_,q+ w is
uniformly attained for any y € U, it is asserted that f is Fréchet differentiable at v.
Moreover, f is designated as uniformly Fréchet differentiable on a subset K C FE if
limy_, o+ w is uniformly achieved for (v,y) € K x U. A Banach space F is
classified as smooth if its norm is Gateaux differentiable.

For p and ¢ in the interval (1,00) such that % + % = 1, the duality mapping
Jp « E — E* is defined as follows:

Jp(v) ={¢ € E": (¢, v) = |[vo|” and [[¢| = [0]|P~"} Vv € E.

It is clear that the smoothness of E is equivalent to J& : E — E* being a single-valued
mapping. Similarly, the reflexivity of E corresponds to the surjectivity of Ji,, while
the strict convexity of E is linked to the injectivity of Jf. Consequently, if E is
a Banach space that is smooth, strictly convex, and reflexive, then Jf, forms a
single-valued bijection. In this particular scenario, it also holds that J% = (J,%*)_l,
where J},. represents the duality mapping of E*. Additionally, it is evident that
the uniform smoothness of E is equivalent to the uniform Fréchet differentiability of
the function f,(v) = ||v||P/p on bounded sets, which, in turn, is synonymous with
the single-valued and uniform continuity of Jf, on bounded sets. Furthermore, the
uniform convexity of E aligns with the uniform convexity of the function f, (see [28]).
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Consider the function f : E — R, which possesses both Gateaux’s differentiability
and convexity. The Bregman distance with respect to f is expressed as

Di(v,y) = f(v) = f(y) = (Vf(y),v—y) Vv,yeE.

The Bregman distance is notable for not conforming to conventional metric criteria.
Although it is clear that Dy (v,v) = 0, the condition Dy (v, y) = 0 does not necessarily
imply v = y. In general, D¢ lacks symmetry and fails to satisfy the triangle inequality.
However, it does adhere to the three-point identity:

Dy(v,y) + Dy(y,2) = Dg(v,2) = (Vf(y) = Vf(2),v —y).

For a more comprehensive understanding of Bregman functions and distances, we
refer to [23].

It is crucial to emphasize that the duality mapping J%, on the smooth Banach space
E functions as the Gateaux derivative of f,. Subsequently, the Bregman distance with
respect to f, is expressed as follows:

Dy, (v,y) = vlP/p = llylP/p — (Tp(y),v — )
= [[oll?/p + [lylI? /g — (TE(y),v)

= (Iyll? = l0lIP) /g = (JE(y) — T (v),v).
For p > 2, a significant relationship exists between the metric and Bregman distance
in the smooth and p-uniformly convex Banach space E:
v —yl” < Dy, (v, y) < (Jp(v) = Jp(y),v —v), (2.1)

where 7 > 0 is a fixed constant (refer to [26]). Using (2.1), it becomes evident
that for any bounded sequence {v,} C FE, the convergence v, — v is equivalent to
Dy, (v,v,) — 0 as n — oo.

Consider a nonempty, closed, convex subset C' of a reflexive, smooth, and strictly
convex Banach space E. Bregman projections are defined as the minimizers of Breg-
man distances. The Bregman projection of v € E onto C' with respect to f, is the
unique element Ilcv € C such that Dy (Ilcv,v) = mingec Dy, (y,v). In Hilbert
spaces, the Bregman projection with respect to fo reduces to the metric projection.
Employing [4, Corollary 4.4] and [3, Theorem 2.1], in uniformly convex Banach spaces,
Bregman projections can be characterized by the following inequality:

<J§v(’0) — Jg(Hcl}),y —Iev) <0 Wy e (2.2)
Furthermore, this inequality corresponds to the descent property:
Dy, (y,1lcv) + Dy, (Ilcv,v) < Dy, (y,v) Vy e C. (2.3)

In the case where p = 2, the duality mapping J%, reduces to the normalized duality
mapping, denoted by J. The function ¢ : E? — R is formulated as:

$(v,y) = [l]* = 2(Jy,0) + |ly|* Vv,y € E,
and Ilc(v) = argmin, ¢ ¢(y, v) for all v € E.
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According to [15], a function Vy, : E x E* — [0,00) linked via f, is formulated
below
Vi, (0, 07) = [[ol|P/p = (0%, 0) + [[v*[|?/q V(v,0") € E X E”. (2.4)
Hence, Vy (v,v*) = Dy, (v, JE. (v*)) V(v,v*) € E x E*. Furthermore, using the
subdifferential inequality, we get

Vi, (0,0") + (", JE. (v°) —v) <V (v,0" +y*) Yo e E, v*,y" € E". (2.5)

The second variable of V; is also convex. So you have

Dy, (2, T8 (O t:iJh(vi) < Z@Dfp (z,0) (2.6)

=1

for all z € E, {v;}; C E,{¢;}7—, C[0,1] with >, ¢; = 1.

Lemma 2.1 (See [3]). Consider a uniformly convex Banach space E, and let
{v,} and {y,} be two sequences in F, where the first sequence is bounded. If
limp o D, (Y, vn) = 0, then it follows that lim, e ||y — va|| = 0.

Given a mapping T : C — C, we define Fix(T) as the fixed point set of T,
represented by Fix(T) = {v € C : v = Tv}. A point v € C is considered an
asymptotic fixed point of T if there exists a sequence {v,} C C such that v, — v
and v, — Tv, — 0. The set of asymptotic fixed points of T" is denoted by ﬁ(T)
The concept of an asymptotic fixed point was introduced by Reich [24]. A mapping
T : C — C is regarded as Bregman relatively nonexpansive with respect to f, if

Fix(T) = Fix(T) # 0, and Dy, (u,Tv) < Dy, (u,v) for all v € C and u € Fix(T).

A mapping F': C — E* is called
(i) monotone on C if (Fv — Fy,v —y) > 0 for all v,y € C,
(ii) pseudomonotone if (Fv,y — v) > 0 implies (Fy,y —v) > 0 for all v,y € C,
(iii) L-Lipschitz continuous or L-Lipschitzian if there exists L > 0 such that |[Fv —
Fy|| < L|jv — y|| for all v,y € C, and
(iv) weakly sequentially continuous if, for every sequence {v,} C C, the weak
convergence of {v,} to v implies the weak convergence of {Fv,} to Fv.

Lemma 2.2 (See [15]). Consider a constant > 0. Let E be a Banach space, and
let f: F — R be a uniformly convex function on bounded subsets of E. For any
i,j € {1,2,...,n}, {ve}?_; € B(0,r), and {¢x}}_; C (0,1) with > ), £, = 1, the

inequality
f (Z Ekvk> <D ef (o) = Lilipr(|vi = vj),
k=1 k=1

holds, where p, represents the gauge of uniform convexity of f.

Lemma 2.3 (See [18]). Let E; and Es be two Banach spaces. Suppose that the
mapping F' : Fy — Fs is uniformly continuous on bounded subsets of F;, and let M
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be a bounded subset of E;. The conclusion is that F(M) is also bounded.

Lemma 2.4 (See [14]). Consider a nonempty closed convex subset C of a real
Banach space F, and let F : C — E* be pseudomonotone and continuous. Then,
xf € C is a solution to the variational inequality problem (VIP) (Fz',x — ') > 0
for all 2 € C if and only if (Fz,z — x') > 0 for all z € C.

The following lemma has been previously established in R™ and is documented in
[16]. It is evident that the proof of this lemma in Banach spaces closely parallels that
in R™. Consequently, we present the lemma here while abstaining from providing the
proof within the context of Banach spaces.

Lemma 2.5. Let C' be a nonempty closed convex subset of a Banach space E.
Consider a real-valued function h defined on E, and let K := {z € C' : h(z) < 0}.
Assuming K is nonempty and h is Lipschitz continuous on C with a modulus of 6§ > 0,
then it holds that

Odist(v, K) > max{h(v),0}
for all v € C, where dist(v, K') denotes the distance from v to K.

Lemma 2.6 (See [32]). Let {a,} be a sequence in [0, c0) satisfying the recurrence
relation ap+1 < (1 — Bn)an + Bpyn for all n > 1, where {8,} and {v,} are real
sequences. Suppose the following conditions are met:

(i) {Bn} C[0,1] and >°>7, B, = oo, and
(ii) Hmsup, oo Y <0 o0r Y 00 1 |Bnyn| < oo
Then, lim, . a, = 0.

Lemma 2.7 (See [22]). Consider a sequence of real numbers {®,} that does not
decrease at infinity, meaning there exists a subsequence {®,,} C {®,} such that
®,, < ®,, 41 for all £ > 1. Define the sequence of integers {¢(n)},>n, as

Y(n) = max{k <n:®p < Py},

where ng > 1 is an integer satisfying {k < ng : ®; < ®r41} # (. Then, the following
assertions hold:

(1) ¥(no) < P(no+1) < - and Y(n) — oo;

(i) Pym) < Py(n)+1 and @, < Py, ,y4q for all n > ng.

3. MAIN RESULTS

In this section, let H be a real Hilbert space, and let the feasible set C' be a
nonempty closed convex subset of a real, p-uniformly convex, and uniformly smooth
Banach space E. We are now poised to present and analyze our iterative method
for solving the BSPVIP with the CFPP constraint of finite Bregman relatively
nonexpansive self-mappings {S9;}¥., on C. We assume throughout that the following
conditions are satisfied:
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(C1) The mapping S : H — H is a 7-demimetric mapping with 7 € (—o0,1).
Additionally, I — S is demiclosed at zero, denoted as T-demimetric, if there exists
T € (—00,1) such that

(I =8)v,v—y) > 57|(I = S)ol?

for all v € C and y € Fix(S) # 0. Furthermore, I — S is called demiclosed at zero
if, for any sequence {v,,} C H where v, — v and (I —S)v,, — 0, it implies v € Fix(5).

(C2) Fori=1,...,N, S;: C — C is a uniformly continuous and Bregman relatively
nonexpansive mapping. The sequence {S,}52, is defined as S, := Spmodn for
an integer n > 1, where the mod function takes values in the set {1,2,...,N}.
Specifically, if n = jN + m for some integers j > 0 and 0 < m < N, then S,, = Sy if
m=0and S, =5,,if0 <m < N.

(C3) TVI(C,G) C Fix(S), where G = T*(I — S)T : E — E* is pseudomonotone
and uniformly continuous on C. This is such that ||Gv|| < liminf,_, ||Gv,|| for each
{vp} C C with v, = v.

(C4) The mapping F : E — E* is pseudomonotone and uniformly continuous on C.
Specifically, || Fv| < liminf, o ||Fv,]| for each {v,} C C with v,, — v.

(C5) The intersection 5 = ﬂivzl Fix(S;) N 2 # () with
2 ={veVICF):TveFix(5)}.
Algorithm 3.1.

Initialization: Given arbitrarily chosen z; and zy from the set C, consider
e>0,p0 >0 Xc¢€ (O,i), and [ € (0,1). Choose sequences {a,}, {Bn}, {1}
and {¢,}, where a,, B,, and 7, are within the interval (0,1), and ¢, is within
the interval (0,00). Ensure that lim,_,o €, = 0, Y o0 | ap = 00, lim, o0 ay, = 0,
liminf, o0 Bn(1 — B,) > 0, and liminf, o v, (1 — v,) > 0. Additionally, for
given iterates x, and x,_1; where n > 1, select ¢, such that 0 < ¢, < €,, where
Sup,>1 ¢+ < 00, and

. 0, .
e = i {E’ Hngn—Jg(Zmn—iﬁn—l)H} it zn 7& Tn—1,
n =
€ otherwise.

Iterative steps: Calculate x,,41 in the following way:

Step 1. Put u, = JL.((1 — €,)Joxn + €,J5(22, — x4—1)), and calculate g, =
J;%* (fYnngn + (1 - ’Yn)‘]gun)a Yn = HC(J%*(Jggn - >‘ng>)7 TA(gn) = Ggn — Yn
and s, = gn — Thr'A(gn), here, 7, := I'n, where i,, represents the smallest nonnegative
integer ¢ such that

(Ggn = Glgn = U'rx(90)): 90 = Yn) < 5Dy, (90 yn)- (3.1)
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Step 2. Calculate w,, = g, (gn), with K,, :={z € C : h,(z) < 0} and
Tn
hn(x) = <G3nax_gn> + ﬁDfp(gnvyn)' (32>

Step 3. Calculate g, = Ilo(JE. (Jown — AFwy)), Ri(wy,) = w, — ¥, and ¢, =
Wy, — Tn R (wy,), where 7,, := [7» and j, is the smallest nonnegative integer j satisfying

(Fwp, — F(w, — ljR)\(wn)),wn —Yn) < ngp(wna Un)- (3.3)

Step 4. Put z, = ¢, (wy,), and compute v, = J&. (B, Jow, + (1= B,)J5(Snz,)) and
Tpt1 = Ho(Jh (anJhu+ (1 — ay) Jhvy,), where Cp, := {z € C': hy(x) < 0} and
Tn

hn(z) = (Fly, 2 — wy) + X

Dfp(wnvgn)' (34)

Proceed to Step 1 after setting n :=n + 1.

The lemmas presented below are crucial in deriving our main results in the
subsequent discussion.

Lemma 3.1. Consider the sequence {z,} generated by Algorithm 3.1. The following
inequalities hold: (Ggn,ra(gn)) > %Dfp(gn,yn) and (Fw,,, Ry(wy)) > %Dfp(wn,gn).

Proof. Given the similarity of the last two inequalities, it is sufficient to demonstrate
the validity of the latter. By utilizing the definition of %, and the properties of Il¢,
we can express it as follows:

(Jowy, — ANFwy, — Jogn,y —n) <0 Yy e C.

Substituting y = w,, into the above inequality and leveraging the properties from
(2.1), we obtain:

Dfp(wnagn) < <J€3wn - Jggnawn - gn> < )\<Fwnawn - yn>

Thus, the desired result is achieved.

Lemma 3.2. The Armijo-type search rules (3.1) and (3.3), along with the sequence
{z} generated in Algorithm 3.1, are well-defined.

Proof. Since rules (3.1) and (3.3) are analogous, it suffices to establish the validity of
the latter rule (3.3). Given ! € (0,1) and the uniform continuity of F' on C, we have
lim; o0 (F'wy, — F(wy, — " Ry(wy)), Ra(wy)) = 0. If Ryx(w,) = 0, then j, = 0. In the
case where Ry (w,) # 0, there exists an integer j, > 0 satisfying (3.3).

For every n > 1, it is evident that C, is both closed and convex. We claim that
ECCy Let z€ 5=, Fix(8;) N 2, with 2 = {z € VI(C, F) : Tz € Fix(S)}. By
utilizing Lemma 2.4, we obtain (F't,,t, — z) > 0, and hence

hn(z) = (Ftn,z —wn) + 55Dy, (Wn, §n) )
= —(Ftp,wy —tn) — <F?nvtn —2)+ %Dfp(wmgn) (3.5)
< =T (Fty, Rx(wy)) + %Dfp(w'fh Un)-
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Using (3.3), we have

<Fwn - Ftn7R)\(wn)> S ngp(wnagn)

This, along with Lemma 3.1, leads to

<FtnaR)\(wn)> > <};wn7R>\(wn)> - %Dfp (wn7gn)
Z (X - %)Dfp(wnagn)-

Combining this with (3.5) yields

Tn (1 _

Consequently, & C C,,. Hence, the sequence {z,} is well-defined.

Lemma 3.3. Consider the sequences {y,} and {§,} generated by Algorithm 3.1.
If limy, o0 [|gn — Ynll = 0 and lim, o ||wy, — || = 0, then wy,(g,) C VI(C,G) and
wy (wy) C VI(C, F).

Proof. As the last two relations are analogous, it suffices to demonstrate the validity
of the latter relation. Suppose z € wy,(wy,). Then, there exists a subsequence {wy,, } C
{wy} such that w,, — z and lim,,_, ||wn, — Jn, || = 0. Consequently, 7, — z. Since
C' is convex and closed, and {g,} C C and g,, — z, it implies that z € C.

Now, we consider two cases. If Fz = 0, then z € VI(C, F) because (Fz,y — z) >0
forally € C. If F'z # 0, utilizing the assumption on F' instead of the weakly sequential
continuity of F', we obtain 0 < ||Fz|| < liminfy_,o |[|[Fwny,||. Thus, we can assume
that || F'wy, || # 0 for all k > 1. Using (2.2), we have

(Jown,, — AWy, — JoGn, & — Yn,) <0 VzeC,
and consequently,
%<Jpw7lk - Jg‘gnkvx - gnk> + <Fwnk:’:gnk - wnk> < <Fwnk’x - wnk> Vz € C. (36)

Given the uniform continuity of F, it is established that {Fw,,} is bounded (as
indicated by Lemma 2.3). Notably, the boundedness of {g,, } is also evident. Lever-
aging the uniform continuity of J%, on bounded subsets of E, we infer from (3.6) the
following expression:
likminf<Fwnk,x —wWy,) >0 Voedl. (3.7
—00
To demonstrate that z € VI(C, F), we now choose a sequence {¢;} C (0,1) such
that ¢ | 0 as £ — oo. For each k > 1, let my, denote the smallest positive integer
satisfying the condition:

(Fwn;,y — wn,;) + s >0 Vj > myg. (3.8)

Because {x} is decreasing, it is easily known that {my} is increasing. For simplicity,
we indicate {F'wn,, } by {Fwp, }. Note that Fwp,, # 0k > 1 (due to {Fwm,} C
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mek

{Fwy,,}). Then one sets &, =
In fact, it is evident that

—, one gets (Fwp,, JE.&m,) = 1 Vk > 1.

Hmek l|a=1

(Fwmy, T bmy) = (Fmy, (————— )" T Fom,)

= ( VI Fwp,, |7 =1 VE > 1.

[Fw, || 77
So, using (3.8) one has
(Fwmy, Y + SkJfemy — Wiy ) > 0 VE > 1.
Again, from the pseudomonotonicity of F' one has
(F(y + sk bl )y + sk blmy — wimy) >0 Vy € C. (3.9)

We assert that limy_ o Sk J5e&m, = 0. Indeed, since {wy,, } C {wy,, } and ¢ | 0 as
k — oo, we observe that

. . Sk lim supy,_, o Sk
0 < limsup ||k fw &, || = lim sup < — =0.
e sk T bl = S0 T, = oo [, |
Consequently, we obtain ¢z J 5. &m, — 0 as k — oo. Subsequently, by taking the limit
as k — oo in (3.9) and utilizing condition (C3), we deduce (Fy,y — z) > 0 for all
y € C. With the assistance of Lemma 2.4, we conclude that z € VI(C, F).

Lemma 3.4. Consider the sequences {y,} and {g,} generated by Algorithm 3.1.
Then, then following statements hold true:

(1) If limy, 0 Tanp (gn, yn) =0, then lim,,_, Dfp (gn7 yn) =0;
(ii) If limp o0 Tn Dy, (Wn, Jn) = 0, then lim,, oo Dy, (wy, Gn) = 0.

Proof. As assertions (i) and (ii) are analogous, it is sufficient to establish the validity
of assertion (ii). To demonstrate assertion (ii), we consider two cases. In the scenario
where liminf, .., 7,, > 0, we assume the existence of a positive constant 7 > 0 such
that 7,, > 7 > 0 for all n > 1. This assumption yields

_ 1 _ _ 1 _ _
Dfp (wmyn) = ?Tanp (wmyn) < = 'Tanp (wmyn) (3'10)

n

Combined with limy, o 7Dy, (Wn, ¥n) = 0, this implies lim, oo Dy, (Wn, Fn) = 0.

In the case where liminf, ,. 7, = 0, let us assume that limsup,, , Dy, (wn,¥n) =
a > 0. Consequently, there exists a subsequence {n;} C {n} such that

lim 7,, =0 and lim Dy (wp,,¥n,) =a > 0.

k—o0 k—o0
For each k > 1, we define Z,,, = 170, ¥n, + (1 — 770, )Wy, . Applying (2.1) and noting
limg 00 Tny D, (Why s Uny,) = 0, we obtain limy_soo Ty, ||wn,, — ¥n, ||P = 0, and hence

- 7.
lim [[Z,, — wy, ||’ = lim —£
k—o0 k—o0

T l[Wny, = I, [P = 0. (3.11)
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As F' is uniformly continuous on bounded subsets of C'; we deduce:
klggo |Fwny,, — Ftn, || = 0. (3.12)
Utilizing the step-size rule (3.3) and the definition of ¢,, , it follows that:
(Fwa, = Flay Wy = Jui) > 5D, (o, T ). (3.13)

Now, from (3.12) we have limg_,oc Dy, (Wn,,%n,) = 0. However, this leads to a
contradiction. Therefore, it follows that lim, oo Dy, (wy, Un) = 0.

Now, we are ready to establish the strong convergence theorem for Algorithm 3.1.

Theorem 3.1. Assuming conditions (C1)-(C5), the sequence {x,} generated in
Algorithm 3.1 converges strongly to IT=zu if and only if sup,,~; ||z, || < occ.

Proof. The necessity of Theorem 3.1 is self-evident. Therefore, our sole focus is on
proving the sufficiency. Suppose sup,,~q ||| < co. In the ensuing discussion, we
present our proof through four distinct claims.

Claim 1. We prove that
(1 = an)yn (L = y)ppllJpan — Jpuall < Dy, (4, zn) — Dy, (4, Tnt1) + €n M + o Dy, (@, ).

Indeed, put & = IIzu. Since w, =k, g, using (2.1) and (2.3) we have

Dfp (t,w,) < Dfp (thy gn) — Dfp(wnagn)
= Dfp (ﬁvgn) - Dfp(]:[Kngn7gn)
< Dy, (@, gn) — 7|k, gn — gull?
< Dfp (ﬁ,gn) - THPKngn - gnllp
= Dy, (1, gn) — 7[dist(Kp, gn)]P.

(@, wn)
= Dfp (ﬂ,wn) — Dfp(chwn,wn)
< Dy, (4, wy) — 7||He, wn — wy]?
< Dfp(iL?wn) - THPann - wan
= Dy, (1, wy,) — 7[dist(Cyy, wy,)]?

Combining the last two inequalities, we get

Dfp (’&7 Zn) < Dfp(fL?wn) - Dfp (2, wn)
< Dfp(ﬂ’gn) _Dfp(wnvgn> _Dfp(znvwn) (314)
< Dy, (1, gn) — 7[dist (K, gn)]P — 7[dist(Cr, wy)]P.
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Using (2.1), (2.6), the definition of ¢, and the three point identity of Dy, we obtain
that

enHngn - Jg(an - xn—l)” < é'm
and hence

Dy, (4, un) = Dy, (0, J5. (1 — €p)Jpxn + €nJ (220 — £p_1)))
< (1 —=€n) Dy, (U, 20) + €n Dy, (1, 22 — 1)
= Dy (U, ) + €,[Dy, (1,22, — 1) — Dy, (U, 7))
= Dy (U, 2y) + €u[Dy, (Tn, 220 — Tp_1)
+(Jhxn — JH(2xy — Tp_1), 0 — )]
< Dy (i, ) + €n[(Jpan — J5 (220 — Tp_1), Tpn1 — Tn)
(o — J0(22y — Tp_1), 4 — xp)]
= Dy, (U, z) + en(Jpn — Jp(22n — Tp_1), U+ Tp_1 — 2y,
< Dy (i 50) + nllTm — 520 — )|+ Tn1 — 220
< Dfp( n) + enMa
(3.15)
where sup,,~ ||& + 2n—1 — 2z, | < M for any M > 0. By Lemma 2.2 and due to the
definition of g,,, we deduce that

Dy, (i gn) = D, (T (T + (1= 3) Th))
< Dy, (@, n) + (1= 72) Dy, (4, un) = (1 = vn) oy | Tg@0 — Jpun|
< WDy, (6, xn) + (1= 70)[Dy, (@, 20) + £ M] — (1 = W) oy | Tpan — Jiuall
< Dfp (U, 0) + L M — 7 (1 — 'Yn)pill']gxn - Jgunn-
(3.16)
Using (2.3), (2.6) and (3.16), we have

Dy, (@ 2n11) < Dy, (i, b (0 Thu+ (1 = a)T,))

< Dy, (s w) + (1 — an) Dy, (s )

< an Dy, (0, u) 4+ (1 = ap)[Bn Dy, (U, wy) + (1 — Bn) Dy, (G, Sp2n)]
< an Dy (i, 0) + (1= a)[Ba Dy (i w) + (1 = B) Dy (i1 20)]
< anDy, (@, u) + (1 = an)[BaDy, (G, wn) + (1 = Bn) Dy, (@, wy)]
= an, Dy, (4, u) + (1 — an)Dy, (0, wy,)

<(1—-ap) fp (@, gn) + aanp (@, u)

< (1= an) Dy, (1 00) + u DM ~ 3 (1 = )07 | ot — Tt | + 0 Dy, (i1, 0)
< Dy, (U, 2n) + €M — (1 = an)yn(l — ’Yn)PZHng’n - Jgun” + aanp(ﬁ7u)'
(3.17)
This promptly establishes the intended assertion. Additionally, it is evident that

the sequences {gn}, {un}, {wn}, {yn}, {Gn}, {sn}, {tn}, {vn}, and {S,z,} are all
bounded.

Claim 2. We prove that

Dfp (wna gn)+<1_ﬁn)Dfp (Zn, wn) S l)h7 (’&7 gn)_Dfp (ﬁ/7 $n+1)+an<J§U—J§ﬁa gn_a>
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Define b = sup,, > {||wn [P~ ||Snzn [P~} Employing Lemma 2.2, we obtain

Dy (t,v,) = Vi, (@, BnJ pwn + (1 = Bn)J 5 Snzn)

< Jal|P — Bo(Thwn, @) — (1= Bn) (T Snzn, @) + 22| Thw, |9

+ B0 | 78S, 2|7 — B (1 — Ba) k| Thwn — T5Snznll

= L|al|? — Bu(Thwa, @) — (1= Ba) {5 Snzn, @) + Z2[[w, P
+UBn) |18, 2 [P — Bo(1 = B g1 Thwn — T5 Sz

= Banp (ﬂ,wn) + (1 - ﬁn)Dfp (12, Snzn> - ﬂn(l - ﬁn)szHngn - Jgsnzn”
< ﬁanp (, wn) + (1 — Bn)Dfp (@ 2n) — Bn(1 — /Bn)PZHJ%wn - Jgsnzn”

< Dfp (ﬁvwn) - ﬂn(l - 5n)P§||J§wn - Jgsnzn”'

(3.18)
Set &, = Jp. (anJhu + (1 — ay,) Jhvy,). Using (2.5), we have

Dy, (@, ny1) < Dy, (G, Jh (anJpu+ (1 — ap) Jvy))

= Vi, (0, anJpu+ (1 — ) Jpvn)

< Vi, (U, o Jpu+ (1 — an) Jovn — o (Jpu — Jpit))

+a, (Jou — Jha, &, — 0)

< anDy, (4, %) + (1 — on) Dy, (U, v) + on (Jpu — Jpit, & — 1)

= (1= an)Dy, (U, vn) + an(Jpu — Jpi, & — @) (3.19)
< (1~ an) (D, by wm) — Bu(1 — BT awn — TSzl

+ap (Jou — Jha, &, — 0)

= (1= an)Dy, (@, wy) — (1 — ) Bn(1 = Bu)py | Tpwn — J5Sn2nl|
+a, (Jou — Jpt, &, — )

< (I = an)Dy, (G, wn) + an(Jpu — Jpi, & — 0).

On the other hand, we have

Dy, (U,vn) < BuDy, (4, wn) + (1 = Bn) Dy, (1, 2n)
< /Banp (’ll7’ll}n) + (1 - 671)[Dfp (ﬁ7wn) - Dfp(znawn)]
= Dy, (U, wy) — (1 = Bn) Dy, (2n, wy).

By substituting the aforementioned inequality into (3.19), we obtain

Dy (U, 2p41) < (1 — an) Dy, (1, v) + an (Jpu — Jpt, & — )

< Dy, (G, wn) — (1 = Bn) Dy, (2n, wn) + o (Jpu — Jpi, &, — @)

< Dy, (i, gn) — Dy, (Wn, gn) — (1 = Bn) Dy, (2, wp) + an(Jhu — Jha, &, — 0).
This immediately arrives at
Dfp (wnv gn)+(1_ﬂn)Dfp (Zn7 wn) S Dfp (ﬁ, gn)_Dfp (ﬁv xn+1)+an<J§U_J§av fn_ﬂ>

(3.20)
Claim 3. Next, we prove that

(1- O‘n)(l - 5n){7—[27)\7"LDfp (Gn, yn)]p + T[Q?EDfp (wn, gn)}p}
< anDy, (@, u) + Dy, (G, gn) — Dy, (1, 2 1).

Certainly, given that the sequence {Gs,,} is bounded, there exists a positive constant
L such that ||Gs,|| < L. This ensures that for any x and y belonging to K,

fn(2) = hn(Y)] = (G, w = y)| < [|Gsullllz — yll < Lllz - yl],
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which implies that h,,(z) is L-Lipschitz continuous on K,,. According to Lemma 2.5,
we obtain

1 Tn
] > —_— = — . .
dist(K,,, gn) > Lhn(gn) QALDfp(gn,yn) (3.21)

Similarly, since {Ft,} is bounded, there exists another positive constant L such that
||[Ety|| < L. This ensures that for any « and y in C,,

i () = B (y)] = [{Ftn, 2 — )| < |[Ftallllz —yll < Lllz —yl,

demonstrating that A, (z) is L-Lipschitz continuous on C,,. By applying Lemma 2.5,
we get

dist(Ch,wy) > = h (w,) = Dfp(wn,yn) (3.22)

2/\L

Dy, (4,2,) < Dy,
< Df

s gn) — T[dist (K, gn)]P — 7[dist(Cp, wn)]P

(

Combining (3.14), (3.21) and (3.22), we get
(a
(@, gn) — T [mep(gmyn)] - [QALDfp(wn3gn)]p'

(3.23)
Note that
Tpt1 = Ho(Jh (anJhut(1—ay)Jov,)) and v, = Ji. (BnJown + (1= 6,) J5(Snzn)).

Consequently, it concludes from (3.23) that
Dy, (4, xp41) < Dy, (@, The(anJpu+ (1 — an)Jpvn))

< anDy, (t,u) 4+ (1 — o) Dy, (0, vy,)
< anDy, (@,u) + (1 — o) [By Dy, (4, wn) + (1 = Bn) Dy, (@, )]
= anDy, (,u) + (1 = an)BnDy, (G, w,) + (1 = an)(1 = Bn) Dy, (@, 2,,)
< anDy, (G,u) + (1 — an) B Dy, (1, gn) i
(1 —ap)(1 = 6n){Dfp (thy gn) — [2)\nLDfp (97L7y7z)]p - T[2‘;”EDfp (wmgn)}p}
< anDy, (ﬂ,ug + Dy, (1, gn)

(1= o ){T[QALDfp(gfhyn)]p+T[2ALDfp(wn7yn)] }-

(3.24)
Claim 4. We establish the convergence x,, — @ as n — oo. Given the reflexivity of
the space F and the boundedness of the sequence {z,}, it follows that w,,(z,) # 0.
Let 2z € wy(,). Consequently, there exists a subsequence {z,, } C {z,} such that
Ty, — zt. For each n > 1, let ®,, = Dy, (1, ).

In what follows, we establish the convergence of {®,,} to zero in two distinct cases.
Case 1. Assume there exists an integer ng > 1 such that {®,,}72,, is nonincreasing.
In this scenario, lim, o ®, = d < 400, and lim,, oo (®, — ®,+1) = 0. Utilizing
equations (3.16) and (3.20), we obtain

Dfp (wnagn) + (1 - 5774)Dfp (Zn7wn)

< Dy, (1, gn) — Dy, (1, Tpy1) + o (Jpu — T, &, — 1)

< Dy, (@, xn) + €M — Dy, (1, Tpy1) + o (Jpu — Jhit, &, — )
=®, - P, + 0, M+ o, (Jhu— Jo0, &, — a).
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Given that
nanéofn =0, nh~>Holo a, =0, linrgioréf Bn(l—f,) >0, nlLH;O(@n —®,,1) =0,
and the sequence {&,} is bounded, we deduce
nl;rgo Dy, (wn,gn) =0 and nl;rrgo Dy, (2zn,wn) = 0.
So it follows from (2.1) that

lim ||lw, —gn|| =0 and lim ||z, —wy| =0. (3.25)
n—oo n—00

Furthermore, from (3.19) we have

(1 — ) Bn(1 = Br)py | Jpwn — J5Snznll

< (1 = an)Dy, (G, wyn) — Dy, (G, Tpy1) + an(Jpu — Jhoii, &, — 1)
< Dy, (ty gn) — Dfp(ﬂ7xn+1) + O‘n<']§u - Jgﬂ,{n — )

< Dy, (i, x) — Dy, (U, Trg1) + I M + o (Jpu — Jpti, &, — @)
=®, - P11+ ,M + a,(Jhu — TR0, &, — 0).

By similar arguments, we deduce that lim,_, ||Jhw, — J5S,z,| = 0, which hence
leads to lim, o ||JHvn — Jhwy, || = 0 (due to v, = JE. (Bndpwn + (1 — Br) JmSnzn)).
By leveraging the uniform continuity of J7%. on bounded subsets of E*, we obtain

nh—>Holo llwn — Spznl| = 7}1)11;0 [lvn, — wy|| = 0. (3.26)
This together with (3.25) implies that
Jim lzn — Snznl = Jim. lvn — gnl| = 0. (3.27)
Note that
U = Ji (1= €n) Jpan + en J5 (200 — 2n1)) and gn = JE. (W Jgan + (1= ) Jpun).
Therefore, we deduce from the fact that lim,,_,. £, = 0 and the definition of €,, that
1780 = T3 = el T (220 — 2at) = Tl < £ =0 (n = o0),
and hence
17290 — Thall = (1= 7) T — Thaall < |75 — Thwall =0 (n = oc).
Exploiting the uniform continuity of J7. on bounded subsets of E*, we attain
i [, — 2 = lim g, — ] =0. (3.28)
So, based on (3.25), (3.27), and (3.28) it concludes that
lon = @ll < [0n = gall + llga — 2all 0 (0 = o), (3.29)
and
lzn = znll < llzn = wall + wn = gnll + llgn — 2nll = 0 (n — c0). (3.30)
Since &, = JE. (anJpu+ (1 — ap)Jhvy), it is clear from (3.29) that
nl;r& |€n — 20 ]| = 0. (3.31)



SELF-ADAPTIVE INERTIAL SUBGRADIENT-LIKE 75

Furthermore, considering (2.3), (3.16), and (3.24), we have

Dfp (7:6, $n+1) < Dfp(ﬁ7§n) - Dfp(xn+1a€n)

= Dy, (U, J}. (o Jou + (1 — an)Jvn) — Dy, (41, 6n)

< 04711)fp (aa u) + l)fp (a; gn) - Dfp (xn—i-lv fn)

< a,Dy, (1, u) + Dy, (U, ) + £ M — Dy, (Tn+1,6n),
which immediately arrives at

Dfp(xn‘f’l?é-n) S aanp(ﬁ7u) + gnM + ‘Dfp (ﬁ’ .’En) - Dfp ({I”:En‘f’l)
= anDy, (U, u) + €M + @, — 8y 1.
Thus, we get lim,, oo Dy, (€n41,&n) = 0, and hence limy, o [|n41 — &nl| = 0. Note
that [|zp+1 — Znll < [Tnt1 — &ull + [1§n — 2all and [[2n41 — 20l < 2041 — Tpgall +
|€n+1 — znll + ||Zn — 2n||- So it follows from (3.30), (3.31) and @, +1 — &, — 0 that

lm ||@ptr1 — 2pl = lUm ||zn41 — 2] = 0. (3.32)
n— oo n—0o0

Subsequently, we demonstrate that zf € VI(C,G) N VI(C, F). Employing equations
(3.16) and (3.24), we obtain

(1—an)(1— ﬁ"b){T[?g\inLDfp (In, yn)}p + T[%Dfp (wn, gn)}p}

< a7lDfp (1, u) + Dfp (4, gn) — Dfp (4 Tpt1)

S a7lDfp (’EL,’LL) + Dfp (’&’ ‘Tn) + ETLM - szz (’EL’ ‘Tn'i‘l)

= an Dy, (G, u) + M + B, — By 11.
Thus, it means that lim, oo 552 Dy, (gn, Yn) = limy, o0 %Dfp(wn,yn) = 0, and
hence

nh_}rr;o TnDy, (GnsYn) = nll_}HOIO TnDy, (Wr, Yn) = 0. (3.33)
Applying Lemma 3.4, we deduce that
li_>m gn — ynll = lm [jw, — gl = 0. (3.34)
n (o) n—oo

From (3.25), (3.28) and z,, — 2, we know that 2! € w,(g,) and zf € wy,(w,).
Combining Lemma 3.3 and (3.34), we get that 2z € wy(gn) Nww(w,) € VI(C,G) N
VI(C, F). Also, by the definition of S,, we have that S,, € {S1,...,58} Vn > 1. So
we get

lzn = Sntiznll < ll2n — 2ngill + [|2n4i — Snaiznrill + [|Sntiznti — Snaiznll
N

< lzn = 2ntill + 204 = Sntizntil + Z||szn+i — 5jzn]-
j=1
By employing equations (3.27) and (3.32), along with the uniform continuity of each
S; on C, we deduce that lim, o ||z, — Sr2n|| = 0 holds for » = 1,..., N. Conse-
quently, given z,, — 2! (as per (3.30)), we establish that z € ﬁ(sr) = Fix(S,)
for r =1,...,N. Hence, z € ﬂf\il Fix(S;). Note that 7z € TVI(C,G) C Fix(S)
(due to condition (C3)). As a result, 2 € & = ﬂil Fix(S;) N 2 with 2 = {z €
VI(C,F) : Tz € Fix(S)}. This suggests that w,(x,) C =. Finally, we establish
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limsup,, , . (Jpu — J5t,&, — @) < 0. By selecting a subsequence {x,,} from {z,},
we have
limsup(Jpu — Joi, 2, — 4) = lim (Jhu — Joi, xn, — 0).
n—00 J—roo
Given the reflexivity of E and the boundedness of {z,}, we can assume, without loss
of generality, that x,,;, — Z. Consequently, utilizing (2.2) and Z € =, we obtain

lim sup(Jpu — Jpi, x, — @) = lim (Jpu — Jpi, x,, — @) = (Jpu — Jpi, z2 —4) < 0.
n—00 J—o0
(3.35)
This, combined with (3.31), ensures that
limsup(Jpu — Joi, &, — ) <O0. (3.36)

n—oo

Using (3.15), (3.16) and (3.19), we get

Dy (4, 2nq1) < (1 — o) Dy, (G, wy) + an (Jou — Jpi, &, — )

(1 —ap)Dy, (1, gn) + an(Jpu — Jpi, & — @)

(1 = an)[Dy, (1, 2n) + €l Jpan — J5 (200 — 2n1)[|M] + an(Jpu — Jpt, & — )

(1= an) Dy, (@, 25) + a5 | Tpzn — T (220 — 2p—1)|M + (Jpu — J5a, &, — @)
(3.37)

By leveraging the uniform continuity of Jf, on bounded subsets of E, we deduce from

(3.32) and the boundedness of {z,} that lim,_, ||[Jhz, — J&(22, — z,—1)| = 0.

Noticing sup,,»; 5= < 00 and limsup,,_, . (Jpu — J5i,&, — @) < 0, we infer that

<
<

lim sup[ || Jhay — T8 (220 — 1) M + (Jhu — Jhi, &, — )] < 0.

n—oo Qp

Given that {a,} C (0,1) and Y .2, a, = oo, applying Lemma 2.6 to (3.37)
allows us to deduce that lim, .o Dy, (4,2,) = 0. Consequently, we establish
limy, o0 ||& — zp|| = 0.

Case 2. Suppose there exists a subsequence {®,,, } C {®,} such that ®,, < ®,, 11
for all k € N, where A/ denotes the set of positive integers. Introduce the mapping
¥ : N = N defined by

P(n) :=max{k <n: P, < Pryi1}.
By employing Lemma 2.7, we establish
By < Pyiyp1 and B, < By (3.38)
Proceeding from (3.16) and (3.20), we derive

Dfp(wwA(n), Jyny) + (1 - Byn)) Dy, (Zpn), wwzgn)) . )
< Dy, (@, gy(n) = D, (@ Ty my+1) + Oy (Jpu = gt Eym) = 4)
< @yin) = Pyp(n)+1 T Ly M + oy (ny (Jpu — TR, Eyn) — ).

Consequently, we conclude

lim ||w¢(n) - gw(n)H =0 and nlLH;o sz(n) - ww(n)H =0. (339)

n— oo
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Furthermore, from (3.19) we have

(1 () Byn) (1 = Bym)) P 1 TE Wy ) — JBSwmn) 2@
< (1 = ay(m)) Dy, (@ wy(n)) — Dy, (@ Tyny+1) + pn) (Tpu — J5a, Epn) — ).

Noting that vym) = Jg (Bym)JpWym) + (1 = Bym)) JmSymn)Zym)) and employing
arguments similar to those in Case 1, we deduce

Jim {fwy ) = Sym)zgpm | = Hm{[vg ) = wymll = 0.
This, combined with (3.39), implies that
Jim([2y(n) = Symyzemll = M {[vgn) = gyl = 0. (3.40)

Note that wy ) = Jg- (1 = €ym)) JpTpn) + €pn) 5 (2T p(n) = Tym)-1)) and gy(n) =
Jhe (Ypn) JpTpm) + (1 = Ypm)) Jmtipn)). Thus, we infer from lim, o ¢, = 0 and
the definition of ¢, that

1B m) = TpT )| = €p )15 (22 () = (m)—1) = Tp T | < Lisgmy = 0 (= 00),
and hence
[ TE96m) = TETem)ll = (1 = Y@ Tptymn) — TpTem)ll < 15wy — JpTpm)ll =0
(n — c0).
Utilizing the uniform continuity of J%. on bounded subsets of E*, we conclude
Jim (Juy ) = 2yl = M {lgym) = 2yl = 0. (3.41)

So, from (3.39), (3.40), and (3.41), it follows that

va(n) - xw(n)” < ”vw(n) - gw(n)H + ”gw(n — Tojp(n ” -0 (n — OO), (342)
and

l12p(n) = Ty | < N2 (n) = Wy |+ [wyny = Gpe) | 119y =Tyl = 0 (n — 00).

(3.43)
Noticing &y (n) = S (Qpn) Jpt + (1 — ap(n)) JR0p(n) ), from (3.42) we get
nlglgo ng(n) — Zyp(n) ” =0. (344)

Applying analogous reasoning to that employed in Case 1, we arrive at the following
conclusion:

m (|Zyn)+1 — Zym)ll = hm lgpn) — wym)ll = hm lwyn) — Gyl =0, (3.45)

n—oo
and
lim sup(Jpu — Jpi, Ep(ny — ) < 0. (3.46)

n—oo

Using (3.37) we have

Dy < (1- aw%z))q’w(g) + Elli(n)HJE‘Tib(n) — T2y (n) — Tym)—1) | M
) (T — B, €y — ),
(3.47)
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which together with (3.38), leads to

y(n) Pyn) < Pyn) = Rymy+1 + € [T5Tpm) — JERTym) — Tym)—1) M
+ ay ) (Jpu — Jpt, §pny — )

€y (n) . N
< il I eem = T 22y = Ty~ IIM + {(Jgu = T, Ly — @))-
Therefore, by leveraging the uniform continuity of J%, on bounded subsets of E, we can
infer from equations (3.45) and (3.46), combined with the condition sup,,>, 7 < oo,
that

lim @w(n) =0. (3.48)

n— oo

From (3.47), (3.48) and the definition of €,, one has that

(1 — Qy(n ))(I)w(n) +Ew(n M + Qo) (n) <JEU — JE’&, &l, (n) — fL>

(I)q/;(n) + Ew(n)M + aw(n)”JEu - Eu||H£w(n) — uH —0 (n — OO)
(3.49)

From equation (3.38), it follows that lim, . Dy, (@, ,) = lim, o ®, = 0. Conse-

quently, lim,,_, ||z, — @] = 0. This concludes the proof.

Pynyr1 <
<

Remark 3.1. The proof of Theorem 3.1 reveals that substituting the assumption
lim,, o0 % = 0 for lim;, 00 £n, = 0 and sup,,>, ;’; < oo maintains the validity of
Theorem 3.1. It is noteworthy that the BSPVIP under consideration encompasses
the following VIPs:

(i) The upper-level VIP involves finding 4 € = such that (I't,v —4) > 0 Yv € 5.
Here, I'v = Jh(z) — Ja(u) (Vz € E) is strongly monotone (due to (2.1)) and
uniformly continuous on bounded subsets of E.

(ii) The lower-level VIP consists of finding 2" € C such that (Fz',y—z") > 0Vy € C.
Here, F' : E — E* is pseudomonotone and umformly continuous on C. Setting

= 0 yields 5 = N, Fix(8) N 2 = {z € X, Fix(S;) : Tz € Fix(S)},
representing the solution set to the split fixed-point problem (SFPP) given by:

Seek z € ﬂ Fix(S;) such that 7z € Fix(95). (3.50)

=1

In this scenario, Algorithm 3.1 simplifies to the follwing iterative algorithm
designed for solving SFPP (3.50).

Algorithm 3.2.

Initialization: By choosing arbitrary values for xz; and z( from the set C. Spec-
ify positive values for €, p, A within the range (0, ﬁ), and [ within (0,1). Subse-
quently, meticulously define sequences {a, }, {Bn}, {7n}, and {¢,,} within the interval
(0,1). Ensure that the conditions lim, o €r, = 0, Y07 | @, = 00, limy, 00 v, = 0,
liminf, co Bn(1—Br) > 0, and lim inf,, o 75, (1 —,) > 0 are satisfied. Furthermore,
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given iterates x,, and xz,,_; for n > 1, choose €, within the range 0 < ¢,, < €,, making

certain that sup,,>; == < oo and

. Z"n, .
P B {67 |\ngn—Jg(2xn—xn_1)H} if &n # Tn-1,
n =
€ otherwise.

Iterative steps: Evaluate x,,41 as follows:

Step 1. Set u, = JE.((1 — €,)Jozn + €nJe(22, — 2,—1)), and calculate g, =
sz* ('Yn‘]gxn + (1 - 'Yn)Jgun)v Yn = ‘HC(JJ%*(Jggn = AGGn)), A(Gn) = Gn — Un
and s, = gn — TaTx(gn), where 7, := I’ and i,, is the smallest nonnegative integer i
satisfying

(Ggn — G(gn —U'rr(gn))s gn — Yn) < %Dfp (GnsYn)-

Step 2. Calculate w,, = Ik, (gn), with K,, :={z € C : h,(z) <0} and
Tn
hn(2) = (Gsp,x — gn) + ﬁDfP (gnsYn)-
Step 3. Compute v, = Jp.(BpJpwn, + (1 — Bn)Ja(Spwy)) and z,11 =
e (JE (andpu+ (1 — an)Jhun)).

Proceed to Step 1 after setting n :=n + 1.
Drawing upon Theorem 3.1, we deduce the following strong convergence result.

Corollary 3.1. Assuming that conditions (C1)—(C3) are met, and

N
5 ={z e (Fix(S) : Tz € Fix(8)} # 0,
i=1
the sequence {x,} generated by Algorithm 3.2 demonstrates strong convergence to
Mzu if and only if sup,,, ||z, < co.

4. NUMERICAL EXPERIMENTS

In this section, we present a series of numerical experiments to demonstrate the
effectiveness of the proposed methodologies. The primary goal of these experiments
is to provide insights into the selection of optimal control settings and to conduct a
thorough examination of control parameter configuration. Throughout this section,
the error term is consistently symbolized as D,,, while essential parameters such as
the total number of iterations and the required execution time are denoted as k
and t, respectively. This section presents an illustrative example highlighting the
proposed method’s practical applicability.

Set p = 1land |l = X\ = % Initially, we consider a Lipschitz continuous and
pseudomonotone mapping F' : E — E* a Bregman relatively nonexpansive mapping
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S1: C — C, art-demimetric mapping S : H — H, and a nonzero bounded linear oper-
ator T : E — H with & = Fix(S1)N$2 # 0, where 2 = {z € VI(C, F) : Tz € Fix(5)}.

Consider C = [-2,2] and E = H = R with the inner product (a,b) = ab and
induced norm || - || = | -|. The initial point = is randomly chosen from C. Define
F:H%HandSlzC%Cast::m 1+\:c\ and Sz :=sinz for all x € C.
We now proceed to demonstrate that F' is Lipschitz continuous and pseudomonotone.
Indeed, for all z,y € H, we have

1 1 1
Fx—Fy=\ ___ N
TS sima] 142l T+ smgl T 1F 100
Wl - el

‘ ’ || sinyl| — || sinz|l ‘
A+l +yl) (1 + [[sinz|[)(1 + [ siny])
< |z =yl + || sinz — siny|| < 2|z —y].

This confirms the Lipschitz continuity of F. Furthermore, we illustrate the pseu-
domonotonicity of F. For any x and y in H, it is evident that

(Fz,y —x) = (m—ﬁ) (y—z) >0
— (Fyy—a) = (g — o) 0 - @) 2 0.

It is evident that Fix(S7) = {0}, and S; demonstrates Bregman relatively nonex-
pansiveness. Additionally, consider Sz = %a: + gsinx for all x € H. Let us assume
Tz =z for all x € H. Consequently, 7 is a bounded linear operator on H. Remark-
ably, S emerges as a T-demicontractive mapping with 7 = %, and Fix(S) = {0}. In

fact, S is 7-strictly pseudocontractive with 7 = % because
. . 2
ISz — SylI* = [|5(z —y) + E(sina —siny)||” < [lz — ylI* + 3 = S)z — (I - S)y|>.

Therefore, = = Fix(S1) N 2 = {0} # 0 with 2 = {2z € VI(C, F) : Tz € Fix(S)}. In
this case, G = T*(I — S)T = I — S is strongly monotone and Lipschitz continuous.
In fact, we have

(Gz — Gy,z —y) = {2z — Esina — (2y — Esiny),z —y)
= gl —yl* = Hsinz —siny,z —y) > Lz —yl*
The Lipschitz continuity of Gz = %x — %sinx is evident.  Consequently,

VI(C,G) = {0}. This ensures that TVI(C,G) C Fix(S1). Consequently, con-
ditions (C1)-(C5) are fulfilled.

Example 4.1. Consider the sequences /,, = W, o, = m, and B, = 1, =
ﬁ for all n > 1. When provided with the iterates z,_; and x,, (n > 1), opt for
€, such that 0 <e¢, <¢€,, where

. ¢ .
gn _ Hlll'l{E7 m} if In 7é Tn—1,
' e else.
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Algorithm 3.1 yields

Up = Ty + en(-rn - xn—l)v

gn = 2(n77:&-1)x" + 2(7;‘1121)71717

Yn = PC(gn - %(I - S)gn)a

Sn = (]- - Tn)gn + Tnin,

Wn = PKngna

gn = PC(wn - %F’wn)7

ln = (1 - fn)wn + Tn¥n,

Un = oo Wn + ey S1P0, W,

Tpal = Pc(mu + %vn) for all n > 1.

For each n > 1, the choice of sets K,,, C,, and step sizes 7,, T, adheres to the
specifications outlined in Algorithm 3.1. In accordance with Theorem 3.1, it can be
concluded that the sequence {x,} converges to 0 € 5 = Fix(S1) N £2.

In the first experiment, we examine the computational effectiveness
of Algorithm 3.1 using the problem described in Example 4.1 as a test case. Our
aim is to carefully test the algorithm’s performance across multiple threshold values,
denoted as ¢, while monitoring the behavior of the error term |x,+1 — z*||. The
main objective is to determine the number of iterations and execution time required
to achieve convergence for various threshold values. To conduct the experiment, we
chose different values for ¢, specifically 10™%, 1073, 10=2, and 10~'. The chosen
stopping criterion is defined as ||zp4+1 — 2*|| < ¢. By varying the threshold, we aim
to gain insight into the algorithm’s accuracy and performance characteristics.

To understand the relationship between the selected threshold values, the number
of iterations, and the accompanying execution times, we evaluate the data. This
study clarifies Algorithm 3.1’s stability and adaptability to a variety of convergence
conditions in addition to contributing to understanding of the algorithm. To conduct
this experiment, we will begin with the following parameter values:

mOZ‘rl:276:%7£nZMa7n:ﬁ75n:ﬁ7>\:%7l:%7uzla
u =2, andan:ﬁ.

The numerical results regarding experiment are shown in Figure 1. It is important
to note that when the value of ¢, lowers, so does the number of iterations and the
execution time in seconds in Example 4.1.

The second experiment aims to evaluate the numerical efficiency of
Algorithm 3.1 by selecting alternative initial values for xg and z;. The chosen stop-
ping condition is defined as |z,1 —2*| < 1072, Our primary objective is to precisely
determine the number of iterations and associated execution time required for conver-
gence. We are particularly interested in determining how the initial choice of starting
points affects the algorithm’s performance. To carry out this experiment, we will

start the process with the following parameters:
_ 1 _ 1 _ _ _ 1 7_1 _ _
6_§>£n—m7’y’n_ﬁ7ﬁn_%7)‘_§7l_§au_17u_1a
1

©=10"2 and a,, = g3
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=107

— gl =107 — Al p =10 Al =101

(A)p=10""and k= (B) p=10"2and k= (¢) ¢ =10 and k = (D) ¢ = 10"* and k =
9. 26. 80. 235.

el

(B) p=10""andt = (F) p =102 and t = (G) ¢ =103 and t = (H) p = 10"* and t =
6.8506539. 13.721539. 36.1309488. 100.5667999.

Elpsed Time sec eloec fsec

FIGURE 1. The numerical graph of Algorithm 3.1 enables us to ana-
lyze the impact of various values of ¢ on iteration count and execution
time in seconds.

Figures 2 and 3 show a graph demonstrating the numerical results. It is worth
noting that the computing performance in each situation is inextricably linked to the
initial starting point selection. This emphasizes the importance of initial conditions
for determining the algorithm’s overall numerical performance.

FIGURE 2. A numerical graph with iteration count and execution
time of Algorithm 3.1 [xg = 21 = 2,k = 6,t = 4.5610639], [zg = 21 =
1,k = 5,t = 2.7475078], and [zg = x1 = %,k = 4,t = 1.7185153],
respectively.

The third experiment aims to assess the numerical efficiency of Al-
gorithm 3.1 by varying the value of e. The chosen termination criterion is defined as
|1 —2*| < 1072, Our primary goal is to investigate how various parameter € values
affect the algorithm’s efficiency. Figure 4 depicts a visual illustration of the numerical
results. It is important to note that the computational performance in each scenario
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FIGURE 3. A numerical graph with iteration count and execution
time of Algorithm 3.1 [zg = 1 = —1,k = 17,¢t = 7.2834759], and
[xo = x1 = =2,k = 16,t = 6.9293856], respectively.

does not effected by the variation of parameter €. To carry out this experiment, we
start with the following parameters:

_ _ _ 1 _ n _ n _ 1 _ 1 _ _
0 =21=2l = 55512 W = gy P = s A= l=5p=Lu=
—2 1
2, g0:10 ,andan: nt2-

I
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\ \ \
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\ | |

(A)e=3andk=13. (B)e=1and k=13. (C) e=1 and k=13. (D) e= ] and k = 13.
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FIGURE 4. A numerical graph of Algorithm 3.1 allows us to examine
how different values e affect iteration count and execution time in
seconds.

Ezperiment 4.| The main objective of the this experiment is to examine the com-

putational effectiveness of Algorithm 3.1 by varying the vector u and analyzing its
impact on the overall performance of Algorithm 3.1. The termination criterion is
defined as |x,11 — 2*| < 1072. We are particularly interested in understanding how
the vector u selection affects the performance of Algorithm 3.1. The numerical results
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are graphically shown in Figure 5. It is important to highlight that the computational
performance in every case is strongly related to the vector u selection. To begin the

numerical experiment, we set the following parameters:
o _ 1 _ 1 _ _ _ 1 7_1 ., _
ro=z1=1 €= 3, ln= 55502 ™ = spry P = s A= =50 =1,

1
and Ay = It

| Vb
\‘\n“\\ﬂ“"“q"‘,ﬁ‘!’“‘w

| £ A \ \

WA 1+ &5 N A A A i \o\

PNV VEN VN / T
L || \ “ ‘

\ |
| \ ‘

~ —Alggiu= 1
\ x N N VIV A

(A)u=2and k=54. (B) u=1and k = 13. ;Z) u=-landk =(D)u=-2andk=

31.
(B) u =2and ¢t =(F) v = landt =(¢) u=—-1landt = H) v = —2 and t =
25.5955706. 6.9874447. 11.1402337. 14.4237914.

FIGURE 5. A numerical graph of Algorithm 3.1 allows us to examine
how different values of vector u affect iteration count and execution
time in seconds.

In this experiment, we analyze the computational efficacy of
Algorithm 3.1 through changing the parameter | and examining its impact on
the overall performance of Algorithm 3.1. The termination criteria is specified as
|zpe1 — %] < 1072, Tt is significant to note that the computing performance in
every case is directly connected to the parameter [, and the numerical findings are
graphically illustrated in Figure 6. To begin the numerical experiment, we set the

following parameters: g = z1 = 1, € = %, by = m, Yn =

n

n B —

2(n+1)7 Pn T 2(ny1)
)\:%7,u:1,u:2, andan:ﬁ.

In this experiment, our aim is to assess the computational efficiency of
Algorithm 3.1 by varying the parameter A and investigating its impact on the overall
performance of Algorithm 3.1. The termination criterion is specified as |z, —2*| <
1072, Tt is crucial to highlight that the computing performance in each case is directly
linked to the parameter A, as illustrated in Figure 7. Notably, we observe that values
such as A = % and \ = % outperform other A\ values. To initiate the numerical
experiment, we have set the following parameters:
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(A) Il = % and k = 1 _ _ 1 _ _1 _
43, (B)l=3andk=20. (¢)l=3andk=8. (D)Il=;andk =34

(B)l=%andt=(F) 1l =jandt =() ! =3%andt =(H) 1= 7andt =
15.1554477. 8.7339292. 4.9063413. 16.7598393.

Wl

FIGURE 6. A numerical graph of Algorithm 3.1 allows us to examine
how different values of parameter [ affect iteration count and execu-
tion time in seconds.

1
= 2y Tn =

ro=z1=1,€e=3, 40, l:%,u:l,u:l

1 n ﬂ _ n
37 2(n41)7 ¥ 7 2(n+1)?

and o, = ﬁ
The objective of this experiment is to determine the computation
effectiveness of Algorithm 3.1 by changing the parameter sequence «,, and examining
the effect on the overall performance of the algorithm. It is critical to note that the
computational performance in each scenario is tightly connected to the parameter
sequence «,. The numerical results are shown graphically in Figure 8. Notably, our
analysis shows that sequences «,, with slow convergence to zero have a tendency to
perform better in most situations. The termination criterion is defined as |z,411 —
2*| < 1072. To initiate the numerical experiment, we have established the following
parameters:
xozmlzlaezéaénzma77L:%7ﬂn:%a>\:%al:%aﬂzla
and u = 1.

5. CONCLUSIONS

This article introduces and analyzes iterative algorithms designed to address the
problem (BSPVIP), incorporating a problem (CFPP) constraint for finite Bregman
relatively nonexpansive mappings in p-uniformly convex and uniformly smooth Ba-
nach spaces. By employing a self-adaptive inertial subgradient-like extragradient
method, we develop an algorithm to approximate a common solution for both the
BSPVIP and the CFPP of finite Bregman relatively nonexpansive mappings. The
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BSPVIP encompasses the upper-level VIP for a strongly monotone operator and the
lower-level VIP for a pseudomonotone operator.

Our focus lies in discussing the
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strong convergence of the proposed algorithm, utilizing standard conditions and in-
novative techniques. Furthermore, we establish the strong convergence outcome for
the proposed method under mild conditions on the algorithm parameters, without
prior knowledge of the operator norm or the coefficient of the underlying operator.
Additionally, an illustrative example is provided to support the practicality and ap-
plicability of the proposed method. Finally, it is noteworthy that part of our future
research aims to establish a strong convergence result for the modified version of
our proposed method with Nesterov double inertial extrapolation steps (see [34]) and
adaptive step sizes.
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