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1. INTRODUCTION

The notion of a probabilistic metric space was introduced by K. Menger [9] and
its main idea consists in the substitution of the distance between two points with
the distribution function assigning to each nonnegative number the probability that
the distance between these points does not exceed mentioned number. Since that
time, this notion was systematically studied in many works and found significant
applications in various branches of mathematics, in the theory of information and
physics (see monographs [5], [6], [12] and the bibliography therein). In particular, let
us mention the interesting notion of a probabilistic normed space suggested by A.N.
Sherstnev [15].

In paper [14] the notion of a contractive map in a probabilistic metric space was
defined and the extension of the Banach fixed point principle was proved. Later on,
a significant number of fixed point theorems in probabilistic metric spaces for single-
valued and multivalued maps of contractive type was investigated (see, e.g., [1], [4] -
[7], [10], [11], [12] and the bibliography therein).
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In the present paper we define the notion of a covering (single-valued and multival-
ued) map of probabilistic metric spaces and prove analogs of the results of papers [2],
[3] on coincidence points of Lipschitz and covering maps. As application, we consider
the solvability of a system of equations and the existence of a solution for a feedback
control system in a probabilistic normed space.

2. PRELIMINARIES

In this section we will collect necessary definitions and results from the theory of
probabilistic metric spaces (details can be found, for example, in [5], [6], [12], [13]).

A function F': R — [0, 1] is called the distribution function if it is nondecreasing,
left continuous and inf F' = 0, sup F' = 1. The set of all distribution functions will be
denoted by D. Choose Dy = {F: F € D, F(0) = 0} and denote by Hy € D1 : Hy(t) =
1,ift > 0.

Definition 1. A map T: I x I — I, where I = [0,1] is called t-norm if it satisfies
the following conditions:

(T1) T(a,1) = q;

(T2) T(a,b) =T(b,a);

(T3) T(a,b) <T(c,d), if a <c and b <d;

(T4) T(T(a,b),c) =T(a,T(b,c)).

As an example, let us take the ¢t-norm
Tr(a,b) = min{a, b}. (2.1)
This t-norm will be used in the sequel.

Definition 2. A probabilistic metric space of Menger type (or simply Menger space)
is a triple (X, F,T), where X is a nonempty set; F: X X X — Dy is a map (we will
denote F(x,y) = Fyy); T is a t-norm and the following conditions are satisfied:

(F1) Fgp, = Hy is equivalent to x = y;

(F2) Fpy=F,,, VryelX;

(F3) Fl-’y(tl + tg) > T(Fx7z(t1), Fz7y(t2)), Vx,y, ze X, t1,t9 > 0.

An important example of a Menger space is the probabilistic normed space which
means a triple (E,§,T), where E is a real linear space; §: E — D is a map (F(z) is
denoted by F,); T is a t-norm and the following conditions are satisfied:

(N1) F, = Hy is equivalent to 2 = 0;
(N2) Fy.(t) = F:E(ﬁ)7 Vt>0,\#0,z € F,
(N3) Fx+y(t1 + tg) > T(Fw(tl),Fy(tQ)), Vl‘,y S E, t1,to > 0.

Proposition 1. Let (X, F,T) be a Menger space such that

sup T(t,t) = 1. (2.2)
0<t<1
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Then (X, F,T) is a Hausdorff topological space whose topology T is generated by a
family of (g, \)-neighborhoods {Uy(g,\): x € X, > 0, A > 0}, where

Uzg(e,N) ={y € X: Fp y(e) >1— A}

It is worth noting that, in general, a Menger space is not metrizable.

Let (X, F,T) be a Menger space for which condition (2.2) holds true. We will use
the following notions.

Definition 3. (i) A sequence {x,} C X is called convergent tox € X (x, - x),
if for each ¢ > 0, A > 0 there exists an integer N = N(g,\) such that
Fiqa,(6)>1—X, Vn>N;

(13) A sequence {x,} C X is called fundamental if for every e > 0, A > 0 there
exists an integer N = N (g, \) such that F,, ,, (¢) >1— A\, Vn,m > N;

(ii7) A Menger space (X, F,T) is called complete if every its fundamental sequence
converges to a certain point x € X.

Let (X, F,Thy) is a Menger space, where the t-norm Ty is defined by (2.1). For a
given z,y € X and ¢ € (0,1), let

de(z,y) = sup{t € R: F, ,(t) < c}. (2.3)

Proposition 2. For each ¢ € (0,1) the function d.: X x X — R is a pseudomelric

on X (i.e., it obeys the symmetry condition and the triangle inequality but it can take
zero value while © # y). For each x,y € X, x # y there exists ¢ € (0,1) such that

Aoz, ) # 0.
The family of pseudometrics {d.}.c(0,1) generates the topology 7 in the following
sense.
Proposition 3. A sequence {x,} C X converges to x € X or is fundamental if and
only if d.(zyn,x) — 0 or, respectively, de(xn, xm) — 0 for each ¢ € (0,1).
Notice that from this statement it does not follow that each of the pseudometric

spaces (X, d.) is complete whenever the space (X, F,Tys) is complete.

3. THEOREM ON THE COINCIDENCE FOR MAPS OF MENGER SPACES

Definition 4. Let (X, FX Tyr), (Y, FY,Ta) be Menger spaces. For 3 > 0, a map
¢: X =Y is called 8-Lipschitz if for all z,x’ € X and t > 0 we have

¢
Y X
FY ) o () = FXy (5) (3.1)

It is easy to see that if dX and dY for ¢ € (0, 1) are pseudometrics generated in the
spaces X and Y by formula (2.3), then from (3.1) it follows that

d (p(@), p(a)) < Bd (z,2) (3:2)
for all z,2’ € X and ¢ € (0, 1). Indeed, we have:

(2.3) (3.1) t
dY (p(z), o(x") "=’ sup{t: F&I)’w(x,)(t) <c} < sup{t: fo’(ﬁ) <c}
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X (2.3) X
= Bsup{r: F; (1) <c} =" Bd; (z,2'),
where 7 = L.

Notice that from here, by Proposition 3 it follows that a B-Lipschitz map is
continuous.

Now, let us introduce the following notion.

Definition 5. Let (X, FX,Ty), (Y, FY,Tar) be Menger spaces. For a given a > 0,
a map V¥: X =Y is called a-covering if for every x € X, y € Y there exists ¥’ € X,
y = ¥(z') such that

FX () > Fy,, (at), VE>0. (3.3)

Notice that by definition, an a-covering map is surjective. The geometrical sense
of this definition is revealed by the following assertion,

Lemma 1. If¢: X — Y is an a-covering map then for each x € X, y € Y there
exists ¥’ € X, y = (a’) such that for every c € (0,1) we have

ady (z,2") < dy (1 (x),y). (3.4)
Proof. By using (3.3), we get

-3)

2.3 (33 t
dZ(L/J(x),y) 28 sup{t: Fy)y(t) <c} > sup{t: mem/( ) <c}

a
=asup{7: F, (1) < ¢} = adX (z,z'),

where 7 = i O

The following version of the theorem on a coincidence point ([2] of maps of metric
spaces for the case of maps of probabilistic metric spaces holds true.

Theorem 1. Let (X, .FX,TM), (Y, FY ,Ty) be Menger spaces. Let the space X is
complete, for given o > 3, a map ¥: X — Y is a-covering and closed (i.e., it has
the closed graph), a map ¢: X —'Y is §-Lipschitz. Then for each x € X there exists
& =¢&(x) such that

P(&) = (&) (3.5)
and, moreover,
(0,9 < 220D

where dX and dY are the pseudometrics in X and Y respectively.

for each ¢ € (0,1), (3.6)

Proof. For a given z € X, set o = x. According to condition (3.4), we can find
x1 € X such that

¥(z1) = ¢(z0) (3.7)
and

(3.4) 1

dy (wo,71) < adf(w(xo)»w(wl))(i dy (¥(20), ¢(0)). (3-8)
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Further, by using conditions of a-covering for ¢ and S-Lipschitzness for ¢, we can
find zo € X such that
Y(x2) = p(z1) (3.9)
and
(3.4) (3.9) (3.1

) o
X Y Y X
Fa®) = Fua)w)(@t) =" Fou o@(at) > Fxo,ml(ﬁt)' (3.10)

Applying the construction by induction, we find the sequence {z,} C X such that
for n > 1 we have

Y(an) = o(Tn-1) (3.11)
and B
FY () 2 Fof ((%)n t), V0. (3.12)

But then for every ¢ € (0,1) and ¢ > 1 we get

. (3.12) i1
dX (zi_q,2;) (2:3) sup{t: F\ . (t)<c} < sup{t: Fj . ((%) t) < c}

= (g)i_l sup{: F;gm(T) <c}= (g)i_ldf(fﬂoaxl)a

i—1
where 7 = (%) t.

This estimate means that the sequence {x,} is fundamental with respect to each
pseudometric dX, ¢ € (0,1), and hence, by Proposition 3 it is fundamental also in the
space (X, 7). By virtue of the completeness of the space (X, T) we have z,, ? e X.

Again applying Proposition 3, we have
dX(x,,&) — 0 for each ¢ € (0,1). (3.13)
From the continuity of the map ¢ we get
plxn) — @(8),
but then also
U(@n) > 0(8)-
The closedness of the map v yields

P(€) = (&)

Applying the above estimate for d-X (;_1,z;) and relation (3.8) we get for k > 1 for
each c € (0,1) :

o (3-8) dX(¢(z), p(x
A (z,2x) = d2 (wg, 7x) < " dX (xo,71) < W_
Passing to the limit as kK — oo and applying (3.13) we have the desired estimate
dY

a—p
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4. THEOREM ON THE COINCIDENCE
FOR MULTIVALUED MAPS OF MENGER SPACES

Let (X, FX,Ta), (Y, FY, Tar) be Menger spaces. By C(Y') we denote the collection
of all nonempty subsets of Y closed in the topology 7.
Definition 6. A multivalued map (multimap) ®: X — C(Y) is called B-Lipschitz,
B >0, if for each z,x’ € X and every y € ®(x) there exists y' € ®(x') such that
t

FY,(t) > FX, (5)7 t>0. (4.1)

In terms of pseudometrics dX and dY in spaces X and Y the last condition can be
written as

dy (y,y') < Bd (w,2"), Vee (0,1). (4.2)
We will use the following property of -Lipschitz maps.

Lemma 2. If a multimap ©: X — C(Y) is 8-Lipschitz, then it is closed, i.e., it has
a closed graph.

Proof. Consider sequences {x,} C X, {y,} C Y such that z, T Yn € ®(z,) and
YUn Y- Let us show that y € ®(z).

Supposing the contrary, by applying condition of 3-Lipschitzness, select a sequence
{y.,} € ®(z) such that

t
Fyi»yéz(t) > F . (B)v vVt >0,

from where, by Proposition 3 it follows that
¥ (Yn, ) < BdX (zn,7) =0, Vee (0,1).
The condition y, ? y yields

A2 (yn,y) = 0, Ve e (0,1),
implying
de (Y,y) = 0, Ve e (0,1),
and therefore y/, =Y in contradiction with the closedness of the set ®(x). O

Definition 7. A multimap ¥: X — C(Y) is called a-covering, o« > 0, if for each
x € X andy €Y there exists ' € X such that y € V(z') and, moreover, for each
z € U(x) we have

FX.(t) > FY (at), t>0. (4.3)
Again we can express this condition in terms of pseudometrics dX and dY :
ad) (z,2') <dY (z,y), Vee (0,1). (4.4)

Let us formulate now the following version of the theorem on a coincidence for
multivalued maps proved in [3] for maps of metric spaces for the case of multimaps
of probabilistic metric spaces.
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Theorem 2. Let (X, FX, Tyr), (Y, FY,Trr) be complete Menger spaces. Let for given
a > [ amultimap U: X — C(Y) be a-covering and closed, a multimap ®: X — C(Y)
B-Lipschitz. Then for arbitrary x € X and y € ®(x) there exist such & = &(x,y) € X,
n=mn(z,y) €Y that

nedE (v (4.5)

and, moreover for each c € (0,1) the following estimates hold true:
_ DY (¥(x), 2(x))

— (4.6)

d (z,¢)
and

B

DY (V). 2(), (@7

¥ (y,m) <

where
DY (A, B) :=sup{dY (a,b): a € A,b € B}.

Proof. Denote 29 = x and y; = y € ®(xp). From the condition of a-covering of the
multimap WV, it folllows that there exists 1 € X such that

y1 € ¥(21) (4.8)

and
FX .. (t)>FY, (at), Vze€¥(x) Vt=>0. (4.9)

Z0o,T1
Further, using the condition of S-Lipschitzness of the multimap ® we will find yo €
®(x1) such that

t
() 2 Foy o, (3) (4.10)
Again applying the a-covering condition of ¥, find o € X such that y, € ¥(z3) and
(4.3) (4.10) o
FX,.(t) > FY  (at) > FX_ (Et)

Continuing this process, we will construct sequences {x,} C X and {y,} C Y for
which we will have for n > 1 :

Yn € ®(zp_1) ﬂ\IJ(xn), (4.11)
FX . )>FX, ((%)nflt), V> 0, (4.12)
FY . ()>FX, ((%)Wz%t) Wt > 0. (4.13)

Indeed, if relations (4.11) - (4.13) hold true till n > 1, then applying the S-
Lipschitzness and the a-covering conditions we will find at first y,+1 € ®(x,) such

that
(4.1) £y (4.12) ayn—11
Y X X
Fymynﬂ(t) z Fwnfhxn (E) = Fxo,xl ((E) Bt>’ t=>0,
and then z,,41 € X such that
Ynt1 € ¥(Tnt1)
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and
F a0 FY a0 ST R ((2)").

Tn;Tn+1 Yn Yn+1 Zo,T1 ﬁ

Rewriting relations (4.12) - (4.13) in the form of estimates

dX (2n_y,zn) < (g)"_ldf(xo,xl), Ve e (0, 1), (4.14)
ﬁ n—2
a¥ (yn-19a) < (5) BdX (wo,21), Ve e (0.1), (4.15)

from which, by Proposition 3 the fundamentality of sequences {x,,} and {y,} follows
and hence by virtue of the completeness of the spaces X and Y, we get their conver-
gence: T, ? Ee X, y, ?) n € Y. Since the multimaps ® and ¥ are closed, we can

pass to the limit as n — oo in (4.11) and to obtain desired relation (4.5).
Writing now relation (4.9) in the form

1
df(xovxl) < adz/(z?yl)v Ve € (07 1)7Z € \I/($0)7
we get the estimate
1
¥ (g, 1) < aDZ(‘I’(ﬂfo),‘I’(xo)))v Ve € (0,1). (4.16)

Then estimates (4.14) and (4.15) imply for each ¢ € (0,1) and k > 1 the following
relations:

(4.16) DY (U (z), @
dX(z,z) = d2 (vo, 1) < a dX(zo,z1) < De (¥(x), o(x))
- p a—p
and
Y Y @ X @16 B Y
= < D; (¥ P .
) = ) < 2 @on) < L DY (V) ()
Passing to the limit as kK — oo we get desired estimates (4.6) and (4.7). O

5. EXAMPLES

In this section we consider some applications to the solvability of systems of equa-
tions and feedback control systems in probabilistic normed spaces.

5.1. System of equations in probabilistic normed spaces. Let
(E1,§Y, Tyr), (Ea, 3%, Tar) be complete probabilistic normed spaces. Then the
product space (E; x Ey, §4§2, Thr), where

(31L$2)(y1,y2)(t) — Ty (51(3/1)@)732(3/2)@)), Y1 € Er,y2 € By
is also a complete probabilistic normed space ([8]). We will denote
(5"18%) (41,92) = Fyy

Let v: Eq — E5 be a 8,-Lipschitz map (5, > 0) and X C Ey x E, its graph. The
structure of a Menger space with respect to T can be naturally induced on X if for

/ / X _ *
(1,y2), (W1:92) € X we set By oy oy = Fly ) va—uy)-
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In accordance with (2.3) for each ¢ € (0,1) and (y1,y2), (¥}, v5) € X we define the
pseudodistance between these points as

0 (), (o)) =suplt €R: FX o () <ch = (5.1)
=sup{t € R: F{, 1) (yo—ys)(t) <c}.
Then we get
4 ((y1,92), (41, 95)) = sup{t € R: Tar (F' (1 — 91)(1), 37 (y2 — 95)(1)) < ¢} =
= sup{t € R: min{Fyll_yi (1), F, y2 ()} <c}t =

= max {sup{t ER: Fy_,(t) <chsup{t eR: (1) < c}} =
= max{d;" (y1,41), 42> (y2, 45)}-

Consider the projection n: X — E; defined as n(y1,y2) = y1.
Lemma 3. The map 1 is a-covering, where a > 0 is such that o - max{1, 8, } < 1.

Proof. Take any « = (y1,7(y1)) € X and y; € Ey. Then for 2’ = (y1,v(y})) € X and
any ¢ € (0,1) we have

adX (z,2") = adX ((y1, (1)), (W17 (%)) =
= amax{d (y1,v}), dEz( ( 1) Y(W))} < max{ad? (y1,91), aBydl (y1,y1)} <
a2 (y1,y1) = d2 (n(x),n(a")).
0

Now, let 0: (Ey x Eo, 4&%, Tar) — (E1, 3%, Tar) be a Bp-Lipschitz map in the
sense that for all ¢ € (0,1) and (y1,y2), (y1,y5) € E1 X Ea we have

dE (0(y1,y2), 045, v5)) < BadZ B2 ((y1,y2), (Y1, 95)) =

= B max{d (y1,1), 45 (y2, v5)},
where dE1*F2 is defined analogously to dX (see (5.1)).
Consider now the following system of equations:

y1 = 0(y1,y2), (5.2)

y2 = (1) (5:3)
If we denote by 6 the restriction of f to X then it is clear that system (5.2) — (5.3) is
equivalent to the equation _
n(y1,y2) = 0(y1, y2)- (5.4)
Applying Lemma 3 and Theorem 1 we obtain the following result.

Theorem 3. If By - max{l,3,} < 1, then system of equations (5.2) — (5.3) has a
solution y1 € Ei, ya € Ea. Moreover, for an arbitrary x* = (y7,v(y})) € X the
pseudodistances from x* to the set A C X of all solutions to (5.2) — (5.3) satisfy the
following estimates:

E1(,* * *
distX (2%, A) = inf{dX (2", 2) : @ € A} < M (yi ’9%1;}@1))) (5.5)
— Mo

for all c € (0,1), where p = max{1, 5, }.



12 ARAM V. ARUTYUNOV AND VALERI OBUKHOVSKII

Proof. Taking o > 0 such that fp < a < l%, from Lemma 3 we get that the map 7 is
a-covering. Then the existence of a solution to equation (5.4) follows from Theorem
1. Further, take € > 0 so small that i — e > [y and choose « so that i —e<a< /%
Then av— g > i —e— By and from estimate (3.6) we obtain the existence of a solution
x € A for which
g (y1, 0t (7))

== P

for each ¢ € (0,1). Now we get estimate (5.5) taking € — 0. O

dff(ac*7 x) <

5.2. Existence of a solution to a feedback control system in a probabilistic
normed space. In this section we will use the above result to show the existence of
a solution to a class of control systems defined in probabilistic normed spaces.

Let (E,§,Ty) be a complete probabilistic normed space and for 6 > 0 let
C([0, 4], E) be a space of functions z: [0, ] — E which are continuous in the topology
T on (E,,Ty). Define a map §: C([0,4], E) — Dy by

S(@)(t) = lim | inf Fogs(r)
and denote the distribution function F(z) by Fy. Then (C([0,6], E), T, Ths) is also a
complete probabilistic normed space (see [4]).

Let (E1, 8%, Tar), (E2, 2, Tar) be complete probabilistic normed spaces. For a > 0,
let f:[0,a] x Fy x B3 — E; and g: [0,a] X Ey — Es be continuous maps. We will
consider a feedback control system governed by the following relations:;

‘T(t) = f(tv I(t)a y(t))a (56)
ZL’(O) =x9 € E1, (57)
y(t) = g(t,z(t)). (5.8)

By a solution of this system on some interval [0, dg], where 0 < §y < a we mean
a pair (z,y) with a trajectory function x € C([0,d¢], E1) and a control function
y € C([0, 6], E2) satistying relations (5.6)—(5.8).

We will suppose that functions f and g satisfy Lipschitz conditions of the following
form:

(Hy) there exists L > 0 such that for all t € [0,a] and z,2’ € Ey, y,y’ € Ey we
have

1 . 1 v 2 1% )
Ff(t7w,y)—f(t,w’7y’)(y) Z min {Fa:—;v’ (E) s Fy_y/ (z) }, Ve R,

(Hgy) there exists fy > 0 such that for all ¢ € [0,a] and z,2’ € E; we have

2 1 v
Fg(t,w)fg(t,w’)(y) = szx’ (Fg)

Introduce now the following operators. Let

0: (C([0,00], B1) x C([0,80], E2), 45, Tur ) —~ (€10, 80], B1). § T ),
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be defined as .
9($, y)(t) = o + o f(s,:c(s),y(s))ds, te [Oa 50]

and ~y: (C([0760],E1)7§1,TM) — (C([O,éo],Eg),§2,TM) be given as
Y(@)(t) = g(t, z(t)).

It is clear that the solvability of system (5.6)—(5.8) is equivalent to the existence of a
solution to the system of equations

x = 6(x,y), (5.9)

y = (). (5.10)
Following the lines of [4] one can verify that the map 6 is Bp-Lipschitz, where 8y = Ldy.

Lemma 4. The map v is B-Lipschitz with 3, = B,.

Proof. Take z(-),2'(-) € (C([O,(SO],E1),§1,TM) and let y € y(x), ¥ = v(2’). Then
we have

2 _ 3 : 2
Fymy(y () = T il Foonto)—g(s.a(sn () 2

~ t
> i i ! ’ L - 1 ’ - -
= TH{EO SEI[{JI,féo] Faz(s)*z (s) (/Bg) Fx(‘)*x ) (Bg)
]

Basing on Theorem 3 and Lipschitz properties of maps 6 and « we can formulate
now a sufficient condition for the existence of a solution to control system (5.6)—(5.8).
It takes the following form.

Theorem 4. Let conditions (Hy), (Hg) hold true and Ly - max{1, 34} < 1. Then
control system (5.6)—(5.8) has a solution on the interval [0, dg).
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