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1. INTRODUCTION

Let (X, d) be a metric space and P(X) the family of all nonempty subsets of X. We
denote by P, (X) the family of nonempty, closed subsets of X, by P,(X) the family
of nonempty, bounded subsets of X, and by P.,(X) the family of nonempty, compact
subsets of X. Also, by B(zo,r) := {z € X : d(xg,z) < r}, we denote the open ball
with radius 7 > 0 and center o € X and by B(zo,7) := {z € X : d(z¢,7) <7} we
denote the closed ball centered in o € X and with radius r > 0.

The following important functionals will be used throughout the paper:

- the gap functional D : P(X) x P(X) — Ry, D(A, B) :=inf,ca pep {d(a,b)},

- the excess functional p : P(X) x P(X) — Ry, p(A, B) := sup,c4 {D(a, B)},

- the generalized Pompeiu-Haussdorf functional H : P(X) x P(X) — Ry U {400},

H(A, B) := max {sup D(a, B),sup D(b, A)} .
acA beB

It is well known that (P.(X), H) is a complete generalized metric space provided
(X, d) is a complete metric space [14]. Furthermore, an element x € X is a fixed point
(strict fixed point or an endpoint) for a multi-valued operator T : X — P(X) if and
only if z € Tx({x} = Tx). We denote by Fr the set of all fixed points of T" and by
(SF)r the set of all strict fixed points of T. A single-valued mapping t : X — X is
called a selection of T if for each z € X, we have tx € Tz.
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A sequence (z,,) satisfying the following conditions:
(i) o = =z,
(ii) #p41 € Tz, for each n € NU {0},
(iil) ¢, — «* € Fr as n — oo,
is called a sequence of successive approximations (for short, s.s.a.) of T starting from
r e X.
We denote by V(Y;e€) :={x € X : D(2,Y) < €} the € - neighborhood of the set Y €
P(X).

In 1969, Nadler [14] proved a multi-valued extension of the Banach contraction
principle.

Theorem 1.1 Let (X,d) be a complete metric space and let T' be a mapping from X
into Pp(X). Assume that there exists o € [0,1) such that H(Txz,Ty) < ad(x,y) for
all z,y € X. Then, there exists z € X such that z € Tz.

Many fixed point theorems have been proved by various authors as generalizations
of Nadler’s theorem (see [4], [7], [13], [22]). One of the general fixed point theorems
for a generalized multi-valued mappings belongs to Ciri¢ [5].

Theorem 1.2 Let (X,d) be a complete metric space and let T' be a mapping from X
into Py (X). Assume that there exists o € [0,1) such that H(Tx,Ty) < aM (z,y) for
all x,y € X, where

M(z,y) := max {d(z,y), D(x,Tx), D(y, Ty), [D(x, Ty) + D(y, Tx)]/2},

Then, there exists z € X such that z € Tz.

Following the approach given in [15], Alecsa and Petrugel [1] gave a fully com-
prehensive study on Ciri¢ type multi-valued operators, i.e. operators which satisfy
the inequality from Theorem 1.2. They have studied qualitative properties, namely
data dependence, well-posedness, Ulam-Hyers stability, Ostrowski property. In
[3], Boriceanu studied the existence and uniqueness of the fixed point and data
dependence for multi-valued operators in the context of b-metric spaces. Also, Ciri¢
type multi-valued operators have been studied in [16] - [20].

The following lemma from [2] will be necessary in the future results.

Lemma 1.3 Let (an)nen, (bn)nen two sequences of nonnegative numbers and 0 < k <
1 such that
Ap41 < kan + bn
for allm > 1. If lim, 0 by, =0, then lim,_, a, = 0.
Now, we recall the basic concepts for the qualitative properties of the fixed point
inclusion and of the fixed point iteration. The first two definitions are related to the
concept of well-posedness of the fixed point problem, see [11] and [19].

Definition 1.4 Let (X, d) be a metric space and T : Y — P, (X) be a multi-valued
operator. Then, the fixed point problem is well-posed for T with respect to the gap
functional D if and only if

(i) Fr = {:C*} )

(ii) if (z,,) C X has the property that D(z,,Tx,) — 0, then x, — x*.
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Definition 1.5 Let (X, d) be a metric space and T : Y — P.(X) be a multi-valued
operator. Then, the fixed point problem is well-posed for T' with respect to the
Pompeiu-Haussdorf functional if and only if
(i) (SF)r = {o*} |
(ii) if (x,) C X has the property that H(x,,Tzy,) — 0, then x,, — z*.

Another important concept related to the fixed point problem is Ostrowski property
or limit shadowing, see [10], [11].

Definition 1.6 Let (X, d) be a metric space and T : Y — P(X) be a multi-valued
operator. Then, the fixed point problem has the Ostrowski property if and only if
(i) Fr = {:C*} )
(ii) if (yn) C X has the property that D(yn+1,Tyn) — 0, then y,, — z*.

The next two definitions are related to the concept of generalized Ulam-Hyers
stability, see [15].

Definition 1.7 Let (X, d) be a metric space and T : X — P(X) be a multi-valued
operator. The fixed point inclusion x € Tz is called generalized Ulam-Hyers stable if
and only if there exists an increasing, continuous in 0 function ¢ : Ry — R4, 1(0) = 0,
such that for every € > 0 and for each y* € X with D(y*,Ty*) < ¢, there exists a
solution z* of the fixed point inclusion such that d(z*,y*) < ¥(e).

Definition 1.8 Let (X, d) be a metric space and T : X — P(X) be a multi-valued
operator. The strict fixed point inclusion {2} = Tz is called generalized Ulam-Hyers
stable if and only if there exists an increasing, continuous in 0 function ¢ : Ry —
R4, 9(0) = 0, such that for every e > 0 and for each y* € X with H(y*, Ty*) < e,
there exists a solution * of the strict fixed point inclusion such that d(z*,y*) < ¥(e).
Finally, following [8], [9], [17] and [18], we recall the last important concepts.

Definition 1.9 Let X # () and T : X — P(X) be a multi-valued operator. Then, T
has the approximate endpoint property if

inf sup d(z,y) = 0.
zeX yeTz ( y)

Definition 1.10 Let X # 0 and T : X — P(X) be a multi-valued operator. We say
that ¢t : X — X is a Caristi selection of T if there exists a function ¢ : X — R4 such
that

d(z,tr) < p(x) — p(tz),

for each x € X, where tx € Tz for each x € X.

The aim of this paper is to introduce a new class of multi-valued operators which
includes the Ciri¢ type multi-valued generalized contractions, and to study the met-
rical and topological properties for the fixed point problems. Our results generalize,
complement and extend many classical results and also recent results, and open a new
direction in this field of research.
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2. MAIN RESULTS

Definition 2.1 Let (X, d) be a metric space and T : X — P(X) be a multi-valued
operator. We say that T is a multi-valued P- operator if there exists a € (0,1) such
that

H(Tz,Ty) < aP(z,y)

for each x,y € X, where
P(I7y) ‘= max {El(x,y),Eg(x,y),Eg(:C,y),E4(:C,y)},

Eyv(z,y) = d(z,y) + D(z,Tz) — D(y, Ty),

d(x,
Ey(x,y) := d(z,y) + D(y, Ty) — D(z, Tx),

Es(z,y) == D(z,Tz) + D(y,Ty) — d(z,y)
and
Ey(z,y) == (1/2)[D(z,Ty) + D(y, Tx) + |D(z, Tz) — D(y, Ty)|].
Remark 2.2 Since

max{a,b,c,d;e} gmax{a+bc,a+cb7b+ca,d+e+|b_c|}

2

for every a,b,c,d,e € R, it is obvious that every multivalued « - Ciri¢ type operator
is a multi-valued a — P - operator.

In the following example, we will see that there exist multi-valued P - operators
which are not multi-valued Ciri¢ type operators.

Y) = |z —y|. Let T :
D(O T1) = D(1,T0) =
= 2. It is obvious that
7D operator.

Example 2.3 Let X = {0,1} and d : X x X — R, d(z

X — P(X), T0 = {1}, T1 = {0,1}. Since D(0,T0) = 1,

D(1,T1) = 0, we have H(T0,T1) = M(0,1) = 1 and P(0,1)

T is not a multivalued Ciri¢ type operator, but T is a (1/2) —
Now we can prove the main result of this paper.

Theorem 2.4 Let (X, d) be a complete metric space and T : X — Py (X) be a multi-
valued o — P - operator. Then, the following conclusions hold:

(a) there exists x* € Fr;

(b) for each x € X, there exists a s.s.a. (xy,) for T, starting from z, convergent to a
fixed point of T';

(c) if (zy) is a s.s.a. for T, starting from xq, convergent to x* € Fr, then

+«

1
d(zo,x*) < ] d(zo, x1);

(d) if (xn) is a s.s.a. for T, starting from xzq, convergent to x* € Fr, then for every
n>1
n

d(xp,z%) < 15

d(.’EO,.’L’l)7
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where = 2a/(1 + a);
(e) Fr is closed in (X,d);
(f)if G: X — Py(X) is a B — P - operator and H(Tz,Gx) <n for all x € X, then

1+ a 1+8 }
a(l—a)’ B(1=p) "

(9) if T, : X — Py(X) is a sequence of « — P - operators with

lim,, oo H(Tpz, Tx) = 0, uniformly with respect to x € X, then

1imn*>m .H—(.FT71 y FT) = 0,’

(h) if there exists o € X and r > 0 such that D(xg,Txo) < L‘r—gr, then there exists
x* € Fr N B(xo,r);

(i) if there exists xg € X and r > 0 such that p(zo, Txo) < H—ar then T : B(zo,7) —
P(B(zo, 1"'1@;‘22“2 r)) and there exists x* € Fr N B(xo,7);

(5) if X is a Banach space, U an open subset of X and T : U — Py(X) is a
multi-valued P-operator, then the associated multivalued operator G : U — P(X),
G(z) =z — Tz is open;

(k) there exists a Caristi selection of T';

(1) if, additionally, T : X — P.,(X), then the fized point inclusion x € Tz is gener-
alized Ulam-Hyers stable;

(m) the multi-valued operator T has the approximate fixed point property;

(n) if the multi-valued operator T is lower semicontinuous, then it has the approxi-
mate endpoint property if and only if it has a unique strict fized point;

(o) if a < 1/3, then Fr is compact;

(p) if T : X — Pya(X), then for each p > 0, one has

1+«
p,
—a

H(Fr,Fg) < nmax{

H(F}, Fr) <

where Fy == {z € X : D(z,Tz) < p}.
Proof. (a), (b), (c) and (d) Let g € X and x; € Txg such that d(zg,z1) <
éD(xo,T:co). By hypothesis, we have H(Txo,Txz1) < aP(xzp,z1). Suppose that
D(xg,Txo) < D(z1,Tz1). Then, we have:
El(éro,l'l) = d(xo,xl) + D(l’o,TﬁL’o) — D(xl, T{I,'l)
< d(xg,z1) + D(x1,T21) — D(x0, Tx0)

= Ey(wo,21),

Ey(zo,21) = [D(xo,T2z1) + D(x1, Txo) + |D(20, T0) — D(21,T21)|]/2
[D(.’Eo,T.’El) + D(ml,Txl) - D($07TZ‘0)}/2

< [d(zg,z1) + D(x1, Tx1) + D(x1,T21) — D(20, T20)]/2
= D(x1,Txz1) + [d(z0,21) — D(xg, Tx0)]/2

< D(x1,Tx1) + d(zg,21) — D(z0, Tx0)

= Es(zg, 1).
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Since D(xg,Txo) < d(zo,x1), it follows that
Es(xo,21) = d(xo,21) + D(x1, Tx1) — D(x0, Tx0)
> D(xg,Txo) + D(x1,Tx1) — d(x0, 1)
= FEs3(xg,x1).
Hence, we get
P(xo,x1) = Eax(xo,21) = d(xg, 21) + D(x1,Tx1) — D(20, TX0),

S0
D(x1,Tx1) < H(Tzo,T21) < ald(zg,21) + D(x1, Tx1) — D(20,T0)].

Then, we have
«@

D(J?l,T.’L’l) S [d(l‘o, .131) — D(ZEQ,TZC())],

11—«
by where
!
D(mo, TLL‘()) < m[d(mo, 1‘1) — D(LL'(), TLL'())]
This yields to
D(zg,Tz0) < ad(zo,21) < D(z0,Tx0),

which is a contradiction. Therefore, we get D(xg, Txo) > D(x1,T21). In this case, it
follows that:

El(l'(), 1’1) = d(xo, ml) + D(iL’(), TZL’()) - D(ZL’l, T(El)

d(xg,z1) + D(x1,Tx1) — D(x0, T20)

= Ea(z0,71),
Ey(zg, 1) = [D(xo, Tx1) + D(x1,Tx0) + |D(x0, T20) — D(21, T21)|]/2
= [D(xg,Tx1) + D(xo, Txo) — D(21,T21)]/2
< [d(xo,z1) + D(x1,Tx1) + D(xo, Txo) — D(21,T21)]/2
= [d(x0,21) + D(x0,Tx0)]/2
< [d(zg, z1) + d(z0,21)]/2
= d(wo, 1)
< d(zg,z1) + D(x0,Tx0) — D(x1,Tx1)
= E1(zg, 21).

Since Es(xo,x1) > E3(xg, 1), we obtain that
P(xo,x1) = E1(x0,21) = d(xg, 21) + D(x0,Tx0) — D(21, T21).
Hence, we have
D(z1,Tx1) < H(Txzo,Tx1) < afd(xo, 21) + D(x0, Tx0) — D(21,T21)].

It follows that
«

14+«

D(a:l,Tml) < [d(a:o,xl)—FD(xo,Txo)],
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by where
2a
D($1,TJJ1) S md(l‘o,xl) = ,Bd(l‘o,l‘l).

Furthermore, consider ¢ € (1, 4£2). Then, there exists z; € T'zq such that d(z1, z2) <
qBd(zo, 1) and d(x1,22) < éD(a:l,Txl). Let us denote by A\ := ¢B3. It is obvious
that A € (0,1). Then, we have d(z1,z2) < Ad(xo,z1). By induction, we can construct

a sequence (z,,) such that
Tp+1 € Txn and d(xnaxn+1) < Ad(xn—laxn)
for each n > 0. It follows that d(xy,, Tnt+1) < A™d(x0, 1), for each n > 0, so, by the
triangle inequality, we get
1—AP A"
<
Ty w0 m) < 73

Letting n — oo, we obtain that (z,,) is a Cauchy sequence, hence there exists 2* € X
such that z, — x*. Taking p — oo in the above inequality, we get for each n > 0

d('rn, -'L'n+p) <"

d(xg,1).

An
d(zn,z") < — /\d(xo,xl).
Making ¢ \, 1, it follows the estimate
d(zp,z*) < T _6d(x0,x1).
For n =0, we get
1 1+«
< — = .
d(zg,x*) < = Bd(xo,xl) = ad(xo,xl)

Now, we prove that * € Fr, i.e. D(z*,Tz*) = 0. Since D(x,, Tx,) < d(zpn, Tpi1)
and lim, o d(xy, z*) = limy, o0 d(Xp, Tni1) = 0, we have lim,, oo D(2y, Txy) = 0
and lim,, o d(a*, Tx,) = 0. Hence,

lim Ey(zy,z") = —D(z*,Tz"),

n—oo
nILH;oEQ(x”’x ):nh_{r;oEg,(xmx )Znh_{I;oEﬂﬂﬂmx )= D(z*,Tz").
Therefore, lim,, oo P(zy,2*) = D(z*, Ta*). By hypothesis, we have for every n > 0
that:
D(zpy1,T2*) < HTz,,Tx") < aP(x,,z").

Taking n — oo, we obtain D(z*,Tz*) < aD(a*,Tx*), so D(z*,Tz*) = 0.
(e) Let x,, € Fr such that x,, — z*. We shall show that z* € Fr, i.e.
a* € Tx*. Since D(zy,Tx,) = 0,lim, o0 D(2p, Ta*) = D(a*, Tx*),
lim,, oo D(z*,Tx,) = 0, we have:

lim Ei(z,,z") =—-D(z*,Ta"),

n—oo
lim Ea(r,a®) = lim By(@n.a) = lm Ey(z,,a’) = D, Ta*).
Therefore, lim,, oo P(z,,2*) = D(z*, Tz*). By hypothesis, we have for every n > 0
that:
D(xy,Tz") < H(Txy,Tz") < aP(zy,,x").
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Taking n — oo, we obtain D(z*,Tx*) < aD(x*,Tx*), so D(x*,Tx*) = 0. Since the
operator T has closed values, it follows that z* € T'z*, i.e. z* € Fp.

(f) By (a), (b), (c) and (d), we have that d(zo,z*) < 12d(z¢,21), where zg € X
is arbitrarly chosen, x1 € Tz such that d(xg,z1) < D(zg,21)/, and z* € Fr.
Taking zg = y* € Fg, we obtain that d(z*,y*) < 1£2d(y,y*), where y € Ty* such
that d(y*,y) < D(y*,Ty*)/ca. Tt follows that d(z*,y*) < a(lltaa)D(y*,Ty*). Since

D(y*,Ty*) < H(Gy*,Ty*) < n, we get d(z*,y*) < ;55%;n. Hence, D(y*, Fr) <
1+

alicay for each y* € Fg. Similarly, we have D(z*, Fg) < %n for each z* € Fr.
Then, we obtain

1 1
N )

a(l —a)’ B(1-7)
(g) Since lim, oo H(Tyx,Tx) = 0, uniformly with respect to z € X, then for € > 0,
arbitrarly chosen, there exists N(¢) € N such that

sup H(Tpz,Tx) < €

reX
for all n > N(e). By (f) we get that H(Fr, , Fr) <
hmn_mo H(FTnaFT) =0. B
(h) Let s € (0,7) such that B(zg,s) C B(xo,r), where D(zg,Txg) < ﬁ—gs < ﬁ—gr.
Then, there exists #1 € Txg such that d(zo,z1) < LD(xo,Txo) and d(zg,z1) <
%S . Hence, d(xg,21) < s, so 21 € B(zo,s). From the hypothesis, we have that
H(Txzo,Tz1) < aP(xg,z1). Like in the proof of (a) it follows that D(z1,Tx1) <
D(zo,Txo) and P(xo,z1) = d(xo, z1) + D(x0, Txo) — D(21,Tx1). Thus,

D(iL’th'l) S H(TQIJ(),T{IH) S Ck[d((E(),.’El) —+ D(LL'(LT‘T()) — D(xl,Txl)].
It follows that

+a

1
m €, hence

«
D(CCl,T.’El) S m[d((ﬂo, (El) + D(.’Eo,T.’Eo)],

by where

2c 200 1 —« 2c 2c
D T < ——d < = 1-— .
(@1, Q:1)_1—1—04 (o, 1) 1—|—ozl—i—ozS 1+a( 1+a>s

By the triangle inequality, we obtain
< l-«a n 20 1 -«
s S
14+« l+al+a

2 2 20 \?
=1(1- 14+ — = 11—
( 1+a>< +1+a)8 (1+a>

by where d(zg,z2) < 8, s0 22 € Tx1 N B(xo,s). By i]f_lduction7 we can construct a
sequence () such that for each n € N, x,, € Tz,_1 N B(xy, 3),

d(zg,zn) < (1— 2a ) S

14+«

d(Io,Iz) S d(l‘o, 1'1) + d(Il,Ig)

S
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n—1
2« 2a
d n—1l,+%n S 1- .
(Zn-1,2n) (1—|—a> ( 1+oz)8

It follows that (z,) is Cauchy, so there exists z* € X such that =, — x*. As in the
proof of (a)-(d), one can show that z* € Tz*. Since x,, € B(z, s) for each n > 0, we
have 2* € B(wx, s) C B(wo, 7).

(i) We have to show that Ty C B(zo, 17r) for every y € B(wzo,r). Let z € Ty.
Then, d(z,x0) < d(z,u) + d(u,zo) for every u € Txzo. It follows that d(z,x0) <
d(z,u) + p(xg, Txg) for every u € Txg, hence taking inf,cr., we get

and

]_ —_
d(z,x0) < D(z,Txo) + p(xo, Txo) < H(Ty,Txo) + 1 +Z

T.

By hypothesis, H(Ty, Txo) < aP(y,xq), where
P(y7 .’L'()) = max {El (y7 xO)u E2(Zh .’L'())), ES(y7 1'0)7 E4(Zl/» xO)} .

We employ an analysis of the following cases:
If the maximum is E4(y, o) = d(y,x0) + D(y, Ty) — D(z0, Txo), then

1
d(Z,],‘o) < ad(yva) + aD(vay) - OZD(JZ(),TJ?()) + 1_’_737“
11—«
< d
<ar+ad(y,z)+ o
< ar + ald(y, zo) + d(zo, To)] + =2
ar + o T z0,Tx r
= Y, Zo 0,4 Zo I+a
11—«
= ad(zg, 2) + (2o + T a)r.
This means that
2c 1 14+ o+ 202
d =
(Z’x0)<(1—a+1+a)r 1—a?
If the maximum is F3(y, x0) = d(y,x0) + D(zo, Txo) — D(y,Ty), then
1
d(z,20) < ad(y,z0) + aD(wo, Twro) — aD(y, Ty) +
11—« 11—«
<ar+aq——r+ ——r
1+« 1+«
=r.
If the maximum is E5(y,x0) = D(y, Ty) + D (o, Txo) — d(y, x0), then
1—
d(z,w0) < ad(y, zo) + aD(y, Ty) — aD(o, Two) + 1 ZT’
11—« 11—«
< d
_a1+ar+a (y,2) + 1+ar

11—«
r
1+«

< (1 —a)r+ ald(y,xo) + d(xo, 2)] +
<(1-a)r+ ar+ ad(xg,z).
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Hence, d(z,x9) < 7=

l1-a”
Finally, if the maximum is

Ey(y,z0) = [D(y, Txo) + D(xo, Ty) + |D(y, Ty) — D(xo, Tx0)l]/2,
then for D(y,Ty) > D(xg, Txo) we obtained
-«
14+«

< (a/2)d(y, 20) + Dlzo, Tw0) + d(z0,2) + Dy To)] + T —
1—

< (a/2)[r + [
2 11—«

< (04/2)[1 +ar+d(x0,z) +d(y,$0) +d(1’072)} + 1+Oér
1

!
= <l—|—a + 2) r 4+ ad(xg, 2).

d(z,20) < (a/2)[D(y, Txo) + D(wo, Ty) + D(y, Ty)] + T

—

r

11—«
r
1+«

St d(wo, 2) + d(y, )] +

It follows that ) )
o +a+2  1+a+2a
d <
m) < 5y = T
Also, for D(y, Ty) < D(zg,Tzo) we have

l1—«
r
l1+ao

< (a/2)[d(y, zo) + D(z0, Txo) + d(x0, ) + D(wo, Txo)] + 1 — Z’”
1—

< (a/2)[r+21 -
= (a/2)d(z0, 2) + (1 — a/2)r.

d(z,z0) < (a/2)[D(y, Txo) + D(x0, Ty) + D(zo, Txo)] +

1—
Zr—i—d(aco,z)] + 1+Z’I‘

. 2 .
by where, d(z,2¢) < r. Since 7 L < %, in all cases we have

14+ a+ 2a?
d < -
(z:20) 1— a2
This means that

_ _ 14+ a+ 202

T(B(xg,r)) C B(xo, a2 T).

Since D(zg,Twg) < p(xo,Tz0) < =27, by (h) it follows that there exists z* €

14+
Fr N B(zp, ).

(j) Let V' be an open subset of U. We shall prove that G(V') is open in X. This

means that for zo € U and r > 0 such that B(xg,r) C U, we have V(Gxg, i=2

T+a
G(B(xg,7)). Taking y € V(Gxy, }I—gr), ie. D(y,Gxg) < }_‘F—gr, we shall prove that
there exists z* € B(zo,r) such that y € Gz*. Let us consider the multi-valued
operator F' : B(xg,r) = Py(X), defined by F(x) := y+Tx. Then, for x,z € B(xg,T)

we have that:

H(Fz,Fz)=H(y+Tz,y+Tz) = HTz,Tz) < aP(z, z).
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Moreover,

1 _
D(xg, Fzo) = D(xo,y + Txo) = D(y,x0 — Txo) = D(y,Gxo) < <.

1+«

It follows from (h) that F has a fixed point «* € B(xg,r), i.e. 2* € Fz*. Hence,
¥ €y+Ta* ory € x* — Ta* = Ga*. Therefore, y € V(Gxy, };—Zr), and then, G is
open.

(k) Let € := ﬁ,ﬂ = % and p(z) := (1/€)D(x,Tz). Then, obviously, we have
e+ 0= éigg < 1 and ¢ is bounded below by 0. Since 1/(e + ) > 1, for each z € X
we can choose tx € Tx such that d(z,tx) < 1/(e + 8)D(z,Tx). Since D(tx,Tz) =0

and D(z,Tx) < d(z,tz), we get for D(tz, Ttx) > D(x,Tx) that
d(z,tx) + D(x,Tx) — D(tx, Ttx) < d(x,tx) + D(tx, Ttx) — D(x, Tx),
D(z,Tz) + D(tz, Ttx) — d(z,tz) < d(z,tx) + D(tz, Ttx) — D(z,Tx),

(1/2)[D(z,Ttx) + D(txz,Tx) + |D(x, Tx) — D(tx, Ttz)|]

< (1/2)[d(z,tx) + D(tz, Ttx) + D(tz, Ttx) — D(z,Tx)

< D(tz,Ttx) + d(z, tx) — D(z,Tx),
so Fq(z,tx) < Es(z,tx), Es(z,tx) < E(z,tz) and E4(z,tx) < Es(z,tx). Hence,
P(z,tx) = d(x,tx) + D(tz, Ttx) — D(x,Tx). Then, by hypothesis, we have:

D(tz,Ttx) < H(Tz,Ttz) < aP(z,tx),
o
D(tz, Ttx) < ald(z,tz) + D(tx, Ttx) — D(z, Tx)).

Hence, we get

D(z,Tx) < D(tz, Ttz) < —>

T—a [d(z,tx) — D(z,Tz)],

by where
D(z,Tz) < ad(z,tr) < LD(JJ,T%).
e+ [
Since ﬁ < 1, it follows that D(x,Tx) = 0. This implies d(x,tx) = 0, so we have
D(z,Tz) < fd(z,tx). If D(tx,Ttx) < D(x,Tz), then
d(z,tx) + D(x,Tz) — D(tx, Ttx) > d(z,tz) + D(tx, Ttx) — D(z,Tx),
D(z,Tx)+ D(tz, Ttx) — d(x, tx) < d(z,tz) + D(tx, Ttx) — D(z, Tx),
(1/2)[D(x, Ttx) + D(tx, Tz) + |D(x, Tx) — D(tx, Ttx)|]
< (1/2)[d(z,tx) + D(tz, Ttx) + D(x,Tx) — D(tx, Ttx)
= (1/2)[d(z,tz) + D(z,Tx)]
< d(z,tx) + D(x,Tx) — D(tx, Ttx),

so Ey(x,tx) > Es(x,tx), Es(x,tx) < Ey(z,tr) and E4(z,tz) < Fi(z,tx). Hence,
P(z,tx) = d(z,tx) + D(x,Tx) — D(tx,Ttx). Then, by hypothesis, we have:

D(tz,Ttx) < H(Tz,Ttx) < aP(z,tx),



716 OVIDIU POPESCU

D(tx,Ttx) < afd(x,tz) + D(x,Tx) — D(tx, Ttx)].

Hence, D(tz, Ttz) < i [d(z,tz) + D(z, Tz)] < %d(m,tw).

Therefore, in all cases we have for each x € X that
2a
D(tx, Ttr) < ——d(z, tz) = fd(x, tz).
(tx :r)71+a (z,tx) = pd(z, tx)

Now, we will prove that ¢ is a Caristi type operator. Indeed, for each x € X we have:
d(z,tz) = (1/€e)[(e + B)d(x, tx) — Bd(z,tz))
< (1/e)[D(x, Tx) — D(tx, Ttx)]
— o(a) — p(ta).

(1) Let € > 0 and consider y* € X that satifies D(y*,Ty*) < e. Then, for each o € X
and 1 € Txg with d(xg,z1) < (1/a)D(z9.Txo) there exists x* € Fr such that

1
d(zg,2") < 7 ra

d(x0, 7).

-«
Taking z¢p = y*, we obtain

+«
dlv*
—a (y axl)v

1
ay'a') <

< (1/a)D(y*,Ty*). Since Ty* € P.p(X), there exists
D(y*,Ty*). Tt follows that
+ 1+a

e =1(e),

D(y*, Ty*) <
P Ty < 17—

where x; € Ty* with d(y*, z1)
x1 € Ty* such that d(y*,z1) =

—_

d(y*,z*) <

where () = 1£%¢,

I-a
(m) Since there exists * € Fr, we have D(a*, Tx*) = 0, so inf ex D(x,Tz) =0, i.e.
T has the approximate fixed point property.
(n) Let € > 0 and E.(T) := {x € X :sup,cp, d(z,2) <e€}. If z,y € E(T), then
H(z,Tx) < eand H(y,Ty) < €. Since
d(x,y) < H(z,Tx) + H(Tz,Ty) + H(y,Ty),
we get by hypothesis that d(z,y) < aP(x,y)+2e. Hence, we have the following cases:
If P(z,y) =d(x,y) + D(z,Tx) — D(y, Ty), then
d(z,y) < ad(x,y) + aD(z, Tx) + 2¢

< ad(z,y) + aH(x, Tx) + 2¢

< ad(z,y) + (a + 2)e.
It follows that

o+ 2
d <
(@,y) < 7

Similarly, if P(z,y) = d(z,y) + D(y, Ty) — D(x,Tx), then

a2
d <
(@y) < T

€.

€.
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If P(z,y) = D(z,Tx) + D(y, Ty) — d(x,y), then
d(z,y) < aD(z,Tz) + aD(y,Ty) + 2¢
< aH(xz,Tx)+ aH(y,Ty) + 2¢
<2(a+1)e
Finally, if P(z,y) = [D(z,Ty) + D(y, Tx) + |D(x,Tx) — D(y, Ty)|]/2, then
P(z,y) < [d(z,y) + D(y, Ty) + d(z,y) + D(z,Tz) + D(x, Tx) + D(y, Ty)] /2

= d(l’, ) + D(xa T:L') + D(yaTy)
< d(z,y) + 2e.
Hence, we get that d(z,y) < ad(z,y) + 2ae + 2¢, by where
2(1
d(:c,y) < w

11—«
Therefore, it follows that

2 2(1
d(m,y)gemax{?—i_ﬂ(a—i—l), ( +a)}:
-«

2(1+a)
o €.

11—«

Then, we get that
21+ «)

I(E(T)) < T ——¢
where 0(A) := sup, ,c 4 d(a,b) means the diameter of the set A.
Let z, € E.(T) such that z, — z as n — oo and z € Tz. Since T is lower semi-
continuous, then there exists z, € Tx, with 2, — 2. Since z,, € E.(T) we have
supy ery, A(Tn,y) < € 50 d(zy, 2,) <€, for every n > 1. Taking the limit as n — oo,
it follows that d(x,z) < e. Then, we have sup,cp, d(x,z) < e. Hence z € E.(T).
Therefore, E.(T) is closed.
Now, suppose that T has the approximate endpoint property and define C,, :=
Ei/n(T). Then, by our hypothesis, C,, is nonempty for each n, and it is obvious
that C,,41 C (), for all n > 1. Also, (), is closed and

2(1+ a)e'

5(Ca) = 8(Es () < Z2

Since lim,, o, 6(C,,) = 0, by Cantor’s intersection Theorem, it follows that N,enC,, =
{z*}. As z* € C, for each n > 1, we obtain that sup,cp,. d(z*,y) < 1/n, so
d(z*,y) = 0 for each y € Tz*. Hence, Tx* = {z*}, i.e. T has a strict fixed point. If

*

y* is another strict fixed point of T, then by hypothesis, we have
d(z*,y*) = D(x*, Ty") < HTX*,Ty") < aP(z*,y").

Since D(x*,Tx*) = D(y*,Ty*) = 0, and D(z*,Ty*) = D(y Tx*) = d(z*,y*), i
follows that P(z*,y*) = d(z*,y*). Hence, we get that d(z*,y*) < ad(z*,y ) by
where d(z*,y*) = 0. Therefore, T has a unique strict fixed point.

Reciprocally, if T' has a unique strict fixed point z*, then Ta* = {z*}. It follows
that sup, e, d(2*,y) = 0, so inf,ex sup,ep, d(x,y) =0, i.e. T has the approximate
endpoint property.
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(o) By (d), we have that Fr is closed in (X, d). Let *,y* € Fpr. By hypothesis, we
have

D(z*,Ty*) < H(Tz*,Ty*) < aP(z*,y").
Since D(z*,Tz*) = D(y*,Ty*) = 0, and D(z*,Ty*) < d(z*,y*),D(y*,Tx*) <
d(z*,y*), we get that P(z*,y*) = d(z*,y*). Hence, D(z*,Ty*) < ad(z*,y 3
Ty* is compact, there exists z € Ty* such that d(z*,2) = D(z*, Ty*)
It follows that d(z*,y*) — d(z,y*) < ad(z*,y*), so

1 1
)< — N < ——6(Ty™).
d(@",y") < 7——d(z,y") < 7——4(Ty")

Since Ty* is compact, then Ty* is bounded and 6(Ty*) < oo. Hence, Fp C
B(y*, 2=6(Ty")), i.e. Fr is bounded.

Obviously, Fr is complete with respect to d. Let us suppose that F7p is not compact.
Then, Fr is not precompact, i.e. there exist 6 > 0 and (xg)gen C Fr such that
d(z;,x;) > 6 for all i # j.

Denote
p:=inf {R:Ja € X such that B(a, R) contains an infinity of x)’s} .

Since Fr is bounded, we have p < oo. Moreover, p > §/2 because for each a €
X, B(a,d/2) contains at most one xj. Furthermore, consider 0 < € < ﬁf{f‘p and take
a € X such that the set J := {k: 2}, € B(a,p+ €)} is infinite. Then, for each k € J,

we have

D(zy,Ta) < H(Tzp,Ta) < aP(zy,a).
Since zy € Fr, we have D(zy, Txzy) =0, so
Ey(zr,a) = [D(zk, Ta+ D(a,Txy) + D(a,Ta)]/2

< |d(zk,a) + D(a,Ta) + d(a,z) + D(zg, Txi) + D(a,Ta)]/2

=d(zk,a) + D(a,Ta).
It follows that P(zk,a) = d(xg,a) + D(a,Ta), and then

D(zy,Ta) < ad(zg,a) + aD(a,Ta)
< ad(zk, a) + ad(a, x) + aD(zy, Ta).

Hence,
2

-«

2
D(ar,Ta) < 1——d(wr,a) < T——(p+ ),

for each k € J. Since T'a is compact, then there exists yi € T'a such that d(xg, yr) <
ﬁ—aa(p + ¢) for each k € J. Moreover, since Ta is compact, then there exists b € Ta,
for which the set J' = {k € J : d(yx, b) < €} is infinite. Then, we have for each k € J’
that

2a
d(zk,b) < d(@r, y) +d(ye, b) < 7—(p+ ) +e<p.
Hence, the ball B(b, R) contains an infinite number of elements z’-s, where

2 1+«
l—ap 11—«

R= €< p.
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This contradicts the choice of p. Therefore, Frr is compact.
(p) Let Iy :={z € X : D(x,Tz) < p} for each p > 0. If 2 € Fr then D(z,Tx) = 0,
so z € F)y. Hence Fr C F}; for each p > 0. This implies that
H(F,,Fr)=p(F,, Fr) = b&}lFP* D(z, Fr),

for all p > 0, where p denotes the excess functional. Now, let € > 0 arbitrarly chosen
and x € F,;. Then, D(z,Tx) < p and there exists #; € Tz such that d(z,z1) <
min {(1 4 €)p, (1/a)D(z,Tx)}. Following (b) there exists a s.s.a. (z,) starting from
zg = z € X, such that d(zg,2*) < H2d(z,21), where z, — 2* € Fr as n — oo.
Then, we have d(zg,2*) < }"'3 (14¢€)p. Taking € ] 0, it follows that d(xg, 2*) < 1"'ap,
for each x € Fy, i.e. H(F),Fr) < }f—gp.

The following result is an extended version of the strict fixed point principle for
multi-valued P-operators.

Theorem 2.5 Let (X, d) be a complete metric space and T : X — Py (X) be a multi-
valued P-type operator. Suppose that (SF)r # (0. Then, the following conclusions
hold:

(a) (SF)r = Pr = {"}.

(b)if a < %, then T has the Ostrowski property;

(c)if o < %, then H(Tx,a*) § 22 d(x, "), for each v € X;

(d) if a < 3, then d(z,x*) < =2 H(x,Tx), for each x € X;

(e) the ﬁ:z:ed point inclusion x € Tx is generalized Ulam-Hyers stable;

(f) the strict fizved point inclusion {x} = Tx is generalized Ulam-Hyers stable;

(g9) the fized point problem is well-posed for T, with respect to D and, respectively,
with respect to H;

(h) if G: X — P(X) is a multi-valued operator with Fg # 0, and there exists n > 0
such that H(Txz,Gz) <n for all x € X, then H(FT, Fg) < 1+g .

Proof. (a) Since (SF)r # 0, then there exists z* € (SF)r C Fr. If y* € Fr, then by
hypothesis, we have

d(z*,y*) = D(Tx*,y*) < H(Tx*,Ty") < aP(z*,y").
Since D(z*,Tz*) = D(y*,Ty*) = 0,D(z*,Ty*) < d(z*,y*) and D(y*,Tz*) =
d(z*,y*), it follows that P(xz*,y*) = d(a*,y*). Hence, d(z*,y*) < ad(x*,y*), by
where d(z*,y*) =0, i.e. * = y*. Therefore, Fr = (SF)r = {z*}.
(b) Let (y,) be a sequence such that D(y,+1,Tyn) — 0 as n — oo. Then, by hypoth-
esis, we have for each n > 1 that H(Tz*,Ty,) < aP(z*,y,). Since D(z*,Tz*) = 0,
we have

Ey(z*,yn) = [D(x*, Tyn) + D(Yn, T*) + D(yn, Tyn)]/2
[d(z™,yn) + D(Yn, Tyn) + d(z*, yn) + D(yn, Tyn)]/2
d( ayn)“—D(ymTyn)

)=

d(x*, yn) + D(yn, Tyn). Hence, we get that for each n > 1:

IN

It follows that P(x*,y,
H(Tz*,Tyn) < ald(z*,yn) + D(yn, Tyn)].
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Then, we obtain that:
H(Tz*,Tyy,) < ad(z*,yn) + ald(z”,yn) + D(x*, Ty,)]
= 2ad(z*, yn) + aD(z*, Ty,)
< 2ad(z*,yn) + aH(Tx*, Ty,).

Hence, we have that H(Tz*,Ty,) < 2%d(z*,y,). Since
d(l'*, yn+1) < H(Tx*v Tyn) + D(ynJrlv Tyn)7 we obtain

2a N "
d(x*vyn-‘rl) < lid(x 7yn) + D(y7l+17Tyn) = kd(l’ 7yn) + D(yn+17Tyn)a

where k = %% < 1. By Lemma 1.3, we get lim, o d(z*,yn) = 0, so y, — z* as
n — oo.
(¢) By hypothesis, we have for each z € X that H(Tz,Tx*) < aP(x,z*). Since
D(z*,Tx*) = 0, we obtain that P(z,z*) = d(x,2*) + D(x,Tx). Hence
H(Tz,Tz") < ad(z,2") + aD(z,Tx)
< ad(z,27) + ofd(z,2") + H(Tz,Tx")]
=2ad(z,x*) + aH (Tx, Tz"),
by where we get H(Txz,Tz*) < 2% d(z, x*).
(d) We have
2
d(z,z*) < H(z,Tx)+ H(Tz,z*) < H(z,Tz) + %d(z,x*).

Therefore, we get d(z,2*) < =% H (z,Tx).

(e) Now, let us consider y € X and xz € T'y. Then, we have:
d(y,z*) <d(y,x) + H(Ty,Tz*) < d(z,y) + aP(y, z")
=d(z,y) + ald(y, z%) + D(y, Ty)]
<1+ a)d(z,y) + ad(y, z%).
It follows that d(y, 2*) < if—gd(x, y) for each x € T'y. Taking inf,ecr, we get d(y, z*) <
122 D(y, Ty) = ¥(D(y, Ty)), where ¢)(t) := 122¢. It is obvious that 1 is continuous in

0, increasing and ¥ (0) = 0. Let € > 0 and consider y* € X that satisfies D(y*, Ty*) <
€. Then, we have

Ay ,a*) <) = o

(f) Since D(y*, Ty*) < H(y*,Ty* ) for every y* € X, the conclusion follows from (e).
(¢) Let x,, € X with D(x,, Txz,) — 0 as n — oo. Then,
d(xp,2") < D(zp,Txy) + HT2,, Te*) < D(xp, Txy,) + aP(z,, 2").

Since P(xp,z*) = d(xn,z*) + D(xy, Txy,), we get that d(z,,z*) < ad(z,,z*) +
(1+ @)D(zp, Txy,). Hence, d(zy,z*) < 32 D(z,,, Txy). Letting n — oo we obtain
d(xp,z*) = 0, so z, — x*.
(h) Let 2* € (SF)r and y* € Fg. Then, we have

d(z*,y") < H(Gy",2") < H(Gy", Ty") + H(Ty", ") <n+ aP(y",z").
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Since P(y*,x*) = d(y*,z*) + D(y*, Ty*), we get

d(z*,y") <n+ad(z”,y") + aD(y*, Ty")
<n+ad(z”,y*) +aH(y", Ty")
<n(l+ )+ ad(z*,y").

Hence, we obtain that d(z*,y*) < ﬂ'—gn for each y* € Fg. It follows that

1+«
7,
«

sup d(z”,y") <
y*€lg 1-

by where
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l1+ao

H(Fp,Fg) <
(Ta G)—l_a
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