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Abstract. Let X be a uniformly smooth Banach space and let T,A be hemicontinuous operators
defined on X with values in X. Suppose, in addition, that T is strongly pseudo-contractive ( with

constant k > 0) while cI+A is accretive for 0 < c < 1−k. Then the operator T−A has a unique fixed

point, which represents a significant extension of the main theorem in [12]. Some surjectivity results
are also discussed, which are related to the main result. In particular, we begin with a surjectivity

result for monotone operators defined on reflexive Banach spaces.
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1. Introduction

Let X be a real Banach space with D(T ) a subset of X. An operator T : D(T )→ X
is said to be pseudo-contractive (see [8]) if for each u, v ∈ D(T ) and λ > 1

(λ− 1)‖u− v‖ ≤ ‖(λI − T )(u)− (λI − T )(v)‖. (1.1)

(with I denoting the identity mapping). Following Kato [7], we find an equivalent
formulation of (1) that can be described as follows: A mapping T : D(T ) → X is
pseudo-contractive if and only if for every u, v ∈ D(T ), there exists j ∈ J(u−v) such
that

〈Tu− Tv, j〉 ≤ ‖u− v‖2

where J : X → 2X
∗

is the normalized duality mapping which is defined by

J(u) = {j ∈ X∗ : 〈u, j〉 = ‖u‖2, ‖j‖ = ‖u‖}

(see Browder [4] and Kato [7]). The symbol 〈·, ·〉 denotes the generalized duality pair-
ing. It is an immediate consequence of Hahn-Banach Theorem that J(u) is nonempty
for each u ∈ X. It is also known that J is single-valued if and only if X is smooth.
This latter notion means that

lim
t→0

‖x+ th‖ − ‖x‖
t

(1.2)
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exists for each x and h on the unit sphere U of X. When this is the case, we say
that the norm of X is Gâteaux differentiable. Moreover, if for each h in U the limit
defined by (1.2) is uniformly attained for x ∈ U , we say that the norm of X is
uniformly Gâteaux differentiable. It is also known that if X has a uniformly Gâteaux
differentiable norm, then the mapping J is uniformly continuous on bounded subsets
of X from the strong topology on X to the weak∗ topology on X∗. It is also known
that J is norm-to-norm uniformly continuous on bounded sets is equivalent to the
space X being uniformly smooth. Since some of the results will be given for reflexive
spaces, we may assume that the reflexive Banach space X and its dual X∗ are both
locally uniformly convex after renorming (see Trojanski [13]). This very fact implies
that the duality mapping J is single-valued and strictly monotone. In addition, we will
present the main results for hemicontinuous operators, which are simply continuous
mappings from the one dimensional strong topology into the weak topology.

It is known that if T is pseudo-contractive, then A := I − T is accretive, which
means that for every u, v ∈ D(A) there exists j ∈ J(u− v) such that

〈Au−Av, j〉 ≥ 0.

We should note that the family of pseudo-contractive mappings is quite ample,
containing all nonexpansive mappings, and moreover, are not necessarily continuous.
A related class is the so-called k-pseudo-contractive operators, which, for k < 1 are
called strongly pseudo-contractive operators and are defined as follows: For every
u, v ∈ D(T ), there exists j ∈ J(u− v) such that

〈Tu− Tv, j〉 ≤ k‖u− v‖2.

Accretive operators defined on Hilbert spaces are called monotone operators. We
first study some surjectivity results for accretive, as well as, monotone operators,
which happens to coincide under Hilbert spaces. However, monotone operators are
also defined outside Hilbert spaces. In fact, we say that a mapping A : D → X∗ is
said to be monotone if

〈Au−Av, u− v〉 ≥ 0 for all u, v ∈ D,

where the notation 〈Ax, z〉 represents the action of the linear and bounded functional
Ax ∈ X∗ into the element z ∈ D. Moreover, A is maximal if its graph is not
properly contained in the graph of any other monotone operator. Similarly, we define
a strongly monotone operator as follows: The operator A : D → X∗ is said to be
strongly monotone if there exists a constant c > 0 such that

〈Au−Av, u− v〉 ≥ c‖u− v‖2 for all u, v ∈ D(A).

The main purpose of this work is to explore the existence of fixed points for the
difference of two nonlinear operators under weaker continuity assumptions. We begin
discussing some surjectivity results, known in Hilbert spaces, defined for more general
type of spaces such as reflexive Banach spaces.

Following Browder and Petryshyn [3], we say that an operator A defined on a
normed space X is α-inverse strongly accretive (α > 0) if for each u, v ∈ X there
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exists j ∈ J(u− v) so that

〈Au−Av, j〉 ≥ α‖Au−Av‖2.

We may observe that this operator A is monotone and 1
α -Lipschitz. On the other

hand, we say that A is hemicontinuous at u ∈ D(A) if for each v ∈ X, tn > 0, n ∈ N,
with tn → 0 and u + tnv ∈ D(A) imply {A(u + tnv)} converges weakly to Au as
n→∞.

2. Surjectivity Results

Theorem 2.1. Let X be a reflexive Banach space, and let A : X → X∗ be a hemi-
continuous monotone operator for which

(†) lim
‖x‖→∞

‖A(x)‖ = +∞.

Then A is surjective.

Proof. We first observe that the operator A is a maximal monotone operator defined
on X (see for instance [5]). In addition, under the assumption that X is reflexive,
the normalized duality mapping J is single valued and hemicontinuous. Therefore,
by Theorem 1.2 of Barbu [1], the operator A + εJ (with ε > 0) is surjective. Now,
we show that A is surjective. To see this, let f ∈ X∗. Then, the shifting of A by f is
also maximal monotone. Hence the equation

Ax+ εJ(x) = f

has a solution for every ε > 0. This means, for every k ∈ N, and εk > 0 with εk ↘ 0,
there exists xk ∈ X such that

Axk − f + εkJ(xk) = 0.

Next, we show that the sequence {xk} is bounded. For such a purpose, we use the
fact that A is monotone, to derive

〈f − εkJ(xk)−A(0), xk〉 ≥ 0.

Hence εk‖Jxk‖ ≤ ‖f − A(0)‖, which implies that {Axk} is bounded. Consequently,
this boundedness and equation (†) allow us to obtain that {xk} is bounded. Therefore,
by Lemma 1 of [9], xk → x for some x ∈ X, and thus Ax = f . Hence A is surjective.

�

Corollary 2.1. Let X be a reflexive Banach space and let A : X → X∗ be a
hemicontinuous strongly monotone operator. Then A is surjective.

Proof. Since A is strongly monotone, then

〈Au−A(0), u〉 ≥ c‖u‖2 for all u ∈ X.

Consequently, ‖Au‖ ≥ c‖u‖ − ‖A(0)‖, which implies that lim‖u‖→∞ ‖Au‖ = +∞.
Therefore, due to Theorem 2.1, A is surjective. �
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The next theorem, will make reference to demicontinuous operators, meaning
that they are simple continuous mappings from the strong topology into the weak
topology in X. However, this surjectivity result is for accretive operators in Banach
spaces that may be stated as follows:

Theorem 2.2. Let X be a uniformly smooth Banach space and let A : X → X be a
hemicontinuous accretive operator for which

(∗) lim inf
‖x‖→∞

‖A(x)‖ = +∞.

Then A is surjective.

Proof. We first observe that A holds a stronger continuity assumption, in fact, A is
demicontinuous on X since X is uniformly smooth and its domain is an open set (see
for instance Kato [6], Gajardo et al. [5]).

Let z ∈ X and let Az(x) = Ax − z. Select η > ‖A(0)‖ + 3‖z‖. Then by (∗), we
may choose r > 0 such that

inf{‖Ax‖ : ‖x‖ ≥ r} ≥ η.
This implies

‖A(0)‖+ 3‖z‖ < ‖Ax‖ for x ∈ ∂B(0; r),

so that

‖Az(0)‖ < inf
x∈∂B

‖Azx‖.

Consequently, by Proposition 2 of [10], there exists a nonexpansive mapping g from
B(0; r) into B(0; r) whose fixed points determine zeros for Az. Since X is uniformly
smooth, g has a fixed point x0 ∈ B(0; r), a result due to J. Baillon that was published
in [14]. Hence z = Ax0. Therefore A is surjective.

We should observe that Theorem 2.2 also holds true for super reflexive Banach
spaces, since these spaces admit an equivalent renorming to become uniformly smooth.

�

Corollary 2.2. Let X be a uniformly smooth Banach space and let A : X → X be a
hemicontinuous strongly accretive operator. Then A is surjective.

3. Main Result

Theorem 3.1. Let X be a uniformly smooth Banach space and T : X → X be a
hemicontinuous strongly pseudo-contractive mapping. If A : X → X is a hemicontin-
uous operator such that cI + A is accretive (with 0 < c < 1 − k), then T − A has a
unique fixed point in X.

Proof. Define F = I − T +A. Then for x, y ∈ X there exists j ∈ J(x− y) such that

〈Fx− Fy, j〉 = 〈x− Tx+Ax− (y − Ty +Ay), j〉
= 〈x− Tx− (y − Ty), j〉+ 〈Ax−Ay, j〉
≥ (1− k − c)‖x− y‖2.
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Consequently, by Corollary 2.2, F is surjective, which means, there exists x ∈ X such
that

x− Tx+Ax = 0.

Therefore T −A has a unique fixed point in X. �

Corollary 3.1. Let X be a uniformly smooth Banach space and T : X → X be a
hemicontinuous strongly pseudo-contractive mapping. If A : X → X is a α-inverse
strongly accretive operator, then T −A has a unique fixed point in X.

Proof. Since an α-inverse strongly accretiveness of A trivially implies that cI + A is
accretive for any c > 0, the conclusion follows from Theorem 3.1. �

Corollary 3.2. Let H be a Hilbert space and T : H → H be a hemicontinuous
strongly pseudo-contractive mapping. If A : H → H is a hemicontinuous monotone
operator, then T −A has a unique fixed point in H.

We should mention that Corollary 3.2 represents a significant extension of Theorem
2.2 of [12]. In fact, we have a weaker continuity assumption, the strong pseudo-
contractiveness is much more general than contraction mappings, and mostly, the
monotonicity on the second operator is significantly much weaker that being inverse
strongly monotone.

We close, with a more general setting of Corollary 2.2 under weaker assumptions
on the operator A. To see this, we need the following definition:

Let φ : [0,∞)→ [0,∞) be a function that is continuos at 0, φ(0) = 0 and φ(r) > 0
for every r > 0. Let X be a (real) normed space. A mapping A : D(A) ⊂ X → X is
said to be φ-expansive if

||Ax−Ay|| ≥ φ(||x− y||).
Additionally, A is said to be φ-accretive if for every x, y ∈ D(A) there exists j ∈
J(x− y) such that 〈

Ax−Ay, j
〉
≥ φ(||x− y||). (3.1)

Theorem 3.2. Let X be a uniformly smooth Banach space and let A : X → X be a
hemicontinuous φ-accretive operator. Then A is surjective.

Proof. In view of Theorem 2.2 It is suffices to show that

(∗) lim inf
‖x‖→∞

‖A(x)‖ = +∞.

To see this, we first observe that due to Theorem 1 of [11], there exists a strictly
increasing function ψ : [0,∞)→ [0,∞) with ψ(0) = 0 such that ψ(t)→∞ as t→∞
and for every x, y ∈ X, there exists j ∈ J(x− y) such that〈

Ax−Ay, j
〉
≥ ψ(||x− y||)||x− y||.

However, this implies that ψ(||x||) ≤ ‖Ax−A(0)‖.
Consequently, lim

‖x‖→∞
‖A(x)‖ = +∞. Hence, by Theorem 2.2, we conclude that A is

surjective. �
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Corollary 3.3. Let X be a reflexive Banach space, and let A : X → X∗ be a hemi-
continuous monotone operator such that〈

Ax−Ay, x− y
〉
≥ φ(‖x− y‖) for all x, y ∈ X. (3.2)

Then A is surjective.

Proof. Observe that the proof of Theorem 1 of [11], holds easily for monotone oper-
ators, and the proof follows Theorem 3.2. �

Remark 3.1. In [2], the authors introduce the notion of uniform monotonicity which
appears to be strongly than our assumption (3.2) in the above corollary. They also
define supercoercivity as:

lim
‖x‖→∞

‖A(x)‖
‖x‖

= +∞.

It turns out that Corollary 3.3 represents a significant extension of Proposition 22.8
of [2]. In fact, no supercoercivity assumption is needed on the operator A to prove
surjectivity.
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