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Abstract. We consider a convex constrained optimization problem composed in part of finding fixed
points of nonexpansive mappings and in part of solving a minimization problem. Two broadcast
incremental algorithms are proposed to solve it, in the spirit of the steepest-descent method and
Mann'’s iterative method. Under certain mild assumptions, the norm convergence of our suggested
algorithms is established in the framework of real Hilbert spaces. Finally, numerical experiments on
a peer to peer storage system are implemented to illustrate the performance of our algorithm.
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1. INTRODUCTION

Let H be a real Hilbert space associated with norm || - || and inner product (-, -).
Let C be a convex and closed set in the space H. The norm (strong) convergence of a
vector sequence {z,, }° ; to a vector x is denoted by x,, — z as n — oo, while the weak
convergence (convergence in the weak topology) of {5 ; to « is denoted by z,, — x
asn — oo in H. Let F (i), G . 1 — R be Fréchet differentiable and convex functions
and let S®) : # — H be a nonexpansive operator, i.e., [|SWz — SWy|| < |z — y],
Vr,y € H, for each i = 0,1,2,--- . In this paper, we aim to present optimization
algorithms for solving the following convex minimization problem

minimize Z (FO(z) + 69 (x)) subject to z € ﬂ Fiz(SW), (1.1)
i€30{0} i€3U{0}

where J := {1,2,--- , I} and Fiz(S®) is the fixed-point set of mapping S). Problem
(1.1) includes some practical problems such as the signal processing, the storage
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allocation, the graph-based clustering, the power allocation and so on [22, 12, 30, 9,
26, 2, 28]. Problem (1.1) is one of the central convex optimization problems in the
nonlinear functional analysis and the numerical optimization theory.

The variety of real-world applications stimulates the search of iterative methods
for solving problem (1.1). In this sense, a well known iterative method named pro-
jection gradient method for solving the convex minimization problem, is stated as
follows. Given zg € C, define (z,)nen by Tpt1 = Proje(z, — AVW(z,)),Vn > 0,
where A is some positive real number, Projc : ‘H — C is the metric projection
from H onto C, VW is the gradient of a Fréchet differentiable and convex func-
tion W. Recently, the projection gradient method has received much attention and
been investigated extensively. However, this method requires the explicit expression
of Projc, which is unfortunately always unknown. This might seriously affect the
efficiency of the method. For avoiding the calculation of Projc, Yamada [36] intro-
duced a hybrid steepest descent method. It is of the form: given xy € C, define
(Zn)nen bY Tny1 = (I — axnW)Szy,,Vn > 0, where I denotes the identity operator
on H, the mapping W is s-strongly monotone (i.e., x|z — y||*> < (z — y, Wz — Wy),
Vaz,y € H) and (-Lipschitz continuous (i.e., ¢||lx — y|| > [|[Wzx — Wy||, Va,y € H)
on H and the mapping & : C — H is nonexpansive (i.e., ||z — y|| > [|Sz — Sy||,
Va,y € H), a € (0,26/:%) and (Xn)nen C (0,1) such that > oo xn = oo and
limy, oo Xn = 0. Yamada established the convergent result of the above algorithm
in Hilbert spaces, see [36]. A big advantage of the steepest descent method is that
it avoids computing metric projections. Since then, this method has been exten-
sively investigated and further extended to solve some optimization problems, see
[16, 29, 18, 7, 11, 27, 33, 5]. Among which, Sahu and Yao [29] proposed a general-
ized hybrid steepest descent scheme, which stated as follows. Given xg € C, define
(Tn)nen BY yn = T — axo W(@n), Tne1r = (1 — A)¥Un + AnS(yn), ¥n > 0, where
W is a k-strongly monotone, (-Lipschitz continuous mapping on H, S is a nonex-
pansive mapping on C with Fiz(S) # 0, a € (0,2x/:?), A, € (0,1), x» € (0,1),
lim, 00 Xn = 0 and Y7 x, = co. They proved a convergence result for solving
strongly monotone variational inequality over Fix(S).

There are two known optimization algorithms for solving problem (1.1).

(I) Broadcast optimization algorithm. We consider a system, in which user 0
can communicate with any other user i (i € J), in the case that user 0 manages
the whole system. Accordingly, the broadcast optimization algorithm is suitable to

implement, see [13, 31, 19, 6] and references therein. In the iterative procedure, user
0 computes x%o) € H via z, and its own private information S and F©, ie.,
2 = 2l (2,,8©, FO). User i(i € J) computes 2’ € J, via the transmitted
information z,, from user 0 and its own private information S and F@, i.e., :cgf ) =
a) (2, SO, FD) (i € J), and transmits 2" to user 0. Then user 0 computes Tnt1 €
H by using all a;gf)(z e {0}UT), ie, zpi1 = xn+1(a:£lo),xg), e ,xg))(i € J). Assume
that user 0 uses the transmitted information equally, (z,+1)nen Will be defined by

Zie{o}uj zl)
Tn+1 = T
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(II) Incremental optimization algorithm. Assume that users can communicate with
their neighbor users on the network. Thus, users can use their own private information
and the transmitted information from their neighbor users. In this case, the incremen-
tal optimization algorithm is suitable to implement; see [21, 1, 20, 15] and references

therein. Assume that user 0 has the information y,, = y1(10) € H and user (i € J) has

the information y,(f_l) transmitted from user (i — 1), at the n-th iteration. Thus user

i can compute the next iteration yr(f) via y,(f_l) and its own private information S,
F® de., yy(f) = yy(f) (y,(fl)7 SO F0)(i € 7). User 0 computes y, 1 by using yg) and

its own private information S, O ie., y,41 = ynﬂ(y,(f),S(O), FO),

From the above analysis of (I) and (II), we note here that the broadcast opti-

mization algorithm updates the next iteration x,1, only after user 0 has all the

transmitted information . (i € {0} UT). Therefore, when it comes to large-scale

networked systems, this scheme will be time-consuming. The incremental optimiza-
tion algorithm requires to go through all users to update the next iteration y,41.
It seems to be physically difficult to go through all users, specially, in large-scale
complex networked systems. Hence, the above two algorithms are not very efficient
and convenient in practical situations. This requests a new method for avoiding the
problems mentioned above. When each user (i € J) can communicate with its neigh-
bors, we construct a subnetwork that consists of its neighbors and the user 7 itself.
Hence, the network system can be divided into T" subnetworks. In each subnetwork
t(t € T := {1,2,--- ,T}), users can implement the incremental optimization algo-
rithm, by using their own private information and the transmitted information from
their neighbor users. For each t € T, we construct xﬁf) via x, = yﬁf’) and the in-
cremental optimization algorithm. By using the broadcast distributed optimization
algorithm and the information transmitted from subnetworks, user 0 can compute

~ - 0 1) .. (0 _ s+, el
Tpy1 via z (te{0}u%),ie, zpy1 = xn+1(x£l),x,(z),--~ a; )) = %

In this paper, by combining steepest-descent method with Mann’s iterative method
[24], we investigate broadcast incremental algorithms, which acts as a useful tool in
studying convex optimization problems (see [17, 14, 10]) for solving problem (1.1).
This can be implemented in a multiuser storage system. Through all users cooperating
in the system, which enables each user to obtain its own decision variable. This paper
is organized as follows. Section 2 gives some necessary mathematical preliminaries.
Section 3 gives the convergence analysis of our proposed iterative algorithms. Section
4 is devoted to a storage allocation problem and provides numerical experiences in a
peer to peer data system.

2. PRELIMINARIES
W :H — R is an a-strongly convex function (see [3]), i.e., for any z,y € H,
1
V() + (1= pW(y) = Wiz + (1= p)y) + gapl = p)llz = yl*, p e [0,1]

Additionally assume that W is Fréchet differentiable. In such a case, we find that
VW is strongly monotone. A space X is said to have the Opial’s condition if, for any
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{z,} C X with z,, =z (n — 00), the following inequality holds
liminf ||z, — y|| > liminf ||z, — |,
n—oo n—oo
for y € X with y # x, see [25]. Notably, the above inequality is equivalent to

limsup [z, — yl| > limsup ||z, — x|,
n—oo n—oo
for y € X with y # x. The Opial’s condition plays a significant role in the convergence
analysis of various iterative algorithms. It is known that all Hilbert spaces satisfy the
Opial’s condition.

Lemma 1. [3] Assume that W : H — R is a convexr and Gateaux differentiable
function. For any x € H, we have that W(x) + (y — z, VIW(z)) < W(y), Yy € H.

Lemma 2. [36] Assume that W : H — R is Fréchet differentiable and VW : H — H
is t-Lipschitz continuous and k-strongly monotone with respect to v,k > 0. Assume
that S := I — axVW, where o € (0,2x/:12) and x € [0,1]. For any x,y € H, we have
that (1 —9x)||lxz — y|| > ||S(x) — S(y)||, where ¥ :=1— /1 — a(2k — at?) € (0,1].
Lemma 3. [35] Let C be a conver and closed set of a Hilbert space H. Assume that
W :H — R is Fréchet differentiable and VW : H — H is v-Lipschitz continuous and
k-strongly monotone. Hence there exists a unique minimizer of VW over C.

Lemma 4. [34] Let {1, } and {v,} be sequences of real constants such that p,, € [0, 1],
>0t =00 and lim v, <0. Let {x,} be a sequence of nonnegative real constants
n—oo

such that (1 — pin)Xn + HnVn > Xnt1. Then lim x, = 0.
n—oo

3. ALGORITHMS AND THEIR CONVERGENCE

We suppose that J := {1,2,---,I} is a user set participating in a system Z.
Let J; be a user set participating in a subnetwork ¢t € ¥ of the system =, where
T ={1,2,---,T} is the set of subnetworks. Hence J = [J,c5 J;. Let us denote |J;|
by the element number of J; (t € ¥). We set I; := |J;|. Doing so, we have that

I =3 ,cx ;. Let us choose t € T arbitrarily. Then we define 3§“ (t=1,2,--- 1)

as follows. Without ambiguity, we write 3,51) := J;. First, we randomly choose k,gl)
in 3%1). Let 3£2) = 3%1)\{16,51)}. Next, we randomly choose k:t(z) in 3%2). Following
a similar argument as above, one sets 32(51) = 3;271)\16?71) (i =3,4,--- ,I;). Then,

we randomly choose k:t(i) in 3,@ (1 = 3,4,---,I;). Suppose that each user i has
its own private constraint condition, denoted by a convex closed set C()(C H) and
its own private information, denoted by two convex, Fréchet differentiable objective
functions, F) : # — R and G : H — R, for i € JU {0}. From now on, we employ
the following essential assumptions through the rest of the paper.

Assumption 1. We suppose that, for any ¢ € U {0},

(i) VF® :H — H is k)-Lipschitz continuous and a(¥-strongly monotone for some
H(i), a® > 0.

(i) VG : H — H is «()-Lipschitz continuous and b(?)-strongly monotone for some
@ @
AN > 0.
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(iii) S@ : H — H is nonexpansive with Fiz(S®) = .

Under Assumption 1, we consider problem (1.1) with (;c5,(0y Fiz(SW) # (.
Based on Assumption 1 (i), (ii), we have that

v S FO)= 3 vFO and v Y g9 )= 3 vg®

ie3u{0} i€3U{0} i€3U{0} ieau{0}

are Lipschitz continuous and strongly monotone. Thus

Vi Y Fo@| v Y 9@ | =v| ¥ (FO@)+00 @)
i€JU{0} ieJu{o} ieJU{0}
is Lipschitz continuous and strongly monotone. In addition, in view of Assumption
1 (iii), one sees that ();c5,¢0y Fiz(S™W) is a convex and closed set. Therefore, it
follows from Lemma 3 that problem (1.1) has a unique solution. Now, we are in the
position to present our main algorithm (see Algorithm 1, below).

Algorithm 1 The broadcast incremental algorithm

procedure INPUT((an)n€N7 (ﬁn)nel\h M, v, ‘3:7 T and (It)g‘ZI)
User 0 chooses xg € ‘H arbitrarily
Set n <0
while not converged do

User 0 computes ') € H as 2\ = M (I = pBVGNSO g, 4 (1 — N (I —

va, VFO)z,
for t in ¥ do
User 0 transmits z,, to user k,E”
User k;t(l) computes a:nkEO)) as x;kgm) =Tp
end for
for t in ¥ do
fori=1,2,---,I; do
(i) ki) (k)
User k; computes Iy, € H as xn = A\ -
1B VGENSED ZET L (1 Z AT = vap VFE

end for )
t
User kt(m transmits 4 to user kt(l)

(It)
User k,gl) computes 2D e M as ) =2

User kt(l) transmits 4’ to user 0

end for
e SRR

User 0 computes z,+1 € H as 41 = T

Set n<+n+1
end while
return z =z,

end procedure
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Assumption 2. Assume that the following conditions are satisfied.

(i) The parameter sequences (ap)nen C (0,1) and (Bn)nen C (0,1) satisfy
limy, s 00 |/ Brn| < 00 and

oo oo
Zn:O Qp = 00, Zn:() Bn = 00,
: 1 1 1| : 1 1 1|
limy, o Qi1 | Qnyt an | 0, limy— 00 Bn+1 | Brnt1 Bn 0,
lim,, o0 ap =0, lim,, o0 B, = 0.

. . (4) . a(®
(ii) Set p € (O,mmie{o}uj %) and v € (O,mlnie{o}ug ﬁ)
(iii) Let the sequence (Ap)nen C (0,1) satisfy

(a)0<e< A\, < f<1;
(b) limy, 00 MT%%{)\"' =0; (C) lim,, o0 % =0.

1

Remark 1. Suppose that Assumptions 1, 2 are satisfied. All users participating in
the network share the similar property depicted as follows. In view of Lemma 2 and
Assumption 2 (i), (ii), one deduces that, for any z,y € H, i € {0} U 7T,

(I = va, VFNz — (I — va,, VFD )y

< (1 - (1 — /1 - u(2a0 - m@f")) an) o =yl < (1 — anplle — ol

and
(T = 182 VG )z — (I = pBu VG D)y
< (1= (1= Va0 = o)) 5 ) ool < (0= Bl -
where
— i 1 —4/1 = (2a(0) — k)2
p ier{%l}rbj ( \/ (2a uk(D?)u),
and

= min (1—/1— (200 — w®?)u).
o ierg)l}rtlj (1 \/1 (2b utM*)u)

Set ¢, = min{pay,,c8,}. From Assumption 2, one has

(¢n)neN S (0, 1), Z ¢n = 00

n=0
and
1 1

¢n+1 - %

Now, one is in a position to prove the main convergence result.

lim 7””71 — A =

n—00 o2

. . 1
lim ¢, = lim ——
n—oo n— oo ¢n+1

0.

Theorem 1. Assume that Assumptions 1 and 2 are satisfied. Let (xy)nen and

@
(xgct ))neN(t € T,i = 1,2,--- | I;) be sequences generated by Algorithm 1. Then
(Zn)nen strongly converges to the solution of problem (1.1).
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Proof. Let us now fix z € A. Remark 1 yields
) — 2|
<=M = v VFO)a, — (I = van VFO)z| + (1 = An)von [VFOz|
Al = 1B VGO)S O, — (I = B VGO )z + 1 B[ VGO

3.1
<pAnBal VGO 2] + A (1 = B) & — 2 + (1 = An)(1 — o) 20 — 2| )
+ (1 = Ap)vay |[VFO2|
< max { a8, VGO 2] vor, [VFO2] L 4 max {1~ 08,), (1 o)} 1 — 2.
Set
©n = max {ubn, va,} . (3.2)
With the help of (3.1), (3.2), it ensues that
25 = 2|l < Mypn + (1= ¢n)ll2n — 2], (3.3)
where
My = max { VGO V7O, max  {IVGH0a], 90} .
teT,i=1,2,--- I
A similar argument gives that, forall t € ¥, k=1,2,--- , I,
(i) () _
23 — 2| < Mign + (1= ¢) [l Y = ZH .
This shows that, for all t € T,
(It—1)
o) — 2] <Mign+ (1= ) |[ai® " ) =z
L (3.4)
<IiMip, + (1 - ¢n) ' —z|| < LiMyp, + (1 - QSn)Hxn - ZH
By combining (3.3) with (3.4), one finds that
0
I L e o D [
e = T+1
(T = dn)llwn = 2l + 3sex TMipn) + (Mipn + (1= én)lan — 21)
- T+1
Ml'l/)n
<o, I;+1 1—9¢,)||lTn —
< (z L+ ) T 4 (1= Ga)llen — 2]

len
gmax{<;lt+l> T+1,||xn—z||},

where ¢, = £2. Due to Assumption 2 (i) and Remark 1, one concludes from (3.2)
that (¢n)nen is bounded. Thus one can easily check that there exists a real number
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My such that sup,,cy¥n < M>. From this, one obtains that

M M-
ln — = Smax{<21t+1> T f,mzl}.

te¥

Thus the sequence (z,)nen is bounded. By using (3.4), we find that

(k;") L
(SCn )HEN(te{Zv 7’*1727"' 7It)

is also bounded. Now let us evaluate the term ||x510+)1 - x%O)H.

25, = =
< H(l ) = v VN2 — (1= Ay ) (I — van o VF )z,

— (1= X)) = vy, VFNz, + (1 = Mg ) (I — v VF Oz,

+ (1 =My )(T = va, VFz, — (1 =\ — va, VFO)z,

— X1 = 111 VG SVzy + N1 (I = 8,11 VG ) SOy 4

+ A1 (I = pBr1 VGO S Oz, — N1 (I = 4B, VG ) SV,

it (= 1B VGONS Oy = A1 = 13, VG )5 O | (3.5)
<(1 = M) = pang) @1 — @l + v(1 = Ang1)|an — ana|[[VF O, |

+ Ang1 = Ml [(T = van V)2 | + A1 (I = 0Bng1) @1 — @l

+ i1 |Bngr = BalIVGOS Oz | + A = A [I(T = 18, VGO SOy |
<(1 = bny) @ — Toga || + Viamss — an|[VF Oy |

+ 1 VGOS8, = Busal + (I = 1B VG)S V|

I = van VFO)an] ) A = Ansal:

Recalling the fact that (2, )nen is bounded, together with the Lipschitz continuity of
VFO, vGO  we deduce that

M3 = sup (UHV}'(O)%H) <oo, My=sup (MHQ(O)S(O)%H) < 00,
neN neN (36)

My =sup (|1 = van VFO)wn + (I = 18, VG )5V, ) < o0,

neN
According to (3.5), one concludes from (3.6) that

[

S|an - an+1|M3 + |ﬁn - /Bn+1|M4 + |/\n - )\n+1|M5 + (1 - (bn-‘rl)”xn-i-l - mn”
(3.7)
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By following a similar argument, one sees that, forall t € ¥, i=1,2,---, I},

ki Kt
) — 20

i ki—1 i i Ei—1
<Vlan — an i [[[VF s |+ p| VG SED 2 )18, — Bora]

ki71 k271
+ (1= gl ) — 2l )

i i i—1 i i—1
+ = Ana] (I = 18, 9GEN)SEE | /(I = va, VFENafls ) ).
(3.8)
In view of the Lipschitz continuity of VF(©) VG and Assumption 2 (i), one gets

i i1
Mg = max sup (V||V]:(kf)xszkt )H) < o0,
teT, i=1,2, It peN
i i i—1
M; = max sup (u||Vg(kf)S(kt)$£th )||) < 00,
teT, i=1,2,, I neN (3.9)
_ _ CANNCAMC '
M=, . max sup {H(I 1B VG ) S ||
i i—1
+1(I - z/anv}'(kf))x%kt )||} < 00.
Successively using (3.8), (3.9), one has that, for allt € ¥, i=1,2,--- , I,
(k) (k)
Tt =z, || <law — any1|Me + [Bn — Bng1| M7
[ <l +1|Me + | +1 (3.10)

Ei—1 gi—t
F A = Anit [ Mg + (1= o) 2t ) — 2l ),

Hence, one arrives at

2y — 2@ <(1 = Gnan) 2y ) =2+ fan — e Mo
+1B8n = Bnr1I Mz + Ay — Apy1|Ms (3.11)
<1 = bni1)|Tng1 — ol + Il — any1|Ms
+ It | B = Brr1| Mz 4 It| Ay — Ang1 | Ms.

Combining (3.10) with (3.11), one immediately obtains that

[Zn — Tnsall

0 0
Seesllei — ol + ey — 2|

T+1

1
STiﬂ {(1 - (bn)”mnfl - -TnH + ‘Oén,1 - an‘M?) + |Bn71 - ﬁn|M4
+ |)\n71 - )\n|M5 + T(]- - ¢n)||$n71 - xn” + Z-&'anfl - an‘MG
te®
+ ZIt|Bn—1 - ﬁn|M7 + th|/\n—1 - /\n|M8}
tex tex

S|Oln—1 - an|M9 + |/Bn—1 - 5n|M10 + |>\n—1 - >\n|M11 + (1 - ¢n)||xn—1 - xn”a
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where

M+ It Ms

My + Zte‘f 11 My <

M. Mo =
? T+1 < 00, M0 T+1 oo (3.12)
M :M5 + > ez [t Mg
11 T+1
By a standard argument, one finds that
|z — Tpial]
On
|Zn—1 — x| |Zn—1 — Tn| |Zn—1 — o5
<(1 = gp) L 2 Il (g = g Mt 2l g ) It = Il
( ) ¢n—1 ( ) ¢n ( ) ¢n—1
|an—1 - O41’L| |Bn—1 - ﬁn| |)\n—1 - )\n|
+ My + Mg+ ————Mn
(?b’n. QS’I'L ¢n
|Xn—1 — zn|| ( 1 1 1 1|1 1 9
<Al-¢n)——F7——+p| — | — — — +—|— - M,
( ¢ ) ¢n—1 ¢ ¢n ¢n—1 ¢n 2 n | On Qp—1 7 ?
11 1 A1 — A
B B Mt g My
]- - ¥n
<00 X+ o s — |
where
y anp Bn
n= T Tn= T
®n ®n
Mz = sup ||z, — Tpi1|
neN
and
1 1 1 1|1 1 1|1 1
X, =— - + —|— - 2My 4 — | — — M
¢n ¢n—1 ¢n 2 n |On Qp—1 7 ? n ﬁn ﬁn—l 10
A1 — An,
n \ ;2 |M11.

The boundedness of (x,)nen gives that Mis < oo. Successively using Remark 1,
Assumption 2 (i), (iii) and (3.12), one deduces that limsup,, ,., X, < 0. In light of
Lemma 4, it suffices to prove that

lim 130 = Tnsill (3.13)

n—00 On

In addition, one finds from Remark 1 that

lim ||z, — p41] = 0. (3.14)
n—oo
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In terms of Remark 1, one further asserts that
|l — 22
<l — 22 + 20001 = pan) [ — 2 [VFO 2| + 122 [VFO 52
+ 2080 (I = Buo)|zn — 2[[IVG 2] + 1*B2IIVG? 2|2
= (1= An)Jazn = SO |2
201 = M Aallen = SO | (v VF O] + n8,|VGOS O,
+ (1 =AM |lanvVFOr, — 48, VG OS8O, |12,
With the help of Assumption 2 (ii), the above inequality yields that
2§ = 21> < lln = 2% + anMiz + B Mia = Aa(1 = A)llz = SOz|?,  (3.15)
where
Mg = sup @v]en = 2 IVF Oz + 12 [VFO 2| + 202y — SOy [[[|[VF O |
+ 2020, |[VF Oz, [1?) < oo,

Mua = sup (3ula VG O2] + G VGO
ne

128,12 VGOS Oy |2 4 24|z — SO0 [VGOS Oy ]]) < 0.

(3.16)
By a similar argument, we have that, forallt € T, i =1,2,--- I},

e — 2017 < (12857 — 2017 + M + BaMig — An(1— A2 ™ — SEDL D)2,

where
M5 = max sup (21/ ’ x%kz_l) — ZH HV}'(ki)zH + VZOén HV}'(ki)zH
teT,i=1,2,,Is peN
+2v Hx;ki_l) — S(ki)x%ki_l)H Hv]:(kﬁ)ngi—l)H
+2v%a, HV.F(ki)x%ki_l)HQ) < 0,
. (3.17)
(ki-1) () 2 &) ||
Mg = max sup ZM‘znt —z HVQ 2l + ,Bnva t)
teT,i=1,2, .11 peN
+2u Hzgﬁf—ﬂ _ 3<kz’>x5ﬁ2—1>H vawi)‘g(k;‘)zgﬁ—l)H
+24%B, va<ki>s<ki>x£’“3‘”H2) < 0.
An elementary calculation gives that, forall t € ¥, i =1,2,--+ | I,
Iz — 201 <llan — 2% + an L Mys + B I Mig
It (3.18)

kifl) I kifl 2
x%‘ — Sk ):zzglt )

“ A=)

i=1
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By putting (3.15) and (3.18) together, one concludes that

0 t
2 — 2|2 + X peq 128 — 2|2
T+1

1
<\zn — 2| + T+1 <an <M13 + ZIth)

te¥

lzns1 = 2% <

+ﬂn <M14 + ZItM16> - )\n(l - )\n)”xn - S(O)anQ
tex

U i—1) ; i1
—(L= A Yl — S )“2) |
i=1
Let us reformulate the above expression as

Iy
A (1 — A,
Ogi( ) <||S(0):rn:cn||2+ E
i—1

x%ki’l’ B S(k;‘)x;ki’l)

)

T+1
<(lzn = 2l + |[znt1 — 2D |Tn — Tnsa |l (3.19)
1
+ 11 <Oén <M13 + ;[th) + Bn <M14 +t€ZTItM16>> .

By successively using (3.14), (3.16), (3.17) and Assumption 1 (i), one observes that
the right-hand side of (3.19) converges to 0 as n goes to infinity. Accordingly,

lim ||z, - SOz, =0, (3.20)
and
- (k™Y o(ki) (kD _
lim ||zp — Sz, =0(te%i=12,---,1). (3.21)
n—oo

Recalling the definition of fo’), one further has

Hx%o) — an <An VFOgz,

Ty — S(O)an + (1= \)va,

+ At va<°>8<0>an .

By passing to the limit in the above inequality, one concludes that

Tim (|2 — @, | = 0. (3.22)
In addition, one also has
i—1 %
lim ||z ) — 2P| = o, (3.23)
n— oo

and

i ‘ Jj—1 J
2@ — xslkt)” < Z Hx%m ) _ k)
j=1

\ (teT, i=1,2- L, neN). (3.24)

From (3.23) and (3.24), one arrives at

. k)
L

=0 (te%,i=1,2,--,1). (3.25)
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By collecting (3.20), (3.22) and (3.25), one concludes that

. k!
lim ||z, — xﬁl 1)
n—oo

=0 (teT,i=1,2,---,1,). (3.26)

The boundedness of the sequence (z,)nen yields that there is a subsequence
(7n;)jen(C (Tn)nen) such that (z,;)jen converges weakly to 2 € H. Let t € T
(i € {1,2,--- ,1,}) be chosen arbitrarily. If & ¢ Fiz(S®*)), then the Opial’s condition
and the nonexpansivity of & (k1) guarantee that

limsup (|2, — 2| > limsup HS(ki)znj - S(kf)i’
j—o00 j—o00

= lim sup H(an - S(k:)xnj) + (T(ki)mnj - S(ki)fy)

j—o0

= lim sup

Ty — Sk g
k—o0

> limsup HwnJ - i” .
Jj—o0

This yields a contradiction. Hence, & € Fiz(S*)), ic., & € MNiex ﬂf’zl Fiz(SHk)) =
Nicy Fiz(SW). If & ¢ Fiz(S®), then

lim sup ||zo — & > limsup ||z, — S©%|| > limsup ||z, — Z|.
k—o00 n—o00 k—o00

This shows # € Fiz(S©). So @ € ﬂie{o}ugFim(S(i)). In view of VFO(z,) =
OF O (z,,), we have FO(z) > FO(z,,) + (z — z,,, VF Dz, ). An application of the
nonexpansivity of S gives that

|l — 2|2

<A

2 2
SOz, — uB, VGOS0, — zH + (1= M) |20 — va, VFOu,, — ZH

—(1— ) [Hxn —2)? = 2vay, <xn _ 2 V}'(O)xn> + %l Hvﬂ‘))xnm

W Ms@)xn _ zH2 — 2B, <S(O)xn _z, VQ(O)S(O)mn> 2 B2 vam)s(o)xnm
<an — 2] = 2(1 — An)van <xn _z V]-'(O)xn> 2a? Hvﬂ%nHQ

2B <S(0)xn . vg<o>3<o>xn> b2 HVQ(O)S(O)%HQ
Sl = 21 + 200 (1~ A)(FO () = FO () + 703 |VF O, |

+ N2572, va(O)S(O)xn 2 + 200, 6 (g(O)(Z) _ g(O) (S(O)Z‘n)) )

(3.27)
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Following a similar argument as above, one sees that

2D — 2% <[leti ) — 22 + 2(1 — AnJan (FO(z) = FED @)
i z i—1
122 [V 2 4 2008, (6D ()00 (Sl T))
+p2ﬂz||vg<kf>s<ki>x%’*’ 12,
(3.28)
which in turn implies that
=5 — 2|1
I —1 ” I —1
<[l ) =2 4 2wan(1 = \y) <f<’%")( ) — FO (o )))
t Tg—1 t t t Tg—1
+V2ai||v]:(kf ) ke )H2 +2ﬂ)\n5n(g(kf )(2) _ gk )(S(kf ) ke >))

22 | v g S g2
i P P i—1
Sl = 2l + 200 = dpwan 3 (FO (@) = FH )

=1

Zvag“f S|+ 280 Z( e

i i i—1 i i—1
GEN (D) a2 3 [V

i=1

Summing up the above inequality over all ¢ leads to

Dl — 2|

teT
i i—1
<T|zn — z|* +2(1 = \p)vaw, Z Z (]—‘(’c ( ]:(kt)(wg@t )))
te¥ i=1
It i i i—1
+ B Z VgD SED g ke )2 529)

+ 2B\ ZZ(g(k) Gk (S(k 1)))

te¥ i=1

It i i1
tany? Y0y [VFRL R,

teT i=1
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Coming back to (3.27) and (3.29), one sees that

”xn+1“Z”2

t 0
_Siex el — 22 + ot — 2|2
T+1

{TH% =2+ ln = 21+ 2(1 = An)vean(FO () = FO ()

1
_T—|—1

2l T3 () - )

te¥ i=1

+ 20 B (gm)(z) _ g <5<o>xn)>

1 202 Zi (g(ki)(z) — gk (S(kf)ngifl))) +1v%a2

te¥ i=1

I . i—
+12a23° 3 Hv Fk) gk

2

1

) 2 2
s e

teT i=1
9 (k) kz 1 2
12 Z [vgtis .
Putting 6,, = B“ , one concludes from the above inequality that

21 — An)v (F(O)(xn) - f<°>(z))

ZZ (]_-(k ( (ki) ) _]:(kij)(z))

te¥T i=1

+ 24\ 0 (g<0> (80z,) - G(‘”(Z))

+ 2 b0 IZ (g (s¥al ) — gk (z))

te¥ i=1
Nan = zpl[(len = 2l + [[2041 = 2])
- [e7%

mm( [0+ 233 [wrtiafii™ )
te¥ =1

(3.30)

+ﬁn<T+1>< 25, || Vg0 s H + 25, Zvaw D gD k)

)

SM14||$n — Tyl
n

+ apMis + B, Mis,
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where
My :sug (len — 2|| + [|zn+1 — 2[]) < o0,
ne
2
Mis = max sup {(T +1) (VQ HV]-'(O)an
t€T,i=1,2,- It peN
It . (k:iil) 2
+V2 HV]_‘(]C;)J;” t < oo,
t;; (3.31)
2
Mg = max sup {(T—i— 1) (M2§” HVQ(O)SO)mnH
t€T,i=1,2,- It neN
Iy ) ) i—1y (|2
128, 3 [N EL| ") b < o
i=1
Set

Fi=> EI: F) 4 FO = f: FO 4+ FO,
=1

te¥ i=1

. : (3.32)
G .= Z Zg(ki) +6O = Z G 4 g,
teT i=1 i=1
By rearranging the terms of the left-hand side of (3.30), we infer that
201 = A (FO(@a) - FO(2))
Iy ) i—1 )
F2(1= Ay 3030 (FE () - FUD ()
teT i=1
+2uA8 (60 (8@ ) = GO(2))
Iy . . i1 )
teT i=1
It , i1 _ (3.33)
=2(1 - \,) [f(m —FE) DY (FU (ol - F““”(xn))]
teT i=1

T 2ihabn {G(ea) ~ G(2) + [0 (89,) — 0O (a)|

+Z§It: (g(ki) (S(lci)ngfflv — gD (xgzk’i’il)))

te¥ i=1

i ; i—1 ;
+33 (g(kn(xglkt )~ g(km(xn))} ,

te¥T i=1
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Set £ = min{2(1 — A,)v, 2puA, 0, > 0. The condition £ > 0 is guaranteed by As-
sumption 2 (iii). Hence, it follows immediately from (3.30) and (3.33) that

RlF(n) + G(2n) — (F(2) + G(2))]

N — znia [ M

+ anMis + BnMis

70
(D () k) (D ]
[ZZ(; (e~ 700 (a87)
20 ] [gw)(%) —go (5<o>xn)} (3.34)
k) (B gk (i) k)
FSTI (o () g (00 )
(k) ki) (kD
+;;<Q -G (xn ))}

Due to Assumption 2 (i) and (3.13), one concludes that
lim sup Jn = @il =0. (3.35)
n—»00 Qnp

By applying Proposition 1 , the Cauchy-Schwarz inequality and (3.26), one concludes
that, for all t € T,

0 <hrnsupzz {]-"(k _ FkD) ( (k™ 1))}

n—oo

S
<;;<hﬁ£p (7600 ) — 70D (ol >)D »
S ()

<ZZ (hfis;ipHv;E(k) o — ) ) —0.

On the other hand, Lemma 1, Assumption 1 (ii), (3.20), the boundedness of (2, )nen
and the Cauchy-Schwarz inequality infer that

0 =limsup |z, — SOz, ||| VG ()|
n—oo

> limsup(en — § O, VIO (z0) (337)

n—oo

>limsup(G© (z,,) — (SO z,,)).

n—oo
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By applying Lemma 1, Assumption 1 (ii), the Cauchy-Schwarz inequality, together
with (3.21), the boundedness of (zy, (ki ))nEN (te% i=1,2,---,I;), we conclude that

limsup > Z (G0 (o7) — gk (sl )]

n—oo

teT i=1
“E X ([0 (47) -0 (5407 -
[t . (ki71) (k) (I# ) (ki) |
< tez;; <llflll_>solip <xn -8 VG ( )>)
<523 (o () - ) ) -
Similarly, one has
S [g<k.)( g )< (ki )ﬂ
"0 eT i=1
<ZZ(hmsup {g(k ( ) g(kl ( e 1))])
res (3.39)
<t€ZT; (h;llj;;p< fx;kb R Vg(k)( )>>
53" (-4 9t
Thanks to (3.32)-(3.39), one reaches
lim sup(F(z) + Gla) — (F(2) + 6(=)) <0. (3.40)

n—00

We use Assumption 1 (i), (ii) to deduce that

F = Z F@

1€{0}UT

S0

1e{0}UT

and

are convex and continuous. Then there exists a subsequence (2, )jen of (¥)nen such
that (zn,);jen converges weakly to & € (;c(03u5 Fiz(S®W). As we shall see, this fact
implies that

liminf G(z,,) > G(#), liminf F(z,,) > F(Z). (3.41)

Jj—o0o J—0



ON THE CONVERGENCE OF BROADCAST INCREMENTAL ALGORITHMS 653

As a classical result, (3.32), (3.40) and (3.41) guarantee that, for all z €
ﬂie{o}uﬂ Fix(S(Z)),

> [FO@) + 60 @)]
ie{0yuI
=F(2) +G(2) < liminf F(x,;) + liminf G(z,,)
j—00 j—00

<limint [F(za,) +G(on,)) < limsup [Floo,) +66)] O
<FE+0() = > [FOR)+69()] .

1e{0}UT

Accordingly, one concludes that & € A is the solution of problem (1.1). In view of
Lemma 3, one finds that Z is the unique solution of problem (1.1). Suppose that
there exists another weakly convergent subsequence, (2, )ien of (2 )nen. Proceeding
as in the proof above, we can derive that (x,, );en also weakly converges to the unique
solution & € A. Hence, we can conclude that (z,)neny weakly converges to & € A.

()
Using (3.26), one obtains that xfﬁ also weakly converges to & € A, for all t € T,
i=1,2,---,I;. With the help of the elementary inequality |la + b < ||a||? — 2(a,b),
a,b € H and Remark 1, one has that

22 - )
<(1 = M) = va, VFNz, — (I —va,VFNi - va, VFO 7|2

+ Al (I = 4B VGO S Oy, — (I = B VG)SOV2 — 18, VG OISO 2|2
<(1—An) [(1 — pan)?||zn — &) — 20an (VFO s, (I — van, VFO)z, — @]

A [(1 — 0B)2||zn — 2% = 2B (VGOSOz, (I — 1B, VGD)SO g, — @>}
<(1 = én)lzn — 2|2 + on {21/%(1 “ANVFOs & — 2)

22Ut M (VGOSO% 3 — SO,y + a, M7 + Bans} ;
(3.43)

where

e o

My = sup (QMQTnHVQ(O)S(O)chHVQ(O)S(O)an) .
neN

Mz = sup (2029 [VFO&[VF O] )
nel (3.44)

A calculation similar to (3.43) guarantees that, for allt € T, 4 =1,2,--- , I},
s — &)

S(l - (bn)

i i i i—1
F2UTnAn <Vg(kf)8(kf)53, & — Sk )> + an Mg + 5nM20} ,

i 2
(ki™Y)
Ty T

6 {21 = A (VF 22— 25D
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654
where
i i i—1
Mlg = max sup (QVQ’Yn “Vf(kf)i‘ HV./—'V(kf)xs’th ) ) )
t€%,i=1,2,,I; neN (3.45)
; i i i i—1 '
M20 = max sup (2,U27-n va(kf)s(k')i’ va(kf)s(kf)x%kt ) )
t€%,i=1,2,,I; peN
Accordingly, one has that, for all ¢t € ¥
[l
It ) i—1
<(1 = én)|@n — 2|2 + én {2,/%(1 — ) Z <V]-'(’“t);g,§c gk )>
i=1

L i i i i—1 L [t
+2urahn Y <vg<’%>$<kt>5g, 2 — sk ki )> tan> Mg+ 8,3 Mooy
=1 =1

i=1

Summing up the above inequality over all t € T shows that

>l 2|

teT
It i i—1
<T(1 = pp)l|zn — 2|2 + n {21/%(1 A DY (VFRIE G -l )
te¥ i=1
W, o (3.46)

e 303 (TGS, 5 s

te¥ i=1

Iy Iy
+anzzM19+ﬁnzsz}.

te¥ i=1 te¥ i=1

Hence, by combining (3.43) with (3.46), we derive that

t A A 0
oy — 32 < Zeeslor — 3l + & = |
i = T+1

< (1= on)llzn — Q%HQ

i i i—1
(VFOi i —2)+> > <Vf<kl>55, & — i >>1

22Uy, (1 — A\,
+¢n {IM)
teT i=1

T+1

i (romson s oo

+Y i <vg(k§)3(ki)§c’ G S(ki)x%ki_l)ﬂ

te¥ i=1
Mis + 3 es ity M20] }

M7 + Ztef ZzItzl My
T+1

T+1
=(1—=én)|lzn — jHQ + OnYn,

+ Bn

n

(3.47)
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where
I
2u’yn(1 —)\n) 0)~ « d k) A A (kifl)
Y, =—2 "W («VFOsi i —z,) —|—ZZ VFEI G & — 2yt
22 )
2 n)\n A A
+ ;Tiﬂ [(VQ(O)S(O)x, i—-8O0z,)
I, o o (3.48)
3y <Vg(k§)3(ké)j7 & — SED ke >>]
teT i=1
ta M7 + Zteg thzl Mg ny Mg + ZteT thﬂ Mag
" T+1 " T+1 '
(i)
Since z, — & and xslk* N (t € T4 =1,2,---,1;), we find from (3.20) and

i (Rl
(3.21) that S®z, — & and S(kt)xglk‘ N (te%,i=1,2,---,1I;). Therefore, by
applying Assumption 2, Remark 1, (3.44), (3.45), (3.48), and the boundeness of (z,)

(i)
and (x%kt ))nEN (te%,i=1,2,---,1I}), one concludes that lim,_, Y, = 0. Hence,
Lemma 4, Remark 1, (3.47) and (3.48) send us to
Jim [z, — 2| = 0. (3.49)

This implies that (z,)nen converges strongly to . In addition,

Iz — &) < |2 — 2| + llen — 2 (€T, i=1,2,-- 1) (3.50)
By combining (3.26), (3.49) with (3.50), we find that

lim 20 — 2] =0 (teT,i=12- 1),

n— oo

that is, (x%k;))neN (t e %,i=1,2,---, 1) also converges strongly to &. This proves
Theorem 1. O

Remark 2. Theorem 1 is more general in nature. It is an improvement upon corre-
sponding results of Sahu and Yao [29], Ceng and Ansari et al. [4], and Maingé [23].

Assumption 3. The sequences (ap)nen(C (0,1)) and (8, )nen(C (0, 1)) satisfy

o0 o0
ano Qp = 00, ano Bn = 00,
lim 1 1 - L = lim —_— 1 _ 1 —
n—00 An41 | Ap41 Qn O’ n—0o0 Bn+1 Bn+1 Bn 07
limy, o0 p =0, limy, o0 B = 0.

Remark 3. Assume that (an)nen C (0,p) and (By)nen C (0, q), where

‘= min 2a;/k> := min 2b;//2.
b ie{0}u3 i/ 4 ie{0}uT i/t
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With the help of Assumption 3, one concludes from Lemma 1 that
(I =y VE® )z — (I = a, VFD)y|| <(1 = andW)l|lz =yl < (1 = and)l —y]|,

(I = B, VGD)z — (I — B, VGD)y|| <1 = Bus )|z — yl| < (1 = Bus) ||z — yl|,
(3.51)
where

9= min 1-/1-p(2a —pr®*) and <:= min 1 1/1— (2 — @),
ier{rgﬁ)j p(2a pr®*) and ¢ ier{r(l)l}rbj q( qu?)

Remark 4. Assumption 3 guarantees that there exists ng € N such that (an)n>n, C
(0,p), (Br)n>ne C (0,q), (3.51) holds. Without loss of generality, we may assume that
(3.51) is always true for all n € N.

Assumption 3 and Remark 3 naturally lead us to construct the following simple
algorithm.

Algorithm 2 The broadcast incremental algorithm

procedure INPUT((a )nen, (Bn)nen, T and (I;)1_;)
User 0 chooses xy € H arbitrarily
Set n 0
while not converged do
User 0 computes 20 e Hoas 20 = (1= 2T — an VF)z, + A\ (I —
ang(o))s(o)xn
fort=1,2,---,T do
User 0 transmits z,, to user kt(l)

(0) O)
User k,gl) computes 2l ) (ke

b as =,

end for

fort=1,2,---,T do

fori=1,2,---,I; do
. (i) )
User kt(l) computes 2 e o oas ) = (1 — ) —
i (i=1) i i (i—1)

an VFED )R L\ (1 = B, VG SHE) e

end for

(Ty)
User k,glt) computes xg) as xg) = x%kt "

User kim transmits 24’ to user 0

end for .
e SR

User 0 computes z,4+;1 as Tp41 = =5

Set n<+n+1
end while
return z =z,

end procedure

Corollary 1. Under Assumption 3, the sequences (Tn)nen and (xifJ Jnen (L €T, i =
1,2,--- ,I;) generated by Algorithm 2 strongly converge to the solution of problem

(1.1).
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Remark 5. Inspired and motivated by problem (3.1), in the next step, we will con-
sider a more general problem wherein user 4 (¢ € JU{0}) has more private information
such as SO, Fi, Fi,--- | F. (m € N). The main objective of this problem is to

m

minimize Z (Z}'é“(x)) subject to x € n Fiz(SW) (m e N)

1€JU{0} \¢=1 i€JU{0}

where féi) : H - R € JU{0}, ¢ € {1,2,---,m}) is Fréchet differentiable,
Vféz) H —H (1 €TU{0}, ¢ €{1,2,---,m}) is strongly monotone and Lipschitz
continuous, S : H — H (i € U {0}) is nonexpansive with Nieavioy Fiz(SW) # (.

4. APPLICATIONS

In a peer-to-peer (P2P) storage network, participants act as not only the service
users but also the service providers. In other word, each participant enjoys the service
by storing her own online data in the network and at the same time provides the service
by offering some memory space to the others. To work properly, an economic model
developed for P2P file sharing systems has already been applied to the P2P storage
service allocation. This leads to a mechanism where the contribution of each peer
should equal her use in the storage system. Such a mechanism is called a symmetric
scheme, see [8, 32]. Based on the monetary transaction, users can ’sell’ their own
memory space to the system at a fixed unit price and ’buy’ the storage space from
the system at another unit price. Thus, the P2P data storage system can be managed
by a simple payment-based mechanism. Recalling that, we can fix such prices so as
to maximize the revenue in a profit-maximizing entity.

Let us consider a P2P data storage system network with its user set denoted by
J. Assume that a peer i (i € J) benefits from the service by demanding a storage
capacity C; that is to be used for storing its own data and offers a storage capacity C;
that is to be shared with other users. Based on a simple payment-based mechanism,
users can ’sell’ some of their own memory space for a unit price (denoted by p°) and
'buy’ storage space in the system for a unit price (denoted by p®). Meanwhile, the
two price thresholds p®* and p™® correspond to p®, the maximum value of the unit
price such that user ¢ buys some storage space and p°, the minimum value of the unit
price such that she sells some of her memory space. As depicted in Figure 1, two
price sensitivities a; and b; respectively represent the increase of the sold capacity
when the unit price satisfies p® < p° and the decrease of the bought storage space
when the unit price satisfies p® < p"®*. Let us give p(> 0). Assume that d;(p) (resp.,
s;(p)) is the amount of storage capacity that peer ¢ would choose to buy (resp., sell),
if user ¢ was charged (resp., paid) a unit price p for it (also see, Figure 1).

Assumption 4. Suppose that the supply function and demand function of user

i (i € J) are affine. There exist some values a;, b;, p™i®, pa* > ( such that

di(p) = O™ —pl*, si(p) = aWp — pit,

max > maXZ p?un

where min; p} and 7 = max{0, z}.
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(I

utility U;

quantity
Q
%

unit price

FI1GURE 1. Reactions to prices and the utility of user i € J under
Assumption 4.

In the profit-oriented pricing scheme, the operator (peer 0) plays a role of the
manager in the P2P data storage system. Here, it is used to maximize the profit out
of the business in the system by selling/buying the total amount of storage space.
Suppose that peer 0 knows that peer i(i € J) will buy d(p®) and sell s&)(p°). In
this case, the utility function is defined as follows

UO (p*p°) =Y [psd(“(ps) —p%sW(p%)] . (4.1)
1€T

It strives to choose optimal prices p* and p° so as to maximize its profit ¢(?) (p®,p°).
As a matter of fact, ), 5 C; = >, .5 di(p°®), which is used for storing the data, must
not exceed ) .., CY = > .4 8:(p°) offered by the peers. Accordingly, we define the
objective function and the constrained set of peer 0 by, for all (p*, p°) € R,

FOW@,p°) ==Y pd?p*), 600", p°) =D p"s"p°),

1€J i€J ( )
4.2
C(O):Riﬂ{(p ,p°) ER?: Zd <Zsi(po)}.
i€J i€J

Taking account of the fact that d¥ and s() are affine, both F(© and G(®) in (4.2)
are strongly convex. Furthermore, we find that both VF(© and VG(© are Lipschitz
continuous and strongly monotone. Let S : R? — R? be a function defined by,

Projgz {Projac, (p°,p°)} + (p°,0°)
SO (p*,p°) := - 5 , V(p®,p°) € R?, (4.3)

where C(©) = {(ps,po) cR?: Yoier di(P®) <D s si(po)} . Thus, we find that S is
nonexpansive. Furthermore, since Fix(S(O)) = Fix(ProijJr Projsw) = Ri NCcO =
CO it leads to Fix(S() =),
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The utility function /() of peer i (i € J) can be represented by
U s, co,eWy = v (cs) — O —pWcoy. (4.4)

(i) V(Cs) is the storage service valuation of user i. It can be expressed as a
quadratic function for the opportunity and valuation cost (A denotes the min),
S A7 .. max)2
blp;nax(czs A bl_pznax) _ (c; /\bzzpi )
bi
(ii) P (C?) is the overall non-monetary cost of user i for offering capacity C¢ to the
system, which is of the form

PO(CP) =piey + 09 (cy),

(a) OW(C?) is an opportunity cost of offering capacity C¢ for other peers with-
out using C; for itself. This actually corresponds to

0W(C?) = (1/a:)(C7)? /2.

(b) p™inC? is the data transfer cost used for the data protection mechanism
implemented by the system.
(iii) The monetary price (possible negative) paid by peer i is e := p°C — p°C?,
where C? = s,(p°) and C? = d;(p®).
Let consider a performance measure, called the social welfare. It can be viewed as
the sum of the utility functions of all peers in the whole system. Because user 0
is a member of the society, all money it exchanges with other users stays within
the system and therefore does not influence the social welfare. It follows from (4.1)
and (4.2) that the social welfare YW : R? — R can be expressed as follows. For all
Cs:=(C;,C5,-++ ,CHT, Cp = (CP,C8,-++,CO)T e RE,

WICs, Co) = 3 UD€, + U0, p%) = 3 [VO(er) - PO(Cr)] . (45)

i€J i€J

Vv (cs) =

Since the social welfare makes the system reliable and stable, we would like to max-
imize W. Through all users cooperating in the system, it is desirable to enable each
user i (i € J) to decide the optimal (C$,C?) € R?, by maximizing its own private

welfare. We call W) : R? — R the welfare of peer i (i € J), which is defined by, for
all (C3,C¢9) € R? (resp.(di(p®), si(p°)) € R?),

wa(er,e7) = vi(e;) - PU(C).
Taking account of the fact that peer i(i € J) will behave selfishly in order to choose

a strategy that maximize its own welfare W), Therefore, the objective function and
the box constrained set of peer i(i € J) can be defined as, for all (p*,p°) € R?,

FOp*,p°) = =V (di(p*), 690, p%) = P (s:(p°)),
C(z) — [pmin’pgnax] ™ [pgnin7p£nax] (7, e j)

%

(4.6)

Because d; and s; are affine, one sees that F(), G (i € J) in (4.6) satisfy the strong
convexity condition. As a consequence, one has that both VF® and VG@ (i € )
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are strongly monotone and Lipschitz continuous. Let us define mappings S® : R? —
R? (i € J) by, for all (p*,p°) € R?,

S9(p*,p°) = Projew (p°, 1°).- (4.7)

It can be easily checked that S (i € J), defined in (4.7), satisfies the nonexpansive
condition with

Fin(S9) = Fia(Projew) = {(1°,°) € B2 : SO (0°,5°) = (0°,5°) } = €.

The main aim of the profit-oriented pricing scheme is to determine optimal prices
p° and p®, in order to maximize U(?), the profit of operator (user 0). To make our
system reliable and stable, one may maximize the social welfare W. Accordingly, one
can construct the storage allocation problem of the form

Problem 1. (The storage allocation problem)

Maximize (1 — @)W(p*, p°) + =t (p°, p°)

== |1-2) > (FV+G9) +=(@? +f<°>)] )
i€d
subject to

(»*,p°) € D[P?“i“m?‘a"] X [pim, p] 0 {(psm") eR:: Zdi(ps) <> Si(po)}
= [\ Fiz(8Y),

1e{0}UT

where w € (0,1), F@ : R? - R, G : R? - R and S : R? — R(i € {0} UJ) are
respectively defined as in (4.2), (4.3), (4.6) and (4.7).

Let us consider two computational experiments for solving Problem 1 with w = %

Experiment 1 is generated with Matlab version 5.0. Experiment 2 is generated with
Python 3.7. All calculations are performed on a personal computer Intel(R) Core(TM)
i5-8250U CPU @ 1.60GHz.

Experiment 1. Consider a storage networked system with I = 120, T =1,2,6, 12,
60,120. Thus the element number of each subnetwork is I; = I/T. One randomly
chooses the values in the range of (0,10] for a® and b®. One randomly chooses
p™1 in the range of [20,30] and p®* in the range of [120,130] (i = 1,2,---,120).
One sets a,, = %, Bn = 0.5 % % and A\, := 0.5 (Vn € N). It ensures
that (an)nen and (Bp)nen satisfy Assumption 3 . Algorithm 2 is initialized with the
staring point xo = (p§, pg)T randomly chosen in the range of [0, 100] x [0, 100]. We set
the number of iterations N = 10000, 200000, 500000 as the stoping criterion. Now we
will compare the computational performance with different number of subnetworks.
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Figures 2, 3, 4 describe the changing processes of p® and p® in the case of T
1,2,6,12,60,120, respectively. Those results indicate that Algorithm 2 with T
1,2,6,12, 20,60 dramatically reduces the required number of iterations and enjoys a
better rate of the convergence than Algorithm 2 with 7" = 120.
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FIGURE 2. (a)-(b): Behaviors of p* and p® with the number of sub-
networks T' =1, 2, 6, 12. The number of iterations is 10000.
Figure (e, The number of subnetworks is 60 Figure (e,): The number of subnetworks is 60 Figure (e.): The number of subnetworks is 60
100 . - - - .
ey >b,
+p,) % i op
80|
0
§ 60 g
& &
50
40
30
20 20 - . -
2000 4000 6000 8000 10000 12000 o 1 3 4 5 6 o 0.5 1 15 2 25
Number of lterations Number of Iterations 0% Number of terations 108

FIGURE 3. (e1)-(e3):
subnetworks T
10000, 50000, 200000

60.

The

Behaviors of p® and p° with the number of

number of iterations is



662 LIYA LIU, ADRIAN PETRUSEL, XIAOLONG QIN AND JEN-CHIH YAO

Figure (f,): The number of subnetworks is 120 Figure (f,): The number of subnetworks s 120

Figure (f,): The number of subnetworks is 120
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FIGURE 4. (f;)-(f3): Behaviors of p° and p° with the number of
subnetworks T° = 120. The number of iterations is
10000, 100000, 500000.

Hence, one concludes that Algorithm 2 has a better behavior with 7" < 120 than the
conventional broadcast optimization algorithm (i.e., Algorithm 2 with I =T = 120).
Meanwhile, these figures indicate the relation between the number of iterations and
the number of subnetworks. As many peers as possible participate in subnetworks,
the operator can quickly find the optimization solution to Problem 1 due to full
cooperation from many peers. Note that it is not easy for all peers to implement
the incremental optimization algorithm (i.e., Algorithm 2 with I = 120,7 = 1),
especially when the real networked system is composed of a number of subnetworks.
As a consequence, our proposed algorithm is efficient to solve convex optimization
problems in a large scale networked system.

Experiment 2. Consider a storage networked system with I = 20, T'= 10,2, I; =
I/T. Let us randomly choose the values in the range of (0,10] for a(® and ). The
lower bound p" is a random value chosen in the range of [10,20]. Meanwhile, the

%

upper bound p"®* is a random value chosen in the range of [90,100] (i = 1,2,--- ,20).
We set a, := %, e ﬁ and A, := 0.5 (Vn € N) for Algorithm 2.

The initial points are generated randomly in the range of [0,100] x [0,100]. Let us
take the number of iterations N = 10000 as our stopping criterion.

We depict the changing process of (ps,p,) for Algorithm 2. As shown in Figure
5 (g1), when the number of subnetworks is 2, the optimal (p*,p°)T is convergent
to (65.57,42.20)7, user 0’s revenue U (p*,p°) is approximately 85398.44. On the
other hand, from Figure 5 (g2), we have that when the number of subnetworks is 10,
the optimal (p®,p°)T is convergent to (55.70,41.12)7. In this case, user 0’s revenue
U (p*,p°) has a approximate value 84228.42. Note that all the subfigures in Figure
5 in this experiment plot that the optimal p° (denoted by p°) is smaller than the
optimal p* (denoted by p*). In this case, user 0’s revenue &) (p*, p°) is nonnegative.
In other words, user 0 makes a profit in this system.
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Figure (g1): The number of subnetworks is 2
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Figure (gz2): The number of subnetworks is 10
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FIGURE 5. Behaviors of p* and p° (Left). Behaviors of U (p*, p°)
(Right). The number of iterations is 30000.

5. CONCLUSION

In this paper, we discussed the minimization problem for the sum of objective
functions over the intersection of fixed point sets of a family of nonexpansive mappings
in a real Hilbert space. Our proposed iterative algorithms are devised by combining
the broadcast distributed idea, the incremental optimization idea with the steepest
descent method. We obtained the corresponding norm convergence results. Finally,
we gave the numerical examples for the data storage allocation in a peer to peer
data system, which demonstrates the computational effectiveness and convergence
performance of our proposed algorithm.
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