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1. INTRODUCTION AND PRELIMINARIES

The notion of b-metric spaces was initiated by Bakhtin [26]. After that, some new
fixed point results along with the well known Banach’s contraction principle (in brief
BCP), were investigated on this set-up by Czerwik [30]. Czerwik’s [30] work attracted
many researchers to work on this set up. Many famous fixed point results have been
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studied on this set-up (for example, readers can see [9], [16], [43], [48], [50], [51] and
the references therein). By using Pompeiu-Hausdorff metric, fixed point results were
extended from single valued to multi-valued mappings by Nadler [46]. The result of
Nadler became very popular in fixed point theory, and consequently, many researchers
started to work on multi-valued mappings into various direction. For results on multi-
valued mappings, readers can look into [1],[4],[5], [7], [8], [12], [15], [19], [20], [22], [25],
[16], [24], [28], [29] [52] [54] and the references therein. In 2012, Samet et al. [53]
introduced the notion of a-admissible mappings to study some fixed point results. In
fixed point theory, the concept of a-admissible mappings is a very powerful tool since
it covers many important structures like the structure of standard metric spaces, the
structure of a metric space endowed with a graph, the structure of a metric space
endowed with a partial order, and the structure of cyclic mappings via closed subsets
of a metric space etc. Due to the reasons mentioned just, researchers have started
to work on a-admissible mappings in large scale. To study some recent fixed point
results on a-admissible mappings, readers can view [2], [3], [16], [32], [33], [34], [42]
and the references therein.

Very recently, Karapinar [38] introduced the notion of interpolative Kannan con-
traction (in brief IKC) by modifying the famous Kannan contraction [37]. The inter-
polative Kannan contraction condition is given by
IKC: For a metric space (X,J), a self mapping J from X into X is said to satisfy
IKCif 3 8 €[0,1) and p € (0,1), such that the following holds

5(Ju, Tv) < B[6(u, Tu)]® - [5(v, Tv)]' 77,
Y u,v € X with u # Ju.

Theorem 1.1. [38] Let (X,0) be a complete metric space. Suppose that J is a self
mapping from X into X which satisfies IKC. Then J has a unique fized point.

But immediately after the work of Karapinar [38], Karapinar et al. [40] observed
a small error about the supposition of fixed point set being unique. After the work of
Karapinar et al. [40], different types of results on interpolative contraction have been
investigated by many researchers. For example, one can look into [21], [23], [39], [41].

Next, we recollect another important fixed point result due to Maia which states
as:

Theorem 1.2. [45] Let (X, 4, p) be a bimetric space and J be a self mapping from
X into X. Suppose that the following assertions hold:

(1) 0(u,v) < plu,v),¥ u,v € X;

(2) T is continuous w.r.t 0;

(3) J is complete w.r.t §;

(4) 3 a B €[0,1) such that

p(Ju, Jv) < Bp(u,v),¥ u,v € X.
Then J has a unique fized point in X.

The result of Maia [45] influenced many authors to work on different types of
fixed point results. For example, reader can look into [18], [6] [27] [44], [47] and the
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references therein.

Next, we state another important fixed point result due to Popescu [49], which
greatly extends the famous BCP.
P-contraction: Let (X, ) be a metric space. Suppose that 7 is a self mapping from
X into X. Then J is said to be a P-contraction if 3 a § € [0,1), such that the
following holds:

§(Tu, Jv) < B[6(u,v)+ | 6(u, Ju) — 6(v, Jv) | ],V u,v € X.

Some researchers call the above contraction as “E-contraction” in stead of “P-
contraction”. But, we prefer to call the contraction as *“ P-contraction”.

Theorem 1.3. [49] Let (X,d) be a complete metric space and J be a self mapping
from X into X which satisfies P-contraction. Then J has a unique fixed point.
Moreover, every Picard iteration converges to the fized point.

Many authors put their attention on P-contraction and established different kinds
of fixed point results. For example, reader can view [13], [14], [31], [35].

For the sake of completeness, we now recall some basic definitions, propositions,
lemmas, and necessary results from the existing literature for our investigations.

From now, we will write P(X),CL(X),CB(X), K(X) to denote the collection of
non-empty subsets, non empty closed subsets, non empty closed-bounded subsets
and non empty compact subsets of X, respectively.

Definition 1.1. [46] A point v € X is said to be fixed point of the multivalued
mapping J : X — P(X) if u € Ju.

We will write F7 to denote the collection of all fixed points of the multivalued
mapping J. For the definition of a generalized Pompieu-Hausdorff metric, we refer
the reader to see [46]. Let (X, p) be a metric space and R, S € CL(X). Then we
write H, to denote the a mapping M, : CL(X) x CL(X) — R (= [0,00)) is said to
be generalized Pompieu-Hausdorff metric on CL(X) induced by p and if

max { sup,c g Ny (7, S), sup,egN,(s, R)}, if maximum exists ,

M,(R,S) {

0, otherwise,

where N, (r,S) to denote ingp(r,s). Furthermore, we write A,(R,S) to denote
sE

sup{p(r,s) : r € R,s € S} and we write A,(R) to mean A,(R,R). Next, we
move to the definition of b-metric space.

Definition 1.2. [30] Let X # () and X be a constant such that A € [1,00). A mapping
pa N x N — R, is said to be a b-metric with coefficient A if V 91,953,953 € N the
following assertions hold:

(1) ,0)\(191,192) =09 = 192;

(2) pA(1,92) = pa(D2, V1)

(3) pa(1,92) < A[pa(91,95) + pa(ds, ¥2)].

Moreover, the pair (X, py) is said to be a b-metric space.
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To see the definition of a Cauchy sequence, convergent sequence, completeness
in a b-metric space, we refer the reader to see [50]. Next, we state the following
three important lemmas. In the proof of our main results, we will use Lemma-1.8,
Lemma-1.10 of [29] and Lemma-3 of [50].

Lemma 1.1. [29] Let (R, py) be a b-metric space with coefficient A € [1,00). Let
S € CL(R) and suppose that 3 r € X such that N, (r,S) > 0. Then 3 a s € S such
that px(r,s) < kN, (r,S), where k > 1.

Lemma 1.2. [29] Let (R, py) be a b-metric space with coefficient A € [1,00). Let
S € P(R) and 9 € NX. Then N, (9,5) =0 if and only if ¥ € S.

Lemma 1.3. [50] Let (X, py) be a b-metric space with coefficient A\ € [1,00). Let
R,S, T € CB(R). Then for 9,¢ € R, the following assertions hold:

< pa(0,q), Vs ER;

<M, (S,R), YU €S,

0;
== MpA(R7 S)?
< A[M,, (5, T) + M, (T, R)];
o (0, R) < A[pA(9,6) + N, (s, B)].

Now, we move to the definition of a-admissible multivalued mapping of type S.

Definition 1.3. [50] Let X # () and s € [1,00). Suppose that J : X — CL(X)
and o : X x X — R, are two given mappings. Then J is called an multivalued
a-admissible mapping of type S if for every v € X and v € Ju with a(u,v) > s
implies a(v,w) > s, for every w € Jwv.

Next, we state the definition of triangular a-admissible mapping.

Definition 1.4. [16] Let 7 : X — X and a: X x X — R be two given mappings.
Then J is said to be triangular a-admissible mapping if it satisfies the following two
assertions:

(1) J is a-admissible;
(2) a(u,v) > 1 and a(v,w) > 1= a(u,w) >1

Motivated by these work, here we introduce multivalued triangular a-admissible
mappings of type A.

Definition 1.5. Let X # () and A be a real number such that A > 1. Assume that
J:X = CL(X) and a : X x X — R} be two mappings. Then J is said to be
multivalued triangular a-admissible mappings of type A if

(1) for u; € X and ug € Juy with a(uy,us) > A, we have a(ug, us) > A for each
ug € Jug;

(2) for any wi,us,us € X with a(ui,u2) > X and a(ug,us) > X implies
auy,ug) > A
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Example 1.1. Let X = {1,2,3,4,5} and A = 2. Let us define two functions « :
XxX—>Ryand J: X — CL(X) by

J(1) =123}, 7(2) ={1,31L,T3) = {1,2}, T (4) = {5}, T (5) = {4},

and

u+uv+1, if u,v € {1,2,3},
a(u’ U) = [u—v| .
=, otherwise.
It can be easily checked that 7 is a multivalued triangular a-admissible mapping of

type 2.

In a similar way for A > 1, we can define the notion of multivalued triangular p-sub
admissible mappings of type A~! by changing “ > 7 sign into “ < ” and “A” into
AT
Let X, X5 be two metric spaces. Then a multivalued mapping J : X; — P(X53) is
said to be closed if the graph Gr(J) = {(u,v) : u € X1,v € Ju} is a closed subset of
X1 xXs. It is known that J has only closed values provided J is a closed multi-valued
mapping. Next, we move to the definition of (F,H)-upper class function.

Definition 1.6. [17] A function H : Ry x Ry — R is said to be a sub-class function
of typelifa>1= H(1,b) < H(a,b), VbeRy,.

Definition 1.7. [17] Let F,H : R, x Ry — R be two given functions. Then the pair
(F,H) is said to be an upper class if H is a sub-class function of type I, along with
the following two conditions:

(1) 0<e<1l= F(er) < F(,r);

(2) H(1,0) < F(,r)=b<r Vbr €Ry.

Now, we state the definition of C-class function.
Definition 1.8 ([17], [51]). A continuous function F : Ry x Ry — R is said to be a
C-class function if for a,b € R, the following two assertions hold:
(1) F(ab) < a i
(2) F(a,b) = a implies either @ =0 or b = 0.
Let X # @ and J : X — P(X) be a multivalued mapping. From now, we

will write Jx(uo, @, ) to denote the collection of all sequence {u,}22, that satisfy
Urp1 € Ju, together with a(u,,upy1) > X and p(up, upy1) < AL Vr € {0} UN,

where A > 1. Now, consider a sequence w = {u,}22, in Jx(uo,, n). We say
Qpi(w) = {ug, ugt1, -+ ,w} is a w-orbit starting at k£ and end at I, and Qoo (w) =
{uk, k41, -} is a w-orbit starting at k and end at co. Now, we state an important

definition on orbitally completeness.

Definition 1.9. Let (X, p)) be a b-metric space with coefficient A\. Suppose that
a: X xX =Ry, p: X xX — R, are a-admissible and p-sub admissible mappings
of type A, respectively. Also, consider a multivalued mapping J from X to P(X).
Then, the b-metric space (X, py) is said to be J-orbitally complete if for any Cauchy
sequence in Jy(ug, @, ) converges in X for any ug € X.
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Karapinar et al. [41] introduced the definition of interpolative Hardy-Rogers (HR)
type contractions as following.

Definition 1.10. [41] Let (X, p) be a metric space. A mapping J : X — X is said
to be an interpolative Hardy-Rogers (HR) type contractions if 3 a A € [0,1) and
B1, B2, B3 € (0,1) with 81 + B2 + 3 < 1, such that

o(JTu, Jv)
< Mol )])™ - [olu, Tu))* - oo, T)]* - |

)

P(Uv jv) + p('Uv ju)] 1-B1—B2—PBs
2

for all u,v € X with u,v € X \ Fy.

Consequently, by using the above definition, Karapinar et al. proved the following
theorem in usual metric space.

Theorem 1.4. [41] Let (X, p) be a complete metric space. Suppose that J is an
interpolative Hardy-Rogers type contraction. Then, J has a fized point in X.

Motivated from the current ongoing research on multivalued mapping, a-admissible
mappings, Maia type results, and results on b-metric spaces (mentioned in the begin-
ing of the introduction), next we are going to extend and generalize Theorem 1.4 as
well as P-contraction proposed by Popescu [49].

2. MAIN RESULTS

We now start this section by introducing one new definition.

Definition 2.1. Let (X, p)) be a b-metric space with coefficient A. Let a,, p : X x X —
R, and J : X — CB(X) be three given mappings. We say J is a multi-valued
interpolative (o, u, H, F)o, -contraction of HR-type w.r.t py if 3a v € Ry \ {0} and
B1, 82,03 € (0,1) with 81 + 82 + 83 < 1 such that the following holds

H(a(u,v), Ay, (Tu, Tv)) < F(p(u,v),0,(Igr(u,v))), Vu,v € X \ Fg,
where the pair (F,#) is an upper class function, 6., is an increasing function from
Ry to Ry satisfying (i) 40,(a) < a,,Ya > 0; (i) lim 0%(a) = 0, ¥V a > 0; (iii)

—00
li_>m (a —~04(a)) = +oo0 and
IHR(U,’U) =

Nﬁx(u» JU) “r‘NpA(’U, Ju)} 1—51—52—53)
2 .

([ (.0 Wt T)) ™ [N (0 7)) ™ |
From onwards, we write Q(u,v) to mean

max {p)\(u,v),./\/'m (uvju)vNﬂx(vajv)apr(ua jv)apr(Uaju)}'

Now, we are in a position to state and proof our first main result.
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Theorem 2.1. Let (X, py) be a b-metric space with coefficient X and (X, 0) be another
b-metric space. Let J : X — CB(X) be a multivalued mapping. Assume that the
following assertions hold:

(A1) J is a multivalued triangular a-admissible mapping of type A and multivalued
triangular pu-sub admissible mapping of type A\™1;

(Az) there exists aug € X such thatuy € Jug such that a(ug,u1) > A and p(ug, ur) <
)\71’.

(A3) J is a multi-valued interpolative (o, i, H, F)g. -contraction of HR-type w.r.t px;
(Aq) 0(u,v) < pa(u,v), Vu,veX;

(45) (X,0) is a J orbitally complete mapping;

(A6) T is a closed multivalued mapping w.r.t 0.

Then, J has a fized point in X, i.e., Fy # ().

Proof. We divide the proof into few steps.

Step I: By assumption (Asg), there exists a point ug € X and u; € Jug such that
a(ug,ur) > X and p(ug,ur) < AL If ug = uy or uy; € Juy, then we have nothing
to show, since u; is a fixed point of J. So, we assume ug # u; and u; ¢ Jug.
Now, by (A1), J is a multivalued triangular c-admissible and u- sub admissible map-
ping. Consequently, for u; € Jug with a(ug,u1) > X and p(ug,u1) < A~1 implies
a(ur,ug) > X and p(ug,ug) < A7 for ug € Juy. Again, if uy = ug or ug € Jus
then we are done. So, we assume u; # ug and us ¢ Jus. Continuing in this way,
we can obtain a sequence w = {“k}:io such that ux41 € Jug, up # ug+1 and
Upy1 ¢ Jurpr with a(ug,ursr) > A p(ug, ugr1) < AL Therefore, we conclude
w= {uk}io € Ia(ug, o, p).

Step II: Our next intention is to that for any sequence w = {uk}:io € In(ug,a, ), 3
a t(€ N) satisfying » < ¢ < s such that py(u,, ) = Ax(Q s(w)), where r, s € {0} UN.
Let us consider a sequence w = {uk}iozo in Jx(up,, u) and two real numbers
r,s € {0} UN such that r < s. Then, we get a(ug, ur+1) > A, p(ug, up1) < A71and
Upt1 € Jug. Since J is a multivalued triangular a-admissible mapping of type A and
p-sub admissible mapping of type A™!, consequently we obtain a(ug_1,u1_1) > A,
plug—1,u—1) < A71 for k,1 € {0} UN with k < [. Since J is a multivalued interpola-
tive (o, u, H, F)o. -contraction of HR-type w.r.t py, thus we have the following

H(1, AN(Tuk—1, Twi-1))

< H(o(up—1,wi-1), Apy (Tub—1, Twi-1))
< F(p(uk—1,u-1),0y(Iar(ve-1,w-1)))
< F(L,0, (Irr(we-1,m-1)))-

Consequently, from the definition of upper class function, we obtain
Apy (Tup—1, Twi—1) < 0y (Tar(up-1,w-1)) < 0, (Q(up—1,w-1)). (2.1)

Now, from second property of 6, function, we can deduce that 6,(a) < a for a > 0.
Hence, from (2.1), we obtain

A (Tur—1, Jur—1) < 0, (Qur—1,u-1)) < Q(ur—1,u-1). (2.2)
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Since uy € Jur_1 and u; € Ju;_1, consequently we obtain,
o (g, w) < Ap, (Tup—1, Tu—1), (2.3)

and

Q(uk_l,ul_l) <A, (Qrs(w)), where r <k <1 <s. (2.4)
Hence observing (2.1) — (2.4), we obtain the following

p)\(uk’ ul) < Apx (QT',s(w))’
which shows that 3 some t, for which we have
pa(ur, ug) = Ap (2 s(w)), where t € Nand r < t <s.

Therefore, the claim of Step II has been established.
Step III: In this step, we wish to show that any sequence in J (ug, o, pt) is bounded.
Let us consider a sequence w = {ug}52, € Ja(uo, o, p). In this step, first we make an
observation that for the arbitrary sequence w = {uy}32,, we get
Q0,1(w) € Qa(w) € Qo3(w) C---,
which shows
Ap, (01(w) < Ap, (Qo,2(w)) < Ap, (Ros(w)) < -+

Hence, we obtain that {A,, (Qoys(w))}zil
our claim, it is enough to prove that {A, (Qo(w))} . has an upper bound. From
Step II, we can say that for any fixed s € N 3 a t € N such that py(up,us) =
A, (o s(w)) with 0 <t < s. Now we consider two cases.

Case 1: If t = 1 implies py(uo, u1) = A, (Qo,s(w)) holds ¥V s € {0} UN, then we have
nothing to show. Otherwise, we can arrive into case-2.

Case 2: Suppose that ¢ > 1 corresponding to any fixed s € {0} UN. Then, we obtain

pa(uo, u) = Ap, (Qo,5(w))-

Now, from the b-metric property, we know the following inequality,

is a non-decreasing sequence. To establish

px(uo, ut) < Apa(uo, ur) 4 Apa(ur, ut).
Again, u; € Jug and u; € Jus—1. Consequently, we have
paluo, ue) < Apa(uo, ur) + AA,, (Tuo, Tue—1). (2.5)

Since w = {ur}2, € Ix(uo, @, 1), so by applying transitivity property of the mapping
a and g, we have a(ug,u,) > X and p(ug,u,) < A71, ¥V r € N. Again, J is a multi-
valued interpolative (a, 1, H, F)g,-contraction of HR-type w.r.t px. Thus, we have

’H(I,Am (Juo,jut_l))
< H(a(uo, ur), Ap, (Tuo, Tui—1))
< F(N(uoautfl); 0, (IHR(uoautfl)))
< f(l,@w(IHR(uo,ut,l))).
Consequently, from the definition of upper class function, we have
Apy (Tuo, Tui—1) < 0, (Tnr(uo, u—1)) < 64(Q(uo,ur—1))-
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Again, we have

Quo,us—1) < Ap, (Qo,5(w))
= Apx (jUQ, jut_l) < 0',, (APA (9078(0)))).

Thus, from (2.5), we get

pa (U0, ue) < Apa(uo, ur) + My (A, (Qo,s(w)))
= paltg, ur) — A0, (A, (Q0,s(w))) < Apalug, ur)

S Ay (Q0,5()) = My (A (Q0,5())) < Apa (i, ). (2.6
It is clear from (2.6) that A, (Qo,s(w)) =0 (A, (Qo,s(w))) is bounded by Apx (ug,u1)

for any s € N. Next, we suppose that {A,, (QO»S(W))}ZC;1 is not bounded, i.e

lim A,, (Qo,s(w)) = co. Then, from third property of 6., function, we have
§— 00

lim Ap, (Qo,s(w)) — Ay (Ap, (Q,s(w))) = +oo,

S§—00

a contradiction. Thus, we deduce that {Am (QO,S(W))}:; has an upper bound, i.e.,
bounded.

Step IV: From step-I, we have obtained a sequence w = {uk};ozo € In(ug,a, p).
Choose two natural numbers r and s with r < s, and observe that a(u,,us) > A
and p(uy,us) < A7 since J is a multivalued triangular a-admissible and p-sub
admissible mappings of type \, and A~! respectively. Again, from step-II, 3 a t(€ N)
with » < ¢t < s such that

pA(trs ) = Ay (2 (). (2.7)

Now, since J is a multi-valued interpolative (a, u, H, F )gw—contraction of HR-type
w.r.t py. Thus, we have

H(1, A, (Tur, Tus))
< H(our, us), Apy (Tur, Tus))
< F(plur,us), 0y (Tnr (ur, us)))
< (10, (Tnn(ur..)))
Hence, by using the definition of upper class function, we get
Apy (Tup, Tus) < 0y (Tg(ur, us)). (2.8)

Again, from (2.7) and (2.8), we can write the following

PA(Urg1, s 1) < 05 (Qur, us)) < 04 (Ap, (U s(w))) = 04 (pa (ur, ur)). (2.9)

Since, t — 1 is a natural number satisfying, r — 1 < ¢t — 1 < s — 1, consequently
by applying the transitivity property of the mapping a and p, we can obtain that
a(tp_1,ur—1) > N, and p(ur—1,ur—1) < A7L Again, J is a multi-valued interpolative
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(o, i, H, F)g,-contraction of HR-type, so we have

H(L, Ay, (Ttr—1, Tug—1))

< H(a(ur—1,ue-1), Ap, (Tur—1, Ttp—1))

< Fplur—1,ui-1), 0y (Tar (ur—1,ui-1)))

< F(1,0,(Inr(ur—1,u-1))).
Thus, by applying the definition of upper class function, we get

Ap (Tup—1, Tup—1) < 0y (Tag(tr—1,u-1)). (2.10)
From (2.10), one can obtain the following,
oy, ug) < GV(Q(ur—laut—l)) <90, (Am (Qr—l,t—l(w))) <0, (Am (Qr—l,s(w)))~
Thus, from (2.9) and (2.10), we have
oA (1, 10521) < 0 (a1 00)) < 02 (A (R 1,4(w))).

Continuing in this way, one can get the following
PA(Uri1, Ust1)
<02 (Apy (ro1,5(w))) (2.11)
<05 (Dpy (rm2,6(w)) < 05(Ap, (Vr3,5(w))) < -+ <O (A, (Qo,6(w)))-

But, from step-11I, we have already concluded that {Am (Qo7s(w))}il has an upper
bound. Let us consider £ as such upper bound. Hence, from (2.11), we have

pa(Urs1, usg1) < 0571(B). (2.12)

Now, in (2.11), if we make r — oo, then by the second property of the 6, function,
. . oo . .
we have lim py(upi1,us+1) =0, e, w = {“k}kfo is a Cauchy sequence in (X, py).
T—>00 -
Now, we move to the last step of our proof.
Step V: Now, from (A4), we have lim 6(up11,us+1) = 0. Therefore, the sequence
r—00

w = {Uk}ZO:O is a Cauchy sequence in (X, d) also. Again, by our assumption (Aj),
(X,0) is a J-orbitally complete b-metric space. Consequently, w = {uk}]jio is a
convergent sequence in (X, ), i.e., 3 an element u*(€ X) such that §(ux,u*) — 0 as

k — oo. From (Ag), J is a closed multivalued mapping w.r.t 6. Hence, we obtain,
u* € Ju*. Thus J has a fixed point in X, i.e., F.7 # (. O

Next, we do an observation which shows that by choosing some particular values
as well as mappings in Theorem 2.1, one can easily derive the contraction given in
Definition 1.10 as well as Theorem 1.4.

An observation:

In the statement of Theorem 2.1, if we consider J as a single valued mapping from X
to X instead of a multivalued mapping, H(a,b) = b, F(s,t) = t, a(u,v) = p(u,v) =
1, Yu,v e X, 0,(t) = kt, where k € [0,1) with v = 1, and lastly instead of two
b-metric spaces only a single metric space with py = §, then Theorem 2.1 reduces to
Theorem 1.4.

Now, we give an example to support Theorem 2.1.
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Remark 2.1. We can derive many results as a corollary on multi-valued interpolative
HR-contraction for two different b-metrics by assigning different types of values as
well as functions in the statement of Theorem 2.1. We are skipping those results due
to the length of the paper.

Example 2.1. Let X = By U By, where By = {1 1 1 11 1} and By = {2} Let
d,px : X x X — Ry be two mappings defined by

S(u,v) =|u—v|* Yu,veX;
(u, v) 0, ifu=v,
u,v) = .
P |u—wv|?+1, if u#wv.

Clearly, 0 and py are two b-metrics with coefficient 2. Next, we define a multivalued
mapping J : X — CB(X) as

IRE T if u € By,
T = {{;,1}, it ue Bs.

We now consider two mappings a, 1t : X x X — Ry as

4, if u,v € By with u <,
au,v) = 9 1, ifu=34v=2,

0, otherwise.

%, if u,v € By with u <w,
w(u,v) =< 1.4, ifu:%,vzz

0, otherwise.

Let 0 : R — R4 be a mapping defined by
2
(1) = gt with y = 2.
We, also consider two mappings H, F : Ry x Ry — R which are defined by

H(u,v) = (u+1)", Fs,t) = (1 +1)™, with | = 1.5,

Let us consider three real numbers 1,8, 83 as 51 = +,82 = 1,83 = 5. Then, we
have 51 —+ 52 + 53 ~ 0644 and 1-— (61 —+ 52 + ,83) =~ 0355
Now, we have to consider the following three cases.
Case 1: Let u,v € By with u < v. We have

H(0(0.0). Ay, (T1,T0)) = (44 L5325, and

F (1w, 0), 0 (L (u,v))) = (14 1.5)1() b Trnluw)),
Now, observe that

A, (JTu, Jv) =0
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and

IHR(U, ’U) =
= (0] NG 7)) [N, 7)) [ R TR T

implies 0 (Igr(u,v)) > 0, and consequently p(u,v) - 0,(Iar(u,v)) > 0.
Hence, we get

>1

H(a(u,v), Ay, (Tu, Tv)) < F(u(u,v),0,(Igr(u,v))).
Case 2: If u € B;\{3} and v =2, then
H(a(u,v), Apy (Tu, Tv)) = (04 1.5)22 %I = 1 and
F(u(u,v), 0, (Igr(u,v))) = (1 + 1.5)H@0) 0 Unr(uv) — 1,
Therefore, we have
H(a(u,v), Ay, (Tu, Tv)) = F(u(u,v), 0, (Igr(u,v))).
Case 3: If u = % and v = 2, then

H(a(u,v), Ay, (Tu, Tv))
1

= (5 + 1.5)An (TuTv) — (1_7)Apx({1ﬁ16},{§,1}) ~ (1.7)187890625 9 710141
and
IHR(U,, 1})

1 1 1 1 1 1 1 Np (l’ 171})+Np (Q’L) 0.355
:[P)\(§72)]3 ’ [pr(gaﬁ)]o ’ [NP/\(Qv{g,l}’)]g : [ Aol 5 A 16 }
~ (1.55744) - (1.01425) - (1.080060) - (1.359838)
~ 2.320018.

Now, 0, (Igr(u,v)) ~ 0.928007, u(u,v)8,(Iar(u,v)) = 1.2992098, and
]:(/i(uv 'U)a aw(IHR(ua ’U)))
— (1 + 1.5)/L(u,v)0,Y(IHR(u,v))

(25) 1.2992098

~ 3.288573.
Hence, we obtain
H(a(u,v), Ay, (Tu, Tv)) < F(u(u,v),0,(Igr(u,v))).
One can see that §(u,v) < pr(u,v), ¥V u,v € X. In fact, it can be easily checked that

all the conditions of Theorem 2.1 are satisfied. Hence, the mapping J has a fixed
point. Here, % is the fixed point of the mapping J.

Next, we proceed to our second main result of this paper, which is based on “P-
contraction” involving Maia type result. To discuss our second main result, we need
the definition of altering distance function, and for this we refer the reader to see [32].
To establish our second main result, first we introduce the following definition.
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Definition 2.2. Let (X, p)) be a b-metric space with coefficient . Let o : X x X —
Ry and J : X — CB(X) be two given mappings. We say J is a multi-valued
P-contraction via C-class function w.r.t py if
EN’ Ay, (Tu, Tv)) < FE(P(u,v)),n(P(u,))),
holds for all u,v € X with a(u,v) > X, where £, are altering distance functions, F
is a C-class function and
P(u,v) = pa(u, v)+ | Ny (u, Tu) = N, (v, Tv) |-

Now, we are in a position to state and proof our second main result.

Theorem 2.2. Let (X, py) be a b-metric space with coefficient A € (1,00) and (X, )
be another b-metric space. Suppose § € (0,1) be any fixzed real number such that
B~ < M. Let J : X — CB(X) be a multivalued mapping. Assume that the following
assertions hold:

(D1) J is a multivalued triangular o — admissible mapping of type X;
(D2) 3 a point ug € X and uy € Jug such that a(ug,ur) >
(D3) J is a multivalued P — contraction via C-class function w.r.t py;
(Dy) 6(u,v) < pr(u,v), Vu,veX;
(D5) (X,0) is a J orbitally complete mapping;
(Dg) J is a closed multivalued mapping w.r.t 4.

Then, J has a fized point in X, i.e., Fiy # (.

Proof. By condition (Ds), 3 a point ug € X and uy € Jug such that a(ug,u1) > A.
Again, J is a multivalued P-contraction via C-class function w.r.t py, consequently
we have

£(>‘3AP,\ (juov jul)) < F(g(P(UOa ul))?ﬂ(P(UOaul)))7
where
P(uo,u1) = pa(uo, u1)+ | N, (w0, Tuo) — Nop, (ur, Jur) | -
Clearly, u; € Juq, then we have nothing to show. Hence, we assume u; ¢ Ju.
Again,
)‘3pr (ur, Jup) < AgApA(juo,jul),

and hence 87N, (u1, Ju1) < XN3N,, (u1, Juy). By using Lemma-1.8 of [29], we can
find a us € Juq such that

palug, ug) < ﬁfl./\fm (uy, Juq).

From (D;), J is a multivalued triangular a-admissible mapping of type A which
implies a(ug,us) > . Next, we assume that us ¢ Jus otherwise there is nothing to
show. Since a(uy,us) > A, consequently by (Ds), we get

g()‘sAP,\ (julﬂ ju?)) < F(f(P(ula u2))7 77<P(u17 u2)))7
where
P(u1,uz) = pa(ur, u2)+ | N, (ur, Jur) — N,y (ug, JTusg) | -
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By similar argument, we can find a uz € Jus such that
paluz, uz) < 571./\/',,A (ug, Jug) with a(ug,us) > A.
Continuing in this way, we can find a sequence {u, }22, such that u, ¢ Ju, , ur41 €
Ju, and
px (U, i) < BTN, (U, Tuy) with a(uy, upi1) > A (2.13)

Next, we claim that N, (tr41, Turs1) < Ny, (ur, Tu,) for all r € {0} UN. Suppose
on the contrary, i.e., 3 a k € {0} UN such that N, (ugt1, Tuk+1) > Ny, (g, Tug).
Thus, we have the following
EN N, (urgr, Turs1))
<ENA, (Tug, Tuks1)) < FEP(ug, upr1)), n(P(ug, ukt1))) < E(P(ug, ups1))-
Since £ is a non-decreasing function, i.e., we have
)‘3pr (Upt1, Ttrt1) < P(ug, Ukt1),
implies
NN kg1, Ttg1) < pa(we, w1+ | Ny (wry Tuk) — Ny (w1, Tugr) |
= pa(up, ups1) + Noy (W1, Tups1) — N, (ug, Tug).
Also, we can write
(A* = DN, (ks 1, Ttigsr) < paltn, tpsr) — No, (un, Tug)
< ﬁ_leA(uk,Juk) - N, (uk, Juyg), by (2.13)
= (ﬂ71 - 1)Np,\(uk7juk)
< (B = DN, (b1, Ttgy1).

Thus, we have

8 )NP)\ (urt1, Turg1),

Noy (trg1, Tug41) < Wo1)

which is a contradiction. Consequently, our claim is justified, i.e., N, (tpt1, Ttrg1) <

N, (ur, Juy) for all r € {0} UN. Therefore {N,, (u,, Ju,)}22, is a decreasing se-

quence bounded below by 0, i.e., 3 a b € [0,00) such that lim N,, (u,, Ju,) = b.
r—o0

Since a(uy,ur41) > A for all r € {0} UN, thus we have

E(pa(tri1, Uri2))
< (BTN, (rg1, Tursn))
NA, ( Tty Ttrgr)) (2.14)
E(P(urs urs1)), n(P(ur, ury1)))
P(ur, ury1)),

IN AN IA

§(
F(
&(
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where P(uy, ury1) = pa(tr, 1)+ | Npy (Ur, Tur) — Npy (wri1, Ttry1) | - Now, con-
sidering limit as r — oo in (2.14), we get
6(7‘11{1010 PA(UT, urJrl)) < F(f(rli)n;o PA(Um ur+1))a n(rligolo P/\(Um urJrl)))
< E(lm py(ur, Urg1))
r—00

= F(f(rlggo PA(ur7Ur+1))v’7(Th_glo PA(Ur, Urg1))) = S(Tlggo Px(Ury Urt1)),
which shows that either &(lim, o0 pa(tr, urt1)) = 0 or P(lim, 00 pr(Up, Ury1)) = 0
implies
lim py(ur, urg41) = 0.
T—00
Observe that, since J is a multivalued triangular a-admissible mapping with
altp,ury1) > A, Vr € {0} UN implies a(u,,us) > X for all r,s € {0} UN with
r < s. Now our motive is to show that {u,}32, is a Cauchy sequence. Sup-
pose on the contrary, Then there exists a 7(> 0) such that px(u,q),usq)) > 7 and
pa(tr @y, us@y—1) < 7 for s(1) > r(l) > I. Consequently, we have the following
7 < pa(Ur ), Usry)
< Alpa(urys ws@y—1) + pa(us@y—15 us))] (2.15)
S AT+ pa(us@y—1, usy))-
By considering lim sup in (2.15), we get

T < llim p)\(ur(l),us(l)) < AT (2.16)
— 00
Again,
PA(r(@ys us@y) < Alpa(ry, wr@y+1) + pA(Ur@) 41, Us@))]s (2.17)
and
PA(Ur )15 Usy) < A[pA(Ur@)+15 Ur)) + P2 (Ur@y, ws@))]- (2.18)
Now considering lim sup in (2.17), (2.18), and using (2.16), we have
pp—
X < llg&p)\(ur(l)ﬂ,us(l)) < A7 (219)
In a similar way, we get
.
NS hm p)\(ur(l) us(l)+1) < N7 (2.20)
Again, by using (2.19) and (2. 20) one can show that
/\2 < hm P/\(Ur(l)+1aus(l)+1) < A1, (2.21)

Since, J is a multi valued P-contraction via C-class function w.r.t py with a(u,, us) >
A, ¥V r, s € {0} UN. Consequently, we have
€( AU (1) 15 Us(t)+1))
()‘ AP/\(jur(l Ju ()))
< FEP(ury, usy)), n(P(ury, us@y)))
< E(P(ur@ys usy))s

(2.22)
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where P(u, ), s@)) = pa(urys ws@y)+ | Noy (wray, Tr@y) =N, (usy, Tusy) |- Now,
observe that

0 <| Ny (ur(tys Ttr(ty) = Ny (ws(rys Tusry) 1< Ny (urtys Ttiray) < ox(Urys Ur(iy+1)-
Making I — oo in the above inequality, we get

Jim | N (urty, Ttr(ty) — Nopy (usy, Tusqry) |= 0.

Now considering lim sup in (2.22), we get

§AT) S F(E(AT), n(AT)) < £(A7)
= F(E(A7), n(A7)) = £(A7)
= either £(A7) =0 or (A1) =0.

Since A € (1,00) so it implies 7 = 0, a contradiction to the fact that = > 0. Hence
{u,}22, is a Cauchy sequence in (X, py), i.e., for r < s pa(ur,us) — 0 as r — oo.

Now, from (Dy), we have lim (w41, us+1) = 0. Therefore, the sequence {ur}cxio
r—oo r=

is a Cauchy sequence in (X,d) also. Again, by our assumption (Dj), (X,d) is a J-
. . o .

orbitally complete b-metric space. Consequently, {ur}rzo is a convergent sequence

in (X,90), i.e., 3 an element u*(€ X) such that é(u,,u*) — 0 as r — oo. From (Ds),

J is a closed multivalued mapping w.r.t 6. Hence, we obtain, u* € Ju*. Thus J has

a fixed point in X, i.e., Fiy # (. O
Next, we wish to show the uniqueness of fixed point.
Property (U): For any u,v € F7, we have a(u,v) > A

Theorem 2.3. Assume that all the hypotheses Theorem 2.2 are satisfied together with
a(u,v) > AV u,v € Fy, then there is a only one point in Fy, i.e., fivzed point of J
18 unique.

Proof. Let w,v be any two elements in Fy with a(u,v) > X. Then, since J is a
multi-valued P-contraction via C-class function w.r.t py, consequent we have

ENA,, (Tu, Tv)) < FE(P(u,)), n(P(u, ), (2.23)
where
Pu,v) = pa(u, v)+ | Np, (u, Tu) = Ny, (v, Tv) | -
Since u € Ju and v € Jv, so it gives N, (u, Ju) = N, (v,Jv) = 0. Thus, from
(2.23), we get

E(pa(u, ) < EN* Ay, (Tu, Tv)) < F(E(pa(u, v)),n(pa(u,v))) < E(palu,v)),

implies F(£(pa(u,v)),n(pa(u,v))) = &(pa(u,v)). Now, by second property of C-class
function, we have either (px(u, v)) = 0 or n(px(u,v)) = 0. Thus, we obtain py(u,v) =
0 = u = v. Hence, Fy is singleton. O

In the next section, we discuss an application of our proposed first new fixed point
result.
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3. APPLICATION

3.1. Generalized data dependence problem. Let 71,72 : X — CB(X) be two
given multivalued mappings. Suppose that for ¢ > 0, H,, (Jiu, Jou) < o holds
Vu € X. Also, suppose that the fixed point set of the mappings 1, J2 are non-empty,
ie., Fz,F7 # 0. Then to measure the distance between the sets F7, and Fg, is
known as data dependence problem. There are different types of data dependence
results available in the literature. Below, we prove the following theorem to discuss
the generalized data dependence problem for two b-metric spaces.

Now, before going to our next theorem, first we slightly modify the contraction
given in Definition 2.1 in the following way.

Modified contraction:
H(a(u, V), \°A,, (ju,jv)) < .F(u(u,v),@v(lﬁpb(u,v))), Vuv € X\ Fg,

where X, 0 € (1,00), the pair (F,H) is an upper class function, 6, as defined in
Definition 2.1 and

[I):IR(uvv) =

No, (u, Tv)+N,, (v, Tu) } 1-B1—f2—Bs

B1 B2 Bs
= [P, 0)] " [N (1, 7)) - [N (0. T0)] »

Theorem 3.1. Let (X, py) and (X,9;) be two b-metric spaces with coefficient A,
7 respectively. Let J1,J2 : X — CB(X) be two set-valued mappings such that for
o> 0, HpA(Jlu, Jou) < o holds V u € X. Assume that the following assertions hold:
(E1) Jo2 is a multivalued triangular a-admissible mapping of type A and multivalued
triangular p-sub admissible mapping of type A\™1;
(E2) assume that F7, # () together with a(u,v) > X and p(u,v) < X1, Vu e Fg
and v € Jou;
(E3) J2 is a modified multi-valued interpolative (o, p, H, F ). -contraction of HR-type
w.T.t px;
(Ey) 6+ (u,v) < pr(u,v), Y u,v € X;
(E5) (X,07) is a J orbitally complete mapping;
(Es) J is a closed multivalued mapping w.r.t. 0.

Then, F7, # 0. Moreover, SUP. N5 (2,F7,) < Tl)‘j:;", where § = ﬁ

Proof. Since, F7, # (), so let us consider a point 2z € Fgz,. Now a(zp,u) >
A, w(z0,u) < ATV u € Jazg, since Jzg # 0. Also, we have A, (.71@]11) <
A, (JTu, Jv) and 0, (I} (u,v)) < 0, (Igr(u,v)). Now, one can observe that Ja
enjoys all the assertions of Theorem 2.1. Consequently, J> has a fixed point, i.e.,
Fz, # 0. Since J120, J2z0 € CB(X) and A2 > 1, there exists a 21 € Jazo such that

pa(z0, 21) < XN, (20, J220) < A°H,, (J120, T220)- (3.1)
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Moreover, we have a(zq,21) > X, u(20,21) < A7L. Since, J» satisfies (F3), conse-
quently we get

H(l, NA,, (j22’0, j2zl))

< H(al(z0,21), XA, (F220, T221))

S -F(,LL(ZO7 21)7 e'y (I[A{R(Z(% Zl)))

S ]:(1707(‘[1/}11%(20721)))7
which implies

)\gApA (jQZ(), szl) S 97 (I;_\IR(ZQ, 2’1))

Furthermore, from the above inequality, we can also write the following

NN, (21, T2z1) < 6, ( max{px (20, 21), Ny, (21, jgzl)}) )

Clearly, if max{px(zo,21), Ny, (21, J221)} = N,, (21, J2%1), then we arrive at a con-
tradiction. Again, 3 a 29 € J22z1 such that

1
e
with a(21,22) > A, u(z1,22) < A71, since Js is a triangular a-admissible and p-sub-
admissible mapping of type A and A~!, respectively. Continuing in this way, one can
obtain

1
pa(21, 22) < 0, (pa(20,21)) < ﬁpx(zmzl)

1
PA(zrat zr42) S pA (s Zrp1) S0 S B pa(z0,21), Vr € {0} UN,  (3.2)
where 3 = 55. Clearly from (3.2), one can easily show that {z.}22, is a Cauchy
sequence in (X, py), i.e., px(zr,2s) — 0 as r,s — oco. But according to the given
condition . (u,v) < pxr(u,v) V u,v € X. Hence, pr(2r,2s) = 0 = d,(2r,25) — 0
as r,s — oo. But (X,4,) is a Jp-orbitally complete. Hence 3 a z* € X such that
0:(2r,2%) = 0 as r — oo. Since Jo is closed w.r.t d,, i.e., z* € Joz*. Also, from
inequality (3.1), we get
pa(z0, 21) < AH,, (J120, J220) < Ao
Again for r, s € N with r < s, we have the following
57—(27“7 Zr+s) < p)\(zr7 Zr-i—s)
< AA(Zry 2r41) + N2pA(Zrt1s 2rg2) + 0 AT oA (s 1, Zrgs)
< AB"pa(z0, 21) + A2 B palz0,21) + -+ X BT s (20, 21)
SABTL+AB+(AB)? 4+ (AB)* " palz0, 21)
1—(A8)°
1- A8

Now, considering limsup as s — oo in (3.3), we have

(3.3)
= \3"

pa(zo0, 21)-

T

1
—0r(zr,2%) < 7 /\BP)\(ZOazl)

TAGB"
1 )\BPA

:>57'(Z7“32*) S (20721)
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Now putting r = 0 in the above inequality, we have

TA TANG TAetg
67’ ) ") < ) S ——H ’ S
(20,2%) < 1_/\6/»\(20 21) Y ox (J120, J220) Y
TATlo
F7) < .
:>N§.,-(201 ..72) =1 _ )\5
Since zg € Flz7, and it is arbitrary, consequently we have
TAtlg

O

sup N5 (z,F7,) < .
zerl ( 72) 1 _ )\ﬁ

3.2. Generalized stability problem. Let (X,p)) and (X,d,) be two b-metric
spaces with coefficient A, 7 respectively. Let us consider a sequence of multival-
ued mappings {7, : X — CB(X)}>2, and another multivalued mapping {J : X —
CB(X)} such that J,. tends to J uniformly as r — oo, i.e., lim, o0 Jr = J W.I.t py.
Suppose that {F7.}, {F7} be the collection of all fixed point sets of the mappings
Jr and J, respectively. We say that the fixed point set of J,, i.e., F7 are stable if
Hs (F7.,F7) — 0 as 7 — oo. To discuss our generalized stability problem, we need
the following lemma.

Lemma 3.1. Let (X, p)) be a continuous b-metric space. Let {T. : X — CB(X)}
be a sequence of multivalued mappings which converges to a mapping {J : X —
CB(X)} uniformly w.r.t px. If J. satisfies the modified multi-valued interpolative
(a, i, H, F)g, -contraction of HR-type w.r.t px for every r € N then J also satisfies
the same.

Proof. For u,v € X \ F7_, we have the following
H(OZ(UGU),)\QAPX (‘77’“7\-7rv)) < f(ﬂ(u7v)79’)’ (II)—\IR(U7U)))7
where X, 0 € (1,00), the pair (F,H) is an upper class function, 6, as defined in
Definition 2.1 and
I?IR(”)”) =

_ [P)\ (u, ’U)] B [pr(u’ ZU)] B2 [pr(v’ ZU)] Bs [pr(u, jrv);;\-/\/px(v, er)} 1-B1—B2—PBs .

Now, taking limit as 7 — oo and keeping in mind that that J,. converges J uniformly
w.r.t p) and p) is a continuous b-metric space, consequently we have the following

H(a(u,v), \eA,, (Tu, Tv)) < F(pu(u,v), 0, (I p(u,v))), Y u,v € X \ Fg,

where X, 0 € (1,00), the pair (F,H) is an upper class function, 6, as defined in
Definition 2.1 and

II)L\IR(U7U) =
B g Bs [Ny (1, TV)+ N, (v, Ju) 1—Br—B2—Bs
= [oan. )] [Ny (1, 7)) [N (0, 7)) [N T 0L N (00 T |
Hence J is a modified multi-valued interpolative (o, u, H, F ). -contraction of HR-
type w.r.t pj. 0
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Theorem 3.2. Let (X, py) and (X,d;) be two b-metric spaces with coefficient A, T
respectively. Let {7, : X — CB(X)} be a sequence of multivalued mappings which
converges to a mapping {J : X — CB(X)} uniformly w.r.t py. Assume that every
{J-} (r € N) enjoys conditions (A1) — (Ag) in Theorem 2.1 and J enjoys every
assertions from (A1) to (Ag) except (A2). Then Fg7 # 0,V r € N. Moreover, suppose
that a(u,v) > X\, u(u,v) < A7t for everyu € Fz, (r € N) andv € Ju oru € Fz and
v € Fgu, (r € N). Then fized point sets of the sequence of multivalued mappings
{T-}52, are stable w.r.t 6.

Proof. Clearly F7. # 0,V r € N. By Lemma 3.1 and Theorem 3.1, we obtain F7 # ().
Let o, = sup, e x Hy, (Jru, Ju), V r € N. By our assumption, J, — J uniformly, i.e.,
we have

lim o, = lim sup H,, (Jru, Ju) = 0. (3.4)

r—>00 T—>00 UEX
Now by Theorem 3.1, we have
TATg,
sup Ns. (2, F7) < — "
e Noo (5 F2.) < 7235
and

TAtg,
sup Ns, (2, F7) < ———,
z2€F7, ( ) 1- Aﬂ

which implies
Ao,
1-X8"

Clearly by using (3.4), from the above inequality, one can obtain

Hs, (F7,,F7) <

lim H57— (FJM Fj) =0.
T—00

Therefore fixed point sets of the sequence of multivalued mappings {7, }°2, are stable
w.r.t 4, O

4. CONCLUSION

In this work, we have successfully extended the main result of Karapinar et al. [41],
by involving the notion of multivalued triangular admissible/sub-admissible mappings
of type A/A~"! along with upper class functions and Maia type result. We have studied
the famous “P-contraction” by using C-class function, admissible mappings and Maia
type result. We have given an example to support our main results. Lastly, we have
discussed generalized data dependence and stability problem as an application.

5. AN OPEN PROBLEM

We have discussed our new results in the setting of two b-metric spaces. Our open
problem is that can one extend our results into a more general setting, by using the
same type of abstract spaces, for example in extended b-metric spaces (see [36]).
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