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1. INTRODUCTION AND PRELIMINARIES

1.1. Introduction. The metric fixed point theory for multi-valued mappings prac-
tically started in 1969 when S.B. Nadler Jr. published a multi-valued variant of the
well-known Banach-Caccioppoli contraction principle. The result was improved, one
year later, by H. Covitz and S.B. Nadler Jr. in a paper published in Israel Journal of
Mathematics. This result, known in the literature, as the Multi-valued Contraction
Principles, states that any self multi-valued contraction on a complete metric space
has at least one fixed point. A generalization of this result for the case of complete
b-metric spaces was given by S. Czerwik in 1998.

A very interesting approach, in the theory of fixed points in some general structures,
was given by J. Jachymski [9] and G. Gwézdz-lukawska, J. Jachymski [7], by using
the context of metric spaces endowed with a graph.

One of the most interesting extension of the Multi-valued Contraction Principle
was given by Y. Feng and S. Liu in 2006, see [6]. Several other results of this type
were considered in the recent literature, mainly for the case of complete metric spaces,
see [13], [12], [16], [15], [14] and the references therein. For some results in complete
b-metric spaces see [11] and [17].
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In this paper, we will prove some fixed point results for multi-valued Feng-Liu
contractions in b-metric spaces, as well in b-metric spaces endowed with a graph.
We will provide existence and approximation theorems for generalized multi-valued
Feng-Liu contraction, both the linear and the nonlinear form case. Data dependence,
well-posedness and Ulam-Hyers stability for the fixed point inclusion are studied, too.

The structure of the paper is the following: In Section 2 we are providing our
main result in b-metric spaces. Section 3 is dedicated to the study of some stability
properties. Section 4 presents an application to the coincidence problem for two multi-
valued operators. In Section 5 we present some results in the context of b-metric spaces
endowed with a graph.

1.2. Preliminaries. We shall start by presenting some basic notions and fundamen-
tal results in the literature, see [2] and [21]. Let R, N denote the set of real numbers
and positive integers, respectively. Further, we set R+ [0,00) R = R{ U{oo} and
No =NuU{0}.

Definition 1.1. ([5]) Let X be a nonempty set and let s > 1 be a given real number.
A functional d : X x X — Ry is said to be a b-metric if the following conditions are
satisfied:

(1) d(x, 0 if and only if x = y;

y) =
(2) d(z,y) = d(y, »);
(3) d(z,2) < s[d (:Uy)+d(y, 2)], for all z,y,2 € X.

In this case the pair (X,d, s) is called a b-metric space.

Remark 1.1. The class of b-metric spaces is larger than the class of metric spaces
since a b-metric space is a metric space when s=1. For more details and examples of
b-metric spaces, see e.g. [3, 1, 5, 4, §].

Let us consider the following families of subsets of a b-metric space (X,d, s).
PX)={Y CcX||Y #0},P,(X) ={Y € P(X)| Y is bounded },
Py(X)={Y € P(X)| Y is closed}, P.,(X) = {Y € P(X)| Y is compact}.

Let us consider the following functionals defined on P(X) x P(X):
(1) the gap functional

D(A,B) =inf{d(a,b) | a € A, b € B},
(2) the excess generalized functional
p(A, B) = sup{D(a, B) | a € A};
(3) the Pompeiu-Hausdorff generalized functional:
H(A, B) = maz{p(A, B), p (B, A)};

In the sequel, the following results are useful for some of the proofs in the paper.
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Lemma 1.1. Let (X,d,s) be a b-metric space with constant s > 1 and B € P, (X).
Assume that there exists x € X such that D(z, B) > 0. Then there exists y € B such
that

d(z,y) < qD(x, B),
where g > 1.

Let (X, d, s) be a b-metric space and let T': X — P(X) be a multi-valued operator.

Definition 1.2. A point x € X is called fixed point for T if x € Txz. The set
Fix (T) ={x € X : x € Tx} is called the fixed point set of T.

Definition 1.3. A function f : X — R is called lower semi-continuous if for any
(zn) C X and z € X, the following implication holds

T = x,n — 00 = f(x) < lim f(z,).

n—o0

Let (X,d,s) be a b-metric space and A be the diagonal of X x X. Let G be a
directed graph, such that the set V(G) of its vertices coincides with X and A C E(G),
where E(G) is the set of the edges of the graph. Assume also that G has no parallel
edges and, thus, one can identify G with the pair (V(G), E(G)). A b-metric space
(X,d, s) endowed with a directed graph G having the above properties will be called
a graph b-metric space and denoted by (X, d, s, G).

2. FIXED POINT RESULTS IN b-METRIC SPACES

Let us recall first the notion of multi-valued a—contraction of Feng-Liu type in the
context of a b-metric space. See also [6].
Let T: X — P(X) and g8 € (0,1). Define

I5 = {y € T |8d (z,) < D (z,Tx)}
Remark 2.1. Based on Lemma 1.1, I 7 0, for every x € X.
Definition 2.1. Let (X,d,s) be a b-metric space and 7' : X — P(X) be a multi-

valued operator. T is called multi-valued a—contraction of Feng-Liu type if there
exists a € (0, B) such that, for each z € X, there is y € I§ for which

D(y,Ty) < ad(x,y).

Theorem 2.1. Let (X,d,s) be a complete b-metric space and let T : X — Py (X) be
a multi-valued a— contraction of Feng-Liu type. If T has a closed graph or f : X —
Ry, f (v) = D (z,Tx) is lower semi-continuous, then Fix(T) # 0.

Proof. Let g € X. If D (x,T'z¢) = 0, then g € Txo and the proof is done. Suppose
D (z0, Tzo) > 0.
Hence, there exists x1 € I5°, i.e. ©1 € Txg and
5d (1’0, CEl) S D (1'0, TZL'())
such that
D (x1,Tx1) < ad(xg,x1) (2.1)
If D (x1,Tx1) =0, then 1 € Tzq and the proof is done. Suppose D (z1,Tz1) > 0.



510 CRISTIAN CHIFU AND GABRIELA PETRUSEL

There exists x5 € I5', i.e. x9 € Tz and

ﬂd(wl,l‘g) S D(l’l,TI’l) (22)
such that

D (z9,Txs) < ad(x1,2) (2.3)
From (2.1) and (2.2) we have:

1
d(zy,22) < BD (x1,Tz1) < %d(xo,xl). (2.4)

There exists x3 € 152, i.e. ©3 € Txo and

ﬂd ($2,$3) S D(.TQ,TSL'Q) (25)
such that

D (z3,Tx3) < ad(x2,x3) (2.6)

From (2.3), (2.4) and (2.5) we obtain

2
d(z2,23) < %D(xszﬂcz) < %d(xlviﬂz) < (a> d(zo,71) -

8
By induction, we obtain that there exists z,4+1; € I3", ie. xp4+1 € Tax,, and
Bd(xn, xpi1) < D (2, Txy), such that
D (zp41,TTns1) < ad (T, Tpy1)
Hence

d(xp, Tpe1) < <g>" d(xg, 1) -

& < 1, the sequence (z,)nen is a Cauchy sequence in the

According to [10] since
complete space (X, d, s) and hence, there exists #* € X such that x,, — 2* as n — co.
If T has a closed graph, then we get immediately that x* € Tx*.
Suppose that f : X — RY, f(z) = D (x,Tx) is lower semi-continuous, f (z,) =
D (z,, Txy). Since

D(zpt1,Txni1) < ad (T, Tpi1) < %D (zn, Txn) < D (x0,Txy),

(f (zn)),en 18 a decreasing sequence and converges to 0. Hence
0<f(z") < lim f(z,) =0

n—oo
fx*)=0<= D (z",Tz*) = 0.
Hence, z* € T'x*, and the proof is complete. O

We recall now the strong retraction displacement condition for the case of multi-
valued operators.

Definition 2.2. Let (X, d, s) be a b-metric space and let T : X — P(X) be a multi-
valued operator such that Fiz(T) # 0. T satisfies the strong retraction displacement
condition if there exists ¢ > 0 and a set retraction r : X — Fia (T') such that

d(z,r(2)) <eD(z,Tx),for all z € X.
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Theorem 2.2. In the conditions of Theorem 2.1, if additionally 1 < s < g, then T
satisfies the following strong retraction displacement condition

2

d(z,r(x)) < D (xz,Tx), for all x € X.

— s«

Proof. Let g € X. From Theorem 2.1, for every zp € X the sequence x,,11 := T'(x,,)
is convergent and its limit, denoted by z* (x9) € X, has the property that z*(z¢) €
Fix(T). Now,

Sd (-Tna anrl) + Sd (anrla anrp)
5d (Tp, Tpy1) + 82d (i1, Tnyo) + 82d (T 4o, Tnip)

sd (xfm -Tn+1) + s%d (33n+17 xn+2) +...+sPd (mn—&-p—la mn—&-p)

< <s (g)n + 52 (;)W F ot sP (g)w_l) d (o, z1)
s (g)n (1 + % T (Sg‘)p_1> d (zo, 1)
s <a)n Wd(xo,xl)

B

d (mn» $n+p)

ININCIA

B

Because s < =, we get that % < 1. Now, since

d(xm m*(mo)) <s [d(xnvxnﬂ)) + d(anrp?m*(xO))] <

B B —sa

Taking the limit when p — co, we obtain

52 <O‘>n BA@o) | e ().

" Bd
(@, 2" (20)) < 87 <g> %
If we consider n = 0, then we have
4(20,2° (20)) < =D—d (20, 21) < —— D (w0, o) (2.7)
o Lo, ® zo, Txo) . .
v 0/) =3 5o VO = g e 20

Let us define r : X — Fix (T),r (x) = z* (z). Hence, from (2.7) we have

2

d(z,r(x)) < D (z,Tx),for all z € X. (2.8)

8 — sa

Hence T satisfies the strong retraction displacement condition. O
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3. STABILITY PROPERTIES: WELL-POSEDNESS, ULAM-HYERS STABILITY AND DATA
DEPENDENCE FOR THE FIXED POINT INCLUSION

For the notion and some results related to fixed point theory (for both single-valued
and multi-valued operators) see [18], [19], [16], [15], [21] and [20].

Let (X, d, s) be a b-metric space and let T : X — P(X) be a multi-valued operator.
Consider the fixed point inclusion

reTx (3.1

Definition 3.1. Suppose that Fiz(T) # @ and let r : X — Fiz(T) be a set re-
traction. Then, the fixed point inclusion (3.1) is called well-posed with respect to
r if for each #* € Fix(T) and for every sequence (yn)nen C r~ ! (z*) such that
D (yn,Ty,) — 0, as n — oo, we have that y,, — x*, as n — co.

Definition 3.2. The fixed point inclusion (3.1) is called Ulam-Hyers stable if there
exists ¢ > 0, such that for every ¢ > 0 and for each e—fixed point y* € X (i.e.
D (y*,Ty*) <€), there exists a* € Fiz(T) such that d (y*,z*) < ce.

Definition 3.3. Let F': X — P(X) be a multi-valued operator with the following
properties:

(1) there exists n > 0 such that H (Tx, Fx) <, for all z € X.

Then, the fixed point inclusion (3.1) has the data dependence property if for each
y* € Fix(F), there exists 2* € Fix(T) such that d (y*,z*) < en for some ¢ > 0.

Theorem 3.1. Let (X,d,s) be a complete b-metric space and let T : X — P, (X)
be a multi-valued operator. In the conditions of Theorem 2.1 the fized point inclusion
(3.1) is well-posed with respect to the set retraction generated by the relation (2.8) has
the Ulam-Hyers property and satisfies the data dependence property.

Proof. The conditions of Theorem 2.1 assure the fact that Fix(T) # () and T satisfies

the strong retraction displacement condition, i.e. d(x,r (x)) < ﬁiQD (z,Tx), for all
e X.

(i) Well-posedness

Since Fiz(T) # 0, there exists z* € Fix(T),i.e.,x* € Txz*. Let us consider the
sequence (Yn)nen C 71 (2*) such that D (y,,Ty,) — 0, as n — oo. Now, for each
n € N, r (y,) = z*. By the strong retraction displacement condition we have

2

d(Yn,7 (yn)) < 7 sa

D (Yn, Tyn) ,

and hence
2

d(yn,2") < D (yn,Tyn) -

— S«

Thus, d (yn,z*) — 0 as n — co. The proof is complete.
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(ii) Ulam-Hyers stability
Let £ > 0 and y* € X such that D (y*, Ty*) < €. By the strong retraction displace-
ment condition we have

2 s%e
d(y* ) < D (y*,Ty*) < .
(y,r(y))_ﬁ_ (y,y)_ﬁ_sa
Now, there exists * € Fiz(T) such that r (y*) = 2*. Hence
s%e
d * * <
(y 7$ )— /8—507

and the proof is complete.

(iii) Data dependence
Let F': X — P(X) be a multi-valued operator with the following properties:
(i) Fis(F) #0;
(i7) there exists n > 0 such that H (Tz, Fz) <, for all z € X.
Since Fiz(F) # 0, there exists y* € Fix(F). Let us denote z* = r (y*). By the
strong retraction displacement condition we have
2 2 2

D (y*,Ty*) < H (Fy*, Ty*) <
7 sa (y" y)_ﬁ_sa (Fy", y)_ﬁ_sa

d(y™,a") =d(y"r(y*)) <

and, thus, the proof is complete. O

,

4. AN APPLICATION TO THE COINCIDENCE PROBLEM FOR TWO MULTI-VALUED
OPERATORS

Let (X,d1,s), (Y,ds, s) be two b-metric spaces and S, T : X — P(Y') be two multi-
valued operators. We consider the coincidence problem as follows: find a solution of
the coincidence problem for S and T, i.e., a pair (z*,y*) € X X Y, such that

y* e S(x*)NnT(x"). (4.1)
We denote:
CP(S,T):={(x,y) e X xY|ye T(x)NS(x)}.

Suppose S is onto, i.e., for every y € Y there exists © € X such that y € S(z). Let
F:X xY — P(X xY) be defined by the formula F(x,y) = S~!(y) x T(x), where
S1:Y — P(X) is given by S™!(y) := {z € X : y € S(z)}. Then, it is easy to see
that CP(S,T) = Fiz(F). Indeed, if z = (z,y) € Fiz(F), then (z,y) € S~ (y)xT(x),
or equivalently y € S(z) and y € T'(z). Thus, z = (z,y) € CP(S,T).

Let 8 € (0,1). We define

1§ = {u€ 57} (y) | B (x.u) < Dy, (.57 W)},

7[(317?/) ={veT(z)| Bds (y,v) < Dg, (y,T(x))}.
and ( ( (z,y)
z,y) ._ 7(zy) Y
K =150 % 5,

Obvious, K # 0, for every z = (z,y) € X x Y.
Then, we have the following existence result for the coincidence problem.
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Theorem 4.1. Let (X,d1,s) and (Y,da,s) be two complete b-metric spaces. Let
T,5: X — P(Y) be two multi-valued operators, such that S is onto. We suppose:

(i) T has closed graph and, for each (z,y) € X XY and each u € X, there exist
ko >0 andv € Jém’y) such that

Dd2 (Uv T(u)) < de?(ya U);
(i) S=! has closed graph and, for each (x,y) € X x Y and each v € Y, there
exists k1 > 0 and u € Igp’y) such that
Dy, (u, S™1(v)) < kyd(z,u);
(i) & := max{ky,ka2} < B.
Then there exists at least one solution of coincidence problem (4.1).

Proof. Let F : X x Y — P(X x Y) be defined by F(x,y) = S~'(y) x T(x). Then,
by the above considerations we have that CP(S,T) = Fixz(F). Thus, it is enough
to prove that Fixz(T) # (). We consider on Z := X x Y the scalar metric d(z, w) :=
dy(z,u) + da(y,v), for z = (z,y),w = (u,v) € Z. Denote by D the gap functional
generated by d, i.e., D((z,y), A x B) = Dg, (z,A) + Dg,(y, B).

By our hypotheses, we get that for every z = (x,y) € Z := X x Y there exists
w = (u,v) € Kj such that

D(w, F(w)) < kd(z,w).

Hence, F' is a multi-valued k-contraction of Feng-Liu type on Z. By Theorem 2.1 we
get that Fiz(F) # (), which gives the desired conclusion of this theorem. d
5. FIXED POINT RESULTS IN b-METRIC SPACES ENDOWED WITH A GRAPH

Let (X,d,s,G) be a graph b-metric space, T : X — P(X) be a multi-valued
operator and 8 € (0,1). Define the following sets:
Xr={z e X |forall y € Tx we have (x,y) € E(G)}
Js ={y€Tx |(r,y) € E(G) and Bd(z,y) < D (z,Tx)}
Lemma 5.1. X7 # 0 = J§ # 0, for each v € Xr.

Proof. Let ©g € Xp. Then, for all y € Txzy we have that (zo,y) € E(G). Using
Lemma 1.1 with ¢ = % we obtain there exists yo € Txo such that Sd (xzo,y0) <

D (xg, Txg). Thus, yg € Jgo. O

Definition 5.1. Let (X,d, s, G) be a graph b-metric space. We say that (X,d, s, G)
has the property (A) if, for any sequence (2, )nen C X, with z,, — x, as n — oo and
(Tns Tny1) € E(G), for n € N, we have (z,,x) € E(G).

Definition 5.2. Let (X,d,s,G) be a graph b-metric space and T': X — P(X) be a
multi-valued operator. T is called multi-valued @ — G—contraction of Feng-Liu type
if there exists o € (0, 8) such that for each x € X, there is y € J§ for which

D (y,Ty) < ad(z,y).
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Theorem 5.1. Let (X,d,s,G) be a complete graph b-metric space such that
(X,d,s,G) has the property (A) and let T : X — Py(X) be a multi-valued
a— G—contraction of Feng-Liu type. Suppose that Xt # (0. If T has a closed graph or
the map f: X — RY, f(z) = D (2, Tx) is lower semi-continuous, then Fixz(T) # 0.

Proof. For xg € Xr there exists x1 € Jgo such that x; € Tz, (zg,21) € F(G) and

Bd (z, 1) < D (20, To) (5.1)
and

D (z1,Tz1) < ad(xg,x1) . (5.2)
For z1 € X there exists 2o € Jg“ (i.e., zo € Tx1 and (x1,22) € E (G),

,Bd (iEl, 1‘2) S D (.’Iﬁl,Tl‘l)) (53)
such that

D (x2,Txe) < ad (x1,2) . (5.4)
By (5.1)-(5.4) we get that

d(a1,22) < %d(xo,xl) < %D(mo,Txo). (5.5)

By this procedure we obtain inductively a sequence (x,, )nen Wwith the property that
Tpy1 € Jg" (i.e., Tpt1 € Txp, (Tn, Tnt1) € E(G) and Bd (2, Tni1) < D (2, Tay),
and satisfying the relation

D (zpt1,Txni1) < ad(Tpn, Tpt1) (5.6)
As a consequence, we get that
n n 1
d(zp,Tni1) < (g) d(zg,21) < (g) BD(:CO,TJUO). (5.7)

According to [10], since § < 1, the sequence (zn)nen is Cauchy in the complete b-

metric space (X,d, s) and, hence, there exists «* € X such that =, — z* as n — co.
Using property (A) we obtain (z,,2*) € E (G).

If T has a closed graph, then, since x,,4+1 € Tx,, we get that 2* € Tx*.

On the other hand, if f : X — R{, f(z) = D (x,Tz) is lower semi-continuous,
then since

D (xpt1, Txne1) < ad(xp,pe1) < =D (zn, Txy) < D (2, Txy),

™|

the sequence (f (2n)),en,f (Tn) = D (2n,T2y,) is decreasing and converges to 0.
Hence
0< f(@*) < lim f(z,) = 0.

n—oo

Thus, we get that f (z*) =0 and so z* € T'z*. This completes the proof. O

In the case of a b-metric space endowed with a graph, the strong retraction dis-
placement condition takes the following form.
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Definition 5.3. Let (X,d, s, G) be a graph b-metric space and T : X — P(X) be
a multi-valued operator such that Xp # 0 and Fiz(T) # 0. Then T satisfies the
strong G-retraction displacement condition if there exists ¢ > 0 and a set retraction
r: Xp — Fiz (T) such that

d(z,r(x)) <eD(x,Tz), for all z € Xp.

Following a similar approach to that from Theorem 2.2, by the relation (5.7) we
get the following result.

Theorem 5.2. In the conditions of Theorem 5.1, if 1 < s < g, then T satisfies the
following strong G-retraction displacement condition:
2

B — sa

Let us consider now some stability properties (well-posedness, Ulam-Hyers stability
and data dependence) for the case of multi-valued Feng-Liu operators in b-metric
spaces endowed with a graph.

Definition 5.4. Let (X,d, s, G) be a graph b-metric space and T : X — P(X) be
a multi-valued operator, such that X7 # () and Fixz(T) # 0. Then, the fixed point
inclusion € T'(x) is called Ulam-Hyers G-stable if there exists ¢ > 0 and a set
retraction r : Xp — Fiz(T), such that for every € > 0 and every z € Xp with the
property D(z,Tz) < ¢ there exists 2* € Fiz(T) with the property d(z*, z) < ce.

Definition 5.5. Let (X,d, s, G) be a graph b-metric space and T : X — P(X) be
a multi-valued operator such that X7 # 0 and Fiz(T) # 0. Then, the fixed point
inclusion z € T'(z) is called G-well-posed in the sense of Reich and Zaslavski if there
exists a set retraction r : Xp — Fix(T) such that, for each 2* € Fiz(T) and for any
sequence (Yn)nen C r~1(z*) N X7, with D (y,, Ty,) — 0, we have that y,, — x* as
n — o0.

Definition 5.6. Let (X,d,s,G) be a graph b-metric space and T : X — P(X)
be a multi-valued operator such that Xp # () and Fix(T) # 0. Then, the fixed
point inclusion x € T'(z) is called G-Ostrowski stable if there exists a set retraction
r: Xp — Fiz(T) such that, for each z* € Fixz(T) and for any sequence (zp)nen C
r~Ya*) N X7, with D (2,41, T2,) — 0, we have that z, — x* as n — oo.

Theorem 5.3. Let (X,d, s, G) be a complete graph b-metric space and T : X — P(X)
be a multi-valued operator. In the conditions of Theorem 5.2 the fixed point inclusion
(3.1) has the following properties:

d(z,r(z)) <

D (z,Tx), for all xz € Xp.

(i) is G-well-posed in the sense of Reich and Zaslavski;
(ii) s Ulam-Hyers G-stable;
(iii) satisfies the data dependence property.

Proof. The conditions of Theorem 5.1 assure the fact that X¢ # 0 and Fix(T) # 0.
By Theorem 5.2 we obtain that there exists a set retraction r : Xy — Fiz(T) such
that T satisfies the strong G-retraction displacement condition:

d(z,r(x)) <

D (z,Tz), for all z € Xp.

— S«
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(i) Well-posedness

Let 2* € Fiz(T). Let us consider the sequence (yn)nen C 771 (2*) N X7 such
that D (yn, Tyn) — 0, as n — oo. Now, for each n € N, r (y,) = 2*. By the strong
G-retraction displacement condition we have

d(ynax*) = d(yn’r(yn)) < D (yn,Tyn) .

B — sa
Thus, letting n — oo in the above relation, we get d (y,,z*) — 0.

(ii) Ulam-Hyers stability

Let € > 0 and y* € X such that D (y*, Ty*) < e. Now, there exists 2* € Fiz(T)
such that r (y*) = «*. Then, by the strong retraction displacement condition we have

2 s%e
dy*r(y")) < mD(y*,Ty*) < B sa
Hence )
- s%e
d(y*,z*) < m

Data dependence

Let F': X — P(X) be a multi-valued operator with the following properties:

(i) Fiz(F)n Xp # 0;

(i%) there exists n > 0 such that H (T'z, Fz) <, for all z € X.

Since Fiz(F) N Xt # 0, there exists y* € Fiz(F) N Xr. Let us denote z* =
r (y*) . We show that the assertion given in Definition 3.3 hold. Indeed, by the strong
retraction displacement condition we have

2 2 2

Ay 2") =d(y"r (W) < g— 2 D TY) < g— ZH(Fy", Ty") < 5—

Thus, the proof is complete. O
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