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Abstract. Let X be an arbitrary topological space and g : X x X — R be a real valued continuous
function defined on X x X. In this article, we introduce two notions like topologically Berinde
weak proximal contraction and topologically proximal weakly contractive mapping with respect to
g. We explore sufficient conditions for the existence and uniqueness of best proximity points for
these classes of mappings. Moreover, in the last part of the paper, we show that the best proximity
point theorem for topologically proximal weakly contractive mapping can be deduced from some
fixed point theorems in topological spaces.
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1. INTRODUCTION

Let (M, p) be a metric space and C' be a non-empty subset of M. Let f : C — C
be a mapping. The mapping f is said to be a contraction if there exists o € (0,1)
such that p(f(z), f(y)) < ap(z,y) for all z,y € C. In the year 1922, Banach proved
that if M is complete then the contraction map f has a unique fixed point in C. It is
one of the pioneer results in metric fixed point theory as it gives sufficient conditions
which will ensure the existence of solutions of the equation f(z) = x in C. It also
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has a lot of applications in the areas of differential equations, integral equations, non-
linear matrix equations and many more. In case of a self mapping f : C — C, it
is obvious that f(C) N C # (. On the other hand, if f : A — B is a mapping such
that A, B are non-empty subsets of the metric space M, A # B and f(A)NA =0
then the mapping f has no fixed points. So, in case of a non-self map, one seek for
an element in the domain space whose distance from its image is minimum i.e., in
this case, one interesting problem is to minimize p(z, f(z)) such that € A. Since
p(z, f(z)) > D(A, B) = inf {p(z,y) : © € A,y € B}, so, one can search for an element
x € A such that p(z, f(x)) = D(A, B). Best proximity point problems deal with this
situation. For a self mapping, best proximity points coincide with fixed points. In
the year 2011, Basha [1] introduced the notion of proximal contraction which is a
generalization of contraction in case of self mapping. For more details about the best
proximity points, one can refer to [2, 5, 9] and the references therein. The main thing
is that, all these results are formulated in the framework of metric spaces or Banach
spaces where the standard metric or norm plays an important role.

Recently in the year 2020, it is exciting that Raj and Piramatchi [7] presented a
way in which we can extend the best proximity point results from standard metric
spaces to topological spaces. In this paper, instead of taking metric space or normed
space, we take an arbitrary topological space X and a real valued continuous function
g defined on X x X. We present our work in two sections. In the first section we
introduce the notion of topologically Berinde weak proximal contraction and discuss
the existence of best proximity points for this class of mappings. By an example,
we have shown the necessity of defining the concept of topologically Berinde weak
proximal contraction with respect to g. We show that though a mapping f: A — B,
where A, B(# ) C X, is a topologically Berinde weak proximal contraction with
respect to a continuous function g, may not be a topologically Berinde weak proximal
contraction with respect to another continuous function h. We also show that, there
exists a topological space X with a continuous real valued function g, two non-empty
disjoint subsets A, B of X and a mapping f : A — B such that f is topologically
Berinde weak proximal contraction with respect to g, but if the topological space is
metrizable with respect to a metric d then f is not Berinde weak proximal contraction
with respect to the metric d. Moreover, to build the best proximity point results for
topologically Berinde weak proximal contraction, we have introduced the notion of
approximatively g-compactness of a non-empty subset A in X with respect to another
non-empty subset B and show by an example that the notion of approximatively g-
compactness for topological spaces is more general than the notion of approximatively
compactness for metric spaces [1].

In the second section, we introduce the notion of topologically weakly contractive
mapping with respect to g and topologically proximal weakly contractive mapping
with respect to g. We also set up two different concepts for the existence and unique-
ness of best proximity point for topologically proximal weakly contractive mapping
with respect to g. In the first concept, we prove the existence and uniqueness of
best proximity point for this class of mappings using g-completeness property. In the
second concept, we introduce a new notion of g-isometry which is more general than
the notion of isometry in metric spaces.
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2. MAIN RESULTS

Before going further we first recall the following definitions from [7].

Definition 2.1. [7] Let A, B be non-empty subsets of a topological space X and
g : X x X — R be a continuous function. Define

Dy(A,B) =inf{|g(z,y)| : z € A, y € B}.

Definition 2.2. [7] Let A, B be non-empty subsets of a topological space X and
g : XxX — R be a continuous function. A point x € AUB of the mapping f : AUB —
AUB is called a best proximity point of f with respect to g if |g(x, f(z))| = Dy(A, B).

For further developments, we take the definitions and concepts of g-convergence,
g-Cauchy, g-completeness and g-closedness from [10].

We present an example to show that there exists a non-empty subset A of X such
that A is not closed with respect to the usual topology, but is g-closed for some real
valued continuous function g defined on X x X.

Example 2.3. Consider R with the usual topology and let g : R x R — R be defined
by g(z,y) = x—y+1. Let A= ($,00). Then A is not closed with respect to the usual
topology in R. Let {z,} be a sequence in A which is g-convergent to € R. Then
|g(@n, )| = 0 as n — oo,

= |z, —2z+1] > 0asn — oo,

= x, = (x — 1) as n — oc.
But, since {z,,} is a sequence in (%, o0) 8o, we have z — 1 > % This shows that x > %
and A is g-closed.

2.1. Best proximity point theorem for topologically Berinde weak proximal
contraction.

Now we would like to introduce the notion of topologically Berinde weak proximal
contraction as follows:

Definition 2.4. Let X be a topological space and g : X x X — R be a continuous
function. Let (A, B) be a pair of non-empty g-closed subsets of X. A non-self mapping
f+ A — B issaid to be topologically Berinde weak proximal contraction with respect
to g if there exists A € [0,1) and p € [0,00) such that for all z,y,u,v € A with
l9(u, £(z))] = Dy(A, B) and |g(v, f(1))| = Dy(4, B) we have
1
1+ A+p

where we define ’g*(x,y)’ = ’g(az,y)‘ —Dy(A,B)V (z,y) € Ax B.

9" (z, f(2)) | < lg(z,y)[= [g(u,v)| < Ag(@,y)| + plg” (f(z),y) ],

Note 2.5. If the topological space X is metrizable with respect to a metric d,
then by taking g = d in Definition 2.4, we get the notion of Berinde weak proximal
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contraction for standard metric spaces introduced by Gabeleh in [4].

Now we provide an example of a non-self mapping f defined on a non-empty
subset of a topological space X such that f is a topologically Berinde weak proximal
contraction with respect to a continuous function g but f is not topologically Berinde
weak proximal contraction with respect to another continuous function h defined on

X x X.

Example 2.6. Let X = R? with the usual topology and g : X x X — R be defined
by g ((z,y), (u,v)) =y — v. Then g is a continuous function. Suppose

A={(0,0),(0,1),(0,2)} and B = {(1,~1),(1,3),(1,5)}
Then D,(A,B) =1. Let f: A — B be a mapping defined by
f((0,0)) = £((0,1)) = (1,3) and f((0,2)) = (1,5).
Now |g(u, f(2))] =1 = u = (0,2) and = € {(0,0), (0,1)}. There are four cases:
Case 1. u=v = (0,2), z = (0, O) = (0,1). We have

L f@) =

150541 < lota )l

2
2.5 =

= Slole )] +1g”(F(@), )]

| Lo

= lg(u,v)| =0 <

2

Case 2. u=v=(0,2), x = (0,1), y = (0,0). We have
1 *
mh} (z, f(x))| = 95 = <lg(z,y)|
5 1 .
= lg(u, )| = 0= 5 = 5lg(z,y)| + 9" (f (), y)l.
Case 3. u=v=(0,2), x = (0,0) = y. We have
1 *
mm (z, f(2)] = 5= >0 lg(z, y)].

Case 4. u=v=(0,2), = (0,1) = y. We have

1 § 1
mm (z, f(x))| = ﬁ>0 lg(z, y)].

Therefore, f is a topologically Berinde weak proximal contraction with respect to g
With)\:%and,uzl.

Now let h : X x X — R defined by h ((x,y), (u,v)) = min {y,v}. Then Dy(A, B) = 1.
Again |h (u, f(z))] =1 = u = (0,1) and = € {(0,0),(0,1),(0,2)}. Now by taking
u=v=(0,1),z =(0,1) and y = (0,0), then |h (u, f(z))| =1 = |h (v, f(y))|. But we

have
1

mlh*(x,f(x))l = 0= |h(z,y)|
and
[h(u,v)] = 1> A[h(z, y)| + plh*(f (), )]
for any A € [0,1) and p € [0,00). Therefore, f is not a topologically Berinde weak
proximal contraction with respect to h.
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From Note 2.5, it is clear that the notion of topologically Berinde weak proximal
contraction with respect to a real valued continuous function is an extension of Berinde
weak proximal contraction from metric space to topological space. The next example
also clarifies this fact.

Example 2.7. Let X = R with the usual topology and g : X x X — R be defined
by g(z,y) =  + y. Then ¢ is a continuous function. Suppose A = {0,3,5,7} and
B =1{1,2,9}. Then D,(A,B) =1. Let f : A — B be a mapping defined by f(0) = 2,
fB3)=1f(5)=9= f(7). Now |g(u, f(x))] =1 = u € {0} and = € {3}.
w=0,0=0,z=3,y=3and |g(0, f(3))| = Dy(A, B) and |g(0, £(3))| = D, (A, B)

We have
1 3

_— * :7< =
or 9 (3. B)] = 5 <6=9(3.3)]

= lg(u,v) | = 0 < 3+3 = L[g(3,3)| + |g" (/(3),3)].

Therefore, f is a topologically Berinde weak proximal contraction w.r.t g with A\ = %
and p = 1.
Now, we take the usual metric d on R. So D(A, B) = 1. Now d (u, f(z)) = 1 =
u € {0,3} and = € {0,3}. Consider the case when v = 3,v =0, x = 0, y = 3 and
d(3,f(0)) = D(A, B) and d (0, f(3)) = D(A, B). We have
1 1
1+A+n -
But,
|g(u’ U)| =3 ﬁ 3A = )‘d(0>3) + pd” (f(O), 3)
for any A € [0,1) and p € [0,00). Therefore f is not a topologically Berinde weak
proximal contraction w.r.t d.

Definition 2.8. [4] Let A, B be two non-empty subsets of a metric space (X, d).
Then A is said to be approximatively compact with respect to B if for every sequence
{zn} C A satisfying d(y, z,) — d(y, A) as n — oo, for some y € B, has a convergent
subsequence where d(y, A) = inf{d(y,z) : © € A}.

Now we introduce the notion of approximatively g-compact set in a topological
space X with respect to another non-empty set as follows:

Definition 2.9. Let X be a topological space and g : X x X — R be a continuous
function. Let (A, B) be a pair of non-empty subsets of X. Then A is said to be
approximatively g-compact with respect to B if for every sequence {x,}nen of A
satisfying the condition that |g(z,,y)| = Dy(A,y) as n — oo for some y € B, has a
g-convergent subsequence {z,, } which is g-convergent to a point in A where define
Dy(A,y) =inf{|g(t,y)|: t € A}.

Note 2.10. If the topological space X is metrizable with respect to a metric d, then
by taking g = d in Definition 2.9, we get the notion of approximatively compactness
for standard metric spaces introduced by Basha in [1].
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From Definition 2.9 and Note 2.10, it is clear that the notion of approximatively
g-compactness with respect to g is more general than the notion of approximatively
compactness for metric spaces. To validate this statement, we provide an example
to show that there exist two non-empty subsets A, B of a topological space X such
that A is not approximatively compact with respect to B but A is approximatively
g-compact with respect to B for some real-valued continuous function g defined on
X x X.

Example 2.11. Let X = R with the usual topology, A = {1 : n € N} and B =
{0,3}. Let g : X x X — R be defined by g((z,y)) =z —y+ 1. Then g is a continuous
function. Now, Dy(A4,0) = 1 and Dy(A, 1) = 0. Here, the set A is not approximatively
compact with respect to B, because, for the sequence {%}, there exists 0 € B such that
d(0,z,) — D(0,A) = 0 as n — oo but {1} has no convergent subsequence. On the

other hand, only sequence {x,, } which satisfy the condition that ’ 9(n, y)’ — Dy(A,y)
for some y € B, has infinite range. Now let {z,} be a sequence in A with infinite
range. Then there exists 3 € B such that |g(z,, 1)

Let, on the contrary, for any subsequence (z,, ) of {z,} and for any = € A, z,, is not

5 — Dg(A,4) =0 as n — oo.
g-convergent to x. So

‘g(mnk,m)‘ »0ask— oo

1
:>|xnk—m+§\—/+0ask—>oo.

But this is a contradiction since the above convergence is true for x = % So {x,}
has a g-convergent subsequence which is g-convergent to an element of A. So, A is
approximatively g-compact with respect to B.

In the upcoming theorem, we present a best proximity point result for topologically
Berinde weak proximal contractions and for the purpose of the Theorem, we recall
the following definitions from [10] as follows:

Ay ={z € A:|g(z,y)| = Dy(A, B) for some y € B}.

By ={y € B:|g(z,y)| = Dy(A, B) for some x € A}.

Theorem 2.12. Let X be a g-complete topological space where g : X x X — R
is a continuous function such that g(z,y) = 0 = x = vy, |g(z,y)| = |9(y,z)| and
lg(z,2)| < lg(z,y)| + |9(y, 2)| for all z,y,z € X. Let (A, B) be a pair of non-empty
g-closed subsets of X such that Ay is non-empty. Let f : A — B be a topologically
Berinde weak proximal contraction w.r.t g with A € [0,1) and p € [0,00) such that
f(Ag) € By. If B is approzimatively g-compact w.r.t A, then

(1) there exists a best proximity point p* € Ay of f and for any element py € Ay,

the sequence {pn} satisfying |g(pni1, f(pn))| = Dy(A, B) converges to p*;
(2) moreover, if (1 — X — p) > 0 then the best proximity point p* is unique.
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Proof. Let pg € Ay. Since f(A,) C By, we have f(po) € By. So, there exists p1 € A,
such that |g(p1, f (po))| = D4(A, B). Similarly as f(p1) € By, so there exists py €
A, such that [g(ps, f(p1))| = Dg4(A, B). Continuing this process, we get a sequence
{pn} C A, such that

g(pn-‘rla f(pn)) = Dg(A, B) Vn Z 0.
We claim that the sequence {p,} is a g-Cauchy sequence. Now

l9(po, f(po))| < lg(po, p1)| + 19(p1, f(P0))| = |9(po, p1)| + Dy(A, B).

We have |g(p1, f(po))| = Dy(A, B) = |g(p2, f(p1))| and
1

1T+ A+p

As f is a topologically Berinde weak proximal contraction w.r.t g, so conclude that

19" (o, f(po))| < 19" (Po, f(po))| < |g(po,p1)l-

lg(p1,p2)] < Mg(po, p1)| + plg™ (p1, f(po))|-
In a similar manner
l9(p1, f(p1))| < |g(p1,p2)| + l9(P2s f(p1))] = |9(p1.p2)| + Dy (A, B).

9(p2, f(p1))] = Dg(A; B) = |g(ps, f(p2))| and ﬁw*(m,f(pl)” < lg(p1,p2)l-
Therefore,

19(p2,p3)| < Alg(p1,p2)| + plg”™ (P2, f(1))] < Mg (pr,p2)| < X|g(po, p1)]-
So, by induction, we get |g(pn,Pn+1)| < A% g(po, p1)|- Suppose m > 0. Now,
|g(pnvpn+m)| < |g(pmpn+1)‘ + |g(pn+17pn+2)| +oot |g(pn+m71apn+m)|

— |g(pmpn+m)| < ()\n + )\n-‘rl + -+ /\n+m—1) ‘g<p07p1)|
AP (L — A™)
= |9(Pn> Pntm)| < W

This shows that the sequence {p,} is a g-Cauchy sequence. Since X is g-complete
and A is g-closed, so the sequence {p,} is g-convergent to a point p* € A. Besides,
we have

lg(po,p1)| — 0 as n,m — cc.

Dy(p*, B) < T [lg(p" pos1)] + l9(pas1, ()] = Dyl B)

So,
i [9(p, f(pn))| = Dy(p", B).

Since B is approximatively g-compact with respect to A, it follows that the sequence
{f(pn)} has a subsequence {f(pn,)} converges to some element ¢* € B. Then

9", ")l < T [lg(0", Py )|+ 19 (Pricyss F (i) + 19(F (Pni ) 47)] = Dy (A, B).

Therefore, |g(p*,¢*)| = Dy(A,B) = p* € A,. Since f(A,) C B, there exists an
element r* € A, such that |g(r*, f(p*))| = Dy(A, B). We assert that

lg" (0", F(P)| < Mg(p™,p)| + ulg™(¢",p)| Vp € Ay
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with p # p*. Let p € A, be fixed such that p # p*, by the fact that f(A,) C By there
exists an element s € A, such that

lg(s, f(p))| = Dy(A, B).
Since p, — p* there exists N € N such that |g(p,,p*)| < 3|g(p,p*)| V n > N. Hence

1
P * >y n S nyM’n + * n ] n
1+/\Jrulg (P> ()] < 9Py Prs1)| + 197 Prs1, f(n))]
< g(Pn,2")| + 190", Prg1)]
2
< - *
< 3|g(p,p )l

% 1 *
= lg(p.p")| — glg(p,p )l

<|g(p,p")| — |g(Pn,p")|
< |g(p, pn)|-

Now we have, [g(pn+1, f(Pn))| = Dy(A, B) = |g(s, f(p))| and
o
1+A+p

Since f is a topologically Berinde weak proximal contraction mapping w.r.t g, we
deduce that

19" (Pns £ (Pn))] < 9(Pn: P)I-

l9(Prt1,8)| < Mg(Pn, )| + plg™(p, f(pn)) ¥V 0 > N.
Therefore

g™, fP)) = Hm |g(pn., f(P))]

9(Prysrs $) + lg(s, f(p))]]

1 [(Alg(pa,s p)| + plg” (p: f (P )] + Dy (A, B)]
Alg(p*,p)| + plg"™(p,q")| + Dy(A, B)

= [g"(p", f(P)| < Mg(p", p)| + plg™ (p, )|

IA

lim
k—o0

IA

We obtain

19" (Pres £ (Pni)] (P, )+ 197 (0", f(Pny)]
(Pri» )+ Alg(0" s P + 121" (Prgs 671
L+ M)|g(Pny., 2| + wllg(n,, 7)) + 9" (0", ¢7)]

L+ A+ p)[g(pny,p")
19(Prsi1s f(Pny))| = Dg(A, B) = |g(r™, f(p™))]

<lg
<lg
<
<

(
(

and
1

——|g" Nk Nk S nka*
1+A+Mlg(pkf(p NI < 19(Pny>p")]
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As f is a topologically Berinde weak proximal contraction w.r.t g, we get

19(Prsias ™) < ANg(Pris )| + 12l g™ (07, f(ny))]
S AN gPn, )|+ pllg(f P ), @)+ 19" (0", 4]
< AMg(Pny, )| + plg(f(Pny)s a°)I-

Now by k — oo, we get klim |9(Pryri>™)| = 0 ie. r* = p*. Therefore p* is a best
—00
proximity point of f.
Now, suppose the mapping f has two best proximity points p* and p**. So we have

lg(P", f(p"))| = Dy(A, B)
and
lg(™*, f(p™))| = Dy(A, B)
O )] < o)L

As f is topologically Berinde weak proximal contraction, so we have,

lg(p™,p™)| < g™, p™)| + ulg™ (f(p*), ™) < Alg(p™, p™)| + ulg(p*, p™")|
= (L=A=p)g(p*,p™) <0
= lg(p",p™")| = 0 [since (1 = A —p) > 0]
= p* = p** [since g(z,y) = 0=z = y].
So the best proximity point is unique.

and

Now we provide an example to validate Theorem 2.12.

Example 2.13. Consider R? with the usual topology and X = {0} x R with the
subspace topology. Let g : X x X — R be defined by

9 ((z,9), (u,0)) =y —v.
Then g is a continuous function. Suppose
A= {(07 1)5 (07 2)’ (Ov 5)} and B = {(07 O)v (Oa 3)7 (07 4)a (07 6)}

Then Dy(A,B) =1 A; = A and By = B. Let f : A — B be a mapping defined by
f((0,1)) = f((0,2)) = (0,3) and f((0,5)) = (0,6).

0
Case 1. u = (0,5), v =(0,2), x = (0,5), y = (0,2). We have
el @ f@)] = 5 X 0 < lg(ag)
l9(z,y)| + 219" (f (), y)|.
Case 2. u=(0,2),v=(0,5),z = (0,2),y = (0,5). We have

1 1
m| g (z, f(z ))|:£x0§|g(x,y)|

— lgfun, )| =3 < Llgle,)| + 209" (), )]

l\D\»—t

= lg(u,v)[ =3 <
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Case 3. u=(0,5),v=(0,2),z = (0,5),y = (0,1). We have
1 2

mm*(ﬂ?,f@m =35 % 0 < lg(z,y)]

1
= lg(u,v)| = 3 < Slg(z.y)| + 29" (f (2), y)I-
Case 4. u = (0,2),v=(0,5),2 = (0,1),y = (0,5). We have
1

ol F@)] = 55 x 1< gt )

35

— lg(u,0)] =3 < g, )| + 21" (@), 9)]

Therefore, f is a topologically Berinde weak proximal contraction with respect
to g with A = % and g = 2 and satisfies all conditions of the Theorem 2.12. Here
p* = (0,2) and p** = (0,5) are best proximity points of f. We observe that here
(1—X—p) < 0 and best proximity point of f is not unique. So this example not only
just validate Theorem 2.12, but also shows that if the condition (1 — X\ — u) > 0 is
violated, then the mapping f may have more than one best proximity point.

2.2. Best proximity point theorem for topologically proximal weakly con-
traction.

In this paper, we use the symbol © to denote the class of mappings ¢ : [0,00) —
[0, 00) such that ¢ is continuous, non-decreasing, ¥ (¢) > 0 for all ¢ € (0,00), ¥(0) =0
and }L”;ﬂ’(s) = oco. If we take ¢(t) = t?, t € [0,00) then 1) € ©. So © # ¢.

In the year 2013, Gabeleh [2] introduced the notion of a proximal weakly contractive
mapping defined on a non-empty subset of a metric space as follows:

Definition 2.14. [2] Let (A, B) be a pair of non-empty subsets of a metric space
(X,d). A mapping T : A — B is said to be proximal weakly contractive if there exists

W € O such that d(ul,T(ml)) = D(A, B) and d(ug,T(ﬂcg)) — D(A, B)
= d(u1,us) < d(x1,22) — Qp(d(achmg)) for all uy,us, 1,2 € A.

Now we like to introduce the notion of topologically weakly contractive and topo-
logically proximal weakly contractive mapping in a topological space X as follows:

Definition 2.15. Let (4, B) be a pair of non-empty subsets of a topological space
X and g : X x X — R be a continuous function. A mapping 7' : A — B is said to be
topologically weakly contractive with respect to g if there exists ) € © such that

|9 (T'(21), T(22))| < lg(21, 2)| = 9 (lg(21, 22)])

for all z1, 2o € A.

Definition 2.16. Let (A4, B) be a pair of non-empty subsets of a topological space
X and g : X X X — R be a continuous function. A mapping T : A — B is said to
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be topologically proximal weakly contractive with respect to g if there exists 1 € ©
such that

|9, T(@1))| = Dy(A, B) = |g(u, T(w2))

= ‘g(ul,UQ)‘ < ‘g($1a$2)‘ —¢(\9($17$2)|>

for all U1, U2,T1,T2 € A.

Note 2.17. If the topological space X is metrizable with respect to a metric d then
in Definition 2.16, by taking g = d and 9 (t) = (1 — «)t, for ¢ € [0,00) and « € (0,1),
we will get the notion of proximal contraction for standard metric spaces introduced
by Basha in [1] and if we take g = d, we will get the notion of proximal weakly
contractive mapping for standard metric spaces introduced by Gabeleh in [2].

In Definition 2.16, we mention that the mapping f is topologically proximal weakly
contractive with respect to the continuous mapping g and it is important. In our
upcoming example, we show that there exist two subsets A and B of a topological
space X and a mapping 7' : A — B such that T is topologically proximal weakly
contractive with respect to a continuous function g but is not topologically proximal
weakly contractive with respect to another continuous function h.

Example 2.18. Consider R? with the usual topology. Let A = {1} x [0,1] and
B=1[0,1]x{1} and T : A — B be defined by T(1,y) = (y,1). Let g : RZ x R? — R be
defined by g( (z,y), (u, v)) = yv. Then g is a continuous function. Now, we show that

T is topologically proximal weakly contractive with respect to g. Let us define v :
[0, 00) — [0,00) by 9(t) = t?, t € [0,00). Then ¢ € O. It is clear that D (A, B) = 0.

Now let @ = (1,p1), 72 = (1,p2),u1 = (1 y1), w2 = (1,2) € A and |g(w1, T(w))| = 0
and ‘g(xg,T(uQ))‘ = 0. So ’g((l,pl), (y1, 1))‘ = 0 which follows that p; = 0. Similarly,

from the second equation, we get p; = 0. Now,
hand

Q(Il,ifz)’ = p1p2 = 0. On the other

’9(U17u2)‘ - 1/)(|9(U1,U2)\) =192 — (y132)* > 0.
This shows that T is topologically proximal weakly contractive with respect to g.
On the other hand, let h : R? x R? — R be defined by h((ac7 y), (u, v)) = zu. It can

be seen that Dy (A, B) = 0. Let 21 = (1,1), 22 = (1,1),u1 = (1,0),us = (1,0) € A
and h(xl,T(ul))‘ — 0 and ’h(xg,T(uQ)) — 0. But,

1= )h($1,$2)’ > ‘h(ul,ug)‘ — 1/J(|h(u1,u2)|) =0.
This shows that T is not topologically proximal weakly contractive with respect to h.

In our next example, we show that the notion of topologically proximal weakly con-
tractive with respect to a continuous function is indeed more general than the notion
of proximal weakly contractive introduced by Gabeleh in [2]. We show that, there
exists a topological space X with a real-valued continuous function g, two non-empty
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disjoint subsets A, B of X and a function Q : A — B such that @ is topologically
proximal weakly contractive w.r.t g, but if the topological space is metrizable with
respect to a metric d, then @ is not proximal weakly contractive w.r.t the metric d.

Example 2.19. Consider R with the usual topology. Let g : R x R — R be defined
by

g(x,y) =2* —y? z,y €R.
Then ¢ is a continuous function. Let A = {0,1,2,3,5} and B = {—1,—2,-3,4} and
Q@ : A — B be defined by Q(0) = Q(2) =4, Q(1) =Q(3) = -1, Q(5) = —2. Then, it
can be seen that Dy(A, B) = 0. Let ¢ : [0,00) — [0, 00) be defined by

Y1) = 5. t € [0,00)
Then ¢ € ©. Now
l9(1.0@®))| = Dy(4.B)

and

9(2.Q0))| = Dy(4.B).
Then,
) (1) o) -(((5))

| lo(1.00)| = Dy(a.B)

and

9(2.Q6))| = Dy(4. B).
Then,

(12)| < o0.)] (o).

This shows that @ is topologically proximal weakly contractive w.r.t g. Now let d
denotes the usual metric on R. Then D(A, B) = inf{d(z,y) : * € A,y € B} = 1. Now

d(O,Q(l)) — D(A, B)

and
d(s,Q(O)) — D(A, B).
But
d(0,3) > d(1,0) — z/J(d(l,O)).

So, @ is not proximal weakly contractive with respect to the usual metric on R.

As in Note 2.17, we mentioned that if the topological space X is metrizable with
respect to a metric d then by taking g = d and ¥(t) = (1 —a)t, for t € [0,00) and « €
(0,1), we will get the notion of proximal contraction for standard metric spaces. So,
the notion of topologically proximal weakly contractive is more general than proximal
contractions. But in next example we show that the class of all topologically proximal
weakly contractive mappings are different from the class of all proximal contractions.
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Example 2.20. Consider R? with the usual topology and
A={1} x[-1,0], B={1} x [0,1].
Define T: A — B by
T(1,2) = (1, _g), (1,2) € A.
Let 4 : [0,00) — [0,00) be defined by
9(t) = 5; € [0,00).

Then ¢ € ©. Now, it can be seen that, T" is a proximal contraction with respect to
the standard metric d on R2.
Let g : R? x R? — R be defined by

9 ((z,y), (u,0)) = yo, (2,y), (u,v) € R®.
Then g is a continuous function on R? x R? and D, (A, B) = 0.
=0

(1,—1), us = (1,0), uz = (1,0). So we have |g (z1,T(u1))|
But

Let 21 = (1,—&), Ty =
and |g (z2, T (u2))| = 0.

& = lgfarn,2)] > (s, ua)] — e (lg(ur, w2)]) = 0.

This shows that T' is not topologically proximal weakly contractive with respect to g.

Now we recall the notion of P-property and topological P-property from [2, 7] as
follows:

Definition 2.21. [2] Let (A, B) be a pair of non-empty subsets of a metric space
(M,d). The pair (4, B) is said to have the P-property if d(u1,21) = D(A, B) and
d(us,x9) = D(A, B) = d(u1,us) = d(z1,22) for all uj,us € Ay and x1,29 € By
where,

Ao ={z € A:d(z,y) = D(A, B) for some y € B},

By={y € B:d(z,y) = D(A, B) for some = € A}.

Definition 2.22. [7] Let (A, B) be a pair of non-empty subsets of a topological
space X and g : X x X — R be a continuous function. The pair (A, B) is said to
have topological P-property with respect to g if

l9((ur2)| = Dy(4, B) = |gl(uz,22))

= |gl(ur,uw2))| = |g((@r,22)|

for all ui,up € Ay and x1, 22 € By.

In upcoming example, we show that the notion of topological P-property with
respect to a continuous function is more general than the notion of P-property for
metric spaces.

Example 2.23. Consider R with the usual topology. Let g : R x R — R be defined
by
g(a,y) =2 —y* z,y eR.
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Then g is a continuous function. Let A = {0,1,2,3,5} and B = {—1,—2,4}. Then
D(A,B) = inf{d(z,y):x € A,ye B} =1
and
Dy(A,B) = inf{|g(m,y)| rx€Aye B} =0.

Now, we show that the pair (A4, B) does not have the P-property with respect to the
standard metric d on R but the pair (A4, B) have topological P-property with respect
to g. Now

d(0,—1) = D(A, B)
and

d(3,4) = D(A, B).
But d(0,3) # d(—1,4). On the other hand, the relation

[9us,21)| = Dy(4, B)
and

‘9(”2#72)‘ = Dy(A, B)
hold only if uy = 1,21 = —1 and uy = 2,25 = —2.

In this case, ‘g(ul,ug)‘ = ‘g(ml,xg)’.

Now we present a best proximity point theorem for topologically proximal weakly
contractive mappings as follows.

Theorem 2.24. Let X be a g-complete topological space where g : X x X — R
is a continuous function such that g(z,y) = 0 = z =y, |g(z,y)| = |9(y,z)| and
lg(z,2)| < lg(z,y)| + |9(y, 2)| for all z,y,z € X. Let (A, B) be a pair of non-empty
g-closed subsets of X such that the pair (A, B) have topological P-property and Ay is
non-empty. Let T : A — B be topologically proximal weakly contractive mapping w.r.t
g such that T(Ay) C By. Then there exists a unique best prozimity point p* € A,y of
T.

Proof. Let py € Ag. Since T(Ay) € By = T'(po) € By. So there exists p; € A, such

that ’g p1, T (po) ‘ = D,(A, B). Now T'(p1) € By so, there exists po € A, such that
‘ g(p2, T(p1) ‘ =Dy(A B) Continuing in this way we get a sequence {p,} C A, such
that |g(pr+1,T(pn) ‘ = Dy(A,B), for all n > 0. Now

’g(an, (Pn) ‘ = Dy(A, B)
and

‘g P, T(pn—1 ’ = Dy(4, B).

As T is topologically proximal weakly contractive with respect to g,so there exists
1) € © such that

’g(pnﬂ,pn)l < ‘g(pmpn_l)’ - w<lg(pn,pn_1)l)
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= ’g(pn-l—lvpn” < ‘g(p7L7p7L—1)’~

So, the sequence {|g(pn+1,pn)|} is a decreasing sequence and let |g(pny1,0n)| —
q as n — oo. By the continuity of 3 and g we can show that ¢ = 0. Since
’g(xn+1,xn)‘ — 0 as n — oo so for a preassigned € > 0 there exists ng € N such
that

‘g(xmﬂ,xm)’ < min {%,w(%)} for all m > nyg.

Now, from the selection of the sequence {p,} we have,

[9(Pm+1.T(pm))| = Dy (A, B), (2.1)
‘g(pm,T(pmfl))) = Dy(A, B).
Since the pair (4, B) have the topological P-property, so from equation 2.1, we have
[9(Pms1.2m)| = [9(T (o). (1))
Also,
[9(Pms2, T(ms1))| = Dy(4, B), (2:2)
‘g(pmﬂ,T(pm))‘ = Dy(A, B).

As, T is topologically proximal weakly contractive with respect to g, so, we have from
equation 2.2 that

N

‘g(pm+2:pm+l)’ < ‘g(pmﬂ,pm)’ - w(lg(pm+1,pm)|)

IN

’g(pm+1apm)’~ (2.3)

Now from equation 2.3 we have

(9T Grns1). Tom-1))| < [g(TPs), Do) + [T (D), Tprn-1))

)

= ‘g(pm+2,pm+1)’ + ‘g(pmﬂ,pm)

< 2‘g(pm+1’pm)‘7
< e (2.4)

This is true for all m > ng. Now by using the topological P-property we have

g(pm+z,pm)’ = ‘g(T(pmH),T(pmfl))’ < ¢ for all m > ny.
Now we have

(90w, T(ms2))| = Dy(4, B), (2.5)

[9(Pm11.T(pun))| = Dy(A, B).
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As T is topologically proximal weakly contractive with respect to g, so we have from
equation 2.5 that

IN

’g(pm+3,pm+1)’ ’g(pm+2,pm)’ - ¢(|g(pm+2,pm)|)

IN

‘g(pmw,pm)]- (2.6)

Now from equation 2.6, if

g(pm+2,pm)‘ < 5 then we have for all m > no,

IN

(9T Gns2) Tom-1)| < [T Gns2) Twm))| + | 9T ), Tom-1)];

= ‘9(Pm+3,10m+1)’ + ‘g(pm+1,pm) )

< ‘g(pm-u,pm)‘ + ‘g(pm—',-lypm) )
< e (2.7)

It for all m > no, & > [g(pmi2.pm)| = 5 then 6 (|g(pmsz.pm)|) = 0(5) asw €@,
then from equation 2.6 and 2.7, we have for all m > ng,

9T Gums2): Ton1))| < |9 Dmt2)s Do) + 9T ). Tom-1))|:

= ‘9(Pm+37]9m+1)‘ + ’g(pm+lapm) )

< (g(pm+17pm)‘ + ‘g(pmw,pm)‘ - ¢(|g(pm+2,pm)|)7

v(5) re(a)

= & (2.8)
So ‘g(pm+3,pm)’ = ‘g(T(pm+2), T(pm_l))’ < ¢ for all m > ng. Similarly we can show

that ’g(pmﬂ,pm)‘ < e for all m > ng and ¢ € N. This shows that the sequence {p,,} is
a g-Cauchy sequence in Ag. Since X is g-complete, the pair (A4, B) is g-closed and have
the topological P-property so, it can be easily seen that A, is g-closed. Since A, is g-
closed, so, let {p,} is g- convergent to p € Ay. As T(p*) € By so there exists p** € A,
such that ‘g (p**,T(p ‘ = . Also we have ’g(an,T(pn))‘ =Dy(A, B). As

T is topologically pr0x1ma1 Weakly contractlve with respect to g, so we have

’g(pnﬂ,p**)’ < ‘g(pn,p*)‘ - w<lg(pn,p*)l)

= ’g(pnﬂ,p**)’ < ‘g(pn,p*)

S ‘g(pn+1,p**)’ — 0 as n — oo.

Now from lemma [10, Lemma 2.4.], since the limit is unique so, we have p* = p**
So,

‘ = . Hence p* is a best proximity point of 7. Now suppose
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p*,q* are two best proximity points of the mapping 7. So,

9" T(p"))| = Dy (A, B)
and

l9(a", T(¢")| = Dy(A, B).
As T is topologically proximal weakly contractive with respect to g, so we have
< ’9(17*,61*) *w<‘g(p*,q*) )

= ﬂ}(’g(p*,q*) ) =0
= ‘g(p*,q*) =0

So T has a unique best proximity point in A,4. This completes the proof.

‘g(p*,q*)

Example 2.25. Consider R? with the usual topology and X = {1} x [—1,1] with
the subspace topology. Let g : X x X — R be defined by

9((5573/)»(%0)) =y—uv, (z,9),(u,v) € X.

Then ¢ is a continuous function on X x X. We will show that X is g-complete. Let
{(1,z,)} be a g-Cauchy sequence in X. So

’g((l,xn), (l,a:m))‘ — 0asn,m— 00

= |zp, — | — 0 as n,m — 0.
So, the sequence {z,} is a Cauchy sequence in [—1,1]. Since [—1,1] is complete, so
let z, — p € [-1,1] as n — oo. Now,

’g((l,l‘n), (1,p))’ = |z, —p| = 0 as n — .

So, the sequence {(1,z,)} is g-convergent to (1,p) € X. This implies X is g-complete.

Now let A = {1} x [-1,0] and B = {1} x [0, 1]. Then D,(A, B) = 0. Let (1,z) € A,.

Then there exists (1,y) € B such that |g((1, ), (1,¥))] = 0. So | — y| = 0. This is

satisfied only by @ = 0. This shows that A, = {(1,0)}. Also, B, = {(1,0)}. So, the

pair (A, B) is g-closed, have the topological P-property and A, is non-empty. Now it

can be seen that the function g is satisfied all the conditions of Theorem 2.24.
Define f: A — B by

f(]-vx) = (17_3)7 (1,%) €A
So, f(1,0) = (1,0) = f(Ay) C By. Let ¢ : [0,00) — [0, 00) be defined by
P(s) = g for all s € [0, 00).

It can be easily seen that ¥ € © and the mapping f is topologically proximal weakly
contractive with respect to g. So, all the conditions of Theorem 2.24 are satisfied.
So, by the Theorem 2.24 the mapping f has unique best proximity point in A,. Here
p* = (1,0) € Ay is the best proximity point of f.
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In the year 2013, M. Gabeleh [3] proved that the best proximity point theorem
for proximal weakly contractive mapping can be deduced from a fixed point theorem.
Next, we are going to introduce the notion of g-isometry in topological spaces. It is
more general than isometry in metric spaces. We also give an example supporting
this. We use g-isometry together with topological P-property, for proving the best
proximity point theorem for topologically proximal weakly contractive mapping de-
duced from some fixed point theorems on arbitrary topological spaces given by Liepins

[6].

Definition 2.26. Let X be a topological space and g : X x X — R be a continuous
function. The mapping T : A — B is said to be a g-isometry if

lg(Tz, Ty)| = |g(z,y)| for all z,y € A.

The next example shows that g-isometry is not in general an isometry.

Example 2.27. Consider X = R? with usual topology. Let g : X x X — R be
defined by |g ((z,u), (y,v))| = uv for all (x,u), (y,v) € R?. Let f : A — B be defined
by f(z,y) = (5,y) for all (x,y) € A. Therefore

9 (@) S =g (1) 5 (50))| = w = Lo (@), (5,0))]

for all (x,u), (y,v) € R%. So, f is a g-isometry.
Now,

d((z,u), (y,0) = V(x —y)? + (u—0)>
Therefore

1) S0 = a ((Gn) . (L0)) = (5= 1) + =

So, d (f(z,u), f(y,v)) # d((x,u),(y,v)). Therefore, f is not an isometry with respect
to usual metric d.

Next, we show that the best proximity point theorem for topologically proximal
weakly contractive mapping can be deduced from fixed point theorems [6, Theorem 1]
and [8, Theorem 3.9].

Here we use the notation Ip O(f,x) = N{cl{f™(z) : m > n;n € N}} ; where we use
the symbol ’cl’ to denote the closure of a set.

We recall the following theorems:

Theorem 2.28. [6] Let X be a topological space, and let f be a continuous selfmap
of X. Suppose there exists a continuous mapping g : X x X — R satisfying x # y =
lg(f(z), f()] < lg(z,y)| for each x,y € X. For each z € X then lp O(z, f) is empty
or consists of a single point, which is the unique fized point of f.
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Theorem 2.29. [8] Let X be a topological space, f: X — X be a continuous mapping
and for some continuous F : X x X — R (with F(z,y) =0 when z =vy),

F(f(z), f(y)) < maz{F(z,y), [maz{F(z, f(x)), F(y, f(y))}
+ Amin{|F(z, f(y))|, F(f (z),y)}]}

for all z,y € X, x # y; where A\ > 0. If there exists a point xg € X whose
sequence of iterates {f™(xo)} contains an convergent subsequence {f™(xqg)}, then
a = lim; o fM(x0) € X is a fized point of f. If X = 0, then f has a unique fized
point.

Theorem 2.30. Let X be a topological space and g : X x X — R be a continuous
mapping such that |g(x,y)] =0 < = =y. Let (A, B) be a pair of non-empty subsets
of X such that Ay is non-empty. Let T : A — B be topologically prozimal weakly
contractive mapping w.r.t g such that T(Agy) C By. Then we have the following:
(1) If (A, B) has the topological P-property then there exists a bijective g-isometry
J5 Ay By st. |g(z, f(2))] = Dy(A, B).

(2) Further, if f~'T : A, — A, is continuous, then the existence of best proximity
point of the mapping T implies its uniqueness.

(8) Moreover, let Im(g) C Ry. If there exists a point z € Ay such that the sequence
of iterates {f~1T}"(z) contains a convergent subsequence {f~YT}"*(z), then T has
an unique best prozimity point p = limy_ oo {f 1T} (2).

Proof. (1) Let « € A,. Then by definition there exists y € B, such that

l9(z,y)| = Dy(A, B).
Now we define f: A; — B, by f(z) =y.

Let z, 2’ € Ay. Then |g(z, f(x))] = Dy(A4, B) = |g (2, f(z'))]. If x = 2’ then by
topological P-property of (A, B), we have f(z) = f(«’). This implies that f is well
defined. If f(z) = f(2'), again by topological P-property @ = z’. Therefore f is
injective.

Next, we show that f is surjective. Let y € By then there exists x € A, s.t
lg(z,y)] = Dy(A, B). Also, by definition of f, we have |g(z, f(z))| = Dy(A4, B).
Therefore, topological P-property of (A4, B) gives f(x) = y. Therefore f is a bijection.
Let 1, 2 € Ay. Then

|9 (21, f(21))] = Dg(A, B) = |g (2, f(x2))]-

By topological P-property we have that |g(x1,z2)| = |g (f(z1), f(x2))|. Therefore, f
is an bijective g-isometry.

(2) Since T is topologically proximal weakly contractive mapping w.r.t g, so, we
have,Jg (u1, T(21))| = Dy(A, B) and |g (us, T(a))| = Dy (A, B)

= |g(u1,u2)| < |g(z1, 22)| — ¥ (|g(x1, 22)]) for all uy, us, x1, 22 € A and ¥ € O.
By topological P-property, |g(u,us)| = |g (T (x1),T(z2))]. So,

g (T'(%1), T(22))| < lg(z1,z2)| = 9 (|g(21, 2)])

for all 1, zo € Ay and 9 € O. Therefore, it is sufficient to prove the theorem for
topologically weakly contractive mapping 1" on A,. Now we have f A Ay — Ay is
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continuous. Since f is bijective, then,

g (f 71T (), f'T(y)| = g (T(x), T(y))| < lg(z, y)| — ¥ (lg(z,y)]) < |g(z,y)]

for all z, y € A, with x # y.

Then for each x € A,, Ip O(f~'T, ) is empty or consists of a single point which is
the unique fixed point of f~'T by Theorem 1 of [6]. Let p be a fixed point of f~1T,
then f~1T(p) = p = f(p) = T(p). Therefore,

lg (p, T(p))| = lg (p, f(p))| = Dy(A, B).

Therefore p is the unique best proximity point of 7'
(3) Since, Im(g) C Ry and T is topologically weakly contractive mapping on A, w.r.t
g then by the previous result, we get,

9 (T(21),T(z2)) < g(x1,22) — ¥ (9(71,72)) < g(21,72)

for all x1, x2 € Ay and ¢ € ©.
Therefore we can write,

g(T(21),T(z2)) < g(x1,22)
< max{g(z1,72), (max{g (z1,7(z1)), g (x2,T(z2))}
+Amin{lg (z1,T(x2)) [, 9 (T'(z1),22)})}

for all 1, 9 € A, with A = 0. Then by condition (3) and [8, Theorem 3.9], we get
f~T has a unique fixed point. In a similar manner, it can be shown that T has a
unique best proximity point in A,.

Now we present an example to validate Theorem 2.30.

Example 2.31. Consider R? with the usual topology and X = [0, 100] with subspace
topology. Let g : X x X — R be defined by

9((z,y)) =y — vV, (z,y) € X.

Then g is a continuous function on X x X. Now, let A = {0,9,50} and B = {1, 16}.
Then Dy(A, B) =1 and A, = {0,9}. Also, By = {1,16}. So, A, is non-empty. Again,
|g(0,1)| =1 = |¢(9,16)] and |g(0,9)| = 3 = |¢(1, 16)|. This shows that (A, B) satisfies
topological P property with respect to g. Now define f : A, — B, by f(0) = 1
and f(9) = 16. Therefore, |g(f(0), f(9))| = |g(1,16)] = 3 = |9(0,9)|]. So, f is an
bijective g-isometry. Next, define T': A — B by T'(0) = 16;7(9) = 16;T(50) = 1. So
T(A,) C By.

9 (0,7(50))| = 1 = |g(9,7(0))] = [9(0,9)| = 3 < [9(50,0)| — 2 (|g(50,0)])
9 (0,7(50))| =1 =1[g(9,T(9))] = [9(0,9)] = 3 < [9(50,9)| — > (|9(50,9)|)
where 9(t) = =t.

Therefore T is a topologically proximal weakly contractive mapping with respect
to g. Also A, is compact. So, the mapping 7" has a unique best proximity point in
Agy. Here p =9 € A, is a best proximity point of 7" and the best proximity point is
unique.

Now if we consider d as a standard metric on R, then Ay = {0} and By = {1}. But
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T(Ap) = {16} & By. So it does not satisfy the hypothesis of Theorem 2.30. Also, it
is clear that the mapping T has no best proximity point w.r.t d.
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