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Abstract. In this work, we consider the existence of solutions for semilinear fractional integro-
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noncompactness and some fixed point theorems. In the end, an example is provided to illustrate the
applicability of our results.

Key Words and Phrases: Fractional integro-differential equation, a-resolvent operator, existence,
nonlocal condition, fixed point.

2020 Mathematics Subject Classification: 26A33, 34K30, 35R09, 45N05, 47H10.

1. INTRODUCTION

In this papaer, we consider the existence of solutions for semilinear fractional
integro-differential equations with nonlocal conditions of the form

Dfx(t) = Ax(t) —i-/o B(t — s)x(s)ds + G(t,z(h(t))), t € [0,T], (1.1)

2(0) + g(x) = o,

where z(-) is the state variable taking values in a Banach space X. A, (B(t));>0 are
closed linear operators defined on a common domain which is dense in X, and D§fv(t)
represents the Caputo derivative of v for o € (0, 1) defined by

t
D¢ u(t) ::/ 1ot — 8)V'(s)ds,
0

where 91_, is the Gelfand-Shilov function ¥g(t) := %, t >0, with 8 =1-a.
The function h(-) : [0,7] — [0,T] is continuous and satisfies 0 < h(t) < ¢, which is
regarded as delay function. G and g are given functions to be specified later.

Fractional differential equations have attracted the attention of many researchers,
because of its wide applicability in sciences and engineering such as material sci-
ences, mechanics, population dynamics, economics, chemical technology and so on.
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In recent years, there has been a significant development in ordinary and partial dif-
ferential equations involving fractional derivatives, see the monographs [23, 28, 32].
Up to now one of the important way to deal with fractional partial differential equa-
tions is to transform them into abstract fractional differential equations in Banach
space. For example, an existence result for semilinear fractional differential equations
with infinite delay and non-instantaneous impulses in a Banach space was studied
by Benchohra et al. [6], using the technique of measures of noncompactness and
Mbonch'’s fixed point theorem. El-Sayed and Herzallah [16] investigated the existence,
continuation, maximal regularity and some other properties of the non-homogeneous
fractional order evolution equations with Captuo fractional derivative. In [24], Ku-
mar and Sukavanam considered the approximate controllability of mild solutions for
a class of semilinear delay control systems of fractional order by applying contraction
principle and the Schauder fixed point theorem. The existence of mild solutions for
a class of impulsive fractional partial semilinear differential equations was discussed
by Shu et al. [36] with the aid of Leray Schauder Alternative fixed point theorem.
Wang and Zhou [41] researched sufficient conditions for the complete controllability
of fractional evolution systems with the help of the fractional calculus, properties of
characteristic solution operators and fixed point technique. Utilizing the theory of
fractional calculus and Schauder fixed point theorem, Zhou et al. [46] derived suffi-
cient conditions for the existence and attractivity of solutions for fractional evolution
equations with Riemann-Liouville fractional derivative. For more relative works, see
[5, 15, 22, 25, 35, 39].

Meanwhile, the existence and other quantitative and qualitative properties of so-
lutions for abstract fractional integro-differential equations have attracted more and
more attention of some authors. Agarwal et al. [1] proved the existence results of
solutions of the following fractional integro-differential evolution equations in Banach
space X

Dju(t) = Au(t) —I—/O B(t — s)u(s)ds + f(t), t € [0,T],
u(0) = uyo,

(1.2)

where D] is the Caputo fractional derivative of order v € (1,2) and f: [0,T] — X is
a continuous function. The authors obtained the existence and regularity of solutions
of (1.2) via the ~-resolvent operators associated to the following linear homogeneous
equation

D] u(t) = Au(t) + /Ot B(t — s)u(s)ds, t >0,

u(0) = uo.

Based on the important work, several papers have addressed the issue of existence
results and controllability results for fractional integro-differential through applying
the theory of y-resolvent operators [2, 9, 27, 29, 33, 37, 42] and the references therein.
Especially, Dos Santos in [17] has established the existence and qualitative properties
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of an a-resolvent operator for abstract fractional integro-differential equations
t
Dy a(t) = Ax(t) + / B(t — s)x(s)ds, t >0,
0

2(0) = xo,

where D represents the Caputo fractional derivative of order a € (0,1), A and B(t),
t > 0 are the same operators as in (1.1), and the existence and uniqueness of mild
solutions for semi-linear fractional integro-differential equations

Dy z(t) = Ax(t) +/0 B(t — s)x(s)ds + f(t,x(t)), t €[0,T],
x(0) = xo,

(1.3)

were investigated by using the Banach fixed point theorem and a-resolvent operators.

On the other hand, nonlocal initial conditions can be applied in physics with better
effect than the classical initial condition z(0) = zo. In 1991, the nonlocal Cauchy
problem of evolution equations was studied by Byszewski [8] and the importance of
nonlocal conditions in different fields has been discussed in [8] and [13]. In the few
past years, some authors have been devoted to research the existence and regularity,
periodicity and controllability of solutions for (integro) differential evolution equations
with nonlocal conditions. Among others, we refer to Balachandran and Trujillo [3],
Brindle and N’Guérékata [7], Chang and Liu [10], Ding et al [14], Ezzinbi et al [19],
Ntouyas and Tsamatos [30], Pinaud and Henriquez [31], Vrabie [38], Wang et al [40],
Zhang et al [44] and Zhu and Fu [45].

To the best of author’s knowledge, there is no work reported on Eq. (1.3) with
nonlocal conditions and delays. To close the gap, motivated by the above works, the
aim of this paper is to study the existence of solutions for semilinear fractional integro-
differential equations with nonlocal conditions (1.1) by utilizing Schauder’s fixed point
theorem and Sadovskii’s fixed point theorem, respectively. The main contributions
as follows:

(1) We introduce a resolvent identity R(\§, A) == (AT — A)71 (0 < a < 1),
and we certify that if R(AS, A) is compact for some Ay € p(A4) (p(A) is
defined in Section 2), then the solution operators are compact (see Lemma
2.7). Subsequently, applying this crucial Lemma and Schauder’s fixed point
theorem, we can get the desire result.

(2) We just require that the nonlinear term G(-,-) satisfies Carathéodory or non-
compactness measure condition, other than Lipschitz condition as in [17].

(3) We observed that semilinear fractional integro-differential equations have been
extensively studied in recent years utilizing various fixed point theorems when
the corresponding solution operators are compact, see for instance [9, 33, 42].
In this paper, however, we can use measure of noncompactness to remove the
assumption for compactness of the solution operators (see Theorem 3.2).

The rest of this paper is organized as follows: In Section 2, we state some defini-
tions, lemmas, notations and necessary preliminaries on a-resolvent operators, Kura-
towski measure of noncompactness and fixed point theorem. In Section 3, we discuss
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the existence of mild solutions of Eq. (1.1). In Section 4, we provide an example to
illustrate the applications of the obtained results.

2. PRELIMINARIE

Let X be a Banach space with norm || - ||. Throughout this paper, for a closed
linear operator A : D(A) C X — X, the notation Y represents the Banach space
(D(A), || - |l1) with the graph norm ||z||; = ||Ax| + ||z||, for z € D(A), p(A) denotes
the resolvent set of A, and R(\, A) = (A — A)~! is the resolvent operator of A for
A € p(A). We denote by Z(Y, X) the Banach space of bounded linear operators
from Y into X endowed with norm | - ||1.0 and Xo = X, and abbreviate it to Z(X)
when Y = X. Hereafter by C([0,7]; X) we denote the Banach space of continuous
functions from [0, 7] to X with the norm

lzlle = sup [lz(t)]|, = € C([0,T]; X).
0<t<T
Furthermore, we denote by C([0,00); X) the space of continuous functions defined on
[0,00) into X, and we define the space C*((0,00); X), by
C*((0,00); X) = {w € C((0,00); X) : Df'w € C((0,00); X)}.

Now, we present the basic theory of a-resolvent operators, which appeared in [17].
Definition 2.1 A one-parameter family of bounded linear operators (Za(t)):>0 on
X is called an a-resolvent operator for

Dox(t) = Ax(t) + /tB(t — $)a(s)ds, t >0,
0
z(0) =20 € X.

(2.1)

If the following conditions are verified:
(a) The function Z,(-) : [0,00) — Z(X) is strongly continuous, %, (0)x = x for
all z € X and o € (0,1).
(b) For x € D(A), Za(-)x € C(]0,00);Y) N C¥((0,00); X), and

DR (t)r = AR (t)x + /t B(t — 8)%u(8)xds,
0

= %o (t) Az + /t Ro(t — s)B(s)xds,

for each ¢t > 0.
In what follows, we always suppose that the following conditions are verified:

(V1) The operator A : D(A) C X — X is a closed linear operator with D(A) dense
in X, for some ¢ € (5, 7) there is a positive constant Cy = Cp(¢) such that
A € p(A) for each

Yo.p = {A € C: larg(A)| < ¢} C p(4)
and ||[R(\, A)|| < Co|A|7 for all A € g 4.



EXISTENCE OF SOLUTIONS 791

(Vz) For all ¢ > 0, B(t) : D(B(t)) € X — X is a closed linear operator, D(A) C
D(B(t)) and B(-)z is strongly measurable on (0,00) for each = € D(A).
There exists b(-) € L},.(R*) such that b(\) exists for ReX > 0 and || B(t)z|| <

( )||z||x for all ¢ > 0 and = € D(A). Moreover, the operator valued function
B:%, /2 — Z (Y, X) has an analytical extension (still denoted by B) to %o
such that [|B(A\)z]| < [|BOV)||lz]1 for all 2 € D(4), and [ BO)|| = O(IAI7),
as |A| — co. Where B()\) represents the Laplace transform of B(t).

(V3) There exists a subspace E C D(A) dense in Y and positive constant C7, such
that A(E) C D(A), BO)(E) € D(A) and ||[AB(\)z|| < Cy||z|| for every z € E
and A\ € 2o 4.

In the sequel, for r > 0 and 6 € (3, ¢), we let
Y0 ={AeC: |\ >r and |arg()\)| < 0},
and we consider the paths
Tro={te 1t >r},
I?,={re’:—0<£<0},
I}, = {te™ .t >},

with T’ g = U?Zl I'% 4 oriented counterclockwise. Moreover, p(F,) and p(G,) are the
sets
p(F)={AeC:F,(\):=(\T—A—-B\) ™' e Z2(X)}

and

p(Go) ={A €T : Ga(N) := X271 AT — A—B(\) ™' e Z(X)).
Lemma 2.1 ([17, Lemma 1]) Suppose that condition (Vi) holds, then A* € p(A) for
each A € X 4 and there exists No = No(¢) such that
Ny
R(A*, A)| < ;
1RO, 4] < 5

for all A € Xg 4.
Lemma 2.2 ([17, Lemma 2|) There exists 1 > 0 such that £,, 4 C p(F,) and the
function Fy, : £, o = Z(X) is analytic. Moreover,

Fa(X) = RO, AL = BOVR(AY, A7 (2.2)
and there exists constants N;, for i =1,2,3, such that
Ny
||Foz()‘) S N
| NE
Ny
[AFa (M| < wallmHh z € D(A),
[AFa(A)] < Ns,

for every XA € 3, 4.
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Lemma 2.3 ([17, Lemma 3]) There exists r1 > 0 such that £, 9 C p(G,) and the
function G : Ly, 9 — ZL(X) is analytic. Moreover,

Go(N) = X*71F,(A) = A IR(AY, A)[T — B()R(\®, A)] 7L, (2.3)
and there exists constants N;, for i = 4,5,6, such that

Ny

Got )\ | S VR

Gl < 5

N,
lAGa Wzl < ey, = € D(4),
Ng
14Ga (I < s

for every A € ¥, .
Definition 2.2 ([17, Definition 2]) We define the operator family (% (t))i>0 by

1
Ro(t) = — MGa(N)dN, t>0 2.4
0= 57 [ Calhar 120 (24)
and the auxiliary resolvent operator family (., (t)):>0 by
tl—a
Za(t) = MEL(N)dA, t>0. 2.5
0= "7 [ EVA 02 (25)

Lemma 2.4 ([17, Theorem 3]) Assume that conditions (V1)-(V3) are fulfilled. Then
the function %o (-) is an a-resolvent operator for Eq. (2.1).
The following lemmas give some properties of (Zq(t))i>0 and (L4 (t))r>o0-
Lemma 2.5 ([17, Theorem 1]) The operator function Xea(-) is:
(i) exponentially bounded in L (X);
(ii) exponentially bounded in L (Y);
iii) strongly continuous on [0, 00);
(iv) strongly continuous on [0,00) in .L(Y);
(v) uniformly continuous on (0,00).
Lemma 2.6 ([17, Theorem 2]) The operator function t — t*~1.7,(t) is:

(i) exponentially bounded in L (X);
(ii) strongly continuous on (0,00);

(iii) wniformly continuous on (0,00).

In order to obtain our existence results, we establish the following Lemma.
Lemma 2.7 If R(A\§, A) (0 < a < 1) is compact for some \§ € p(A), then X (t)
and t*~1.,(t) are compact for all t > 0.

Proof. We only state the sketch of the proof since the method is very similar to [18,
Lemma 2.12]. It follows from (2.2) that Fi()) is compact for all A € 37, therefore,
by (2.5), we know that t*~'.7,(t) = g5 [i. €M Fa(A)d) is compact for all ¢ > 0.
Similarly, from (2.3) and (2.4), we conclude that % (t) is also compact for all ¢ > 0.

Next we turn to state the definition for Kuratowski measure of noncompactness,

which will be used in the proof of our main results.
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Definition 2.3 ([4]) The Kuratowski measure of noncompactness x(-) defined on
bounded set S of Banach space Z is

Xx(S) :=inf{d > 0: S = U}_, Sk and diam(S;) < d for k=1,2,--- ,n}.

Let us recall the basic properties of Kuratowski measure of noncompactness.
Lemma 2.8 ([4, 12]) Let Z be a Banach space, and U,V C Z be bounded, then the
following properties hold:

(i) x(U) < x(V) if U C V;
(ii ) =0 if and only if U is compact, where U means the closure hull of U;

(iii ) = x(U) = x(conv U), where conv U means the convex hull of U;

(iv U) =|a|x(U), where a € R;

(v) X(U UV) = max{x(U), x(V)};

(vi) x(U+V)<x(U)+x(V), whereU+V ={z| z=u+v, uc U eV}

(vii) If the map Q : D(Q) C Z — W is Lipschits continuous with constant L, then
xX(Q(V)) < Lx(V) for any bounded subset V- C D(Q), where W is another
Banach space.

) x(U
) x(U
) x(a
) x(
i) x(
)

In what follows, we denote by 7(-) the Kuratowski measure of noncompactness on
the bounded set of Banach space X and denote by nc(-) the Kuratowski measure of
noncompactness on the bounded set of C([0, T]; X). The following lemmas are needed
in our argument.

Lemma 2.9 ([26, Lemma 2.1]) Let D C C([0,T]; X) be bounded and equicontinuous,
thenco D C C([0,T); X) is also bounded and equicontinuous (where @ D denotes the
closed convex hull of D).

Lemma 2.10 ([11, Lemma 2.5]) Let D C X be a bounded set, then there exists a
countable set Do C D, such that n(D) < 2n(Dy).

Lemma 2.11 ([21, Theorem 2.1]) If {z,,}°_; C L'([0,T); X) is uniformly integrable,
i.e., there exists a function ¢ € L*([0,T);R") such that

lzm @) < (t), ae. t€[0,T], m=1,2,--.

Then the function t — n ({xm(t)}55_1) is measurable and

0 <{ / t mn(s)ds}:_l) <2 / ) (m($))5) ds

Lemma 2.12 ([4]) Let D C C([0,T); X) be a bounded set. Then n(D(t)) < nc(D)
for allt € [0,T), where D(t) = {«(t) : « € D}. Moreover, if D is equicontinuous on
t €10,T], Then n(D(t)) is continuous on [0,T], and nc(D) = max,epo, ) n(D(t)).
Lemma 2.13 ([20, Pi11]) For ¢ > 1 and 0 < a < b, we have

(b—a)? <b? —al.

Lemma 2.14 ([19, Lemma 12]) Let {R,,}m>1 be a sequence of bounded linear maps
on X converging pointwise to R € £(X). Then for any compact set K in X, Ry,
converges to R uniformly in K, namely,

sup ||Rmx — Rz|| = 0, as m — oo.
zeK
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Lemma 2.15 ([34] Sadovskii’s fixed point theorem) Assume that ® is a condensing
operator on a Banach space X, i.e., ® is continuous and n(®(D)) < n(D) for every
bounded subset D of X with n(D) > 0. If ®(B) C B for a convez, closed and bounded
subset B of X, then ® has at least one fized point in B.

3. MAIN RESULTS

In this section, we discuss the existence of mild solutions for the equation (1.1) by
using Schauder’s and Sadovskii’s fixed point theorem, respectively. In what follows,
we assume that there exist positive constants M;, i = 1,2. such that ||Z.(t)| < M;
and |7, (t)|| < Ms for every ¢t € [0,T]. Inspired by [17, Definition 3], we give the
following concept of mild solutions of Eq. (1.1).

Definition 3.1 A function z(-) € C([0,T]; X) is said to be a mild solution of Eq.
(1.1), if it verifies

2(t) = Za(t) [z0 — 9(x)] + /0 (t =) Falt = 5)G(s, x(h(s)))ds, for t € [0,T].

To guarantee the existence of mild solutions, we impose the following restrictions
on Eq. (1.1).
(Hy) R(M\g, A) is a compact operator for some \§ € p(A).
(Hz) The function G : [0,T] x X — X satisfies the following conditions:
(i) For each t € [0,T], the function G(¢,-) : X — X is continuous and for
each z € X the function G(-,z) : [0,T] — X is strongly measurable;
(ii) There is a constant ¢ > 0, a function ¢ € LP([0,T7;[0,00)) (p > £ > 1)
and a nondecreasing continuous function  : [0,00) — (0,00) such that for
eacht € [0,7] and z € X,
Q)

IG(t, )| < ¢()Q(||z|) and liminf —= := ¢ < +o0.
=400 l

(H3) ¢g:C([0,T]; X) — X is continuous and satisfies the following conditions:
(i) g is a compact map;
(ii) There is a constant § > 0, and a continuous nondecreasing function
A :[0,00) = (0,00) such that for any v € C([0,T]; X),
A)

lg()|l < A(Julle) and liminf —= :=§ < 4o00.
l—+o0 l
For any constant [ > 0, let B, = {z € C([0,T];X) : |lzl]lc < I}, it is clearly a
bounded, closed and convex subset in C([0,T]; X).
We now establish the first existence result.

Theorem 3.1 Suppose that the conditions (Hy)— (Hs) hold, then the nonlocal Cauchy
problem (1.1) has a mild solution provided that

p—1

p—1\ 7 a_2
1) T 7[¢l| e (jo,17500,00)) < 1. (3.1)

ba —

My + Msyp (
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Proof. The operator ® : C([0,T]; X) — C([0,T]; X) defined by

(®2)(t) = Za(t)[xo — g(x)] + /O (t = 5)"7 Falt = 5)G(s,2(h(s)))ds. (3.2)

Since by the condition (Hz)(#7), we have
It — )" Falt — 5)G(s,2(h(s)))]|
< (t=9)* 7 Falt = )G, 2(h(s)]
< (t =) Ma((s)Q([lzllc), for = € C([0,T]; X),

then from Bochner’s theorem ([47, Lemma 2.2]), it follows that
(t = )" Fa(t = 5)G(s,x(h(s)))

is Bochner’s integrable with respect to s € [0,¢] for all ¢ € [0,T]. So the operator ® is
well defined on C([0,T]; X). In the following, we prove that the operator ® satisfies
the conditions of the well-known Schauder’s fixed point theorem, and hence ® has a
fixed point, which is a mild solution of Eq. (1.1). For the sake of convenience, the
proof will be given in several steps.
Step 1. We claim that there is a number Iy > 0 such that ®(By,) C By,.

In fact, if this is not true, then for each [ > 0, there exist z;(-) € B; and t; € [0, T],
such that ||(®x;)(t)|| > . On the other hand, however, by (Hs)(ii), (Hs)(it) and
Hoélder inequality, we have

< [[(@ay)(#)]

< My [[|zol| + llg ()] +/0 (b= 9 [ Falte = 9)| G, ()] ds

< My [llzoll + Allzillo)] + / (t1— )2 Mo¢(8)2 [l ((s)) ) s

p(a—1)

< ot ool + 20+ 3200 [0 S)Mds)ppl ([ <p<s>ds>;

p—1 P 1
) T |l o000y

< Mu[fJzoll + A(D)] + M2(1) <poz —1

Dividing on both sides by the [ and taking the lower limit as [ — +o0, we get

p—1

P _1
) T 7¢Il e ([0,77500,00)) -

This contradicts (3.1). Hence, there is a positive number [y such that ®(By,) C By,.
Step 2. We show that ® is continuous on By,.
Let {z,} C By, with 2,, — « in By, then by the continuity of g and G, we get that

p—1
pa—1

1§M16+M2<p<

g(xn) = g(z),  n— oo,

and
G(s,zn(h(s))) = G(s,z(h(s))), n — +oo.
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Applying condition (Hs)(i7), we have
(t =) HG(s, 20 (h(5))) = G(s,x(h(s))]| < (t = 5)*712¢(5)2(lo), for s € [0,T].

Then, using the Lebesgue dominated convergence theorem, we obtain that

|2, — ®z[lc < sup (Ml lg(@n) — g(z)||
0<t<T

+ Mo /O (t = 5)* 7 |G (s, za(h(s))) — G(s,x(h(s)))] d8>

— 0, as n — oo,

which implies that ® is continuous on By, .
Step 3. We certify that ® is compact.
(i) ®(By,) ={Px:x € By, } is a family of equicontinuous functions.
We let 0 < t; <ty <T and € > 0 be small enough, then, for any x € By,

1(@2)(t2) — (Dz)(t1)]
< [(Zalts) = Za(tr)) [zo — g(2)]|

+ / - [(t2 = 8)* ' Fa(ta — s) — (t1 — 5)* " Fa(ts — )] G(s,2(h(s)))ds
0

+ /t " (b2 — ) Tty — ) — (11— 8)* Fa(ts — )] C(s, 2(h(s)))ds

1—€

+ / 2(t2 —8)* L (ts — 8)G (s, x(h(s)))ds

t1

=L +DLh+ 13+ 14

where

I = [[(Za(t2) = Za(t)) lxo — ()],

I, = /0 o [(t2 — $) LS (ty — 8) — (t1 — 8)* L0 (1 — 5)] G(s,z(h(s)))ds

)

)

I3 = /t 1 [(t2 — 8)* ' Fu(ta — 5) — (1 — 8)* " Falts — 5)] G(s,z(h(s)))ds

1—€&

I = /ﬂ” )L (b — 5)G(s, 2(h(s)))ds] .

Now, we only need to prove that I; — 0 independent of x € By, as ta —t; — 0 for
1=1,2,3,4.
For I, by Lemma 2.5(v) and (H3)(i4), we obtain
Iy < [ Za(t2) = Za(t1)| (w0 — g(@)])
< | Za(tz) — Za(t1)]] (|zoll + Alo))
— 0, asto —t; — 0.
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For I, by Lemma 2.6(¢4i) and (Hs)(i4), we get

<hS‘AIEH@2$“15%@25)ﬁl@alﬁﬁﬁlﬁﬂMﬁaw@@Dﬂds

t1—6
< [sup | [(t2 = $)* " Fults — 5) — (t1 — 8)* " Falts — )| / C(s)Qly)ds
s€[0,t1—¢ 0

%O, aStgftlg)O.

For I3, we have

I < / [t = )7Lt — ) — (11 — 8)° Tt — 9| 1G5, 2(h(s))) s

1—¢€

< /t 1 [(t2 — 8)2 7 Fu(ts — ) — (t2 — 8)° L Fults — )| |G (5, 2(h(s)))||ds

1—€

[ = Tt = 9) = (1 = 9 Sl = )| Gl k() s

1—€

=13 + 13

Using (H>)(ii) and Holder inequality, we find

It < / " (b= )2 [ Falts — 5) — Falts — )| |G (s, 2(h(5)))||ds

1—€

t1
< / (s — 5)* 120y ()2l ) ds

t1 1 pT_l t1 v
< 2MQQ(ZO> (/ (tz — S) p(pa:l : dS) (/ Cp(s)d8>
tl—f:‘ tl—E

-1
< 2M0(lg) ( P
pa

p=1 p—1
J «h—h+@%%—@r%ﬂ%%)pHNM@ﬂ@mD

— 0, astyg —t;y — 0and ¢ — 0.

And, analogously, it follows immediately that

12 < / (b= 977 = (1 — 9)°7Y) [ Falts — )G (5, 2(h(s))) ds

1—€&

< /t i ((tz — 8)0471 — (1 — s)a—l) M5¢(s5)Q(lo)ds

ty p 7
< MQQ(Z()) </ ((tl — S)a_l - (tg - 8)04_1)ﬁ d8> ||<||LP([07T];[O’OO)). (33)

t]-E
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Since pfl > 1, then by Lemma 2.13 and (3.3), we see

t1 (a=1) (a-1) v
12 < Mx0(00) ( [ (=95 - -9 )ds) 1112 to.7150.00)
t

1—¢€

p—1 1
p—1 P (&*Il pa—1 L‘*l)pp
= to—t1) P=T — (ta—1t p-t
(pal) ° b —h) amtise)
1€ e (f0,71:10,00))
— 0, asty —t; - 0and ¢ — 0.

— MyQ(lo)

For I, by simple calculations, we have

to
Iy < ML) / (tz — 5)°1¢(s)ds
t1

t2 pla—1) »
< M2Q(lo) </ (ta —s) »=1 dS) <1z ([0,77;[0,00))
t1

p—1

p— 1 3 a—1
= 320) (£ ) 7 2 = 0" H el oy

*)0, astg—tlﬁ().

Then, from above estimates, we can get

[[(®x)(t2) — (Px)(t1)|| = 0, as to —t; — 0.

Moreover, we conclude that the functions ®x, x € B;, are equicontinuous at ¢t = 0.
In fact, from Lemma 2.5(4i7), Lemma 2.14 and the compactness of g(B,), we have

[(@2)(t) = (@) (0)[| < [[Za(t) [20 — 9()] = [0 — g()]]]

+/0 (t =) Falt = )G (s, 2(h(s))) |l ds
< [ Za(t)zo = zol| + [|Za(t)g(x) — g(2)]

+/0 (t — 8)* L My (s)(1)ds

< [ Za(t)wo — ol + sup  [[Za(t)y -yl
y€g(Biy)

p—1

p—1 L |
+MzQ(lo)(pa1> 7w lICH ze(ro,71:00,000)

— 0, ast — 0.

Therefore, the operator ® maps Bj, into a family of equicontinuous functions.
(i1) ®(B,) = {®Pz: x € By, } is obviously bounded.

(#9i) For t € [0,T], the set (®By,)(t) = {(Px)(t) : © € By, } is relatively compact
in X.
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Clearly, due to (H3)(i), (®B,)(0) = z¢ — g(x) is relatively compact in X. Let
t € (0,7] be fixed, 0 < e < ¢, for x € By, set

(Pex)(t) = Ro(t)[xo — g(x)] + /0 76(15 —8)* L7 (t — 5)G(s,x(h(s)))ds.

As %o (t) and t*~1.7,(t) are compact for t > 0 (note condition (H;) and Lemma
2.7), we conclude that (®.By,)(t) = {(P-2)(t) : @ € By, } is relatively compact in X.
Furthermore, for x € By, we have that

¢

(@) (t) — (Pex) (D] < / (t =) Falt = )G (s, x(h(s)))l|ds

t—e

< MQQ(ZO)/F (t—s)*"1¢(s)ds

p—= 1 o a—-1
< Ma2o) (220 T = Gl oy

Then, there are relatively compact sets arbitrary close to the set (®B,)(t). Hence
the set (@B, )(t) is also relatively compact in X.

In view of steps 2 and 3 together with the infinite-dimensional version of Ascoli-
Arzela theorem, we can deduce that ® is a completely continuous map on Bj,, and
by Schauder’s fixed point theorem there is a fixed point z(-) for ® on Bj,. Therefore,
the nonlocal Cauchy problem (1.1) has a mild solution z(-) on [0,7]. The proof is
finished.

The following existence result for the equation (1.1) is based on Sadovskii’s fixed
point theorem.

Theorem 3.2 Assume that the conditions (Hz), (Hs) and (3.1) are fulfilled. Also
the following condition holds:

(Hy) There exists a function w € LP([0,T;[0,00)) (p > = > 1) such that, for any

bounded and countable set D € X and t € [0,T],

n(G(t, D)) < w(t)n(D).
Then the nonlocal Cauchy problem (1.1) has at least one mild solution provided that

p—1

p—1Y\ 7 1
4 M, (pa — 1) T #[lwllLe(o,myi00,00)) < 1. (3.4)

Proof. Let the operator ® on C([0,7]; X) be defined by (3.2) in Theorem 3.1. We
have already shown by steps 1, 2 and 3(¢) that ® : B;, — By, is continuous, and
®(B,) ={Px: x € By} is a family of equi-continuous functions.

Next, we prove that ® : ¥ — U is a condensing operator, where ¥ = ¢o ®(By,)
and ¢o ®(B;,) means the closed convex hull of ®(B;,). By Lemma 2.9, we know that
¥ C By, is bounded and equicontinuous, and operator ® : ¥ — ¥ is continuous. For
any D C U, ®(D) is bounded. Thus, by Lemma 2.10, there exists a countable set
Do = {zm}35_1 C D, such that

nc (2(D)) < 2nc (2(Do)) - (3.5)
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By the equicontinuity of D, we know that Dy C D is also equicontinuous. Then,
applying Lemmas 2.8, 2.11, 2.12 and the conditions (H3)(¢) and (Hy4), we have that

1 (2(Do)(t)) < 1 ({Za(t)o — g(@m)]}e1)

n ({/Ot“—s>“-%<t—s>G<8awm<h<s>”ds}:_l>

< Ml {xo} +77({9(xm)}m 1)]

+77< — )17, (t—s)G(s,xm(h(s)))ds} >

m=1

({/Ot sl (t—s)G(s,xm(h(s)))ds}:_l>

<> / (t = )7 Mo ({G (5,2 (()) 15, )

<20, [ (0= 9" o) (Dalh())) ds
< 2M, (/Ot(t—s)p(

a—1) P
= ds) |l Lo (f0,77;0,00)) ¢ (Do)
-1
< 2M, ( P
poz

-1

p—1

P
) T ||w|| e (jo,77:[0,00)) M (D)- (3.6)

Since ®(Dy) C ®(By,) is bounded and equicontinuous, from Lemma 2.12, we obtain
that

e (9(Do)) = maxx n (2(Do) (1) (37)

Hence, using (3.5), (3.6) and (3.7), we see that

p—1

N
> TP ||wl| e (j0,77:[0,00)) 1 (D)-

ne (2(D)) < 4My <pf; —

Due to (3.4), ® is a condensing map on W. It follows from Sadovskii’s fixed point
theorem that ® has at least one fixed point x(-) in ¥, which is a mild solution of the
nonlocal problem (1.1). The proof is completed.

Remark 3.1 Comparing Theorem 3.1 with Theorem 3.2, we notice that the com-
pactness of the solution operators Zn(t) and t*~1.,(t), t > 0 is not necessary in
Theorem 3.2.
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4. APPLICATION

In this section, we apply the obtained abstract results to study fractional partial
integro-differential equations with nonlocal problem:

2, (4 t 92
Diz(t,x) = % +/0 e*¥%ds+c(t,z(tcost,m)),
O<z<m 0<t<l1,

z(t,0) = z(t,7) =0, t € [0, 1],

z(0,x) + /Oﬂ k(x,y)sin(z(t,y))dy = zo(z), 0 <z <,

where Dg* denotes the Caputo fractional partial derivative of order « € (0,1), 7 is a
positive number and zy(z) € X := L%([0,n];R). The functions c(-,-) and k(-,-) will
be described below.

To apply our results to the system (4.1), we first need to rewrite this system into
the form of Eq. (1.1). To this end, let the operator A : D(A) C X — X be defined
by

Az = 2"
with the domain
D(A)={z() e X :2,2" € X, and 2(0) = z(7) =0} .

Then A generates a strongly continuous semigroup (7(t)),~, which is compact, ana-
lytic, and self-adjoint. Furthermore, A has a discrete spectrum, the eigenvalues are

—n? n € N, with the corresponding normalized eigenvectors e, (z) = \/% sin(nx),
n =1,2,---. Thus, A is sectorial of type and (V7) is fulfilled. We also consider the

operator B(t) : D(A) — X, t > 0, B(t)z = e~ + Az for = € D(A). Furthermore, it
is not difficult to see that the hypotheses (V2) and (V3) (in Section 2) are satisfied
with b(t) = e~ 7 and E = C°([0, 7]; R), where C§°([0, ]; R) is the space of infinitely
differentiable functions from [0, 7] to R vanishing at 0 and 7. Then by Lemma 2.4
the corresponding linear system of (4.1) has an a-resolvent operator (%o (t))t>o-

We impose the following conditions on System (4.1):

(A1) The function ¢ : [0,1] x R — R is continuous, and there exists a function
€ LP([0,1];[0,00)) (p > £ > 1) such that

le(t, z1) — c(t, m2)| < p(t)|z1 — 22,
and
le(t, z)| < p(t)|z|,

for any ¢t € [0,1], z,z1, 22 € R.
(A2) k(-,-) :[0,7] x [0,7] — R is a measurable function satisfying

1
T pm 3
o= </ / kz(x,y)dydx) < +o00.
o Jo
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Now, we take u(t)(z) = z(t,z), and define the functions G : [0,1] x X — X, and
g:C([0,1]; X) — X, respectively, as
G(t,z)(x) = c(t, z(x)), z € X,
and

o(u)(z) = / " k(e ) sin(u(t)())dy, u € C((0,1; X).

Let h(t) = tcost, then, with these notations, System (4.1) can be rewritten into the
form of (1.1).

We next show that all conditions of Theorem 3.2 are fulfilled. Assumption (A;)
implies readily that the function G satisfies (Hy) and (Hy4). As a matter of fact, for
t €10,1] and 21,22 € X, we get

(66620 Gtt 2l = ( [ lett () - C(t@(x))%a:)é

1

< ([ w0l ~ saoas
< p(t)|lz1 — 22|

Then, from Lemma 2.8(vii), we obtain that w(-) := p(-). Similarly, we can also get

IGE2) < p@®)z]l, t €[0,1], z € X. (4.2)
According to (4.2), it is easy to see that ((-) := u(-) and Q(||z|]) := ||z|| (note that
@ = liminf;_, % = 1). On the other hand, the function g clearly satisfies the

condition (H3) with § := o (also see [43] for the compactness property). Consequently,
by Theorem 3.2, the system (4.1) admits at least one mild solution on [0, 1] provided
that -
Myo +4M; ( p-l ) ’ [[ell 2o ([0, 73;0,00)) < 1.
pa—1 P

Where M7 and M, are defined in Section 3.
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