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1. INTRODUCTION

This paper deals with the existence of oscillatory and nonoscillatory solutions to
boundary value problems (BVP for short) for fractional differential inclusions. In
particular, we consider the boundary value problem

BEDry(t) € F(t,y(t)), forae teJ=[1,T],1<r<2, (1.1)

y(1) =y, y(T) = yr (1.2)
where & D" is the Caputo-Hadamard fractional derivative, (E, |- |) is a Banach space,
P(E) is the family of all nonempty subsets of E, F' : [1,T]x E — P(FE) is a multivalued
map and y1,yr € E.

Differential equations of fractional order are valuable tools in the modeling of many
phenomena in various fields of science and engineering. Indeed, there are numerous
applications in viscoelasticity, electrochemistry, control, porous media, electromag-
netism, etc. In the monographs of Hilfer [25], Kilbas et al. [27], Podlubny [32], and
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Momani et al. [30], we can find the background mathematics and various applica-

tions of fractional calculus. The existence of oscillatory and nonoscillatory solutions,

to many different problems concerned the differential equations and inclusions, was

studied by several researchers; as example of this researches, we refer the reader to

the articles of Benchohra et al [1, 8, 9, 10], Graef et al [19] and Bohner et al [14].
The Caputo left-sided fractional derivative of order r, is defined by

1

(DL = Frrry [ = syas,

where r > 0, n = [r] + 1 and [r] denotes the integer part of r. This derivative is very
useful in many applied problems, because it satisfies its initial data which contains
y(0), ¥'(0), ete., as well as the same data for boundary conditions.

The Hadamard fractional derivative was introduced by Hadamard in 1892 [23].
This derivative differs from the Caputo derivative in two ways; the first way is that
its kernel contains a logarithmic function of arbitrary exponent, and the second way
is that the Hadamard derivative of a constant does not equal to 0.

The Caputo-Hadamard fractional derivative given by Jarad et al. [26] is a modified
Hadamard fractional derivative, but unlike the Hadamard fractional derivative, the
Caputo-Hadamard fractional derivative of a constant is 0, which was inherited from
the Caputo derivative.

In this paper, we present existence results for the problem (1.1)-(1.2), when the
right hand side is convex valued, by using the set-valued analog of Monch’s fixed
point theorem combined with the technique of measure of noncompactness. Recently,
this has proved to be a valued tool in solving fractional differential equations and
inclusions in Banach spaces; for details, see the papers of Laosta et al [29], Rus et al
[34, 33], Agarwal et al. [2] and Benchohra et al. [12], [11], [13]. This result extends
to the multivalued case some of those previous results.

2. PRELIMINARIES

In this section, we introduce notations, definitions, and preliminary facts that will
be used in the remainder of this paper. Let (E,|-|) be a Banach space, and we set
C(J, E) as the Banach space of all continuous functions from J into F with the norm

19l = supfly(t)] : t € J},

and L'(J,E) as the Banach space of Bohner integrable functions y : J — E with
the norm

Iyl = [ wolar
The space AC(J, E) is the space of functions y : J — FE that are absolutely continuous.
Let 6 = t%7 and then we set
ACMJ,E)={y:J — E, 6" 'y(t) € AC(J,E)},

and AC'(J, E) is the space of functions y : J — E that are absolutely continuous and
have an absolutely continuous first derivative.
For any Banach space (X, | - ||), we set
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Py(X)={Y € P(X) : Y closed},

Py(X)={Y € P(X) : Y bounded},

P.,(X)={Y e P(X):Y compact},

P, (X)={Y € P(X) : Y compact and convex}.

A multivalued map G : X — P(X) is convex (closed) valued if G(X) is convex
(closed) for all z € X. G is bounded on bounded sets if G(B) = UepG(x) is bounded
in X for all B € Py(X) (i.e sup,ep{sup{|y| : y € G(x)}} < 00).

G is called upper semi-continuous (u.s.c.) on X if for each xg € X, the set G(zo)
is a nonempty closed subset of X, and for each open set N of X containing G(xg),
there exists an open neighborhood Ny of z( such that G(Ny) C N. G is said to be
completely continuous if G(B) is relatively compact for every B € Py(X).

If the multivalued map G is completely continuous with nonempty compact values,
then G is u.s.c. if and only if G has a closed graph (i.e ©,, — Zs, Yn — Yx, Yn € G(xy)
imply 3. € G(z4)). G has a fixed point if there is z € X such that z € G(z). The
fixed point set of the multivalued operator G will be denoted by FizG. A multivalued
map G : J — Py(R) is said to be measurable if for every y € R, the function

t—d(y,G(t) =inf{ly—z|: 2z € G(t)}
is measurable.

Definition 2.1. A multivalued map F : J x E — P(FE) is said to be Carathéodory
if:

(1) t = F(t,u) is measurable for each u € E,

(2) w— F(t,u) is upper semicontinuous for almost all ¢ € J

For each y € AC(J, E), define the set of selections of F' by
Sp, ={ve L*[1,T],R) : v(t) € F(t,y(t)) ae. t € [1,T]}
Let (X, d) be a metric space induced from the normed space (X, |- |). The function
Hy:P(X) x P(X) — Ry U{oo} given by
H;(A, B) = max{sup d(a, B),supd(A,b)}
acA beB

is known as the Hausdorff-Pompeiu metric.

Definition 2.2. A multivalued operator N : X — P, (X) is called
(1) ~-Lipschitz if and only if there exists v > 0 such that
Hy(N(z),N(y)) < ~d(z,y), foreachz,y e X,
(2) a contraction if and only if it is y-Lipschitz with v < 1.
For more details on multivalued maps see the books of Aubin and Cellina [5], Aubin
and Frankowska [6], Deimling [16] and Castaing and Valadier [15].

For convenience, we first recall the definitions of the Kuratowski measure of non-
compactness and summarize the main properties of this measure.

Definition 2.3. [4, 7] Let E be a Banach space and let Qg be the bounded subsets of
E. The Kuratowski measure of noncompactness is the map ¢ : Qg — [0, 00) defined



614 NASSIM GUERRAICHE, SAMIRA HAMANI AND JOHNNY HENDERSON

((B) =inf{e > 0 : B C | J B; and diam(B;) < €} ;here B € Q.
j=1
Properties: The Kuratowski measure of noncompactness satisfies the following prop-
erties (for more details see [4, 7])

(1) ¢(B) =0 < B is compact (B is relatively compact).

(2) ¢(B) =((B).

(3) AC B=((A) <((B).

(4) C(A+ B) < ((4) +C( )-

(5) ¢(cB) = [c[¢(B),c

(6) ((conB) = ¢(B).

Here B and conB denote the closure and the convex hull of the bounded set B,
respectively.

For a given set V of functions v : J — F, we set

Vt)={u(t):ueV}ited,

¢
¢
¢

and
V(J) =Au(t):ueV(t),teJ}

Theorem 2.4. [7] Let E be a Banach space and C C L*(J,E) be countable with
| u(t) |< h(t) for a.e. t € J and every u € C, where h € L*(J,R ). Then the function
#(t) = a(C(t)) belong to L*(J,Ry) and satisfies

C({/OTu(s)ds,ueC}> <2/OTC(C s))ds

Let us now recall Monch’s fixed point theorem.

Theorem 2.5. [31] Let K be a closed, convex subset of a Banach space E, U a
relatively open subset of K, and N : U — P(K). Assume graphN is closed, N maps
compact sets into relatively compact sets, and for some xog € U, the following two
conditions are satisfied:

M CcU M C conv(xgUN(M))
M =U with C a countable subset of M implies (2.1)
M is compact,
¢ (1 —Nxzg+ AN(x) foe allz € U/U, X € (0,1). (2.2)
Then there exists * € U with x € N(z).

Definition 2.6. [27] The Hadamard fractional integral of order r for a function
h :[1,400) = R is defined as

" = ok [ A NC)
Ih(t)_F(r) ! logs S ds, r >0,

provided the integral exists.
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Definition 2.7. [27] For a function h given on the interval [1, +00), the r Hadamard
fractional-order derivative of h, is defined by

(D7) (1) = ﬁ (ti)n [ <1og z>w_1 @ds,

n—1<r <mn, n=[r]+1, where [r] denotes the integer part of r and log(-) = log,(+).

Definition 2.8. [26] For a given function h which belongs to AC} ([a, b], E), such that
a > 0, we define the Caputo-type modification of the left-sided Hadamard fractional
derivative by

2Dry(t) =D

=t sky(a s\ F
TORDPREIL (1oga)"] (),
k=0

where Re(r) > 0 and n = [Re(r)] + 1.

Lemma 2.9. [26] Let y belong to AC§([a,b],E) or to C§ and r € C. Then

n—1 ¢ a k
“rED 0 =) - 3 0 (1o L)

a
k=0

3. MAIN RESULT

In this section, we study the existence of solutions to a boundary value problem
(1.1)-(1.2).

Definition 3.1. A function o € ACZ([1,T], F) is said to be a lower solution of
(1.1)-(1.2), if there exists a function v; € L*([1,T], E) with v (t) € F(t, a(t)), for
a.e t € [1,T), such that ZD"a(t) < vy(t) and the function « satisfies the conditions
a(l) < y; and o(T) < yr. Similarly a function 8 € ACZ([1,T], E) is said to be
an upper solution of (1.1)-(1.2), if there exists a function v, € LY([1,T], E) with
va(t) € F(t, B(t)), for a.e t € [1,T], such that ZD"B(t) > vs(t) and the function 3
satisfies the conditions §(1) > y; and 5(T) > yr.

Lemma 3.2. Let h belong to ACZ([1,T], E). Forr € (1,2], A function y is a solution
of the fractional integral equation

o) = o [ (os?) h®

3.1
4 dogt 1 /T log = T_lh( il o
logT yr I(r) S &% % n
if y is a solution of the nonlinear fractional boundary value problem
EDry(t) = h(t) for ae. teJ=[1,T)], (3.2)

y(1) = y1, y(T) = yr (3.3)
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Proof. Applying the Hadamard fractional integral of order r to both sides of (3.2),
and by using Lemma 2.9, we find

y(t) = c1 + calogt +HITh(t). (3.4)

Then by using the conditions (3.3), we get

1 =M
and
1 7 T\ " . ds
T) = —— log — h(s)— logT).
o0 = [ (10w ) H% o+ caliogT)
Hence
1 7 T\ 7' ds
g — log — his) 22
c —yT " F(T)/1 (Og5> (8)5
2 logT '
Finally, we obtain the solution (3.1). O

Theorem 3.3. Assume that:

(H1) F:[1,T] x E = Pepo(E) is a Carathéodory multi-valued map.
(H2) There exists a function p € C(J, E) such that

1E®y)llp = supflo] = v(t) € F(t,y)} < p(t)
(H3) There exists | > 0 such that
Hy(F(t,z), F(t,2)) <l|z — Z| for every x,z € E
(H4) For each bounded set B C C(J,E) and for each t € J, we have
C(F(t,B)) < p(t)S(B),

where ¢ is a measure of noncompactness on E.
(H5) The function ¢ = 0 is the unique solution in C(J,[1,2R]) of the inequality

p(t) < F(Qr) /j (logi)r_lw(sjg(]\/[(s))ds

S

won-s [ (mgf)”ws,c(M(s))ﬂ
forteJ.

(H6) There exists o and 3 € ACZ([1,T],E), lower and upper solutions for the
problem (1.1)-(1.2) such that o < .

Then the BVP (1.1)-(1.2) has at least one solution y in J.

2logt

+ logT

Proof. We wish to transform the problem (1.1)-(1.2) into a fixed point problem.
Consider the following modified problem

ADry(t) € F(t, (ty)(t)), forae teJ=[1,T],1<r <2, (3.5)

y(1) =y1, y(T) = yr (3.6)
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where 7 : C(J, E) — C(J, E) be the truncation operator defined by

a(t),  y(t) < a),
(ry)(t) = ¢ y@),  a(t) <yt) <B(),
BH),  y(t)>B()
A solution to (3.5)-(3.6) is a fixed point of the operator N : C([1,T],E) —

P(C([1,T],E)) defined by
oy L / (logT>”g<s>ds
N(y)={he AC}(1, T, E) - logT |"* "' T(r) J; 5 5
1 t " g(s) A
+I‘(7“)/I <log 8> ?ds, g < SF,'ry
such that

§F,Ty ={g € Spry,g(t) > v1(t) a.e. on Ay and g(t) < va(t) a.e. on Az},
Srry = {9 € L'([1,T], E), g(t) € F(t, (ty)(t)) for a.e. t € J},
Ay ={te Jylt) <a(t)<pBt)}, Ay={teJalt) <5l <y}
(It is clear that S F,ry is nonempty, and this is for the reason that Sg ,, is nonempty).

We shall show that N satisfies the assumptions of Ménch’s fixed point theorem. The
proof will be given in several steps.

h(t) =
logt

Step 1: N(y) is convex for each y € C(J, E).

Indeed, if hq, ho belong to N(y), then there exist g1, g2 € SF,W such that for each
t € J we have

hi(t) = r(lr)/lt <logz>rlgi28)ds

logt 1 T T 7"_191-(5)
— -y — =—— log — .
* logT yr—n I'(r) /1 (og s) s ds| 1
For i =1,2,1et 0 < d < 1. Then, for each t € J, we have
1t dar + (1 — d)go]
1— — log = g 4= d)92]
(dhy+ (1= dh)(0) = o /1 <0g s) : ds

logt

+ log T

ﬁ /1T (1og T) [dgy + 0 d)gs) ds] '

Since S F,ry is convex (because F' has convex values), we have
dhi + (1 —d)hgy € N(y).

Step 2: N(M) is relatively compact for each compact M C C(J, E) .

Let M C C(J, E) be a compact set and let (h,) by any sequence of elements of
N(M). We show that (h,,) has a convergent subsequence by using the Arzela-Ascoli
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criterion of compactness in C(J, E). Since h, € N(M) there exist y, € M and
gn € SF,ry, such that

B () % /1 t (log z>rlg”§8) ds

logt 1 T T\ " gn(s)
g — log— ) I,
* logT [yT n F(T)/1 (og s) s 0

for n > 1. Using Theorem 2.5 and the properties of the measure of noncompactness
of Kuratowski, we have

W) = s [ ¢ ({(lgt)gud > 1})
2log? yr — Y1 — F(lr)/lTC ({ <log f)rlgn(s)? n > 1})] .
(3.7)

log T
On the other hand, since M (s) is compact in E, the set {g,(s) : n > 1} is compact.
Consequently, ((gn(s) : n > 1) =0 for a.e. s € J. Furthermore

¢ ({ (le?) gn<s>‘fj}> = (e T)" Lettanter mz 1) =0,
¢ ({ (1gT)g<>d}> = (6 D)" etttz 1 =0

for a.e. t,s € J. Now (3.7) implies that {h,(t) : n > 1} is relatively compact in B,
for each t € J. In addition, for each t; and t5 from J, t; < to, we have

atts) =t = [ [ [(lgt) - (15)] ()2
EIACORTE
+ (logtfogéogtl) [yT —y1— F(lr)/lT (log Z)Tlgn(S)(ﬂ ‘
< H L |(ed) () ]
S NCOR
;. ogte —logh) lyT — Y - % /1T (log Z)Tlgn(S)Cf ]

log T
As t; — to, the right hand side of the above inequality tends to zero. This shows

that{h, : n > 1} is equicontinuous. Consequently, {h,, : n > 1} is relatively compact
in C(J,E).

+ y1,

and
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Step 3: The graph of N is closed .

Let ¥, — ys, by € N(yn), and h,, — h.. We need to show that h, € N(y.). Now
hn € N(yn) means that there exists v, € Sg,, such that, for each t € J,

ho(t) = I‘(lr)/lt (1ogz>r_1gns(s)ds

1 1 r\" 1gn(s)
— Y — —— log LA
T (r) /1 ( 3) s

logt
logT

+Y1,, gn € SF»Tyn'

We must show that there exists v, € Sg,, such that for each ¢t € J

ho(t) = F(lr)/lt (logz>rlg*is)ds

1 T T\ " g.(s)
mon=py ), (o) e

Since F'(t,-,-) is upper semicontinuous, for every € > 0, there exists ng(z) such that
for every n > ng, we have v, € F(t,y(t),z(t)) C F(t,y«(t), z«(t))+€B(0,1) ae. t € J.
And since F' has compact values, there exists a subsequence v, () such that

logt
logT

+ +y17a g« € SF,Ty*'

U, () = Vs a8 M — 00,
ve € F(t,y.(t)) as t € J.
For every w(t) € F(t,y«(t)), we have
Vn = Vu] < fon,, —w(B)] + [w(t) — vl
and so
[V, = vi] < d(vn,, (8), F'(t,y+(t))).

By an analogous relation obtained by interchanging the roles of v,,,, and v, it follows
that

‘Unm - U*' < Hd(F(taynm (t),F(t>y*(t>))
S l|ynm_y*"
Therefore,
1 AN
ho () — hy(t < — log — l|vn, — vild
@) =m0l < g [ (lowl) o, velas
1 7 T\ "
+ m/l (10g8> U, — vslds
I(logT)"
< =l — a1
< TerD (Y = Yl L2
Hence

[1hn(t) — hu(t)]|oo — 0,88 m — o0.

Step 4: M is relatively compact in C(J, E)
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Suppose M C C(J,E), M C conv({0} U N(M)), and M = C for some countable
set C C M. Using an estimation similar to the one used in Step 2, we can see that
N(M) is equicontinuous. Then from M C conv({0} U N(M)), we deduce that M is
equicontinuous as well. To apply the Arzéla-Ascoli theorem, it remains to show that
M (t) is relatively compact in E for each ¢t € J. Since C C M C conv({0} U N(M))
and C is countable, we can find a countable set H = {h,, : n > 1} C N(M) with
C C conv({0} U H). Then, there exist y, € M and g, € SF,Tyn such that

i) = o [ (onl) a0

. 1/T e L) g5 %
yr — F(’r‘) : gS 9n s

From M C C C econv({0} U H)), and according to Theorem 2.5, we have

C(M(t)) < ¢(C(t) < C(H(t) = C({hn((t) : n = 1}).
Using (3.7) and the fact that g, (s) € M(s), we obtain

CM() < F(Qr)/ltg <{<log i)r_lgn(s)cis:n > 1})
+ i};th _yT — Y1 — F(lr)/lTC ({ (logfy_lgn(s)ds iz 1})]

logt
log T

+ +y1.

-1

s [ (o) conen®
+ T P it | (s f)”«M(s))ﬂ

< o2 [ (o) utsconn®

2logt
logT

IA

vt [ (1o f)r_lws,aM(s))ﬂ

Also, the function ¢ given by o(t) = ((M(t)) belongs to C(J, E). Consequently by
(H4), ¢ = 0; that is, ((M(t)) = 0 for all ¢ € J. Now, by the Arzéla-Ascoli theorem,
M is relatively compact in C(J, E).

_|_

Step 5: The priori estimate
Let h € C(J, E) such that y € AN(y) for some 0 < A < 1.

ht) = F(lr)/lt (logz)rlg(ss)ds

logt 1 7 T\ 'g(s
= yT—y1—7/ log — L( )ds
r'(r) J; s s

— € Sy,
logT Ty By
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and

o [ (D)

I "Hg(s)l
_— 1 IASAL
+Pr)/1 (Ogs) s et

T
< m/l p(s)ds + lyi| + lyr]

2p*(log T)"

where
p* =sup{|p(t)| : t € J}.
Then

2p*(log T)"

1Nl < 22

Set

U={uecC(LE) :[IN(y)llr <1+ R}.

o (2)

I T\ """ g(s)]
< — log — LA,
_F(r)/l <0gs> . s+ lyr| + |y
T

+ [y1| + |yr| := R.

621

Hence the condition (2.2) is satisfied. As a consequence of Steps 1 — 5 and Theorem
(2.5), we conclude that N has a fixed point y € C(J, E') which is a solution of problem

(1.1)-(1.2).
Step 6: the solution y of (3.5)-(3.6) satisfies

a(t) <y(t) < B(t), forallt e J
Let y be a solution to (3.5)-(3.6). We prove that

y(t) < B(t), for all t € J.

Suppose not. Then there exists t1, to € J, t1 < to such that y(¢;) = S(¢1) and

y(t) > B(t) for all ¢ € [t1,ta].

In view of the definition of 7 one has

y(t)e/tF(s,ﬁ(s))ds for all £ € (t1, 12).

t1

(3.8)
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Thus there exists g(s) € F(s,8(s)) for all s € (t1,t2) with g < wva(t) for all s € (¢1,t2)

o=t [ (1on?) ot %4 ot [y(b) o7 | (o t>g<>d]

+y(h) (1 - 10;2) (3.9)

An integration on (¢1,¢t], with ¢ € (¢1,¢2) and there exists ¢g(.) € F(.,3(.)) yields

logt 1 t2 2\ ! ds
_ - log 22 il
+ log to [y(tQ) I'(r) /t1 <og s) 9(s) s

y(t1)

B log t2 '
Using the fact that 8 is an upper solution to (3.5)-(3.6) we find

e / (s t)g”d

log t 1 t2 £\ ds
+ Tog £, ly(h)— O] /tl <1Og s) Q(S)?

B(t) — B(t1) >

- lyo(gtlti, t € (t1, ta).
It follows from y(t1) = B(¢1) that
B(t) > y(t), for all ¢ € (t1,t2),
which is a contradiction, since y(t) > 5(¢) for all t € (¢1,%2). Consequently
B(t) > y(t), forall t € J.
Analogously, we can prove that
at) < y(t), for all t € J.
This shows that
at) <y(t) < B(t), forallt € J. O

4. NONOSCILLATION AND OSCILLATION OF SOLUTIONS

The following theorem gives sufficient conditions to ensure the nonoscillation of
solutions of problem (1.1)-(1.2).

Theorem 4.1. Let « and B be lower and upper solutions, respectively, of (1.1)-(1.2)
with a < B and assume that

(Hb5) «a is eventually positive nondecreasing, or (3 is eventually negative nonincreas-
ing. Then every solutions y of (1.1)-(1.2) such that y € |« B] is nonoscillatory.
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Proof. Assume that « is eventually positive. Thus there exists T, > 1 such that
a(t) >0, for all t > T,.

Hence y(t) > 0 for all t > T,,. From (H4) we get y(t) > «(t). Since for each h > 0,
a(t+h) > a(t) > 0, then y(¢) > 0 for all t > T, which means that y is nonoscillatory.
Analogously, if 5 eventually negative, then there exists Tg > 1 such that

y(t) <0, for all t > T,

which means that y is nonoscillatory. U
The following theorem discusses the oscillatory of the solutions of the problem
(1.1)-(1.2).

Theorem 4.2. Let « and B be lower and upper solutions, respectively, of (1.1)-(1.2)
with a < B and assume that o(t) and B(t) are oscillatory then every solution y of
(1.1)-(1.2) such that y € [, 8] is oscillatory.

Proof. Suppose on the contrary that y is nonoscillatory solutions of (1.1)-(1.2). Then
there exists T}, > 1 such that y(t) > 0 for all t > T}, or y(t) < 0 for all t > T),. In the
case y(t) > 0 for all ¢ > T, we have () > 0 for all ¢ > T,,, which is a contradiction
since §(t) is an oscillatory upper solution. Analogously in the case y(t) < 0 for all
t > T, we have «o(t) < 0 for all ¢t > T,,, which is also a contradiction since a(t) is an
oscillatory lower solution. O

5. AN EXAMPLE

We conclude this paper with an example to illustrate our main result. Let

E = ll = {(y17y27 "'7yn7")7 Z |yn‘ < 00}7
1

be our Banach space with norm

oo
lylle = lynl.
1

We apply the Theorems (3.3),(4.1) and (4.2) to the the following fractional differential
inclusion

EDry(t) € Fu(t,y(t)), forae t€J =[le],1<r <2, (5.1)

y(1) =y1, yle) = yo (5.2)
We set
Fo(t,y) ={veR: fult,y) <v<hy(t,y)}

where f,,hy : [1,¢] X E — E. We assume that for each t € [1,€], fn(t,-) is lower
semi-continuous (i.e., the set {y € E : f,(t,y) > pn} is open for each u € FE), and
assume that for each ¢ € [1,¢], h,(¢,-) is upper semi-continuous (i.e., the set {y € E :
fa(t,y) < p} is open for each p € E) with y = (y1,92, -+, Yny---)-
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Set F = (FlyFQa"'aFna"')7 f - (flaf27~~'afn7"')7 g = (913927"'797“"')"
Assume that there exists p € C([1,¢e],RT) such that,

[E@u)llp = sup{lv],v(t) € F(t,y(t))}
max(|f(t,y(t))]; g (t, y(£))])
p(t), for each t € [1,€], y € E.

IA I

It is clear that F' is compact and convex-valued, and it is upper semi-continuous, and
furthermore, we assume that there exists hq(.), ha(.) € L(J, E) such that

hl(t) < ma‘X(|fn(tay)|a |hn(t7y)‘) < hQ(t)v for all ¢t € Ja and ye E7

and for each t € J

t t
/ hl(s)% < g1 and / hl(s)ds < yr,
1 1

S

¢ ds ¢ ds
/ ha(s)— > y; and / ha(s)— > yr,
1 8 1 s
Consider the functions
¢ ds t ds
o) = [ 0T 50 = [ 06T
1 S 1 $

Clearly, « and § are lower and upper solutions of the problem (5.1)-(5.2), respectively;
that is,

AD"a(t) < fo(t,a(t)), forallteJ, andally € E,
and
HED"B(t) > h,(t, B(t)), foralltecJ; andally € E,
We also assume that for each bounded set B C C(J, E) and for each ¢t € J, we have
C(F(t, B) < p(t)a(B),

where « is a measure of noncompactness on F, and the function ¢ = 0 is the unique
solution in C(J, E) of

o < o [ (0nt) et oon®

T r—1 d
yr —y1 — F(lr)/1 <log Z) so(s,tb(S))j
for t € J.

Since all the conditions of the Theorem (3.3) are satisfied, problem (5.1)-(5.2) has at
least one solution y on J; with o < y < 8. If hy(t) > 0 then « is positive and non-
decreasing, thus y(t) is nonoscillatory. If ho(t) then § is negative and nonincreasing,
thus y(t) is nonoscillatory. If the functions «(t) and S(t) are both oscillatory, then
y(t) is oscillatory.

2logt
logT
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