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1. INTRODUCTION

Let A and B be two nonempty and disjoint subsets of a metric space (X,d). A
mapping T': AUB — AU B is called cyclic provided that T(A) C B and T(B) C A.
Then d(z,Tx) > dist(4, B) := inf{d(x,y) : (z,y) € Ax B} for any z € AUB. In
this case, it is natural to ask how can we find a solution for a minimization problem

 nin d(z,Tx). (1.1)

A point p € AU B is said to be a best proximity point for the cyclic mapping
T: AUB — AUB if p is a solution for the minimization problem (1.1). Equivalently,
p € AU B is called a best proximity point for 7', whenever

d(p, Tp) = dist(A, B) := inf{d(x,y) : (z,y) € A x B}.
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Inspired of cyclic mappings, we say that the mapping 7' : AUB — AU B is
noncyclic whenever T'(A) C A,T(B) C B. For noncyclic case, we can consider the
following minimization problem:

mind(z, Tx), mind(y,Ty), (wr)nelngd(:v,y) (1.2)
We say that a point (z*,y*) € A x B is a best proximity pair for the noncyclic
mapping T if it is a solution of (1.2), or equivalently, a* = Ta*,y* = Ty* and
d(z*,y*) = dist(4, B).

We recall that the mapping T : AU B — A U B is relatively nonexpansive if
d(Tz,Ty) < d(x,y) for any (z,y) € A X B.

The following existence theorem was established in [5].

Theorem 1.1. Let (A, B) be a nonempty, weakly compact and convex pair in a
strictly convex Banach space with prozimal normal structure. Let S = {T1,Ts, ..., Ty}
be a commuting family of cyclic relatively nonexpansive mappings on AU B. Then S
has a common best proximity point, that is, there exists a point p € AU B such that

lp — Typ|| = dist(A, B), Vje€{l,2,...,n}.

This article is organized as follows: in Section 2, we recall some notions and nota-
tions which will be used throughout this paper. In Section 3, we generalize Theorem
1.1 from strictly convex Banach spaces to reflexive Busemann convex spaces and by
considering the projection mappings, we establish a same result of Theorem 1.1 for
noncyclic relatively nonexpansive mappings. In Section 4, by using the Ishikawa it-
eration process, we prove a strong convergence theorem of common best proximity
points for a pair of cyclic mappings in the setting of uniformly convex Banach spaces.

2. PRELIMINARIES

A metric space (X, d) is said to be a (uniquely) geodesic space if every two points
x and y of X are joined by a (unique) geodesic, i.e., a map ¢ : [0,]] C R — X such
that ¢(0) = z, ¢(I) = y, and d(c(t),c(t')) = |t — /| for all t,¢' € [0,1]. A subset A of
a geodesic space X is said to be convex if the image of any geodesic that joins each
pair of points z and y of A (geodesic segment [z,y]) is contained in A. A point z
in X belongs to a geodesic segment [z,y] if and only if there exists ¢ € [0, 1] such
that d(z,z) = td(z,y) and d(y,z) = (1 — t)d(x,y) and we write z = (1 — t)ax B ty
for simplicity. Notice that this point may not be unique. Any Banach space is for
instance a geodesic space with usual segments as geodesic segments.

Definition 2.1. A geodesic metric space X is said to be reflexive if for every de-
creasing chain {C,} C X with « € I such that C,, is nonempty, bounded, closed and

convex for all & € I we have that n Cy # 0.

acl
We mention that reflexive Banach spaces can be considered as reflexive geodesic

spaces. Also, it is well-known that every complete uniformly convex metric space
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with either a monotone or lower semicontinuous from the right modulus of uniform
convexity is reflexive (see [19] for more details).

Let (X,d) be a uniquely geodesic space. The metric d: X x X — R is said to be
convez if for any x,y,z € X one has

d(z,(1 =ty dtz) < (1—1t)d(z,y) + td(z, z) for all t € [0,1].
Definition 2.2. ([3]) A geodesic space (X, d) is called conver in the sense of Buse-

mann if given any pair of geodesics ¢ : [0,11] = X and ¢ : [0,13] — X one has
d(Cl(tll), CQ(tlQ)) < (]. - t)d(Cl(O), CQ(O)) + td(01(11)7 CQ(ZQ)) for all t € [0, 1]

Equivalently, a geodesic metric space (X, d) is convex in the sense of Busemann pro-
vided that

d(1-trdty,(1—1t)zdtw) < (1 —t)d(x, z) + td(y, w),

for all z,y,z,w € X and t € [0, 1].
A reflexive and Busemann convex space is complete (see [9, Lemma 4.1]).

Definition 2.3. ([1]) A metric space is said to be strictly convex if X is a geodesic
space and for every r > 0, a,z and y € X with d(z,a) <, d(y,a) < r and = # y,
it is the case that d(a,p) < r, where p is any point between x and y such that p # «
and p # vy, i.e., p is any point in the interior of a geodesic segment that joins x and y.

It is worth noticing that Busemann convex spaces are strictly convex with convex
metric ([10]).

We shall say that a pair (A, B) of subsets of a geodesic space X satisfies a property
if both A and B satisfy that property. For example, (A, B) is convex if and only if
both A and B are convex; (4,B) C (C,D) & A C C, and B C D. We shall also
adopt the notation

0:(A) = sup{d(x,y): y € A} for all z € X
d(A, B) =sup{d.(B) : x € A},
diam(A4) = 6(A4, A).
From now on, B(a;r) will denote the closed ball in the space X centered at a € X
with radius r > 0.
For a nonempty pair (A, B) in a metric space (X, d), we define

Ag ={z € A: d(z,y’) = dist(4, B) for some 3y € B},

By ={y € B: d(z2',y) = dist(A, B) for some 2’ € A}.
The pair (Ao, Bo) is called the prozimal pair of the pair (A4, B). It is worth mentioning
that proximal pairs may be empty. It is easy to see that the proximal pair of every
nonempty, weakly compact and convex pair in a Banach space is also nonempty,

weakly closed and convex. In more general, we have the following result in the setting
of Busemann convex spaces.

Proposition 2.1. (Proposition 3.1 of [11]) If (A, B) is a nonempty, closed and convex
pair in a reflexive and Busemann space X such that B is bounded, then (Ao, By) is
nonempty, bounded, closed and convex.
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Definition 2.4. A pair (A, B) in a Banach space is said to be proximinal if A = A,
and B = By.

We mention that if A is a nonempty subset of a geodesic space X, then the (closed)
convex hull of A is the smallest (closed) convex set containing the set A or equivalently,
the intersection of all (closed) convex sets containing the set A. The convex hull and
closed convex hull of the set A will be denoted by con(A) and com(A), respectively.

Bridson and Haefliger ([2]) presented an interesting equivalent concept of the con-
vex hull of a set as follows:

Lemma 2.1. Let A be a nonempty subset of a geodesic space X. Let G1(A) denote
the union of all geodesic segments with endpoints in A. Recursively, for n > 2 put

Gn(A) = Gi1(Gn-1(A)). Then

con(A) = | Gn(A).

It is worth noticing that in a Busemann convex space X the closure of con(A) is
convex and so, coincides with con(A) ([8]).
The next lemmas play important roles in our main results.

Lemma 2.2. (Lemma 3.7 of [15]) Let (A, B) be a nonempty, closed and convex pair
in a reflexive and Busemann convexr space (X,d). Assume that (E,F) C (A, B)
is a nonempty and proximinal pair with dist(E,F) = dist(A4, B). Then the pair
(con(E),con(F)) is proximinal with

dist(con(E), con(F)) = dist(A, B).

If A is a nonempty subset of a metric space (X,d), then the metric projection
operator is a set-valued mapping P4 : X — 24 which is defined as

Pa(z):={y € A:d(z,y) =dist({z}, A)},

where 24 denotes the set of all subsets of A. It is well-known that if A is a nonempty,
bounded, closed and convex subset of reflexive Busemann convex space X, then the
metric projection P, is single-valued from X to A.

Proposition 2.2. ([12, 13]) Let (A, B) be a nonempty, bounded, closed and convex
pair in a reflexive Busemann convex space X . Define P : Ag U By — AgU By as

{PAO(x) if = € By,

Pla) = (2.1)

Pp,(x) if z € Ayp.

Then the following statements hold.

(i) P is cyclic on Ao U By and d(z, Px) = dist(A, B) for any x € Ag U By,
(#3) If X is a Hilbert space, then P is relatively isometry, that is, d(Px, Py) = d(z,y)
for all (z,y) € Ag X By,

(791) P is affine,

(iv) P?|a, =ia, and P?|p, =ip,, where ia, denotes the identity mapping on Ao,
(v) Pla, and P|p, are continuous,
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(vi) If moreover, T : AUB — AU B is a cyclic (noncyclic) relatively nonexpansive
mapping, then (Ao, Bo) is T-invariant, that is, T is cyclic (noncyclic) on AgU By and
also T and P commute on Ay U By.

Here, we recall a well-known geometric notion of Banach spaces, called uniformly
convexity, and some of related suitable properties.

Definition 2.5. A Banach space X with positive modulus of convexity dx () is said
to be uniformly convex where 0 < € < 2 and

dx(g) := inf{1 — el < 1 Iyl < 1l =yl = e}

=+ yl
2
It is well-known that Hilbert and [P spaces (1 < p < co) are uniformly convex.
Also, it is worth noticing that the uniform convexity can be defined on geodesic spaces
as follows.

Definition 2.6. ([19]) A geodesic metric space (X, d) is said to be uniformly convex
if for any r > 0 and any e € (0, 2] there exists 6 € (0, 1] such that for all a,z,y € X
with d(z,a) <7, d(y,a) < r and d(z,y) > er, we have

d(m,a) < (1—=98)r,

where m stands for a midpoint of the points x and y.
The following lemma gives a suitable property for characterization of uniformly
convex Banach spaces.

Lemma 2.3. ([22]) A Banach space X is uniformly convez if and only if for each
fized number r > 0, there exists a continuous strictly increasing function ¢ : [0,00) —
[0, 00) with ¢(t) =0 <t =0, such that

Az + (1= Nyll* < Ml” + (1 = Nyl = A1 = Ne(llz - yl),

for all A €[0,1] and z,y € X, where ||z|| < r and |ly|| < r.
Uniformly convex Banach spaces has another interesting property which states as
below.

Lemma 2.4. ([6]) Let A be a nonempty, closed and convexr subsets and B be a
nonempty and closed subset of a uniformly convex Banach space X. Let {x,} and
{zn} be sequences in A and let {y,} be a sequence in B satisfying

(i) lzn — ynl — dist(A4, B),

(7)) |lzn — ynl| — dist(A, B).
Then ||zn, — 2zn| — 0.

We also refer to the following auxiliary lemma.

Lemma 2.5. Consider a strictly increasing function ¢ : [0, 00) — [0, 00) with ¢(0) =
0. If a sequence {r,} in [0,00) satisfies lim, o0 ¢(ry) = 0, then lim,_, o 7, = 0.
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Definition 2.7. ([21]) Let (A, B) be a pair of nonempty subsets of a metric space
(X,d) with Ag # 0. The pair (4, B) is said to have P-property if and only if

{d(xl, y1) = dist(A4, B)

= d(x1, = d(y1,y2),
d(xa,ys) = dist(A, B) (z1,2) (Y1, 2)

where x1, 29 € Ag and y1,y2 € By.

It was announced in [18] that every nonempty, bounded, closed and convex pair in
a reflexive and Busemann convex space X has the P-property.

A concept of proximal normal structure was first introduced in [4]. It was then
improved in [11] from Banach spaces to geodesic spaces as below.

Definition 2.8. A convex pair (K, K3) in a geodesic space is said to have prox-
imal normal structure (PNS) if for any bounded, closed, convex and proximinal
pair (Hl,HQ) - (Kl,Kg) for which diSt(Hl,Hg) = diSt(Kl,Kg) and 5(H1,H2) >
dist(H;, Hs), there exists (x1,22) € Hy X Hs such that

IIlaX{(Sgg1 (Hg),(5$2 (Hl)} < (5(H1, HQ).

For instance, every nonempty, compact and convex pair in a geodesic space with
convex metric, has the PNS (see Proposition 3.10 of [11]). Also, every nonempty,
bounded, closed and convex pair in a uniformly convex metric space X has the PNS
(see Proposition 3.5 of [11]).

We refer to [16] for some interesting characterization of PNS.

3. EXISTENCE RESULTS OF A COMMON BEST PROXIMITY PAIR

We begin our main conclusions with the following theorem.

Theorem 3.1. ([11]) Let X be a reflexive and Busemann convex metric space and let
(A, B) be a nonempty, closed and convex pair of subsets of X such that A is bounded.
Suppose T : AUB — AU B is a cyclic relatively nonezpansive mapping. If (A, B)
has the PNS, then T has a best proximity point.

We are now ready to state the first existence result of a common best proximity
point for a finite family of cyclic relatively nonexpansive mappings in Busemann
convex spaces.

Theorem 3.2. Let (A, B) be a nonempty, disjoint, bounded, closed and convex
pair in a reflexive Busemann convex space X such that (A, B) has the PNS. Let
S = {1, Ts,..., T} be a finite commuting family of cyclic relatively nonexpansive
mappings on AU B. Then S has a common best proximity point, that is, there exists
a point x* € AU B for which

d(z*, Tja*) = dist(A, B), Vj=1,2,..,n.

Proof. This result follows by applying similar patterns as in the proof of Theorem
3.1 in [5]. However, in this more general setting, several changes and new techniques
must be considered to get the result. It follows from Proposition 2.1 that (Ao, Bo)
is nonempty, closed and convex. Without loss of generality let us assume that S =
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{T1,T»,...,T,} contains an odd number of relatively nonexpansive maps. If not, then
we replace the collection § by &' = {T1,T5, ..., T, T1 } and proceed. From Proposition
2.2, the proximal pair (A4, By) associated with (A, B) is a nonempty, closed, convex
and proximinal pair with dist(Ag, By) = dist(A4, B). Let I denote the collection of all
nonempty subsets F' of Ag U By for which F'N Ay and F' N By are nonempty closed
and convex with

T](Fon) - Fn Bo, T](FQB()) - FﬂAo, Vj = 1,2.‘.,711
and dist(F N Ag, F' N By) = dist(A, B). Then I' is nonempty since Ag U By € I'. By
a standard argument using Zorn’s lemma, there is a minimal element in I', namely
K. Let K1 = KN Ag and Ky = K N By. Then (K1, K>) is a closed, bounded
and convex subset of (A, B) satisfying T;(K1) C K, and T;(K2) C K; for each
j =1,2...,n and dist(K;, K2) = dist(A, B). Also,(K1, K3) is proximinal. Define a
mapping G : K1 U Ky — K7 U Ky by
Gx)=TioTy--oTy(x),Vo € K1 UKs.

Since T;(K;) € Ky and T;(K2) C K7 and n is odd, we conclude that G : K1 UKy —
K, U K5 is a cyclic relatively nonexpansive map. Put

W1 = {Z € Kl : d(I,G(I’)) = diSt(KhKQ)},

Wy ={y € Ky : d(y,G(y)) = dist(K1, K2)}.
By Theorem 3.1, (W7, Ws) C (K7, K») is nonempty.
Claim 1. T;(W7) C Wy and T;(W,) C Wy forall j =1,2...,n

Proof. If x € W1, then
d(z,G(z)) = dist(K1, Ka) < d(Tj(x), G(Tj(x)))
=d(T;(x),T;(G(x))) (by the commuting condition of S)
< d(z,G(x)) = dist(K;, K3).
This implies d(T;(z), G(Tj(z))) = dist(K1, Ka2), for any j = 1,2,...,n. Hence Tj(z) €
Wy which unphes T;(Wy) C Wo, for all j =1,2,...,n. Similarly T;(Wsy) C W, for any
7=12,.

Claim 2. G(Wl) Q W2 and G(Wg) Q Wl.
Proof. It follows from the assumption that n is odd and Claim 1.
Claim 3. For each j € {1,2,...,n}, T;(W2) = Wy and T;(W;) = Wa.
Proof. Fix x € Wy and j € {1,2,...,n}. Then d(x,G(z)) = dist(K7, K3). Also since
G(z) € K» and G is relatively nonexpansive, we have

d(G(z),G*(x)) < d(z,G(x)) = dist(K, K»).
Therefore, d(G(z),G?(z)) = dist(K1, K2). Using the fact that X is strictly convex,
x = G?(x). Since S is a commuting family, we have

r=Tj(G(TyoTyo- 0Ty 10Tj10---0Ty))(x).
Take y; = G(T1oTs0---0T; 10T, 10---0T,)(x). Then = T;(y;). Since the map
G(TloTQO---OTj,1 OTj+1O---OTn)7
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consists of an odd (2n — 1) numbers of relatively nonexpansive maps and together
with Claim 1 and Claim 2, we conclude that y; is in Ws. Hence T;(W,) = Wi.
Equivalently, we can prove that T;(W;) = Wa.
Claim 4. (W;, W3) is proximinal and dist(W7, Wa) = dist(K7, K3).
Proof. Since (W1, Ws) C (K1, K3), for any € W, we have

dist (K1, K2) < dist(Wy, Ws) < d(z,G(z)) = dist(K1, K3).
Hence dist(W;,Ws) = dist(Ky, K3). Also, for any (z,y) € Wi x Wa, we have
(G(y), G(x)) € Wy x Wy and

d(z,G(z)) = d(y, G(y)) = dist(K7, K») = dist(Wy, Wa),

which ensures that (W;,Ws;) is a proximinal pair in (K;,K3). Notice that if

diSt(Wl, Wg) = (5(W1, Wg), then
d(z,Tj(z)) = dist(K1, K2) = dist(A,B), Yz e Wi, Vje{1,2,..,n},

and the proof is completed. So we assume that

diSt(Wl, W2) < 5(W1, Wg)
Set

H, = COﬁ(Wﬂ, Hy = W(Wg)

By Lemma 2.2 we have (Hy, Hy) is a nonempty, bounded, closed, convex and prox-
iminal pair in (K7, K3) so that

diSt(Hl, HQ) = diSt(Wl, Wg)

< 0(Wy,Ws) =0(Hy,Hs) (Lemma 2.6 of [17]).
In view of the fact that (A, B) has the PNS, there exist (z1,22) € Hy x Hz and
B € (0,1) such that
max{éwl (Hg),dwz(Hl)} S ﬁé(Hl,Hg)

Since (H;, H,) is a proximinal pair, there exists (x),z}) € H; x Hs such that
d(zq,xh) = d(z},x2) = dist(Hy, He). Now for any z € Hs , using the convexity

of the metric,
1

2
(Hl,H2)—|— 5(H1,H2)—045(H1,H2)

1 1 1
d(§z1 e xl, z) < =d(z1,2) + fd(zll,z)

<Bs

-2
where « := —(1;& € (0,1). Suppose zg := 5361 &) §x1 and yo := 7352 &) :EQ Then
(z0,y0) € H1 x Hy and

0o (H2) < ad(Hy, Hp), 6y, (H1) < ad(Hy, Ha),

and that d(xg,yo) = dist(Hy, Hy). Define

Ly = {.’E € Hy : (5m(H2) < a(;(H17H2)},

Ly = {y € Hy : (Sy(Hl) < Oé(S(Hl,HQ)}.

Then (L1, Ls) is a nonempty, closed, and convex subset of (Hi,Hs) and since
(20,Y0) € L1 X Lo, we have dist(Ly, Lo) = dist(Hy, Ha) (= dist(W7, Ws) = dist(4, B)).
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We show that if x € Ly, then T)j(z) € Lo or equivalently, o, (,)(H1) < ad(Hy, Ha), for
all j € {1,2,...,n}. Let w € W; be an arbitrary element. Then there exists w; € Wy
such that w = T (w;). We now have

d(Tj(x), w) = d(Tj(2), Tj(w;)) < d(z,w;) < 6:(Wa) < 0, (Ha) < ad(Hy, Hz).

Thereby, 07, (2)(W1) < ad(Hy, Ha), that is, T;(L1) C Lo. By a similar manner, we can
see that T;(Ls) C Ly for any j = 1,2...,n. Hence, L1 U Ly € T'. On the other hand,
0(L1,Ls) < ad(Hy, Hy) < §(K4, K3), which is a contradiction by the minimality of
(K1, K3).

The following results can be concluded, immediately.

Corollary 3.1. Let (A, B) be a nonempty, compact and convex pair in a Busemann
convexr (X,d). If § = {11, T, ..., T} is a commuting family of cyclic relatively non-
expansive mappings, then S has a common best proximity point.

Corollary 3.2. Let (A, B) be a nonempty, bounded, closed and convex pair in a
Busemann convezx (X, d) which is uniformly convex in the sense of Definition 2.2. If
S={T1,Ts,...,T,} is a commuting family of cyclic relatively nonexpansive mappings,
then S has a common best proximity point.

Example 3.1. Let X = R? and d be the river metric on X defined with

if Ir1 = T2,

ly1 — yal,
d(($17y1)7($2,y2)) = .
|21 — @2| + [y1] + |y2|, if 21 # 22.

It is well known that (R?,d) is a complete R-tree and so, is a reflexive and Busemann
convex space (see [7]). Suppose A = {(0,y): 0 <y <1}and B={(l,y):0<y <1}.
Then (A, B) is compact and convex and so has the PNS with dist(A, B) = 1. Define
a pair of mappings 7,5 : AUB — AU B by

(1,%) if 2=0,yc€Qn|0,1],
1,0) if =0, yeQ°nJo,1],

(
T(z,y) =
“=V 0,8 i v=1, yean,1],
(0,0) if z=1, yeQ°nJo,1],
(1L,%) if 2=0,yeQn]o,1],
Sy — (1,0) if =0, yeQ°nJo,1],
0,%) if z=1, yeQn|o,1],

(0,0) if z=1, yeQnJo,1].
Then T,S are commuting mappings that are cyclic and relatively nonexpansive.
Therefore, all of the assumptions of Theorem 3.2 hold. It is worth noticing that
the points (0,0) and (1,0) are best proximity points for the mappings 7" and S.
We can apply Theorem 3.2 to establish the existence of a common best proximity
pairs for noncyclic relatively nonexpansive mappings as follows. To this end, we need
the following geometric concept.
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Definition 3.1. [14] Let (A4, B) be a nonempty pair of subsets of a metric space (X, d)
such that Ag is nonempty. We say that the pair (A, B) has the diagonal property
provided that

{d(xl’yl) = dist(4, B), = d(r1,y2) = d(22,91)

d(x2,y2) = dist(A, B),
for any x1,x2 € Ag and y1,y2 € By.
For instance if (A, B) is a pair of nonempty subsets of a metric space (X, d) such
that dist(A, B) = 0, then (A, B) has the diagonal property.
Also, every two parallel segments in the Euclidian plan R? has the diagonal property.
In more general, every nonempty, closed and convex pair in Hilbert spaces has the
diagonal property.

Theorem 3.3. Let (A, B) be a nonempty, bounded, closed and convex pair in a
reflexive Busemann convex space (X,d) such that (A, B) has both the PNS and the
diagonal property. Suppose S = {Hy, Ho,...,H,} is a finite commuting family of
noncyclic relatively nonexpansive mappings on AU B. Then S has a common best
proximity pair, that is, there is a point (p,q) € A X B such that
Hjp=p, Hjqg=q, d(p,q) =dist(A,B), Vje{l,2,..,n}.
Proof. Tt follows from Proposition 2.1 that (Ap, By) is nonempty and it is also closed
and convex. For any j € {1,2,...,n} put
Tj IZHjP : AouBo —>AOUB(),

where P is a projection mapping defined by (2.1). Since P is cyclic on Ay U By, we
obtain T} is cyclic for any j € {1,2,...,n}. Moreover, by the statement (vi) from the
Proposition 2.2, the mappings H; and P commute on Ay U By. In view of the fact
that the family S is commuting, for any 4, j € {1,2,...,n} we have
T;oT; = (H;P)o(H;P)=H;o(PoHj)oP=H;o(HjoP)oP
=Hjo(H;oP)oP = (H;joP)o(HioP)=T;oT;,
that is, T; and T; commutes. Furthermore, for any j € {1,2,...,n},
Tj(Ao) = H;P(Ag) = H;(Bo) < Bo,
T;(Bo) = HiP(Bo) = H;(Bo) C Ao,
and so T} is cyclic on AgU By. By Proposition 1.3 of [14] that P is relatively isometry,
and so for any (x,y) € Ag X By we have
d(Tyx, Tyy) = d(HjPx, H;Py) < d(Px, Py) = d(z,y),

which deduces that 7 is a relatively nonexpansive mapping for any j € {1,2,...,n}. It
now follows from Theorem 3.2 that the family {7}}_; has a common best proximity
point, that is, there exists a point p € Ay for which

d(p, T;p) = dist(A4, B), Vje{1,2,..,n}.
Therefore,
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and by the fact that (A, B) has the P-property, we must have H;p = p for any
j €41,2,...,n}. This implies that

Hij = Pij = Pp.
Hence, (p, Pp) € Ap X By is a common best proximity pair of the family S and the

proof is completed.
The following corollaries are straightforward consequence of Theorem 3.3.

Corollary 3.3. Let (A, B) be a nonempty, compact and convex pair in a Busemann
convex (X,d). If S = {Hy, Hs, ..., H,} is a commuting family of noncyclic relatively
nonexrpansive mappings, then S has a common best proximity pair.

Corollary 3.4. Let (A, B) be a nonemptly, bounded, closed and convex pair in a
Busemann convex (X,d) which is uniformly convex in the sense of Definition 2.2.
If S = {Hy, Hs,...,H,} is a commuting family of noncyclic relatively nonexpansive
mappings, then S has a common best proximity pair.

4. CONVERGENCE OF COMMON BEST PROXIMITY POINTS

In this section, we prove a strong convergence theorem for a common best proximity
point for two cyclic mappings by using Ishikawa iterative method ([20]).

Let (A, B) be a nonempty pair in a metric space X and T be a cyclic mapping
on AU B. In what follows the set of all best proximity points of T in A is denoted
by Besta(T) and the set of all fixed points of the self-mapping 7% : A — A well be
denoted with Fixa(7?).

Theorem 4.1. Let (A, B) be a nonempty, disjoint, bounded, closed and convex pair
i a uniformly convex Banach space X and S, T : AUB — AU B be two commuting
cyclic mappings such that

1T - Syl < llo — yll, ¥(2,) € (A x B)U (B x A).
Let zg € A and define

{%H:uﬂm%+%ﬂw» (11)

Yn = (1 = Bp)xn + BnS% 2y,
for all n € NU {0}, where a,, B, € (5,1 —¢) and € € (0, 3). If moreover, T satisfies
the condition

|T?x — Tx| < ||z — Tx| whenever ||z — Tx| > dist(A, B), V€ AgU By, (4.2)
then T and S has a common best prowimity point, and ||z, — S?x,| — 0. Also, if

S%(A) lies in a compact set and dist(z,, Ag) — 0, then {z,} converges strongly to
an element, namely x*, for which

x* € Fix(T?) N Fix4(S?) N Best 4(T) N Best 4(S).
Proof. Define Hi,Hy : AUB — AU B with

T2z if A 2z if A
Hix— 2x 1 x €A, & Hyr— S;p 1 T € A,
S°x ifx € B, T°x ifx € B,
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Then for any (x,y) € A x B we have
Hy(A) =T*(A) C A, Hi(B)=5%*B)
Hy(A) = S*(A) C A, Hy(B)=T*B)

N

B,
B.

N

Also,
|Hiz — Hiyll = |T%x = S*y|| < llo —yll, | Hoa — Hay| = [[S%z — T?y| < [|lz — y].

This implies that both H; and H, are noncyclic relatively nonexpansive mappings.
Since T and S commutes, it is easy to see that H; and Hy commutes too. It now
follows from corollary 3 that H; and Hs have a common best proximity pair, namely
(p,q) € A x B, for which

{p = Hip=T?p, ¢ = Hiq = S%,

p—q|| = dist(A, B).
p = Hyp=5%p, q= Haq=T?q, | | (4.B)

Notice that if ||p — T'p|| > dist(A, B), then by the condition (4.2) we obtain
lp = Tpll = |T%p — Tp|| < |p - Tl
which is impossible. Thus p € A is a best proximity point for the mapping T'. Besides,
lp = Tpll = ||5%p = Tpl| < ||ISp = pll = [ISp = Tpl| < |p = T,
which concludes that p is a best proximity point for the mapping S. Therefore,
p € Best4(T) N Best4(S5).

In view of the fact that ||p — Tp|| = dist(A, B) = ||p — ¢|| and that (A, B) has the
P-property, we must have T'p = ¢q. Hence

lg = Sqll = |Tp — Sqll < |lp — qll = dist(A, B),
that is, ¢ € B is a best proximity point for the mapping S. Thereby,

llg = Tqll = 115%q — Tqll < [|Sq — q|| = dist(4, B),
which ensures that

q € Bestp(T) N Bestg(5).
We now have
|Zns1 —all = [|(1 — an)zn + anszn —(1—=an)g— O‘nTQQH
< (1= an)|wn — gl + anl|T?yn — Tq|

< (1= ap)||zn — qll + anllyn —qll
= (1= an)l|zn — qll + ol (1 = Ba)zn + B S%2m — g
< (1= an)lzn — gl + an(l = Ba)llen — all + anBullzn — al

[ — all

This deduces that the sequence {||x,, — ¢||} is decreasing. Assume that
lim ||z, —¢|| =r > dist(A, B).

n— oo
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Using Lemma 2.3 there exists a strictly increasing and continuous function
© :[0,00) = [0, 00) with ¢(0) = 0, for which

lyn = all® = 11 = Ba)z + BuS%2 — (1 = Ba)g — BuTq]?
= (1 = Bu)(@n — @) + Bu(S?2n — Tq)||?
< (1= Ba)llzn — all® + Bull S%wn — T?q|* — Bu(1 = Ba)p(l|zn — S?2nl])
<wn = gll* = Ba(1 = Ba)g(llzn — S%2a]))-
Thus
2¢(llen — S2anl)) < Ba(l = Ba)e(lzn — S2aal)) < llzn — all* = lyn —all*. (4.3)
Also for all n € N
[2nt1 = all = llzn — qll + an(llzn = qll = llyn —4ll) <0,
and so,
lim sup({|zn — gl — [lyn —qll) < 0.
n—oo
It now follows from the inequality (4.3) and the property of the function ¢ that
lim ||, — S?z,| = 0.
n—oo
Since S?(A) lies in a compact set, {S%r,},>1 has a convergent subsequence
{S?2p, }r>1, converging to a point z* € A. Therefore,
Zn, — 2% < 20, — S22, || + 15?20, — 2| = 0,

that is, ,, — 2*. By the assumption since dist(x,, Ag) — 0, there exists a sequence
{an} C Ag for which ||z, — a,| — 0 and so, a,, — z*. Closedness of the set A
implies that * € Ag. On the other hand, for each z € Ay we have

dist(4, B) < ||SPx — Tz|| < ||Pz — x| = dist(4, B) = [|PTx — Tz,
and by this reality that (A, B) has the P-property we must have
PTx = SPx, Vzxe Ag.

Similarly, we can see that TPz = PSz for any x € Ay. Furthermore, T?Px = PS?z
for all x € Ay. Hence,

11S%2,, — PS*x*|| = ||S%x,, — T?Pa*|| < ||z,, — Px*|.
If £ — oo, in above relation, then
|lz* — PS?x*|| < ||z* — Px*|| = dist(A, B).
In view of the fact that (A4, B) has the P-property and ||S22* — PS?z*|| = dist(4, B),
we obtain S?z* = 2*. We now have
dist(A, B) = ||2* — Pz*| = ||S%2* — PS?z*|| = ||l2* — T*Pz*|,
which ensures that Paz* = T?Pz*, that is, Px* € By is a fixed point of T? and so,
lim_[la,, — P
exists. Thus

lim ||z, — Pz*|| = lim ||z, —Pz*|| = ||z* — Pz*|| = dist(4, B).
n—00 k—o0
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It now follows from Lemma 2.4 that xz,, — x*. Here we prove that z* is a common
best proximity point for the mappings S and T. Since Pz* = T?Pz*, we conclude
that

|Px* — TPx*| = dist(A, B) = ||Pz* — x|
which implies that TPxz* = z*. Thereby,
Pa* = T*Pa* = T(TPx*) = Tx*,
and then
|lz* — Tz*|| = ||« — Pz*|| = dist(A, B),

that is, =* is a best proximity point for the mapping 7.
Moreover, since PTxz* = SPx”,

dist(4, B) = ||Sz* — PSx*|| = ||Sz* — TPx*|| = ||Sz™ — x|,
i.e. x* is a best proximity point for the mapping S. Therefore,
x* € Best4(T) N Best4(9).
Finally, from the above discussion we have
T?2* = T(Tz*) = TPx* = z*.
Thus
r* € Fixa(T?) N Fixa(S?) N Best4(T) N Best 4(S),

and this completes the proof.
Let us illustrate this reality with the following example.

Example 4.1. Consider X = R with the Euclidean norm and let A = [-1,0] ,
B =[0,1]. Suppose S,T: AU B — AU B are defined as

e )5 i weQn@uB), o [F i 2eQn(AUB),
10 if zeQ°N(AUB), 0 if x€QN(AUB).

It is easy to check that S and T are cyclic and commuting mappings which satisfy
|Tz — Sy| < |x — y| for any (z,y) € (A x B) U (B x A). Moreover, for any x # 0, we
have

T2 — Ta)| = =z if zeQn(AUB),
0 if zeQ°N(AUB)
- =2z if zeQn(AUB),
—z if zeQ°N(AUB)
= |z — Tz,

which ensures that the relation (4.2) satisfies. We note that the point z* = 0 is a
common best proximity point of the mapping 7" and S which is a common fixed point
of T and S in this case.



[1]

(10]
(11]
(12]
(13]

(14]

(15]
[16]
(17]
(18]
19]

[20]
(21]

(22]

EXISTENCE AND APPROXIMATING 609

REFERENCES

G.C. Ahuja, T.D. Narang, S. Trehan, Best approzimation on convez sets in a metric space, J.
Approx. Theory, 12(1974), 94-97.

M.R. Bridson, A. Haefliger, Metric Spaces of Non-positive Curvature, Springer-Verlag, Berlin
Heidelberg, 1999.

H. Busemann, The Geometry of Geodesics, Academic Press, New York, 1955.

A.A. Eldred, W.A. Kirk, P. Veeramani, Proximal normal structure and relatively nonexpansive
mappings, Studia Math., 171(2005), 283-293.

A.A. Eldred, V. Sankar Raj, On common best prozimity pair theorems, Acta Sci. Math. (Szeged),
75(2009), 707-721.

A.A. Eldred, P. Veeramani, Existence and convergence of best proximity points, J. Math. Anal.
Appl, 323(2006), 1001-1006.

R. Espinola, P. Lorenzo, Metric fixed point theory on hyperconver spaces: Recent progress, Arab
J. Math., 1(2012) 439-463.

R. Espinola, O. Madiedo, A. Nicolae, Borsuk-Dugundji type extensions theorems with Busemann
convez target spaces, Annales Academie Scientiarum Fennica, 43(2018), 225-238.

R. Espinola, A. Nicolae, Mutually nearest and farthest points of sets and the drop theorem in
geodesic spaces, Monatsh. Math., 165(2012), 173-197.

R. Espinola, B. Piatek, Fized point property and unbounded sets in CAT(0) spaces, J. Math.
Anal. Appl., 408(2013), 638-654.

A. Fernandez Leon, A. Nicolae, Best prozimity pair results relatively nonexpansive mappings in
geodesic spaces, Numer. Funct. Anal. Optim., 35(2014), 1399-1418.

M. Gabeleh, Common best proximity pairs in strictly convex Banach spaces, Georgian Math.
J., 24(2017), 363-372.

M. Gabeleh, Convergence of Picard’s iteration using projection algorithm for noncyclic con-
tractions, Indag. Math., 30(2019), 227-239.

M. Gabeleh, Corrigendum to the paper ”Equivalence of the Existence of Best Prozimity Points
and Best Proximity Pairs for Cyclic and Noncyclic Nonexpansive Mappings”, Demon. Math.,
54(2021), 9-10.

M. Gabeleh, H.P. Kiinzi, Condensing operators of integral type in Busemann reflexive convex
spaces, Bull. Malays. Math. Sci. Soc., doi: (2020), 10.1007/s40840-019-00785-x.

M. Gabeleh, S.P. Moshokoa, Study of minimal invariant pairs for relatively nonexpansive map-
pings with respect to orbits, Optimization, (2020), doi: 10.1080/02331934.2020.1745797.

M. Gabeleh, O. Olela Otafudu, Nonconvex proximal normal structure in convex metric spaces,
Banach J. Math. Anal., 10(2016), 400-414.

M. Gabeleh, O. Olela Otafudu, Markov-Kakutani’s theorem for best proximity pairs in
Hadamard spaces, Indag. Math., 28(2017), 680-693.

K. Goebel, S. Reich, Uniform Convezity, Hyperbolic Geometry, and Nonexpansive Mappings,
Marcel Dekker, New York, 1984.

S. Ishikawa, Fized points by a new iteration method, Proc. Amer. Math. Soc., 44(1974), 147-150.
V. Sankar Raj, A best prozimity point theorem for weakly contractive non-self-mappings, Non-
linear Anal., 74(2011), 4804-4808.

H.K. Xu, Inequalities in Banach spaces with applications, Nonlinear Anal., 16(1991), 1127-1138.

Received: September 7, 2021; Accepted: April 8, 2022.



610

MOOSA GABELEH, JACK T. MARKIN AND VLADIMIR RAKOCEVC



