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Abstract. In this paper we study the existence of multiple nontrivial positive weak solutions to the

following system of problems.
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—Apu — Aqu = Af(x)|u]""2u+v h(z)|u|~*v|* 78 in Q,

—Apv— Agv = pg(@)lo] v +v h(@)|u] o]~ in Q,

u,v > 0in Q,

u=1v=0on 9N
where 0 < o < 1, 0<ﬂ<1,2—a—6<q<% <p<r<pt, with pt =
We will guarantee the existence of a solution in the Nehari manifold. Further by using the Lusternik-
Schnirelman category we will prove the existence of at least cat(€2) + 1 number of solutions.
Key Words and Phrases: Nehari manifold, Lusternik-Schnirelman category, singularity, multi-
plicity, fixed point.
2020 Mathematics Subject Classification: 35J35, 35J60, 47H10.

541



542 DEBAJYOTI CHOUDHURI, MOUNA KRATOU AND KAMEL SAOUDI

1. INTRODUCTION

As mentioned in the abstract we will attempt the following problem.
11—«
2—a—p3
1-p
2—a—p

—Apu — Agu = Af(x)|u""u+v h(x)|u)~v|* " in Q,

—Apv = Agu = pg(x)|v]" v + v h(@)lal =™ i Q,  (1.1)

u,v > 0 in £,
u=v =0 on 02

where (C): 0 < a < 1, 0<ﬁ<1,27afﬂ<q<%:;)<p<7’<p*,with
p* = NN—E), A,y >0,0<a,B<1.

The domain € is bounded subset of RV with a lipschitz continuous boundary 95).
The measurable functions f,g,h > 0, f+ g # 0 over a subset of {2 of positive measure
and are bounded almost everywhere in Q, i.e. f,g,h € L>(£2). The operator (—A;)
acting on a function say U is the s-Laplacian operator which is defined as

~AJU(z) = =V - (|VU[*2VU)

for all s € [1,00). We will be assuming that p < N, 1 <r < ¢ < % <p<p*
throughout the article. Off-late, a huge attention has been given to elliptic problems

involving two Laplacian operators viz.

(=Ap)u — (A )u = Au|""2u + [u[’" 2u in Q,

u =0 in 09.
The problem draws its motivation from the fundamental reaction-diffusion equation
0
ol = V- [H(u)Vu] + c(z,u). (1.2)

where H(u) = |Vu[P~2 + |[Vu|9=2. The problem is important owing to its manifold
applications in Physics and other applied sciences such as in biophysics to model the
cells, chemical reaction design, plasma physics, drug delivery mechanism to name a
few. The reaction term has a polynomial form with respect to u. In the recent years
the problem

=V [Hw)Vu] = c(z,u)

has been studied in [4, 6, 29, 32, 16, 17]. One may refer to Yin and Yang [35] who
studied the problem in (1.2) when p? < N, 1 < ¢ < p < r < px. The authors
proved the existence of cat({2) number of positive solutions using simple variational
techniques. When p = ¢, r = 2 the problem (1.2) reduces to the well-known Brezis-
Nirenberg problem which has been further studied for the case of critical growth in
bounded and unbounded domains by many researchers (Refer [2, 3, 5, 26]) and the
references therein. A common issue which intrigued the researchers was to figure out
a way to overcome the lack of compactness in the continuous embedding WO1 P(Q) —
LP"(Q). Two noteworthy contributions can be found in [10, 23].
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Meanwhile, the elliptic systems have also gained much attention, especially for the
system

2
—(Ap)u = Mu|""2u + aijb\u|“_2u|v|b in £,

2b
*(AP)U — M|U|T72’U + o b|u|a|v|b72u in Q, (13>

u=v=0in 0f)

where a+b = p*. Ding and Xiao [11] studied (1.3) with the p—superlinear perturbation
of 2 < p < r < p* an extension of which can be found in Yin [33]. Both the works
in [33] and [11] have obtained the existence of cat(£2) number of solutions using the
Lusternik-Scnirelman category. Similar results for elliptic equations driven by the
p-Laplacian or the double phase operator can be found in [22, 24]. For the sublinear
perturbation, Hsu [15] obtained the existence of two positive solutions for the problem
(1.3). Few years back, Fan [14] studied the problem (1.3) for p =2 and 1 < r < p.
Using the Nehari manifold and the Lusternik-Schnirelman category the author has
proved the admittance of at least cat(2) + 1 positive solutions. Motivated from
the work of Li, Yang [18] we extend the results of the above problem with local
operators and added singular nonlinearities. As far as we know there has not been
any contribution in this direction whatsoever and is entirely novel. We now state the
main result of this work.

Theorem 1.1. Assume the condition (C) holds. Then there exists A* > 0 such that
if v € (0,A*), problem (1.1) admits at least cat(Y) + 1 number of distinct solutions.

2. PRELIMINARIES
Let Q C RY, then the space (W, *(2), |.]l,) is defined by
WyP(Q) = {u:Due LP(Q),ulsq = 0}

equipped with the norm
1
p
ol = ([ 1vur)”.
Q

We will refer to |ul, as the LP-norm of v and is defined as ([, |u|pdm)%. We further

define the space Clearly, X = Wy*(Q) x W, *(Q) is a Banach space. We define the
norm of any member of X as

1
(s 0)llp = (lully + lloll5)

The best Sobolev constant is defined as

B . [[ullp
S = inf _— (2.1)
wEWy (OO} ([, |ulP” dz) 3
and further define
u,v)|?
. (o)l )

in o
(w0 EX\{©O0} ([, ulP” + |v|P" da)?
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Also, we will denote M = ||h||oo, M' = max{||f||co, ||g]loo }, Where || - ||oo denotes the
essential supremum norm (or more commonly the L>-norm) of a function. We now
define the associated energy functional to the problem (1.1) which is as follows.

Toplu) = Sl o)+ ol =1 [ (@ + g )da

q
7ﬁ /Q h(x)ulfavlfﬁdx.

A function (u,v) € X is a weak solution to the problem (1.1), if
(i) u,v >0, w1, v Pgy € L1(Q) and

(i) /(|vu|1’*2vu-v¢1+|vu|l’*2vv.v¢2)d:c
Q

+ / (|Vu|9™2Vu - V1 + |Vo|972Vu - Vo )da
Q

- [+ gl on)de - vyt [ bt P

Q 2—a—FJa

v 1-5

2—a—-0Jq
for each ¢2,¢2 € X. Note that the nontrivial critical points of the functional I, g
are the positive weak solutions of the problem (1.1). Note that the functional I, g is
not a C'-functional and hence the classical variational methods are not applicable.
One can easily verify that the energy functional I, g is not bounded below in X.
However, we will show that I, g is bounded below on a Nehari manifold and we will

extract solutions by minimizing the functional on suitable subsets. We further define
the Nehari manifold as follows.

Na,g = {(u,v) € Z\ (0,0),u,v > 0: (I}, 5(u,v), (u,v) = 0)}.

For a detailed study on the method of Nehari manifolds we refer the readers to [30].
It is not difficult to see that a pair (u,v) € Ny g if and only if

1 o) 2 + (s )19 — /Quf(x)u’" + pg(@)o)de — v /Q h(a)ut= 0P dr = 0.

Furthermore, it is customary to see, as for any problem which has an involvement of
a Nehari manifold, that

o) = (5 = D)Mol + (7= 7) ol

P r

1 1 l—-a, 1-08
+V<T 2a6>/9h(x)u v " dx.

> (5= 7) Qo + ol +v (5 - 5mamsg ) [ peut-o 2.

p
1 1 1 1
> (p - ’I”) H(U; U)HZ +v (7“ - M) /Qh(x)ul_avl_ﬁdx

h(z)u' v P podz =0
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> (2= Dot v (5o - 1) w0l

Since 2 — o — 8 < p, therefore I, g is coercive and bounded below on N, g. Therefore
the functional is coercive and is bounded below in N, g. In fact I, g(u,v) > 0 for
sufficiently small v > 0 and for all (u,v) € N, g. We define for ¢t > 0 the fiber maps

tP 4
Pap(t) = Lot tv) = (w0)l; + -l (w, vl

t’l"
= | r@ - pgan
t2 a—p3 1 1
a,1-p
2—04—5/ v Pdx.
Then
o, 5(t) = t”_lll(u,v)lli+tq_1||(u,v)||3—t’"_l/Q(Af(I)ur+ug(fv)v’“)d$
—th_“_ﬁ/h(x)ul_avl_ﬁdx
Q
and

B 5(t) = (p— DI, 0)|I% + (g — 1172 (w,0) 2
(-1 / (@) + pg(e)”)da
—v(l—a— —o—p z)ut~ Bz,

(1—a-pB)t / h(x) d

A simple observation shows that (u,v) € Nq g if and only if @, (1) = 0. Furthermore,
in general we have that (u,v) € Ngp if and only if @ 4(t) = 0. Therefore for
(u,v) € Nqo,p we have

() = (= Dl(w, )5 + (¢ = Dll(w, )| = (r — 1) /Q(Af(x)ur + pg(z)v")dx
—v(l—a-— 2)u " Pdx
(1-a=p) [ h@) d

= (=)} + (g —7)[(wv)[f +v(r+a+B-2) /Q h(z)u'~ 0" Pdx
=@+a+8-2)wv)lf+(q+a+ 8 —2)(u )]
F@-a=g-1) [ O+ pglo)en)de
Q
Therefore we split the Nehari manifold into three parts, namely

N;B = {(u,v) €Nyp: <I>g7ﬂ(1) > 0},

Nog {(u,v) € Na g : @ 5(1) < 0},

Ng 5 {(u,v) € No 5 : q)g’ﬁ(l) =0}

)
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which corresponds to the collection of local minima, maxima and points of inflection
respectively. We now prove a lemma which falls back on the proof due to Hsu [15]
(vefer Theorem 2.2).

Lemma 2.1. For (u,v) € Ny g, there exists a positive constant Ao, that depends on

.S, N, e, 5,19 such that I g(u,v) > —vA [(zi;fﬁ) AT (2i;€B) p+a+52:| '

Proof. We use

s = (5=3) Qo)+ (5 - ooy [ Hou=ovas
(2.3)

By the Holder inequality, the Young’s inequality, and the Sobolev embedding theorem
to (2.3), we have

() > (5= 1) (wolp) - v (555 - 1) [ a0
> (2= 2) (o)

p T
— Z/MIQ|1_27;*7B
1 1 l-a 2—a—p 1- /6 2—a—p
X(Q—a—ﬂ T)/Q(Q—a—ﬂlup* +2—a—6|vp* d
1 1
> (-2 P
> (2= ) (o)

2—a—8 at+B—2
P

—vMQI'"" T S

1 1 l1-—a vag, 1-8 s
- _ =z e N d
X(Qaﬂ r)/g(2a6'v“P Tl )
1—q \rFets—z 1— 3 \7ratrs
(=5 (=)
Lemma 2.2. There exists A* > 0 such that if

1—a TFasF—2 1-8 PFatA—2 .
(2%) " (eats) T Jeom

Proof. Let us choose

2 _VAO(pa Sa Naaaﬁa |Q|)

g

v

then Noﬁ = ¢.

[e3%

r 2—a—8
SN(TP*P) + 3
a8

2

(o)
p M'(\+ p) VM(T—Q—I—O(—Fﬁ)ﬁlQP_%;;B’

The proof follows by contradiction. O
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From the lemma (2.2), we have that if

1—a \#rets—z 1— 8 \rratr—s §
Vl(2—a—ﬂ> +(22a25) 16(0’“7

_ Nt -
then Nog =N s UN 5.
We can define it = inf(u,v)eNj . Iopandi™ = inf(u,v)eNg , 1, g since the functional
I, g is bounded below in Ny g.

Remark 2.3. We will denote the norm convergence by —, the weak convergence
by — and A (or A*) as any small parameter we will encounter or any cumbersome
representation in short form.

Lemma 2.4. There exists A* > 0 such that if

1—q \7rretr—z 1- 3 \7ratre .
(%) (525 ]G(O’A)’

14

then

(1) it <0,
(2) i~ > Dy for some Dy > 0.

Proof. (1) Let (u,v) € th,@’ C Ng,3. Then we have

0 < (r=p)ll(w, 0[5 + (r = @)l(w, v)[[g

<vir+a+p- 2)/ h(z)ut~ v " Pdzx (2.4)
Q

Further,

o) = (5= D)ol + (5= 7) ol

v 1oy 1-8
—H/(r 2aﬂ)/§2h(x)u v Pdx.

<(3-Diwong+ (- 1) v o

(r—p) P,& w.v)|9
-l - s ol

_ 0";”) (; _ 2;ﬂ> a, )2 + (T%p) ((1] - m> I, v)18

< 0.

Therefore, it = inf(u,v)eN;rﬁ I, p(u,v) <O.
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(2) Likewise, let us choose (u,v) € N, - We again appeal to the following inequality
(p+a+B8-=2)(uv)p <(p+a+ps—2)|(wv)|]+(q@+a+5-2)uv)]
<r+a+i=2) [ (A +pgla))da
< (r+a+B—2)CM A7 + ) || (u,0)|5. (2.5)
)

by virtue of the fact that (u,v

)

(s ) > [(““5‘2) SN }
rt+a+B-2) CM (A7 +pumr)

We will call this cumbersome looking constant as A. Therefore on proceeding further
we have

st = (1= )l + (2= 1) o

v (1 - Mlﬂ) ez
1 1
> (2= Do

R

1 l-a gwap, LB o oap
(gmams o) [ (et e g vl )i

11
> (2 _ 2 p
(G-1) Nty
1—a )\ #rats—z 1—8 etz
— VA N Q _ _
v 0(]7,8, ,Oé,B,| |) (20[6) +<20éﬂ> 1
x [ (u, v)[5~7
_ 2-a-p (1 _1 p+a+B—2
= [I(u, v)I; > ) 1wl

> a2—a—p | (L _ 1\ pptatp—2
> -

v Ag(p, 5, N, B, 1) {Qi%) o (%) H |

Then for a sufficiently small A* > 0 and Dy > 0 such that

€ Nq,s. Therefore

ptat+B—2

ptats—2
l1-«a P 1-p6 o N
G55 T ) e
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we have i~ > Dy > 0. O

Remark 2.5. For a better understanding of the Nehari manifold and the fiber maps,
we define the function

Foo(t) = 1777 |ty 0) |2 4+ 4977 |, 0) | — w20 B / h(axyut~ o' Pd.

Then
& (t) = £ [Fu(t) /Q (\f(@)u” + Bg(a)o")dal.

Observe that lim F, ,(t) =0 and lim F, ,(¢t) = —oco. Further,
t—o0 t—0+

Foot) = (=r)t" " H(wv)[} + (g =)t | (u,v) I
—v2-—a—-p8—- r)tl_“_ﬁ_r/ h(z)ut ' P dx
Q

= B — e, )2 + g — P )
v2—a=g-r) [ haule -l
Q

Let
Guw(t) = (p = )PP (w, 0) |5 + (¢ — )t P (u, 0)]|4

—v2—a—-pF-r) / h(z)ur~ v P d.
Q
We also have

lim . (t) = v(r+a+B8—2) [ hlz)u' "' "Pdz,
t—0+ o

tlig)lo Yu,o(t) = —00
and
Vi) = (0 =) (p + a + B (u,0) |5

+ (g = 7r)(g+a+ Bt (u,0)||2 < 0.
Thus, for each (u,v) € X with [, h(z)u'~*v'=Pdz > 0, F, ,(t) attains its maximum
at some tymar = tmax (U, v). This unique ¢4, can be evaluated by solving for ¢ from
the equation
(r =)t (u, 0) |5 4 (r = @)t (w, 0) | = V(T+a+5*2)/ h(z)u' ' P d.

Q

A simple calculation yields

_r r—p 2
FU oltmaz) = tfnax 1 7tmaz ) b
oltmar) =t (14 Bt ) Nl

_r r—q
+ e <1 + mwt%ax) [ (u, v) || > 0.
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Thus for t € (0,tmas) we have Fy, () >0 and Fy () < 0 for t € (tmax, 00).
We now have the following lemma as a consequence.

Lemma 2.6. For every (u,v) € X\ {(0,0)} there exists a unique 0 < t+ < tpas such
that (t*u,t*v) € N7 5 and

Lo p(tTu, tv) = inf Lo 5 (tu, tv).
Furthermore, if
[ 0@ + pg(o)erde > 0
Q
then there exists unique 0 < t+ < tq. <t~ such that

(tTu, T ) e NS 5, (T u,t7v) € N g

and

Iop(tTu,tto) = 0<ti£1tf ’ Iy g(tu,tv), Iy gt u,t"v) = igg Iy g(tu, tv).

Proof. We only prove the case when

/()\f(as)u" + pg(x)v")dz > 0.
Q
Thus the equation
Fuu®) = [ (M@’ + Bgta)ur)ds

has only two solutions namely, 0 < t* < tjq, < t~ such that I/, 5(t*) > 0 and
I7, 5(t7) < 0. Since

W) = () Fanlt) = [ S+ pg(a)o )] > 0
Q
and
(7)) = (t7)" " [Fuw(t™) - / (M (@)u” + pg(x)v")dz] <0,
Q
therefore (tTu,ttv) € N;B and (t7u,t7v) € N 5. Thus ®(t) decreases in (0,t%),
increases in (¢%,¢7) and decreases in (7, 00). Hence the lemma. O

We now define the palais-Smale sequence ((PS)-sequence), (PS)-condition and (PS)-
value in X for I, g corresponding to the functional I, g which is as follows.

Definition 2.7. Suppose for ¢ € R, a sequence {(uy,v,)} C X is a (PS).-sequence
for the functional I, g if I g(un,vy) — ¢ and I&ﬁ(un,vn) — 0in X’ as n — oo,
then:
(1) ¢ € Ris a (PS) value in X for the functional I, g if there exists a (PS).-
sequence in X for I, g.
(2) The functional I, g satisfies the (PS).-condition in X for I, g if any (PS).-
sequence admits a strongly convergent subsequence in X.

Remark 2.8. We will sometimes denote lim,,_, o z, = 0 as z,, = o(1) for a sequence
of real numbers (z,,).
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Remark 2.9. X' refers to the dual space of X.
Lemma 2.10. For any 0 < «, B < 1, the functional I, g satisfies the (PS).-condition

T

grp pratE2 _g \rroiEs
Y [ A = e

A=2M'(\77 + pu75)} 75 |Q) 7.

Proof. Suppose {(u,,vn)} is a (PS).-sequence in X for the functional I, g with
l—q \rratrs 1—f \rretrs
) )

To g (tn,vn) = c 4 0(1), I, 5(un,vn) = o(1). (2.6)

We now claim that {(u,,v,)} is bounded in X. We prove this claim by contradiction,
i.e. say ||(un,vn)|lp — co. Let

(tin, ) = (||(u,:zn)llp’ |(unljzn”p)> ’

then ||(dy,, Un)|l, = 1 which implies that (t,,v,) is bounded in X. Therefore, due to
the reflexivity of the space X, we have upto a subsequence

_r_
—p

c€ | —oo, 8 — VA

A

Then

(tin, Un) — (Un,vp)
as n — oo in X. This further implies that
U — 10, U, — 0 in WyP(Q),
Uy = U, Up = 0 in L%(Q), 1 < s < p¥,

/l/h(x)dnlfav}f*ﬁdw%/l/h(x)ul_o‘vl_ﬁdx.
Q Q

The last convergence follows from the Egoroff’s theorem. From (2.6) we have

1 o 1 -
e o) = 2t eI B ]+ 1m0 3 )
1 T ~T =T
)l | @), + o)) da
gl o) [ n@ya e
and
o(1) =t 0 Bl G 3B -+ ok, )2 i, 70

o) / (M (@), + g )i de

o (v 27 /Q h(z)il—o 58 da.
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Now by the assumption we made, i.e. ||(un,v,)|p, = 00, we obtain
1, . 1 oy~ -
o) = I, B)llp + i Cans ) [ 1, )l

)l [ @), + o)) da

e 0] ) RO Pl
and
o(1) = (i Bu)IE -+ Nk, )13 i, )

1ty ) 57 / (A (2)ir, + g ()i, )dx

ot ) / h()ak- 5t -Pdr.

On using the above to equalities we get

o) = (1= 22222 .ol

2 _ .
. (1 . Oq‘ﬁ) 1 s 0 ) 1272 oy ) 2

" (2—“—5 _ 1) [l (e, 0n) 1577 /Q(Af(x)ﬂz + pg(x)v, )dx

,
as n — 0o.
Therefore we have
plp—2+a+p)
92-a—-pF—-q)
PP —2+a+p)
r(r—2+a+p)
as n — oo. Thus we have ||(4,, 0 )|[5 — oo which is a contradiction to our assumption
that

(@, o)l = ([ (s o)l 11 (s )15

a7 /Q h(2)al =3P ds + o(1)

”(amf}n)Hp =1
Therefore, the sequence {(uy,v,)} is bounded in X.

We choose a subsequence to this bounded sequence, still denoted by {(uy,v,,)} such
that

(Un,vn) = (u,v) in X,

Up —> U, U, — v in L¥(Q), 1 < s < p*,

/ (AF(2)ed, + pgla)el))da — / (f(2)u” + pg(a)e ),
Q Q

1// h(z)ul= vl Pdz — 1// h(z)ur v P dx
Q Q

as n — oQ.
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By the Brezis-Lieb [19] theorem we get

OIIE = [[(un, va) I = [1(w, 0) |5 + o),

||(u7l — U, Vp —

/ (A (2) (i — )" + rg () (v — )7 ) = / (A (@, + pg(a)ol)de
Q Q
- [ (@ + gt da + o)

and

V/ h(x) (tun — u) =% (v, — 0) Pda = V/ h(z)ul=vi=Pdx
Q Q
- I// h(z)ut~ v = Pdz + o(1).
Q

Thus for any (¢2, ¢2) € X the following holds.
lim <I(I)z,ﬁv (¢27 ¢2)> = <Iéz,[3(uﬂ ’U), ((rbl? ¢2)> =0.

n—oo
In other words (u,v) is a critical point of I, 3. All we now need to show is that
(Un,vpn) = (u,v) in X. We use (2.6), the Brezis-Lieb lemma [19] and some basic

functional analysis to obtain
1 p L q
Zgll(un —u,vn — 0|7 + g\l(un = u, U — 0)||§

c—Iap+o0(1) =
[ OF@ =0 + pgla)en = 0de (20
Q
and
0= (I, g(tn,vn), (U — 1, vy, — v))

= &,B(unavn) - I('Lﬂ(u,v), (Un — U, vp — )

= l[(un —w,vn = V)[I7 + [[(un — u, v — 0|7
(2.8)

- /Q M (@) (tn — 0)" + g () (0n — 0)" )z + 0(L).

Now without loss of generality, we let

I(wr — u, vy, — v)Hg =c +o(1),

| (wr, — w, v — v)||g =d +o(1)

and therefore
| @) =)+ pgta) w0, = 0 = ¢+ o),
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Now if ¢/ = 0 the proof is immediate. On the contrary, we assume that ¢ > 0.

NF L (era\F
2 - 2

= lim | (Af(z)(un — )" + pg(x)(vn —v)")dx

n—oo Q
< M lim [ (Nup —u|” + plon —o|") da
n—oo
. 1 1 -
< M HILH;O |Q|7=a=7 TS%EH(un — U, Vyp — U)H;

= M|QIF RS, (AT + p) .
Thus,
. 557 i
T 2M/ (AT 4 )Y e Q) A
Therefore from (2.7), (2.8) and (u,v) € Nu g J{(0,0)} we have
d d J+d
Jr [

d = I,gu,v)+ —
a,8(u,v) s .
;_5" 1—a m 1,ﬂ ﬁ
Z e VAO - - + | —
A 2—a—-p 2—a—p

which contradicts

T—p

’ a,3

< —"—=——-vA
A 0

1—a e 1-8 PTatA—3
(25) =)

Thus ¢/ = 0 and hence (uy,v,) = (u,v) in X. O
We will now see the proof of the existence of a local minimizer for I, 5 in N\ 5

Lemma 2.11. There exists A* > 0 such that

l—q \rretrsz 1- 3 \rratr—e .
[(2——6) (%) ]“O’“’

I, has a minimizer (u,,v,) € N;'B and it satisfies

+

(1) In.g(uy,v,) =147 is a weak solution to the problem (1.1)

(1) In g(uy,v,) = 0 and || (uy,vu)|lp = 0, ||(uw,vu)]lq = 0 as v — 0.

Proof. For the proof of (i) we follow Hsu [15], Theorem 4.2.

Since it = inf(y v)en, 5 {1a,8(u, v)}, there exists a sequence (un, vy,) € Na,g such that
I, g(tn,v,) — it and I}, 5(un,vy) — 0 in X* as n — oo. Since the functional 1, s is
coercive and therefore (u,,v,) is bounded in X. Thus there exists a subsequence of
(tUn,vy), still denoted as (uy,v,), such that ((un,v,)) = (u,v) € X. So we have

Up — U, Up — 0,



p — q LAPLACIAN SYSTEM 555

Uy — U, Uy — 0 a.e.in €,
Up, = U, U, = vin L5(Q) for 1 < s < p*

as n — oo. This implies
2 2
- / h(z)ul= vl Pdx — v / h(z)ut~ v P d.

Clearly (u,v) is a weak solution of (1.1). Also since (uy,v,) € Nqo g we have

» - r(2—a—p) 1 1
() = g (32

r(2—a—0) 1 1
21/(7”—2—|—a+ﬁ) <q - 7’) ”(u’mvn)Hg

 r2-a-p5)
2v(r—24+a+p

)Ia,5<un7 Un)

where
L2 ) = [ Wyl 0.
Also

v T(2_a_/8) 1 1
La’ﬁ(umvn) = 2v(r—24+a+B) (p B r) ||(u,v)||£

r(2—a—0) 1 1 p r2—-a—p3)
w(r—2+a+p) <q - 7“) e 0l = 2v(r — 2+a+ﬁ)l
r2-a-f)

S w(r—24+a+p)
where we have used the lower-semicontinuity of || - [|,, || - || and i* < 0. Therefore
(u,v) # (0,0). Thus we have a nontrivial weak solution.

Claim: We now claim that (u,,v,) = (u,v) in X and I, g(u,v) =it.
For any (ug,vo) € No,p we have

it>0

r2—a—p) 1 1

() = 5o O (- 1 un )l

r(2—a—0) 1 1 .

w(r—2+a+p) <q - 7") ||(UOaU0)Hq
r(2—a—0)

S w(r—2+a+4

)Ia,ﬁ(uva)-

Thus
it < I,p(u,v)
. 1 1 1 1
< | (5= D) Nl (5= ) ol
2v »
2—a-p aﬁ(umvn)}
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Thus I, g(u,v) = ¢*. This also implies that (uy,v,) = (u,v) in X.
For the proof of (i) let (uy,v,) € N;B. From Lemmas 2.1, 2.2 we have that

l—q \rretss 1— g \rraise
o) ()

Therefore it is obvious that as v — 0 we have I, g(u,,v,) — 0.
Further we have

0> Iy p(uy,v,) > —vAp

| E—

0 = limI,g(uy,v,)

v—0

. 1 1 1 1
=t | (5= ) B+ (5= 7 ) ool

10416
2—a—ﬁ/h dx}

As seen earlier that the functional Ia ﬁ is coercive over N+ and therefore (u,,v,) is

bounded. Also using the fact hm ul=epl= ﬁ dx = 0 we clearly have

3 ah

;g%n(uu,vumg —0= }lgg) It 00 2 0

Remark 2.12. For ¢ > 0 we define
n(x Ue(x
Ly )
(e+|z|?P-T) 7P |ue(z)
where n(x) € C§°(Q) is a radially symmetric function defined by

p*

1 |z| < po
nw) = {0 2] > 2o
0<n(x) <1 otherwise.

Further let |[Vn| < C, where pg is such that B(0,2p) C Q. Then |, luc|P dz =1 and
we have the following estimates

M o) ¢ Moy
/ |u6‘td;y = Cl\ 1ne| + O(l) - N]S]p:pl)
O(1) <n(z) <1 t< Me-l,

Therefore in particular we have
/ VuPde = Kae™5 + O(1)
Q
and
%
( |u5|p*daj> = ng% +0(1)
Q

where K1, K5, K3 > 0 independent of €. Further there exists ¢y such that .S, the best
sobolev constant, is close to % for every 0 < € < ¢p. In other words we will take

§= 1

K3
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We now prove the following lemma which will be used in guaranteeing the multi-
plicity of solutions.

Lemma 2.13. There exists €1, A*, o(€) > 0 such that for e € (0,€1),

l—q \rrets—z 1—p \rretr—s .
V[<2aﬂ) +<2aﬂ> ]E(O’A)

and o € (0,0(€)), we have

Sl>lp Ia,,@(te era te W’Ue) < Ca,3 — O,
t>0

1—a \rFets—z 1—f \rretrs
<2a6> +(2a/3) ]

where

A

Ca,p =

Proof. Define
at) = IogtYvve, tYvoe)
tP 9 a
= —V/ \Vve|pdx+—(2y5)/|Vv€|qdas
P Ja q Q
p—a—B+2

/Q(Af () + o)ty o — 2T fﬁw /Qh<x)v§*“*ﬁdx.

Clearly a(0) =0, tlim a(t) = —oo. Therefore there exists t. > 0 such that
— 00

Iy g(te Yvve, tevve) = Sl>1p I g (t/vve, t Y/ vve).
>0

1
r

This yields that

(20)r-1 /Q Vo, Pda + 269105 /Q Vo, |7dz = 71 /Q (Mf(x) + pg(@) (vt ) de

+2yp7a;ﬁ+2ti_a_5/h(m)vf‘o‘_ﬁdx.
Q
(2.9)
From (2.9) we have the following
errets [ vugrde < a7t [ )+ pgla)) () da
+2yp7a;B+2/h(x)vf_a_de. (2.10)
Q

and

(QV)ti’*q/Sz\Vve\pderQV%/Q|Vv5\qd:c > t:*q/Q()\f(x)+ug(x))(vel/%)rdx.
(2.11)
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From the estimates for u. obtained in the Remark 2.12, i.e.

/|Vv€|pda:=S—|—O(e¥),
Q

(2—a=B)(N=p)
/|v€”d:c7 ( ) /|v5|2 “Bdx =0 ( o >

From (2.9) it very easily follows now that

wreti=2 (540 (557)) < oM Lo 5 o <e(2_“_53(N_”)
(2.12)

where we have use the estimate

/Q (A () + pg(@)lde < CM|Jo,

roo_ /
ro=CM.

Thus, there exists T} > 0, ¢ > 0 such that for any ¢ € (0,¢;), we have t. > T.
Likewise we have

@IS+ O(e 7)) +20vs > Cf2—o=b=a, (2.13)

Then, there exists To > 0, €2 > 0 such that for any € € (0,¢€3), we have t. < T5. Let
€ = min{e, eo}. Then for any € € (0,€) we have T1 < t. < T5. Consider

b(t) = %V/Q |V |Pdz — %/Q()\f(x) + Mg(x))(tveué)rdx.

Then a simple calculation gives

supb(t) = r_pST:P—i-O(e%).
t>0 rp
Therefore, for any € € (0, ¢), we have
tl a
a(te) = b(te)—l——(up)/|Vve|qu
q Q
p—a—pB+2
v t2-a=p
€ h 2—a ,Bd
pp— /Q (x)v T
r—p N—p
< S7=r —|—O(e B )—l— 2up)/ |Vve|?dz
rp Q
p—a—p+2
v t2-a=p
€ h 2—a— ﬁdx
2—a-p Q (z)ve
< S p+O( o —|—— (2v%) /|Vve|qu
rp
p—a—B+2 2—a—pf
T
Y 1 /h(;l:) 2ma=By
2-a-p Q
< p

_ - q(N p) (2—a—B)(N—-p)
r sr—p+0(ep)+o< >—o(e£2 )
rp
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From the assumptions in the problem in (1.1) we also have

2-a-B)N-p ¢N-p N-p
5 < 5 < .
p p p
Therefore, one can choose €; > 0, sufficiently small, A*, o(¢) > 0 such that for

e € (0,e1), v [(;;‘_“5) prereTE 4 (2i;§/3) p+a+[32:| € (0,A*) and o € (0,0(¢)), we
have
N—p a(N—p) (2—a—B)(N—p)
O(eP)—i—O € »? -0 e 2

1-a PFatp=s 1-3 PFatp—z
e 7 . 0
(2—a—/3> +<2—a—ﬂ) ] ’

3. FEW USEFUL LEMMAS

0<

< —AOV

This section is devoted to recall and prove some important lemmas which are
crucial to the proof of the main theorem. We first consider a submanifold of N ;
defined as follows.

Nag(Cap) = {(u,v) € NG g2 Lo p(u,v) < capl
The main result which we will prove in this section is that the problem in (1.1) admits

at least cat(§2) number of solutions in this set.

Definition 3.1. (a) For a topological space X, we say that a non-empty, closed
subspace Y C X is contractible to a point if and only if there exists a continuous

mapping
£:00,1] xY - X

such that for some xg € X. there hold

£0,2)=x, forallz €Y
and

&(1,2) =g, forallz €Y.

(b) If Y is closed subset of a topological space X, catx(Y) denotes Lusternik-
Schnirelman category of Y, i.e., the least number of closed and contractible sets
in X which cover Y.

We now state an auxiliary lemma which can be found in the form of Theorem 1 in
[1].

Lemma 3.2. Suppose that X is a CY' complete Riemanian manifold and I €
CY(X,R). Assume that for co € R and k € N:

(i) I satisfies the (PS). condition for ¢ < cg
(#1) cat(u € X : I(u) < cg) > k. (3.1)
Then I has at least k critical points in u € X : I(u) < co.
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The following lemma is a standard one and can be proved if one works in the lines of
the argument in [31].

Lemma 3.3. Let {(un,v,)} C X be a nonnegative sequence of functions with
| O @+ ngta)et)de =1 and [, v)[} = Sos
Q
Then there exists a sequence {(yn,0,)} C RN x RY such that
N
n(2), 03 (2)) = 05 (un (00 + yn), Vn (On + Yn))
contains a convergent subsequence denoted again by {w,} such that
wp — w in WHP(RN x WP (RY),
1

where w = (wh,w?) > 0 in RY. Moreover, we have 0, — 0 and y, — y € Q as
n — oo.

wp(z) = (w

Up to translations, we assume that 0 € 2. Moreover, we choose § > 0 small enough
such that Bs = {z € RY : dist(x,9) < &} and the sets
Qf = {z e RY 1 dist(,00) < 6}, Q5 = {z € RY :dist(z,0Q) > &}

are both homotopically equivalent to 2. By using the idea of [14] or [20] we define a
continuous mapping 7 : N ; — RY by setting

Jox(Afu" + pgo")da
JoAfur + pgor)de

Remark 3.4. As told before that the functional I, s is not a C'-functional, we
might fail to use some very useful techniques in variational techniques. For this we
will define a cut-off functional using a subsolution (refer [13] for a definition) to the
system in (1.1). Define,

7(u,v) =

flz,t,s) ift>u,s>v
Flat,5) = flz,t,v) %ft>u7s§y
flzu,s) ft<u,s>v
flr,u,v)  ift<u,s<wv
where
fx,t,s) = \Nf(x)t" ' 4pug(x)s™™ 1—&—V;ah(a:)t_asl_’g—i—Vih(x)tl_o‘s_’B
B 2—a—p 2—a—p
is a subsolution to (1.1) (the existence of such a solution can be guaranteed by the
previous sections by taking A = p = 0 in (1.1)). Let F(x,t,s fo Jy flx,t,s)dsdt
and (u,v). Define a function I : X x X — R as follows.
_ 1 1 _
I(u,v) = Z;H(u,v)llﬁ + 6||(U7U)||3 - /Q F(z,u,v)d. (3.2)

The functional is C! (the proof follows the arguments of the Lemma 6.4 in the Ap-
pendix of [28]) and weakly lower semicontinuous. The way the functional has been
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defined, it is not difficult to see that the critical points of the fnctional corresponding
to the problem (1.1) and that of the cut-off functional are the same.

Remark 3.5. We will continue to name the cut-off functional I as I, g.
We then have the following result.
Lemma 3.6. There exists A* such that if

l—a \ etz 1— 8 \rraire .
(%) () ]G(O’A)

and (u,v) € N, 5(ca,p), then T(u,v) € af.

Proof. Let us assume that there exists sequences v, — 0 and {(un,v,)} such that
T(Up, Un) & Qgr. By using the tactics in one of the previous lemmas (2.10) we conclude
the boundedness of the sequence {(un,v,)} in X. Then we have

Vn/ h(z)ul= vl =Pdr — 0 as n — oo.
Q

Therefore we get

11 11 o
optimtn) = (5= 1) Mol + (5= 1) N vl + o(0) < €22, + 001
and
11 y S
(=3 Mmool < ety o) < 57 4ot
This implies that
rp S+
mny ¥Yn 4 S ]-~ .
fmlly < S5 o) (3.3

Since {(un,vn)} C N, 5(cis) C N, 5, we have

[[(un, o)l < /Q(Af(l’)’uz + pg()vy)dz + o(1) < M'|(up, vyl + o(1).
(3.4)
By (3.3) and (3.4) we get
. o el
a,f = * * D
(ol + ok )z}
< Cfl(uns o0l

< Sap+o(l) (3.5)

gh;ch implies that |[(un,vn)|[) — CS, 5 and Jo A f(z)uy, + pg(x)v))de — C’SE.
efine

(fmnn) = <(fQ(Afu:1 _i_MgUZ)dx)l/r’ (fQ()\fu:l _'_‘ugv;;)dx)l/r) .
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Clearly,
[0+ s =1
Q

and
r—1

/(|V§n|p+|nn\pdﬂﬁ)%sr T, asn — oo.
Q

From the Lemma 3.3, there exists a sequence {(yy,0,)} C N x Rt such that 6,, — 0,

Yn — Y € Q and w($> = (w}L($>7w3L($)> = 97? (fn(enx + yn)ann(ewr + yn)) — (w17w2>

with wy,ws > 01in RY as n — oo.
Let x € C§°(RY) such that x(z) = = in 2. Then we guarantee that

Jo x@)(Afuy, + pgvy,)de
Jo\fut, + pguy)dx

/ 0N X0 + y) NE, + )
Q

T(tUn, vp)

- /Q X(Onn + 1) Mwn (@)1 + plwn(2)?))dz.  (3.6)

By the Lebesgue dominated convergence theorem we have

/wanwyn)(x( D7+ plw?) )z — y €0

as n — oo. this implies that 7(zn,yn) — vy € @ as n — oo, which leads to a
contradiction to our assumption. O

The analysis done till now tells us that infas; uq g > 0 and infyz, ve,g > 0, thanks to
the Lemma 2.11 and the definition of Q5. Note that Ms = {z € Q : dist(z, Q5) < 2}
which is a compact set. Thus by the Lemma 2.13 and using the idea of Lemma 3.4
of [14], Lemma 3.3 of [9], we can obtain a = > 0 such that

(™ Yvv(x —y), t/vv(z —y)) € Nasl(Cas — 0)
uniformly in y € ;. Further, by the lemma 3.6, 7(£~ /vvc(z — y), tYvvc(z — y)) €
Q5. Thus we can define a map v : Q5 — Ny g(ca,g —0)” by

Y(y) = {(’? Yvve(x —y), 1w —y)), if x € Bs(y)

0, otherwise.

We will denote by 7, g the restriction of 7 over N ;(ca,g — o). Observe that v, is a
radial function, therefore for each y € Q5 , we have

(rapom)y) = Joot J@)(I Yvve(z —y)" + pg(@) (i~ Yvve(z — y)")dz
’ Jal Af ) Svve(z —y))" + pg (@)t~ Yvoe(z —y))")dx
fﬂy+z<£> ve (A + pg)vrdz
fsz )7ve (Af + ng)vrdz
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From [14], we define the map Hq g : [0,1] X N 5(ca,p —0) — RY by
Ha’g(t, z) = tTa,B(Z) +(1- t)Ta’g(Z).
We then have the following lemma.

Lemma 3.7. To each € € (0,¢p), there exists A* > 0 such that if

11—« m 1— ﬂ p+ai£—2 .
(=5 =) ] <O

we have Ho p([0,1] X N 5(ca,p —0)) C Q5.

v

Proof. We prove by contradiction. Let there exists sequences t,, € [0, 1], v, — 0 and
Zn = (Un,vp) € N;,ﬁ(ca,g — o) such that H, g(ty, 2n) & Q}' for all n. We can assume
that ¢, — t € [0,1]. Thus by Lemma 2.11 (i¢) and similar argument in the proof of
3.6, we have

Heyp(tn,zn) =y € Qasn — oo

which leads to a contradiction. O

We now prove the main result of this article which roughly states that under certain
assumptions on v the problem in (1.1) admits at least cat(2) 4+ 1 number of solutions.

Lemma 3.8. If (u,v) is a critical point of Ing on N, 45, then it is also a critical
point of I 5 in X.

Proof. We follow the proof of Lemma 4.1 in [14] or of Lemma 4.1 in [35]. Let (u,v)
be a crtical point of 1o g in N, 5. Then

<I1I1,B(U7U)7 (u,v)) = 0.
Define
Ya,p(u,v) = (I g(u,v), (u,v))
= ||(w, v)[I} + [[(u, 0) I

= [ + gy )do
Q

—u/ h(z)u*~ v =P d.
Q

Since we are now looking for minimizing I, s over the entire space X, to which the
Lagrange multiplier method comes to our rescue in finding a 6(# 0) € R such that

I, 5(u,v) = 04’ (u,v) (3.7)
where
(9 (uv U) = <I(/1,B (u7 U)’ (u7 ’U)>

Since, (u,v) € N 5, we have from a simple computation that vy, 5(u,v) <O0.
Consequently from (3.7) we have I}, ;5(u,v) = 0. O
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Lemma 3.9. There exists A* > 0 such that any sequence {(un,vy)} C N, p with
IN;ﬁ(un,vn) — ¢ € (—00,¢cqa,3) and I} , (tn,vn) = 0 contains a convergent subse-

v ’ P
quence for all 0 < v [( —— )MQM_? + ( 1-8 )p+a+ﬁ_2] < A*.

2—a—f 2—a—f3

Proof. From the Lagrange’s multiplier method, there exists a sequence (a,,) C R such
that

”Iz;,ﬁ(unavn) - anw;,ﬁ(un,vn)”X’ -0

as n — oo. Here
wa,ﬂ(uru Un) = < tl)c,ﬁ(uTH Un), (u'rH Un)>

s o)1 +»u<un,vn)ng-—./;<xf<m)u; + ng(a)en)de

—v / h(z)ul= vl =P dz.
Q

Then
I&,B(umvn) = anz/J;’ﬁ(un, vn) + o(1).

Since (un,vy) € N;ﬁ C Na,3, by a simple computation we have

(Va8 (tn, Un), (Un, vy)) < 0.

Now suppose (¢, 5(tn,vn), (tn,vn)) — 0, then we have
(r = ) (n, va) 5 + (r = @) (wn, va) [

=v(l+a+p) / h(z)ul=*vl=Pdx 4 o(1)

Q
11—« PTeiF 3
<v( M| ——
<v(l+a+p) KQO&ﬁ)
p ptotf—2
1-p prath-2 P N
+ (2_(1_5> ] ([ (e, v0) I3 +o(1)

and
(p+a+B8=2)[(un,vn)l} + (¢ + .+ B —2)||(un, vn)llg
=(r+a+p-2) /Q(Af(w)u; + Bg(a)op)dx + o(1) < M'||(un, v,)[[5 + o(1)

where we have used the Holder inequlaity and the Sobolev embedding. Then we have

1—a PFatA—2 1-83 e
(2a6> +<2aﬂ)

[ (wn, vn)llp = C3™ + o(1).

1
P

+o(1)

=

|| (um Un) Hp < (vC1)

and
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Now if we choose A* small enough, this cannot hold. Therefore let us assume that
(Ya,8(Un, Un), (Un,vp)) = 1 < 0, as n — 00. since (I g(Un,Vn), (Un,Vn)) = 0, we
conlcude that a,, — 0 and therefore I(’%ﬁ(un, vn,) — 0. This gives us that

Iop(tn,vn) = ¢ < ca,p and I}, 5(tun,v,) — 0.
Therefore by the Lemma 2.10 the proof is complete. O
Lemma 3.10. Suppose that (C) holds and

l-a W 1-8 PFatA—2 .
[ 70[7 +<w> 16(0,/\ )
(

(

Then cat(Ny W

e —0)) = cat(Q)
Proof. Let cat(N ) 5(ca,s —0)) = n. Then, by the definition 3.1 of the category of a
set in the sense of Lusternik-Schnirelman, we suppose that
Na’ﬁ(c(y,g —0)=A1UAU..UA,

where A;, j = 1,2,...,n are closed and contractible in N/ 5(ca,5 —0), i.e., there exists
hj € C([0,1] x A;, N 5(ca,p — 0)) such that

hi(0,2) =z, hj(1,2) = O, for all z € Aj,
where © € A; is fixed. Consider B; = 'y_l(Aj), j=1,2,...,n. Then the sets B; are
closed

Qy =B1UBU...UB,.

We now define the deformation g; : [0,1] x B; — Qf by setting
9i(t,y) = Ha p(t, h;(t, 7 (y)))-

pratB—2 pratp—2

for v [(21;aﬁ) e (%) » ] € (0,A*). Notice that

9;(0,y) = Ha 5(0,1;(0,7(y))) = (Tap 0 7)(y) =y, forally € B;

and
gj(l,y) = H,p(0,h;(1,7(y))) = Ta,3(0) € Q;r, for all y € B;.
Thus the sets B;, j = 1,2, ...,n are contractible in Q}.

Therefore cat(Na 5—0)= catQI(Qg) = cat(Q). O

Proof of Theorem 1.1. By Lemmas 2.10 and 3.9, the functional I, g satisfies the (PS),
condition for ¢ € (—00, ¢q,3). Then, by Lemma 3.2 and 3.10, we have I, g has at least
cat(£2) number of critical points in N 5(ca,s — o). By Lemma 3.8, we have I, g has

at least cat(€2) number of critical points in N, p- Further, since N—JB NN, 5 = ¢, the
proof is now complete.
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