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1. INTRODUCTION

Let I ={1,....,r},J ={1,...,m},H be a real Hilbert space and C' be a nonempty
closed convex subset of H. Let f: C x C — RU{+o0},g; : C x C — R U {400}
be bifunctions such that f(z,z) = 0,g;(z,z) =0 for all x € C,j € J, which usually
are called cost bifunctions. The equilibrium problem [9] for f onto C is to find z € C
such that

f(@,y) >0, WVyecC. (1.1)
The solutions set of the problem (1.1) is denoted by S(C, f). Let mappings S; :
C — C(i € I) be demicontractive. In this paper, we consider the following bilevel
equilibrium problem including demicontractive mappings:

Find z* € Q such that f(z*,y) >0, Yy € Q, (1.2)
where Fiz(S;) is the fixed points set of S;, and Q = N;erFiz(S;) N S(C,g;)je-
Problem (1.2) is a special form of bilevel problems. Note that if g; is pseudomonotone

on C, then the constraint €2 is convex and not given in explicit form. It includes, as
special cases, many other problems, such as the follows.
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Equibrium problem: Setting S; =0 and g; =0 for all i € I,j € J, it is easy to see
that the problem (1.2) coincides with the form (1.1). In recent years, this problem
has received a lot of attention by many authors who improved it via various ways
in both Euclidean spaces and infinite dimensional Hilbert spaces; see for instance
[16, 17, 22, 26, 25, 27, 10, 11] and the references therein.

Bilevel variational inequality problem: Let two mappings F': C — H and G : C —
‘H. The following problem is called the bilevel variational inequality problem [7]:

Find 2* € VI(C,G) such that (F(z*),z —2*) >0, Vax € VI(C,G), (1.3)

where VI(C,G) :={z € C : (G(Z),y — ) > 0, Vy € C}. By choosing f(z,y) :=
(F(z),y —x),g95(z,y) = (G(z),y —x) and S; =0 forallt € I,j € J,(x,y) € C x C,
we can easily see that (1.3) is equivalent to (1.2). The simplest approach for solving
this problem is projection method in which only two projections on the feasible set
C' is performed per each iteration such as the projection method of Xu et al. in [32]
for neural network models, the extragradient methods in [12, 13, 29, 1, 7, 21].

Minimum-norm problem: Let a € H and a mapping F' : C — H. The minimum-
norm problem [35, 30, 23] is formulated in the following:

min {|la —y[|* 1y € VI(C,F)}.

Taking f(z,y) = [y—all* ~|lz—al? g;(z,y) = (F(z),y—z) and S; = 0 for all (z,y) €
C x C,ie€l,je J, wecan see that the problem (1.2) collapses into the minimum-
norm problem. A typical example is the problem of the least-squares solution to the
constrained linear inverse problem.

Equilibrium problem over the fized point sets: Let f : C x C — R U{+c0} be a
bifunction such that f(z,2) = 0 for all z,y € C and mappings S; : C — C(i € I).
The problem is to find z* € NFixz(S;);es such that

f(z*,y) >0, Yy € NFix(S;)icr. (1.4)

By choosing g; = 0 for all j € J, the problem (1.4) may be written in the form of (1.2).
In recent years, it is attractive by many researchers. There are increasing interests
in studying solution methods for this problem such as the hybrid steepest descent
methods of Yamada [33] where S;(i € I) are nonexpansive mappings, subgradient-
type method of Tiduka [20] and other [34, 15, 14].

Bilevel equilibrium problem (lexicographic Ky Fan inequality): Let g : C x C —
R U {400} such that g(x,z) =0 for all z € C. Let S;(i € I) be the identity mapping.
Set gj(z,y) = g(z,y) forall j € J and (z,y) € C xC. Then, the problem (1.2) usually
called bilevel equilibrium problem or lexicographic Ky Fan inequality as follows:

Find z € S(C,g) such that f(z,y) >0, Vye€ S(C,g). (1.5)

In [28], Moudafi introduced proximal methods for a class of monotone bilevel equi-
librium problems. By using Korpelevich’s extragradient method, Strodiot et al. [31]
proposed the projected extragradient viscosity method for finding the solution of a
variational inequality problem whose constraint set is the common elements of the set
of fixed points of a demicontractive mapping and the solutions set of monotone equi-
librium problems. Some other methods for solving this problem have been studied
extensively (see [3, 19, 36]).
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In this paper, motivated by the extragradient method for equilibrium and fixed
point problems in [2], parallel techniques in [4] and the subgradient projections in
[31, 19], we propose a new iterative algorithm to solve the problem (1.2), replacing
the metric projection as usual by inexact projection.

The remainder of this paper is organized as follows. In the next section, we re-
call some basic definitions, properties of approximation projection and some technical
lemmas. Section 3 is devoted to the presentation of our scheme and its convergence
results. In Section 5, we particularize the proposed method to the equilibrium prob-
lem over a fixed point set, and the bilevel equilibrium problem. Some preliminary
computational results and comparisons are presented in the last section.

2. PRELIMINARIES

Let C be a nonempty, closed and convex subset of H. We denote weak convergence
and strong convergence by notations — and —, respectively. A mapping S : C — C
is called:

(i) demicontractive with constant &, shortly é—demicontractive, if Fiz(S) # () and
there exists £ € [0,1) such that

18(x) = 2*|* < |z — 2*|* + €]l = S(@)II*, Va € C,a” € Fia(S);
(i) quasinonexpansive, if Fiz(S) # () and
|S(x) —z*|| < ||z — x|, VxeC,a* e Fizx(S);
(iii) demiclosed at zero, if for each {2*} C C, then
{a¥ = 2,|S(2") — 2F|| = 0} = S(2) = 4.
For each « € H, there exists a unique point in C, denoted by Pr¢c(z) satisfying
le = Pre(@)|| <z —yl, VyeC.

As usual, Pr¢ is called metric projection of H on C. Then, a point & = Pre(z) if
and only if Z € C' which satisfies

(x-2,2-y)>0, Vyel.

Let € > 0. We may define that a point w, € C is called a e—metric projection of
x € H onto C, if

( — Wg, Wy — y) Z*§, Yy e C. (2.1)
The set of all e—metric projections of x onto C' is denoted Prg (x).
Lemma 2.1. ([6, Remark 2.1]) For each z,y € H, the following holds
lwe = wyl* < flo = yl|* + €%, Yw, € Pri(z),wy € Pri(y). (2.2)

From the above definitions, it is clear that Pr¢ is an e—metric projection onto C'
for all € > 0, quasinonexpansive on H and

lwe —wyll <z =yl +e Va,y € H,we € Pri(z), wy € Pre(y).
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Let f: C x C — RU{+o00} be a bifunction such that f(z,z) =0 for all xz € C.
Then,

— The e—diagonal subdifferential 05f(x,x) at x € C' is given by
O f(w,z) ={w eH: f(x,y) — f(z,2) = (w,y —x) —¢, VyeC}

— It is said to be strongly monotone on C' with constant 8 > 0 (shortly S— strongly
monotone), if for each z,y € C,

F@y) + [y, x) < =Bllz =yl
— It is pseudomonotone, if for each z,y € C,
f(z,y) 2 0= f(y,z) <0.
— It is Lipschitz-type on C' with constants v; > 0 and -5 > 0, if for each x,y,z € C,
f@y) + fy,2) > f2,2) = mllz = ylI> = 2lly — 2]

Let T : H — 2" be a multivalued mapping. As usual, T is said to be
(a) e—Lipschitz continuous on C with constant L > 0 if

p(T'(x),T(y)) < Lllx —yll+€ Vao,yeC,
where p denotes the Hausdorff distance. By definition, the Hausdorff distance of two
sets A and B is defined as
p(A, B) := max{d(A4, B),d(B, A)},
where d(A, B) := sup inf ||a—b|| and d(B, A) := sup inf ||a—b||. In the case L € [0, 1),
acAbEB beB ac€A
the mapping T is called to be e—contractive with constant L on C'. Let us note that
the 0—Lipschitz continuous is Lipschitz continuous;
(b) B—strongly monotone on C' if
(W, — wy,x —y) > Bllz —y|?, Ya,y € C,w, € T(x),w, € T(y).
To investigate the convergence of our iteration schemes, we recall the following

technical lemma which will be used in the sequel.

Lemma 2.2. ([8, Lemma 2.1]) Let C be a nonempty closed convex subset of a real
Hilbert space H. Let g : CxC — R be a bifunction such that g(x,x) =0 for allx € C,
and for each x € C, g(x,y) is lower semicontinuous, convex and subdifferentiable on
C respect to y. If g is B-strongly monotone on C' and for each € > 0, 05¢g(x,x) is
Lipschitz continuous with constant L > 0 on C, then the multivalued mapping

S(x) :=={x —ywy 1 wy € O5g9(z, )}, VYx el

is 2,/7€— contractive with constant 6 = \/1 — (2 — vL?), where vy € (0, i—é)

Lemma 2.3. ([24, Remark 4.4]) Let {ay} be a sequence of nonnegative real numbers.
Suppose that for any integer m, there exists an integer p such that p > m and a, <
ap+1. Let kg be an integer such that ap, < ax,+1 and define, for all integers k > ko,

(k) = max{i € N : ko < i < k,a; < a1}
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Then, 0 < ar < ary41 for all k > ko. Furthermore, the sequence {T(k)}r>k, 15
nondecreasing and tends to +0o0 as k — 0.

Lemma 2.4. ([24, Remark 4.2]) Assume that S : C — C is an m—demicontractive
mapping such that Fix(S) # 0 and o € [0,1 — m]. Then, the mapping

Se=01—-a)l+aS
is quasinonexpansive on C. Moreover,
[1Sa(z) — 2*|* < ||z — 2*|* — a(l —m — )||S(z) — z||?, Vz € C,z* € Fix(S).
Lemma 2.5. ([2, Lemma 3.1]) Let C be a nonempty closed convex subset of a real

Hilbert space H, and a bifunction h : C x C — R U {400} satisfies the conditions:

h(x,z) =0 for all x € C;

- for each x € C, h(x,-) is convex and subdifferentable on C;
h is pseudomonotone on C;

- h is Lipschitz-type with constants yv; > 0 and 2 > 0.

Then, if A € (O,min {ﬁ, ﬁ}), then the mapping S is defined in, for each x € C,

1
Y, = argmin {Ah(w,y) + §||y —z|’:y € C} ,

1
S(x) = argmin {)\h(ym,y) + §||y —z|?:ye€ C} ,

which is quasinonexpansive on C.

3. MAIN RESULTS

Now we will discuss the iteration scheme and the convergence of the parallel pro-
jection method with computing inexact subgradients and approximate metric projec-
tions.

Theorem 3.1. Let f be S—strongly monotone and weakly continuous, 05f(x,x) be
L— Lipschitz continuous on C. For each i € I, let the mapping S; : C — C be
Bi—demicontractive such that Q # 0. Let g;j(j € J) be pseudomonotone, weakly
continuous and Lipschitz-type with constants c1; and cp;. Suppose that the sequence
{x*} is generated by the following scheme:

20 € C,

yF = (1 — api)z® + apiSi(a*), Viel,

y* = yk | where iy = argmax{||y¥ — 2*| : i € I},

2F = argmin {pr jg; (v", v) + 3y —v*[I* vy € C}, (3.1)
zf = argmin { py ;g; (25, y) + 3lly — v*|* :y € C},

2F =2 where jo = argmax{||z} —y*| : j € J},

oFtl e Prey (28 — yuk), uk € 0 f(2F, 2%).
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Let the positive parameter sequences {ag;}(i € I),{pr;}(j € J), {ex}, {1} and {7%}
be satisfied the restriction set:

7€ (0,8), 1 < < min{i—g, i(f:fz),%},
0<a§akﬂ-§min{1%ﬁ’::i61}

0<a<py; <b<min{z 7L jer}, (3.2)
€k < Wi Dopeo 6 < HO0,

a0 e =400, re 0 VE < +00, Y g g VeTh < +00.

Then, the sequences {x*}, {y*} and {z*} converge strongly to the unique solution x*
of the problem (1.2).

Proof. Let z* be the unique solution of Problem (1.2). We divide the proof into
several steps.
Step 1. The following assertion holds

*[1\2
WO 11— sy — Bi) (L= 7 — Sy ()]
(3.3)
where aj, = ||2* — 2*||? and w;} is the projection of z* onto 03" f(x*,z*). Moreover,
limy, oo [|[2%+1 — 2%|| = 0 and three sequences {z*}, {y*} and {z*} are bounded.
Proof of Step 1. Set Ap(x) = x — v,03%g(x,x) for all z € C. By Lemma 2.1 and
Lemma 2.2, and using the conditions (3.2), we obtain

2" = 2| <[I(F = yut) — 27| + e

apy1 < (1 —7yi)ar +

<N (2" — ) — (2% — yewp) | + i llwi]| + ex

<p (Ar(Z"), Ar (")) + llwi || + ex

<ppll2® — x| + 27T + Yellwi || + €x

<@ =7yl = 2|+ 2+ will) + ex

<A =7yl = 2| + 7B+ wil), (3.4)

where pp = /1 — (28 — L

This implies that

2
e — 272 < [(1 = Ty 12 — @]+ 73 + )]

)-
= { (1 — 7y ||z —z*|| + Tk

3+ |w?5}2
p
< (1= 71y)|]2% — 2|2 + M (3.5)
Set
zj = argmin {pk’jgj(x,y) + %Hy —z|?:ye€ C}
and

. . 1
Sk,;(x) = argmin {pk,jgj(zj,y) + §||y —z|?:y e C} .
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By Lemma 2.5, note that z* € Fiz(Sk ;) for all k € N, j € J, for each fixed k, j, the

mapping S; is quasinonexpansive. Then,
125 = a*|| = |25, = 2*[| = [ISk,30 (¥") — 2|l < ly* —2*[|, Yk eN.

For each a € [0,1), set T, = (1 — a)I + aS;,. By Lemma 2.4, we have

S T

= || T (&%) = 2"

<[l2* = a1 = ey (1= awy = i) |2* = Sig (%)%

ly

Combining (3.5), (3.6) and (3.7), we obtain

& 3+ w 2
||xk+1 71,*”2 S(]- 77_,_)%)“21@ 7‘%*"2 + gl ( 7_” k”)

. 3+ U}* 2
S(l—T’)’k)ka—f ”2_’_’7/6( TH kH)

i (1= sy = Big) (L= Tl — S ()
. 3+ U}* 2
<(1 = )l — o2 4 v EH LS

max{|z* — 2%, K}

A IA

IN

max{||z° — z*|* K},
where

1 «
K= ﬁsip{(i’)—i- |wil)?} < +o0.

(3.6)

Consequently, {z*} is bounded and (3.3) is deduced from (3.8). From (3.7), it follows
that [|y* — 2*|| < [|2* — 2*|| and {y*} is also bounded, and the relation (3.6) implies
the boundedness of {z*}. Note that 2**1 € Pr& (2% — y,u”), 28 € Prgs(2%). Then,

0% Jim [~ < i [l + ] =0

This completes the proof of Step 1.

Step 2. Let us consider two following cases:

Case 2.1. There exists kg € N such that ajq
limg oo ar = A < 4oo. Combining limg_y o Yk
boundedness of {z*}, we have

I IA

lim [|2* —2*||? = lim ||y* — 2*||> = A.
k—o0 k—o0

ay for all k > kg and hence
0, (3.4), (3.6), (3.7) and the
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By the definition of iy and 0 < a < oy ; < 1_2’81' for all i € I, we have
1-6; 1-6;
Tk — ok <2 gk ot

= ol = Pl (ak) a2

SOékaio(l - /Bio - akﬂo)ka - Sio (mk)”2
<o —a*|? = [ly* - 2%,

where the last relation is deduced from (3.7). Then, we have limy_, ||y¥ — 2|2 =0
and hence

0 <a lim ||S;(z") — 2| < lim ag,]|Si(z*) — 2%|| = lim [|yF — 2% =0, Viel
k—o0 k—o0 k—oo
(3.9)
Applying Lemma 2.5 for
2=y T = 2N = prgoi N = O e = 20 = e S(a) = 2N = g,
we obtain that

12 = 2*|* =]z}, — 2|
<lly* =212 = (1 = 2pxgoen) |25, = ¥*I1* = (1= 20njoc2) 125, — 25,117

<lly* =22 = (1 = 2bey)llzg, — "1 = (1 = 2be2) |25, — 25,1

2cy1 7 2¢2

for all j € J, k € N. This together j, = abrgmax{||2;C — ¥ : j € J} implies that

The last conclusion is deduced from the assumptions 0 < py; < b < min{ Lo }

1
. k k : k 2 k 2\ _
0< klggollzjo —yll < 1_72(301;}520 (Iy* == [* = [lIz" — 2*[I*) = 0.
By a similar way, we also have limy_, o, ||zjk0 — 2P| = limg 00 ||z§“0 - Zfo || = 0. Then,

. k k . k k k k
0.< Jim [ — g4 < Tim [Jlzh, )+ 12k, — 4] =0,
By the definition of jj, we have
0< lim |28 —¢*| < lim ||z —4¥|| = 0. (3.10)
k—o0 k—o0

By Step 1, {y*} is bounded, we may assume that y*s — z € C and

liminf[—f(y*,2")] = lim [~ f(y"*,2")] = —f(2,27),

k—o0 §—00

where the last equality is deduced from the weak continuity of f. Since (3.9), we have
xFs —~ z. Thus, 2;“" — Z as s — oo for all j € J. Using the demiclosed property at
zero of S; for all i € I, x* — z € C and (3.9), we obtain z € N;crFiz(S;). By a
similar way as the proof of Lemma 2.5 that since

: 1
z} = argmin {pk,jgj(y’“,y) +5lly =yt y e C} ,
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we have
i (05 ) —9;(0F, 2] > (2 =% 2 —y), WweCjeld
Substituting y = 2;? € C into this inequality, we obtain
iy 95" 2)) — 9, (", 2] = (2 — o, 2 - 2)). (3.11)
Using the Lipschitz-type property of g; and the relation (3.11), we have
Pri9i(252 25) Zpiileg (0 20) = g5 (" 2] = eapnjllzy = y* 1P = copu gl — 25112
> (25 =yt 2 = 27) —ciprgllzy — oF NP = comngllZf — 2517 (3.12)

Since

- . 1
o =anauin {0 + gl =0 sy €€

we have
P (95 (28 y) — g5 (25,20 = (ZF —oh,2h =), wyeC e (3.13)
Adding the two inequalities (3.12) and (3.13), we get
Prgdi (25, y) 2 (2 —y* 2 = 2F) = cipnllZf —yF 12 = coprgllzy — 2P
+<z —yk, —y> Yy e C,j € J
Consequently,

ks ks ke ks  =ks ks
pksngj(zj 2Y) Z<Zjé -y, 20 *Zjé> *Clpks,jHZj )

+<2;-€5 —yk‘*,ifs —y>, VyeC,jeJ

ks 12 ks||2

—kg
— capk, |z} — 2;

Letting s — oo in the above inequality and using the weak continuity of g;, the
assumption 0 < a < pg; < b and (3.10), we obtain

0 < limsup px, ;g;(25*,y) < g;(Z,y), Vy € C.

s—00
Then, Z € NjesS(C, g;) and so T € NierFiz(S;) Njes S(C, g;5).
From u®* € 93* f(2*,2%) and f(2*, 2¥) = 0, it follows

fF 2%y = f(F,2%) — f(2F, 2F) > (WP o = 2F) — .. (3.14)
Combining (2.2), (3.6), (3.7) and (3.14), note that z*™! = Prg (zF — yu”), we get

2"+ = 2*||* = Pref (25 —pu®) — Pre ()2
<|l2* — et — 2| +

Foat) il + &
<[l2* — 2|1 + 29[ (2%, 2%) + 7] + il ]? + €

=[l2* —a*|* — 2y (u”, 2

<[l2® — 2|1 + 29 (25, %) + 2 + il + € (3.15)
This implies
k k k
2 Z wl—f(2 e < oo —a|P 42> yim+ M Y A7+ Y€, Yk >k, (3.16)

i= k}o i:k}() i:ko i:ko
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where M = sup{||u*||? : k € N'} < +00. Under the condition set (3.2) and
l.‘f— k _x :1 _ ks * Zlf— k _x — —*>
iminf [—f(2%,2%)] = lim [—f(y",2%)] = liminf [-f(y",2")] = - f(z,2") 20,
we may include that liminfy_, o[~ f(y*, 2*)] = 0. On the other hand, the f—strong
monotonicity of f yields
0<f(=",z)
=liminf f(z*, y*)
k—o0
<liminf[—f[ly* —a*|* - f(y*,2")]
k—o0
= — BA +liminf[—f(y", z*)]
k—oo
= — BA.

Hence A = 0, which implies 2% — 2*,y* — 2* and 2* — 2* as k — oo.

Case 2.2. There does not exist k1 € N such that ar.1 < ag for all k > k1. So there
exists a positive integer ko such that ax, < ag,+1. By Lemma 2.3, Maingé proposed
a subsequence {ag ()} of {ar} which is defined as

(k) =max{i e N : kg <i<k,a; <ajy1}
Then, he showed that
§(k) 7 400,0 < ag < agry1, ek) < Ge(ky+1, Yk > ko (3.17)

By Step 1, {zé(k)} is bounded, and it has a convergent subsequence. Without general,
we may assume that limy_, o agry = B < +00 and 2£() 7 € C. Similar to Case
2.1, we also claim that 7 € Q and limy_,o f(z*,2¢%)) = f(2*,2) > 0. Using (3.15)
and the S—strong monotonicity of f, i.e.,

f(zk,x*) < _f(m*vzk) - BHZk - x*H2v
we have
g1 <ag + 29 f (2%, 2%) + 2ym + iUt P +
<ay + 29 [~ f(2*,2%) = Bll2" — *|P] + 2y + kWt + 6. (3.18)

It results
ey F (2%, 22 ) < agy — agy 1 — 27e00 B2 — 27|
+ 27y Yen) + Ve 14N + €€
< =29 B2 W — 2| + 270 e n)
+ 7§(k) [[ut®)? + 6g(k)
Since

o0 o0 o
Z’Yk:JrOO, Z%%<+OO, Z’Yka<+oo
k=0 k=0 k=0
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and by Step 1 that {u*} is bounded, we deduce that
lim sup f (:c*,zf(k)) =0= lim f (x*,zg(k)) =0. (3.19)
k—00 k—o0

By (3.7), Remark 2.1 and using the S—strong monotonicity of f, we have

apy1 =||Pres (2 — pu®) — Pre(a)|?
<2 =yt — 2| + €
=[2* = 2*|? + 2y (u, 2 = 2F) + AR uF P + €
<2 = 2P 4 2 f (25, 2%) + R lF ) + €
<[2F = 2|+ 2 [~ f (27, 20) = Bl — 2P + R uF]P + €
=(1 = 2Bvk)[12" — 2*|1> = 27 f(«*, 2") + Vi [ [” + €&
<(1=2By)ar — 29 f (27, 2%) + | + €.

This implies that

a1 < (1= 2B8%(k)] aer) — v f (&%, 25F)) + 2200 1wt P + €

Combining this and (3.17), we obtain

agry < [1 = 2B%00] aey = 2y f (2™, 250) + 920 [us P17 + -
Thus
2Bag(y < —2f (2%, 25M) + ey [uf P + €¢ iy
Letting the limit yields

i ae) =0,

and hence limg o0 ag(g)+1 = 0. Combining this and (3.17), we have limg_, o ap = 0.
Thus, {z*} and {y*} converge strongly to 2*. This completes the proof. O

4. APPLICATIONS

In this section, we suppose that f,S;(i € I) and g : C x C — R U {+o0} satisty
the following assumptions:

(1) The bifunction f is f—strongly monotone, weakly continuous and 95f(x, x)
is Lipschitz continuous on C' with constant L > 0 for all € > 0;

(2) The mappings {S; : i € I} are 8;—demicontractive;

(3) The bifunction g is pseudomonotone, weakly continuous, Lipschitz-type with
constants ¢; > 0 and ¢z > 0, g(x,z) =0 for all x € C.

When S;(¢ € I) is the identity mapping and g; = g(j € J), we obtain the following
corollary as an immediate consequence of Theorem 3.1.



498 PHAM NGOC ANH, NGUYEN VAN HONG AND AVIV GIBALI

Corollary 4.1. Let positive parameter sequences {px},{ex}, {ve} and {7} satisfy
the restriction set:

r€(0,8),0 <m <y <min {3,399 11,

0<a<p <b<min{sh, oL,

€k < Vi Z};“;O Ei < 00,

D oho Wk = F00, 3050 i < 400, 30T YTk < +o0.
Then, the sequences {x*} and {y*} defined by the iteration scheme:

20 € C,

y* = argmin {prg(z¥,y) + 5lly — 2" sy € C},
2F = argmin {prg(v*, y) + 5lly — 2*|*:y € C},
gt e Prés (28 — ypub),ub € 0 f (25, 2F),

(4.1)

converge strongly to the unique solution of the bilevel equilibrium problem (1.5).

In the case g; = 0(j € J), the problem (1.2) is formulated in the equilibrium
problem over the fixed point set of the demicontractive mappings S;(i € I). By
Theorem 3.1, the iteration scheme for solving the problem (1.4) and its convergence
are given as the following results.

Corollary 4.2. Suppose that the sequences {x*} and {z*} are generated by the
scheme:

I‘O € 07
JF = gk, where io = axgmax |y — 2] - i € I}, |

gt e Prgs(yf — ypuk), uk € 03F f(y*, yb).

Let the positive parameter sequences {oay }(¢ € I),{ex}, {k} and {7} be satisfied the
conditions:

T7€(0,8),0 <1 <y < min{i—g, QL(E:TTQ),%},
0<a§akﬂ-§min{1%ﬁi:ief},

€ < Vs Do peo €3 < 00,

o Te = 400, Y pe 0 VE < +00, Y g VeTh < +00.

Then, the sequences {z*} and {y*} converge strongly to a unique solution x* of the
problem (1.4).

5. NUMERICAL RESULTS

In this section, we give some numerical experiments for the schemes (4.1) and
(4.2). All the programming is implemented in MATLAB R2014a running on a PC
with Intel(R) Core(TM) i5-7360U CPU @ 2.30GHz 8.00GB Ram. We will compare
the convergence of Scheme (4.2) and the subgradient-type method proposed by Iiduka
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and Yamada in [33, Algorithm 3.2], the scheme (3.1) and the contraction proximal al-
gorithm in [18, Algorithm 4.1], Scheme (4.1) and the approximate subgradient method
of Anh in [5, Algorithm 2].

Example 5.1. [7, Example 5.1] Let C' be a polyhedral convex set given by
r €RE,
C=201<21,01<azs,2; <1, Vi=1,..,5,
1 + 2x9 + 3x3 + 4y + Sy < 3.
The mapping S : C' — C' is defined by

1 1
S(z) = <3x1,sinx2, 3x3,x4,sin3(x5)> .
The equilibrium bifunction f : R® x R> — R is given in the form

where A is a 5 X 5 matrix, B is a 5 x 5 skew-symmetric matrix, D is a 5 x 5 diagonal
matrix, the matrix Q = AAT 4+ B + D generated as suggested in [7], ¢ is a vector in
R5 n > 1+]Q| and the mapping F is defined by

F(z) = (nz1 + nas + sin(x1), —nz1 + nr2 +sin(ze), (n — Vs, (n — D)za, (n — D)as).
Then, f is strongly monotone with constant 5 = n—||Q||—1 in the case n > 1+||Q||.
For each o € R®, the subdifferential is computed by
05/ (v, 2) = [P (&) + Qu +q}, Ve >0,

which is Lipschitz continuous with L = 1/2(2n? + 2+ 1) 4+ ||Q||. The scheme (4.1)
for solving the problem (1.4) is simply formulated as follows:

20 € C,
yF = (1 — ag)z® + apiSi(2%) i=1,2,
yk = yiko, where ig = argmax{||y* — 2| : i = 1,2},

ub = F(2%) + Qa* + q, 281 = Prs (y* — k).
As usual, the tolerance error is e-solution of the schemes (4.1) and (4.2), if
max{|ly" — o], 2" — 2"} <e.

We choose in the Matlab that every entry of A and ¢ is randomly and uniformly
generated from (—3,3), every diagonal entry of D is randomly generated from (0, 1)
by
A =6x*rand(5,5) — 3, B = skewdec(5,1), D = diag(1 : 5).
Taking 1 := 50 + ||Q|| = 104.8319 and 8 = n + 9.3213. As usual, if
max{[|z"*t — ¥l ly* — 2*(} <,
then z* is called e— solution of the problem (1.4). The other parameters and data
processions in each iteration scheme are chosen as follows:
(i) The scheme (4.2): ag; = 0.0l+m foralli=1,2,¢, =7, = 0,7 = T}HO,
for all k € N, the starting point z° = (0.25,0.35,0.0,0.1,0.3)7.
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(ii) The subgradient-type method (ST M):
"= (L1 1LY, po=a°],ex =0,

& = Fy*) + Q22" —y*) + g € 02 (v*,2").
It is clear that M < L + ||Q]| and we choose

w2 S \"ae

At each iteration step, y* € Cy, := {z € R® : ||z|| < px + 1} which satisfies
f*, 2%) > 0 and max{f(y,2*) : y € Cx} < f(y*,2*) + €x. Then, computing
y* is defined in follows

y* = argmin{—f(y,:ck) :y € Cr}.

The termination criterion is ||z¥+1 — y¥|| < e.

1 2
M =21+ Q] A = (o )

The comparative results are reported in Table 1.

Scheme (4.2) STM

Problem 1ter.  cPU(s)  Iter.  CPU(s)

1 87 11.0156 178 28.9063
87 10.1250 174 28.6875
88  9.7813 168 27.2813
85 85469 172 27.5000
90  7.4063 177 30.3281
89 7.9375 176 28.8594
88  7.9375 171 27.1406
87 82813 175 28.0625
9 86  7.0094 178 27.8438
10 92  8.1031 170 27.2656

TABLE 1. Comparative results of Scheme (4.2) and the subgradient-
type algorithm with the tolerance ¢ = 1073.

00 J O U i W N

Example 5.2. In this example [19, Example 5.1], we compare the performance of
the subgradient extragradient method (4.2) (SubEztr) with the exact version and the
contraction proximal algorithm 4.2 (ContrPA) in [18]. Set

C={reR®:|z|| <3},

where

5 2 1 4 1 2
1 2 7 2 1 5

— N
W Ut N
D W =
QU
Il
W N =
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Let
Dy = {x € R?: 21 + 225 + 323 — 46 > 0},
DQ:{xGR3:2x1—2x2+x37520}
and
D3 ={r € R®: -2z + 29 + 23 — 6 > 0}.
Then, the mapping
1 21 1 1 s
T(z) = Prc 3% + 3 EPTD1 () + gPrDQ(x) + §P7"D3(:v) , Yz eR
is nonexpansive.
Let H={x € H: {(a,z) <b,a # 0}. The projection of x € H onto H is defined in
the form
(a,z) = b

Pry(x) =2 - ——5—a.
la]}?

Therefore, Prp, (z) (k = 1,2,3) is given in the explicit form. Then, f is strongly
monotone with constant

= |PT(A- B,
Lipschitz-type with constant

1
&= = 5|PT(A- B).

Now, consider the problem (1.2) with f; = 0(j € J) and S; = T(¢i € I). In both
schemes, we use the same stopping criteria [|z¥*! — z*|| < 1073, Parameters and 9, f
are chosen as follows:

e Scheme SubEzxtr: B, =0, ay,; = 0.0001 +

o f(y* y*) = {PT[(A+ B)y* +d]}.
e Algorithm ContrPA: Ay = 0,;8,091 for all & > 1.

The performance of two results are tabulated in Table 2.

1
5k+1 » Tk = T00k+55°

SubExtr ContrPA

St. point 2% iter. CPU(s) Iter.  CPU(s)

(0,0,0) 30 2.0469 28 2.7406
(0,1,0) 50 3.8281 29 2.9375
(0,1,1) 34 25313 39 3.2969
(1,1,0) 53 4.0000 42 3.0313
(1,0,0) 39 29219 41 3.2188
(1,0,1) 35 26250 40 3.4688
(2,0,0) 53 3.9844 41 3.0469
(2,1,0) 60 4.2344 44 3.2344
(2,0,1) 45 3.3281 42 3.2656
(1,1,2) 33 23750 47 4.6927

TABLE 2. Comparison of algorithms in Example 5.2.
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Example 5.3. Let H = R". The equilibrium bifunction f is given in Example 5.1.
Let the matrices P, P be chosen such that P is symmetric positive semidefinite and

P — P is negative semidefinite. The second cost bifunction g and the domain C' are

given in

g(x,y):<Px+py+p,y—x>,C:{x€R" —1<a; <1, Vi=1,..,5}.

Then, ¢ is monotone and continuous, for each = € R"™, g(x,-) is differentiable
convex on R™, Lipschitz-type with constants ¢; = ¢ = %HP — P||. Every entry of
A, B, P,p and ¢ is randomly and uniformly generated from (—3,3), £ = 58, every
diagonal entry of D is randomly generated from (0,1), P = 3P — I where I is the

identity matrix.

The parameters and data processions in each algorithm are chosen as follows:

e Scheme (4.1):

1
3c1 + 150+ K

y Tk =

L
100k + 17

and the stopping rule max{||y* — 2%, [|zFT! — ||} < &
e Approximate subgradient method (ASM): n:=5+|Q|, & = %HO,
A\ = 200, B, = ==— for all k € N. Then,

Tk+1

u* € oaf(y*,y*) = {F(y") + Qy* + ¢},

w® € dag(a®, %) = {(P + P)2* +p},

and the stopping rule ||zF+! — z¥|| <e.

Scheme (4.1) ASM
Test prob. Dim.No. 1ter. cPU(s) Iter.  CPU(s)
1 n=3>5 7 1.1406 14 1.4688
2 n=>5 12 28438 12 1.3906
3 n =10 12 2.8281 148 20.2969
4 n =10 10 23750 36  3.7969
5 n=15 14 3.7500 76  9.1875
6 n =15 16 4.8125 113 17.2188
7 n =20 19  5.7188 360 56.4844
8 n =20 18  5.0469 281 43.9688
9 n =25 17 55156 126 20.3281
10 n =25 16 49844 409 54.6601

TABLE 3. Comparative results of Scheme (4.1) and Method (ASM)

with the tolerance e = 1073,
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Example 5.4. Let H be the infinite dimensional Hilbert space H := L%([0,1]) with

the inner product
1

(@) = [ atwioyi
0
for all z,y € H and the norm associated with this inner product
1

2

Joll o= | [ lot)Pas

The feasible set C':= {x € H : ||z|| < 1}. The cost bifunction g; : H x H — R is of
the form

i (x(t),y(t)) = (max{0, z(t)}, y(t) — =(t))
for all t € [0,1], j € J and x € H and the Lyapunov-type functional
fla,y) = llz =yl + (nz + &y + ¢,y — =),
where n > £ + 2. Then, we have
Fla,y) + fy,2) = fla,2) =z =yl + (nz + €y + ¢,y — @) + |ly — 2|
+y+&atqz—y) —llz 2l — (e + €2 +q,2 — )
m—&=2){y—=z,2-y)
>(n—&=2)|ly —=zlllz -yl
n—§—-2 n—§—-2
2 2

Thus, f is Lipschitz-type with constants ¢; = ¢y = "7572. For each x,y € H, we
have

flay)+fz) =llz—y|>+mz+&y+qy—a)+llz—yl*+ My + &+ g,z —y)
=—(n—¢&-2)|lz -yl

So, fis (n — & — 2)—strongly monotone, % f(z,z) = {(n + §)z + ¢} is Lipschitz con-
tinuous with constant L := n+¢ for all v > 0. It is clearly that g, is pseudomonotone
and Lipschitz-type with constant ¢;; = cp; = 3. Let also H,(i € I := {1,2,3}) be
half-spaces defined by H; := {z € H : (a;,z) < b;}, where a;,b; € H. Furthermore,
we assume that for each i € I, the mapping S; = PrcPrp, is demicontractive with
constant 3; = 0. Note that for each x € H, the projection of x onto H; is defined as
follows:

Y

ly — «|* + Iz =yl

Pry,(z) = {x - SRt Ho s,
T if x € H;.
We take
ai(t) = (20 + 1)t +3,b;(t) = 2> + (4 — 5)t +4i, Vic [,t € R.
We compute that
zf = Prcly* — pr; max{0,y*}],
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zF = Prcly® — pr,j max{0, 28],

ut = +8)2" +q,
and
F T = Pro[2f — v
The parameters of the scheme (3.1) are chosen as follows
1
i =0.0001 + ——,p1; =05,vy = —————.
ok M 7k = 100k + 55

The stopping criterion is ||#*+! — 2¥|| < € where e = 1073, Computational results are
reported in Figure 1 for different starting points 2°(t).

k+1

—*—xt)=2t+5
xD(():12+1 H
—F—xO(t)=1/(t+1)

RSIaCICIOEIOEIEK Il |
0 5 10 15 20 25
Elapsed Time [sec]

FIGURE 1. Example 4 for different starting points 2°(t).

Denote that

- Test prob.: The tested problem;

Iter.: The number of iteration loops;

- CPU(s): The averaged CPU-computation times (in second);
- Dim. No: The number of dimension n;

St. point: The starting point z° € C.
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