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1. INTRODUCTION

This paper presents fixed point theorems for some classes of generalized
contraction on metric spaces. The results are in connection with similar theo-
rems established by Granas [7], [8], Frigon [6], Granas and Frigon [5], Precup
[11], [12], Agarwal and O’Regan [1], O'Regan [10], O’'Regan and Precup [9],
and Avramescu [3]. Such type of results apply to semilinear equations and
inclusions. Section 2 present new local and global fixed point results for con-
tractions of the Riech-Rus type

d(Fz,Fy) < ad(z, Fx) + bd(y, Fy) + cd(z, y),

where a, b, ¢ are non-negative numbers with a + b+ ¢ < 1 (see Rus|[13]).
Section 3 is devote to similar results for a contraction of the type

d(Fz,Fy) < qmax{d(x,y),d(z, Fz),d(y, Fy),d(z, Fy),d(y, Fz)}

where g € [0,1) (see Ciri¢ [4]).

Throughout this article (X, d’) will be a complete metric space and d another
metric on X. If 9 € X and r > 0 denote by B(zg,r) ={z € X : d(zo,x) < r}
and by B(zg,r)? the d'—closure of B(xg,T).
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2. Fixep PoINT RESULTS FOR REICH-RUS GENERALIZED CONTRACTIONS
Theorem 1. Let (X,d’) be a complete metric space, d another metric on X,

29 € X, r >0, and F : B(xg,r)¥ — X. Suppose for any x,y € B(zo,r)? we
have

d(Fz, Fy) < ad(z, Fx) + bd(y, Fy) 4 cd(z,y),
where a,b,c are non-negative numbers with a + b+ ¢ < 1.
In addition assume the following three properties hold:

a-+c
1-b

(1) d(xo, Frg) < (1 — ),

(2)
if d # d' then F is uniformly continuous from (B(xzo,7),d) into (X,d'),

and
(3)  ifd#d then F is continuous from (B(xo,7)¥,d’) into (X,d).
Then F has a fized point, that is there exists v € B(xg,7)? with Fx = x.

Proof. Let x; = Fxg. From (1), since a + b + ¢ < 1, we have

a—+c

d(x1,m9) < (1 — yr<r

so x1 € B(xo,T).
Next let o = F'z1 and note that
d(z1,22) = d(Fxo, Fxp)
ad(zo, Fxo) + bd(x1, Fz1) + cd(zo, 1)
= ad(zg,x1) + bd(x1, z2) + cd(zo, x1).

IN

Hence
(1 =b)d(z1,22) < (a+ c)d(zo, z1).

It follows that

a—+c a-+c a—+c
< _
1_bd(1‘0,331)_ 1—b(1 -

d(lL‘l,fL‘Q) S

)r.
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Then

d(l’o,xg) < d(xo,x1)+d(x1,x2)
a+c a+c a-+c

Y g A ey A
a+c a+c
= (1—1_b)r(1+1_b)
a+c a+tc a+cio a+c3
< (1- 1
< =gl g+ G+ () + ]
a+c 1
= (1- 1_b)r1_a—|—c =
1-0
So we have d(zg,x2) < r, that is o € B(zo,r). Proceeding inductively we
obtain
a-+c
d(ZEnJrlal'n) < T_bd(l'nyxnfl)
a—+c a+c a—+c
< .. "d (1 —
S S ()t 2) < ()" (A=)
where z, = Fon_1,n = 3,4, ... . Since ‘ffz € [0,1) it follows that (‘f f Z)” c

[0,1) and thus

Ansr,an) < (1- - )

The last inequality implies 2,41 € B(xo, ) and, the sequence (z,) is a Cauchy

sequence with respect to d. We claim that
(4) (xy,) is a Cauchy sequence with respect to d'.

If d > d’ this is trivial. Next suppose d #? d'. Let ¢ > 0 be given. Now (2)
guarantees that there exists § > 0 such that

(5) d' (Fx, Fy) < € whenever x,y € B(zg,r) and d(x,y) < 4.

From above the sequence (x,) is a Cauchy sequence with respect to d, so we
know that there exists NV with

(6) d(xpn, xm) < 0 for all n,m > N.
Now (5) and (6) imply

d (tpi1, Tma1) = d (Fxy, Fym) < € whenever n,m > N,
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which proves (4). Now since (X,d’) is complete there exists z € B(zq,r)?
with d'(x,,2) — 0 as n — co. We claim now that
(7) x = Fux.
First consider the case when d # d’'. Notice
d(z,Fx) <d'(x,z,) +d(xn, Fz) = d'(z,2,) + d (Fx,_1, F1).
Let n — oo and using (3) we obtain
d(z,Fz) <d(x,z) +d (Fz, Fx)

so d'(z,Fx) = 0, and thus (7) is true in this case. Next suppose d = d’' ((2)
and (3) do not hold). Then

d(z,Fz) < d(x,z,)+d(zy, Fr) =d(z,z,) + d(Fxn_1, Fx)

< d(z,z,) + ad(xp—1, Frp_1) + bd(z, Fx) + cd(xp—1, ).
Hence
(1=b)d(z, Fx) < d(x, zy) + cd(xn-1,2) + ad(Tn—1,Tn)-
In the last inequality letting n — oo we obtain
(1 =b)d(x, Fz) <O0.

So d(z, Fx) = 0, and (7) holds. Thus, the proof of the theorem is complete. (]
Next we present an homotopy result for this type of generalized contractions.

Theorem 2. Let (X,d') be a complete metric space and d another metric on
X. Let Q C X be d —closed and let U C X be d—open and U C Q. Suppose
H :Q x[0,1] — X satisfies the following five properties:

(i) x # H(x,\) for x € Q\U and X € [0, 1];

(ii) for any X € [0,1] and x,y € Q we have

d(H(z,\),H(y,\)) < ad(z, H(z,\) + bd(y, H(y, \)) + cd(x,y)

with a, b, ¢ non-negative numbers and a + b+ ¢ < 1;

(11i) H(x,\) is continuous in X\ with respect to d, uniformly for x € Q;

(iv) if d % d' assume H is uniformly continuous from U x [0,1] endowed
with the metric d on U into (X,d');

(v) if d # d assume H is continuous from Q x [0, 1] endowed with the metric
d on Q into (X,d).
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In addition assume Hy has a fized point. Then for each X € [0,1] we have
that Hy has a fized point xx € U (here Hy(.) = H(.,\)).

Proof. Let
A :={)X €[0,1]; there exists € U such that H(xz,\) = x}.

Since Hy has a fixed point and (i) holds we have 0 € A, and so the set
A is nonempty. We will show A is open and closed in [0,1] and so by the
connectedness of [0, 1] we have A = [0, 1] (see [2]) and the proof is finished.
First we show that A is closed in [0, 1].
Let (M) be a sequence in A with Ay, — A € [0,1] as k — oco. By definition
of A for each k, there exists x; € U such that xp = H(x, \r). Now we have

d(:nk,xj) = d( (l'k7)\k) (x]v ))

< d(H(zp, M), H(zg, N) + d(H (w5, A), H(5, N))
+d(H (zj,\), H(xj, Aj))
< d(H(wg, Ar), H(zg, A))

—i—ad(mk,H(:ck,)\)) +bd(.7jj, (:Ej,)\)) +Cd(:l,‘k,.7jj)
+d(H($]‘,)\),H($]‘,)\j)).
Hence
(1 —c)d(wg,zj) < d(H(zg, A\r), H(7k, A))
+d(H (x5, M), H(zj, Aj))
+ad(H (zk, A), H(xg, A) + bd(H (25, A), H(zj, Aj))
= (1 +a)d(H(zk, A\r), H(zk, N))

+(1 + b)d(H(CC], )\), H(CC]', )\j))

and (iii) guarantees that (xy) is a Cauchy sequence with respect to d. We claim
that

(8) (x1) is a Cauchy sequence with respect to d'.

If d > d’ this is trivial. If d # d’ then

d' (g, x;) = d' (H(wp, A), H(zj, A5))
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and (iv) guarantees that (8) holds (note as well that (z) is a Cauchy sequence
with respect to d and (\g) is Cauchy sequence in [0,1]). Now since (X, d’) is
complete there exists an x € @ such that d'(zy,z) — 0 as k — oo. Claim now
that

(9) x = H(z,\).

We consider first the case d # d’. Then

d(x,H(x,)\) < d(x,zx)+d (xg, H(x,N))
= d'(z,zx) +d (H(xk, M), H(z, A))

together with (v), letting k — oo, we have d'(z, H(x, X)) = 0, so (9) holds.

We consider now the case d = d’. Then

d(z,H(z,)\)) < d(z,z)+ d(H(zk, Ap), H(z, A))
< d(z,xr) + d(H(xg, \), H(z, A\))

+d(H (z, \g), H(z, X))
d(z, x) + ad(zg, H(xg, k)
+bd(z, H(z, \)) + cd(x, xx)
+d(H(z, ), H(z, \))
= (1+c¢)d(z,zr)+ a.0
+bd(x, H(z, \;)) + d(H(x, \g), H(z, X))
(1+ ¢)d(x,x) + bd(z, H(x, \))
+bd(H (x,\), H(x, \))
+d(H (x, \g), H(z, \))

IN

IN

Now we have
(1 =b)d(z, H(z,\)) < (14 c)d(x,zk) + (1 + b)d(H (z, \), H(z, \))
Letting k& — oo and using (iii) we obtain
(1 =b)d(z, H(z,\)) <0.

So we have d(z, H(xz,\)) = 0, that is (9) holds. Now from (9) and (i) we have
x € U. Consequently A € A and so A is closed in [0,1].
We prove now A is open in [0, 1].
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Let A\g € A and zg € U such that z9 = H(xg, \o). From U d—open there
exists a d—ball B(zg,0) = {x € X;d(z,z9) < d}, 6 > 0, and B(xzg,d) C U.
From (iii) we have that H is uniformly continuous on B(zy,d).

a+c

Let e = (1 — T %
there exists 7 = n(d) > 0 such that for each A € [0,1] | A — Ao |< 7 with
d(H(z,\), H(x,\9)) < e for any © € B(xg,d). So this property holds for

T = g, and then we have

)0 > 0 and using the uniform continuity of H we have:

a-+c
1-90

d(.?Uo,H(l‘o,)\)) = d(H(l’o,)\o),H(mo,A)) < (1 — )(5
for A € [0,1] and | A — X [< .

Using now (ii), (iv) and (v) together with the theorem (2.1) (in this case r = ¢
and F = H)) we get: there exists ) € B(zo,0)¥ C Q with z) = H)(z))
for A € [0,1] and | A — Ao |< 5. But )\ € U ( (i) guarantees that) and so A
contains all A € [0,1] with | A — Ag |[< 1. Consequently A is open in [0, 1]. O

3. Fixep PoINT RESULT FOR CIRI¢ GENERALIZED CONTRACTIONS

Theorem 3. Let (X,d') be a complete metric space, d another metric on X,
20 € X, 7 >0, and F : B(mg,r)? — X. Assume that there exists q € [0, 3)
such that for any x,y € B(xo,7)¢ we have

(10)  d(Fz, Fy) < gmax{d(z,y),d(z, Fz),d(y, F'y),d(z, Fy),d(y, Fz)}

In addition assume:

(11) d(wo, Fxo) < (1 -+ . r

(12)

if d# d assume F is uniformly continuous from (B(zo,r),d) to (X,d')
(13)  ifd# d assume F continuous from (B(xg,r)¥,d") to (X,d')
Then F has a fized point i.e., there exists x € B(xg, ) with v = Fx.

Proof. Let z1 = Fxy. From inequality (11) we have

d(lL‘l,fL‘o) = d(ZL‘Q,Fl‘o) < (1 —
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so x1 € B(xo,

d(zy,x9) =

IN

Then

It follows that
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r). Next let x9 = Fz1 and note that

d(Fzo, Fz1)
gmax{d(xg,x1),d(zo, Fxo),d(x1, Fx1),d(x0, Fx1),d(21, F20)}
gmax{d(xg,x1),d(zo,21),d(z1,22),d(x0, T2),d(21,271)}
gmax{d(zo,x1),d(xo, z2),d(x1,22)}

), d(zo, x1) + d(x1, 22),d(z1,22)}

(1

g max{d(zo, x1

qld(zg,z1) +d

d(x1,z2) < 1%qd(:z:o,azl).

d(xo,l‘Q) < d($0,$1)+d(1‘1,l’2)

It follows that

q
< (14—
> ( +1 q)d(x()vxl)
q \2 q
1+ — (1= =
< B - =
x2 € B(zg,r).

Now let x3 = F'zo.We have

d(zg,x3) =
<
;
Hence _
Then

d(Fzy, Fxa)

gmax{d(xy,x2),d(z1, Fz1),d(x2, Fxe),d(x1, Fx9),d(22, F21)}
gmax{d(zy,x2),d(z1,23),d(x2, 3)}

gmax{d(z1,x2),d(x1,z2) + d(z2, x3),d(x2, 23)}

qld(z1, x2) + d(x2,23)].

(w2, z3) < %d(m,@) < (%)Qd(xo,xl).

d(xo,x:g) S d(xo,.fQ)—f—d(J}Q,xg)

S Ry M LLCHERY

q q \2 q
1+ — (1 = =r.
< Dl GEr - o=y
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Thus x5 € B(xzg,r).
Inductively we obtain

q 4 \n
< 1 )< < (i
(14)  d(znir,2n) < 1_qd(93n733n 1) <. < (1_q) d(zo,21)

)
q \n q
1
< GLora-tor
for x, = Fan_1,n = 3,4, ...which implies that

d(z0, Tni1) < d(wo, Tn) + d(Tn, Tny1) <7

Hence z,+1 € B(xo,7).
Now,because ¢ € [0, 1) from (14) we deduce that (z,) is Cauchy sequence
with respect to d. We will prove that

(15) (xy,) is a Cauchy sequence with respect to d'.

If d > d’ this is trivial. Next assume d # d'.
Let € > 0. From (12) we have: there exists ¢ > 0 such that

(16) d'(Fz,Fy) < ¢ for any z,y € B(zo,r) and d(x,y) < 0.
From the start we know that there exists a positive natural number N with
(17) d(xpn, m) <0 for all n,m > N.
Now (16)+(17) implies that
d(Tpi1,Tme1) = d (Fay, Fa,) < e, for all n,m > N,

so (15) holds. Since (X, d’) is complete we have that there exists z € B(zg, r)?
with d'(xy,,z) — 0,as n — oo.
Claim now that

(18) Fx=uz.

If (18) holds then the proof is complete. First take the case d # d’. Then we

have
d(x,Fz) < d'(z,x,) +d (xn, Fx) = d'(z,2,) + d (Fx,_1, F).
Letting n — oo and using (13) we obtain

d'(z,Fx) <0+ 0 = 0 which implies x = Fx.
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So, in this case (18) holds.
Now assume d = d’. Then

d(z,Fr) < d(z,z,)+d(zy, Fx) =d(z,z,) + d(Fxy—1, Fx)
< d(z,x,) + gmax{d(zyp_1,2),d(zp_1, FTn_1),
d(z, Fzx),d(zp—1, Fz),d(z, Fx,—1)}
= d(z,x,) + gmax{d(xp_1,2),d(Tn_1,2y),
d(z, Fz),d(xp—1, Fz),d(x,z,)}
< d(z,zy) + gmax{d(zy_1, ), d(xp_1,zn)d(x, zy),
d(z, Fx),d(zp-1,x) + d(z, Fz)}.
Hence
dz,Fz) < d(z,z,)
+gmax {d(x,x,),d(z, Fx),d(xn-1,%n), d(xn-1,2) + d(z, Fx)} .
Letting n — oo we obtain
d(z, Fz) < gmax{0,d(z.Fx),0,0 + d(z, Fz)} = qd(z, Fx).
This implies
d(xz, Fz) = 0.
So z = Fx and (18 ) holds. [

The following global result can be easy obtained from the above theorem.

Theorem 4. Let (X,d’) be a complete metric space, d another metric on X,
and F : X — X. Assume there exists q € |0, %) such that Vx,y € X we have

d(Fz,Fy) < gmax{d(z,y),d(z, Fz),d(y, Fy),d(z, F'y),d(y, Fx)}.

In addition assume that the following proprieties hold:
if d ;if d' F is uniformly continuous from (X,d’) to (X,d');
if d #d F continuous from (X,d') to (X,d).
Then F has a fized point.

Proof. Let g € X and take any r > 0 such that

d(xo, Fro) < (1 = I
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Then from the above theorem there exists x € B(zg,r)? with z = Fz. O

Next we present an homotopy result for this type of generalized contractions.

Theorem 5. Let (X,d') be a complete metric space and let d another metric
on X. Let Q C X d'—closed and let U C X d—open and U C Q. Suppose
H:Q x[0,1] — X with the following properties:

(i) x # H(x,\) forx € Q\U and X € [0, 1];
(ii)there ezists q € [0, %) such that, for any A € [0,1] and x,y € Q we have

d(H(x, ), H(y, \))
< gmax{d(z,y), d(a, H(z,\), d(y, H(y, \)), d(z, H(y, \)), d{y, H (@, \)}

(i1i) H(x,\) is continuous in X with respect to d, uniformly for x € Q;

(iv) if d #* d' assume H is uniformly continuous from U x [0,1] endowed
with the metric d on U into (X, d'); and

(v)if d # d' assume H is continuous from Q x [0, 1] endowed with the metric
d on Q into (X,d).

In addition assume Hy has a fized point. Then for each A € [0, 1] we have
that Hy has a fived point xy € U (here Hx(.) = H(.,\)).

Proof. Let
A={\€|0,1]; exists x € U such that H(z,\) = x}.

Since Hy has a fixed point and (i) holds we have 0 € A, and so the set

A is nonempty. We will show A is open and closed in [0, 1] and so by the

connectedness of [0, 1] we have A = [0, 1] (see [2])and the proof is finished.
First we show that A is closed in [0, 1].
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Let (Ag) be a sequence in A with A\, — X\ € [0,1] as k — co. By definition
of A for each k, there exists z; € U such that x = H(xp, A\x). Now we have

and

<

IN

IN

IN

IN

IN

d(H (z, Ak), H(xj, Aj))
d(H (zg, M), H (2, A))
+d(H (xk, M), H(xj, A)) + d(H (25, A), H(zj, Aj))
d(H (zg, M), H(2k, A))
+qmax{d(zy, x;), d(xr, H(zk, A)),
d(xj, H(zj, ), d(xr, H(zj, A)), d(zj, H(zp, X))}
+d(H (x5, A), H(zj,A5))
d(H (zg; M), H 2k, A))
+qmax{d(zy, x;), d(H(2k, A), H 2k, A)),
AH (5, ), H (5, \)s d(H (o M), H (5, N), d(H (5, ), H (i, \)}
+d(H (x5, A), H(zj, Aj))
ACH (2 M), H (M) + d(H (3, 0), H (5 0,))
+qmax{d(zg, z;), d(H (xk, \p), H(zg, X)), d(H (xj, Nj), H(xj, X)),
d(H (zk, Ak), H(xj, A7) + d(H (25, Aj), H (25, A)),
d(H (x5, Aj), H(wg, Ak)) + d(H(zg, Ae), H(wr, M)}
d(zy, H(zg, N)) + d(xj, H(zj, \))
+gmax{d(zg, z;) + d(xg, H(zk, X)), d(xg, xj) + d(z;, H(z;, \))}
d(zy, H(zk, N)) + d(xj, H(z4, N))
+q[2d(zy, ) + d(xg, H(zk, N)) + d(z;, H(zj, M)

= d(zg, H(zp, A)) + d(zj, H(zj, A))
+qmax{d(zy, z;), d(zg, H(xk, N), d(x;, H(z;, N))
d(zp, x5) + d(zj, H(x;, A),
d(xy, x5) + d(xg, H(vg, A))}

(1= 2q)d(xx, 25) < (1 + q)[d(H (xk, Aw), H(xk, A)) + d(H (25, A), H(, Aj))]-
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Hence

1+4¢
1—2q

d(zp, ;) < [d(H (zr, A ), H (2r, A)) + d(H (25, A), H(x5,A5))]

and (iil) guarantees that (xj) is a Cauchy sequence with respect to d. We claim
that

(19) (x1) is a Cauchy sequence with respect to d’.

If d > d’ this is trivial. If d # d’ then

d'(zg, x5) = d'(H(wg, M), H(25, \5))

and (iv) guarantees that (19) holds (note as well that (xy) is a Cauchy sequence
with respect to d and ()\g) is Cauchy sequence in [0,1]). Now since (X, d’) is
complete there exists an x € @ such that d’'(zg,z) — 0 as k — oo. Claim now
that

(20) r = H(x,\).

We consider first the case d # d’. Then

d(x,H(x,)\) < d(x,2p)+d (xg, H(x,N))
= d'(z,zx) + d' (H(xp, \), H(z, \))

together with (v), letting k — oo, we have d'(z, H(x, X)) = 0, so (20) holds.
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We consider now the case d = d’. Then

d(x, H(z,\))

ININ A

IA

IN IN

IN

and we have

d(x, H(x, X))

d(x,zg) + d(zg, H(z, \))
d(z, ) + d(H (xg, \g), H(z, A\)) + d(H (2, M), H(z, )\))
d(x, )

+qmax{d(x, zy), d(zk, H(zk, A\)),

d(z, H(x, Ak)), d(z, H(zg, k), (i, H(2, ) }
+d(H (z,\), H(z, \))
d(x,zg) + gmax{d(z, zy), d(x, xr),

d(z, H(z, Ar)), d(z, H(z, Ar))}

+d(H (z, \g), H(z, \))
d(z,xy)
+qmax{d(z, zy), d(z, H(z, Ar)), d(ze, H(z, A)) }
+d(H (z, \g), H(z, \))
d(z,xy)
+qmax{d(z, ), d(x, H(x,\;)),d(z, ) + d(x, H(x, \))}
+d(H (z, \g), H(z, \))
d(z,xy)
+qld(z, xx) + d(z, H(z, Ar))]
+d(H (z, A\g), H(z, \))
d(x, )
+qld(z, z) + d(z, H(x,\)) + d(H(z, A), H(z, A\;))]
+d(H(z, ), H(z, \))

< d(z,zp)
+qld(z, zk) + d(z, H(x, ) + d(H (z, X), H(z, A\))]
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Letting £ — oo we have
d(x, H(z, M) <0+ q[0+d(z, H(z,A)) + 0] +0

d(xz,H(z,\)) < qd(x, H(z,\))

so d(z,H(xz,\)) = 0 and (20) holds.We have now H(z,\) = z for z € @ and
with (i) we have H(x,\) = z for x € U. Consequently A\ € A and so A is closed
in [0,1].

We prove now A is open in [0, 1].

Let Ao € A and z¢ € U such that 9 = H(xo, \g). From U d—open there
exists a d—ball B(zg,d) = {z € X;d(z,x0) < d}, 6 > 0, and B(xp,0) C U.
From (iii) we have that H is uniformly continuous on B(z,¢).

Let e = (1 — 1%)5 > 0 and using the uniform continuity of H we have:

there exists 7 = n(d) > 0 such that for each A € [0,1] | A — Ao |< 7 with
d(H(xz,\),H(xz, o)) < ¢ for any © € B(xo,d). So this property holds for
r = x(, and then we have
d(zo, H(zo,\)) = d(H(zo, o), H(zo,\)) < (1—%q)5
for A € [0,1] and | X=X |< 7.

Using now (ii), (iv) and (v) together with the theorem (3) (in this case r = ¢
and F' = H)) we get: there exists x) € B(:Uo,(S)d/ C @ with z) = Hy(z))
for A € [0,1] and | A — Ao |[< 1. But zy € U ( (i) guarantees that) and so A
contains all A € [0, 1] with | A — Xg |< 7. Consequently A is open in [0,1]. O
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