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STABILITY ANALYSIS OF KDV EQUATION WITH
TIME-VARYING DELAY AND INPUT SATURATION

AHMAT MAHAMAT TABOYE and TOUFIK ENNOUARI

Abstract. This paper deals with the stability analysis of the Korteweg—de Vries
equation with time-varying delay on internal feedback in the presence of a sat-
urated source term. The well-posedness is proven under specific assumptions
regarding the time-varying delay. Moreover, the exponential stability is shown
using an appropriate Lyapunov functional.
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1. INTRODUCTION

The Korteweg-de Vries equation, formulated as: us + gy + Ugpr + vty = 0
originated to model long waves in shallow water channels. It serves as a piv-
otal model for understanding nonlinear wave dynamics and soliton behaviors.
Various techniques have been employed to investigate the well-posedness of
the KdV equation, as detailed in literature such as [12| 2, 24]. Several works
examine this equation, notably with a focus on control theory aspects see for
instance [0}, 25, 23]. Specific research on boundary and distributed control for
the KdV equation is particularly discussed in works such as [13], 28], [6], and
[23, 21].

In this paper, we focus on the analysis of a class of Korteweg-de Vries
equations with time-varying delay on internal feedback in the presence of a
source term. The system under consideration is formulated as follows:

(2, t) + ug (2, 1) + Ugze (2, 1) + a()u(z, ) + b(x)u(x, t — 0(1))
= f(z,t), t>0,2¢€(0,L);
(1) uw(0,t) = u(L,t) = ux(L,t) =0, t>0;
u(x,0) = up(z), =€ (0,L);
ug(z,t) = zo(x,t), x€(0,L),0<t<6(0).

Here, the variable u signifies the system’s state, while f represents the source
term. L > 0 denotes the length of the spatial domain, the delay denoted by
0 is a function of time t. Additionally, a = a(x) and b = b(x) correspond to
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real functions that satisfy specific assumptions, which will be detailed subse-
quently in this paper.

The presence of delay in some areas raises significant practical problems. The
stability problems of partial differential equations with delay have recently
attracted very active research. Studies have shown that even a small delay
in feedback can make a system unstable, as discussed in several references
[8, [7]. However, the existence of a delay can also improve system perfor-
mance, as observed in studies such as [1]. It is clear that delay affects the
stability of systems, both in theory and in practical applications. When de-
lay is time-dependent, the analysis of system stability becomes significantly
more complex. Several studies have looked at the stability of partial differ-
ential equations involving time-varying delay, with notable references such as
[16, @, 20% 10].

In recent years, researchers have shown an increased interest in addressing
stability issues related to delay in the Korteweg-de Vries equation(see e.g.
[4, 27, 19} [18]). Baudouin et al. in [4] investigated the following KdV equation
with boundary time-delay feedback:

(2)
ug(z,t) + ug (2, t) + Upge (z,t) + u(x, t)ug(x,t) =0, t >0,z € (0,L);
u(0,t) = u(L,t) =0, t>0
Uy (L, t) = aug(0,t) + Buy (0,8 — h), t>0;
u(x,0) = ug(z), x € (0, L);
ul(()?t) = ZO(t)v t e [—h,()]

The authors in [4] presented two distinct approaches proving the exponential
stability of system . The first approach uses a Lyapunov functional with an
estimation of the decay rate, assuming that the length L of the spatial domain
satisfies L < mv/3. Secondly, using an observability inequality approach with-
out providing an estimation of the decay rate, and for any length such that

L¢N=2<2m/ W, k,l € N* 5, the authors also establish the exponential

stability of the system .

In the study presented in [29], the asymptotic stability of the following
nonlinear Korteweg-de Vries equation with time-delay internal feedback was
investigated:

+ t) + Ugar (2, t) + u(z, t)uy(z,t)
(,t) + b(z)u(x,t —h) =0, t>0,z¢€ (0,L);
(3) uw(0,t) = u(L,t) = uy(L,t) =0, t>0;
u(z,0) = ug(z), =€ (0,L);
ug(z,t) = 20(z,t), x€(0,L),t€[-h,0],

The authors established the semiglobal stability of for any lengths under
the following assumption: Jcg > 0, b(z) + ¢o < a(x) a.e. in w, where w
is an open subset of (0, L). This result was proved by using an observability



3 Stability analysis 129

inequality on the nonlinear system . Additionally, when suppb ¢ suppa,
the local exponential stability result is demonstrated.

In [18], the authors study the stabilization of the Korteweg-de Vries equation
with time-varying delay on internal and boundary feedback. With specific
assumptions concerning time-varying delay, they established well-posedness
and analyzed the stability results, using an appropriate Lyapunov functional.

In this paper, the source term f of system is given by

(4) flz,t) = —sat(au(z, 1))
where a = a(z) € L*>°(0, L) is a nonnegative function satisfying

(5) a=a(x)>a >0 on wC]0,L]
w is a nonempty open subset of [0, L],
and the function sat(-) is the saturation function defined as follows

s, if ||s]|z2 < 1;
(6) sat(s) = { s if HSH s> 1
llsll 2’ Le ==

In control systems, the presence of a saturated source term has attracted
considerable attention in recent decades because physical constraints or prac-
tical limitations can impose restrictions on the amplitudes of input signals,
leading to unfavorable outcomes. Consequently, several studies have investi-
gated the stability of the Korteweg-de Vries (KdV) equation with saturation,
see for instance [14], [17,[3]. In particular, the study by [15] examines the global
stabilization of the following nonlinear KdV equation:

ug(t, ) + ug(t, ) + Uges (t, ) + ulx, t)uyg(x,t)

+sat(a(z)u(t,z)) =0, t>0,;2€(0,L);
u(t,0) = u(t,L) = ugy(t,L) =0, t>0;

u(0,2) = up(z).

To investigate this problem, the authors worked with two different types of

saturation, the saturation function given by @ and the following saturation
function

(7)

—Uup, if ¢ < —UuQ
(8) sat(t) = < t, if —up<t<ug
Uuop, if ¢ > Uuo

where ug represents positive constants. Thanks to the Banach fixed-point the-
orem, well-posedness is proven. To establish asymptotic stability, the authors
have considered two cases. When the control acts on the entire saturated do-
main, the saturation under consideration is the function given by (@ In this
case, they used a sector condition and Lyapunov theory for infinite-dimensional
systems. The two saturation functions given by @ and were used when
the control acts only on a portion of the saturated domain. For this second
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case, they prove the asymptotic stability of the closed-loop system using an
argument by contradiction.

To the best of our knowledge, no prior work has addressed to the linear
Korteweg-de Vries equations with time-varying delay on internal feedback in
the presence of a saturated source term. The objective of our work is to
investigate the question of the local stability of system with the saturated
source term . Specifically, we analyze the well-posedness and stability result
of this equation. We demonstrate exponential stability using an appropriate
Lyapunov functional.

The paper is organized as follows. In section [2] the problem is stated. In
section [3] we prove that our problem is well-posed. The exponential stability
is investigated in section |4} Finally, some conclusion is given in section

2. PROBLEM STATMENT
In this paper, we focus on the following semilinear system

ug(x,t) + ug(x,t) + Upge (2, 1) + a(z)u(z, t) + b(z)u(z, t — 0(t))

= —sat(a(z)u), t>0,2¢€ (0,L);
9) u(0,t) = u(L,t) = uy (L, t) =0, t>0;

u(z,0) = up(z), =z € (0,L);

uz(x,t) = 29(z,t), € (0,L),0<t<6(0),
where u stands for the state, L > 0 is the length of the spatial domain and
a = a(x) € L*(0, L), satisfying

(10)

a=a(x)>a >0 on wC]l0,L]
w is a nonempty open subset of (0, L).

Suppose that the delay 6(-) satisfies the following conditions

(11) 0(-) € W»*°[0,T] for all T > 0,
(12) 0<6y<6(t) <K forallt >0,
and

(13) O(t) <d <1 forall t >0,

with d > 0. Moreover, we assume that the real functions a = a(z) and b = b(z)
are nonnegative functions in L>°(0, L). We also suppose that the functions b
satisfies supp b = w and

(14) b(z) > bo > 0, inw C (0, L),

where w is a nonempty open subset of (0, L). Furthermore, we suppose along
the whole paper that the coefficients a and b satisfy the following assumption

(15) 3co >0, ———b(z)+co<alr) aeinw.
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From and , we have
(16) a(x) > b(z)+co >0, inw C (0,L).

Now, we introduce a new variable z that takes into account the delay 6(-).
Let 2(x, p1,t) = upy(w,t — 0(t)p) for any z € w, p € (0,1) and ¢ > 0. Hence, 2
satisfies the following system

0(t)z (2, p,t) + (1 — Ot )z, p,t) = 0, @ € w,t >0, € (0,1);
(17) 2(2,0,t) = up,(z,1), r € w,t>0;
Z(.’B, Ky O) - ZO\w(x7 _0(0)M>7 TEew,peE (07 1)

Let the following Hilbert space H = L?(0, L) x L*(w x (0,1)) be equipped with
the usual inner product

<< :><2 >>:/0Luu1dx+/w/olzzldudx7

for all (u, 2), (u1,21) € H and its norm is given by

u 2 L 1
}( > :/ uzdx+// Z2dpdz.
= )llm Jo wJo

Let Y = < Z ) Then the system (H} and can be rewritten as the

following fist-order system
Y, — AB)Y () + < (x)“)) ot

Y(0) = ( w0, 20|, (z,—0(0)p) )",
where the time-dependent operator A(t) is defined as follows:
D(A()) = {(u,2) € H¥(0, L) x L2(w, H'(0, L)), u(0) = u(L) = us(L) = 0,
2(2,0) = up (@), )

—sat(

[enRE <

(18)

—~

(19)
A ( : ) _ ( —ug _M‘%;)g;_;?zu_ b3(-,1) > or all ( " ) € DIAW).

where Z(-,1) € L?(0,L) is the extension of z(-,1) by zero outside w. From
[18], the domain of operator A(t) is independent of ¢, i.e. D(A(t)) = D(A(0)).
We equipped the Hilbert space H with the following time-dependent inner
product

(20) << v ) , ( u )> _ /OLuuld:c+0(t)/w/olg(a:)zzldudx,

where £ is a nonnegative function in L*°(0, L) such that supp £ = supp b = w,
and

(21) ?ldb(x) teo < E(x) < 2a(z) — bx) — o ae. in w.
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Thanks to the choice of £ is feasible.

REMARK 2.1. Using and (14), the norm || -[|; and the usual norm || - ||
is clearly equivalent. Indeed, Vt > 0,V(u, z) € H, we have

(22) (1 + Bobo) 1 (u, 2) 17 < ll(u, 2)1F < (1 + 2K |all oo 0,0yl (u, 2) |-

We recall the definition of mild solution. Let us consider the abstract system
in a Hilbert space

a(t) = Au(t) + f(t), t>0,
29) R
where A is an infinitesimal generator of linear Cy—semigroup (7'(t)):>0 defined
on its domain D(A) C H, where H is a Hilbert space and f € Li ([0, 7], H).

DEFINITION 2.2 ([22, Definition 2.3]). Let A be the infinitesimal generator
of a Cyp—semigroup (T(t));>0. Let ug € H and f € L'(0,T, H). Then the
function u € C([0,T], H) given by

(24) u(t) = T(t)uo + /0 T(—s)f(s)ds 0<i<T,

is the unique mild solution of the initial value problem on [0,7.

It should be noted that the saturation function is Lipschitzian in L?(0, L),
as established by the following lemma.

LEMMA 2.3 ([26, Theorem 5.1]). For all (u,v) € L*(0, L), we have
[[sat(u) —sat(v)|12(0,) < 3llu — vl 12(0,1)-
3. WELL-POSEDNESS

Before stating the main result of this section, we recall the result of well-
posedness of the following KdV equation with time-varying delay on the in-
ternal feedback without source term

(2, t) + ug (2, 1) + Uaga (2, 1) + a(@)u(z, 1) + b(z)u(z,t — 6(1))
=0, t>0,z€(0,L);
(25) u(0,t) =u(L,t) = u,(L,t) =0, t>0;
U(l‘,O) ZUO(x)v T e (OaL)a
uz(xat) :Zo(fE,t), T e (OvL)atE [—h,O]

has been treated by Parada et al. [18]. As before, let Y = ( Z > We then

rewrite and as the first-order system
{m—Awwm £>0,
T
Y(O) = ( uo, ZO|w($a —(9(0),&) )

where the time-dependent operator A(t) is given by . The proof of well-
posedness result of is based on the following Theorem.

(26)
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THEOREM 3.1. Assume that

(1) D(A(0)), is a dense subset of H.

(2) D(A(t)) = D(A(0)) Vt>D0.

(3) Forallt €[0,T) A(t) generates a strongly continuous semigroup on H
and the family A = {A(t) : t € [0,T]} is stable with stability constant
C and m independent of t, i.e. the semigroup (T;(s))s>0 generated by
A(t) satisfies || Ty(s)Y ||g < Ce™||Y ||g, for allY € H, and s > 0.

(4) 0:A(t) belong to L°([0,T], B(D(A(0)))), the space of equivalent of es-
sentially classes bounded strongly measure functions from [0,T] into

the set B(D(A(0)), H) of bounded operator from D(A(0) to H.
Then, the system has a unique solution

Y € C([0,T], D(A(0))) nc*([0,T], H).

More precisely, the authors of [18] prove in their paper that if , ,
and ((14))-(15)) holds, then the operator A(t) satisfies all the assumptions of The-

orem and the system has a unique mild solution Y € C([0, +-o00[, H).
Moreover if Yy € D(A(0)), then Y € C([0, +oc[, D(A(0))) N C([0, +oo[, H).
The following theorem gives the well-posedness result of .

THEOREM 3.2. We assume that , and holds and the function
a = a(z) € L*(0,L) satisfies (B). We also suppose that the real functions
a and b belonging to L>(0, L) satisfy (14)-(15), v € L*(0,T,H(0,L)), and
that Yo = (uo,20) € H. Then there exists a unique solution ¥ = (u,z) €

C((0, 7], H) to (13).

—sat(a(x)u)

Proof. Firstly, we aim to prove that < 0

> € LY(0,T,H). Let

G(u) = _Sat(g(x)“) . Let uy, up € L2(0,T, H*(0, L)), by using the Holder

inequality, ([I5, Proposition 3.4]) and ([26, Theorem 5.1]), we get
T
IGw) = )iy = | Glan) = Gt
T
= [ sat(a) = sat(a@u)logo.)) + 10100
T
:/ |lsat(au;) —Sat(duz)HLQ(07L))dt
0
T
< 3/ H&ul — ELU2||L2(07L))dt
0

T
< 3HaHL°°(O7L)/O Jur — uzl|L2(0,2))d?

< 3@l oo (0,r) VT VL||lur — wall z2o.7,111 (0,1 < +00-
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Therefore, ( sat(g( z)u) > € LY(0,T, H). Moreover, the operator A(t) sat-
. . . —sat(a(z)u)
isfies all the assumptions of Theorem [3.1L Thus, since 0 €

LY(0,T,H), then if Yy € H, the system has a unique solution ¥ =
(u,z) € C([0,T], H), according to [II, Theorem 2.
Furthermore, sat(a(x)u) € L'(0,T, L*(0, L)), hence if ( ZO > € D(A(0)),
0

then from [4, Proposition 2] the solution is a regular solution.

4. EXPONENTIAL STABILITY

The aim of this section is to study the local stability of @D Before that,
let us consider the energy of the system @

(27) E(t):;/o (xtda:+//§ 2zt — O(t))dpd,

where £ is given by . In the following proposition, we prove that the energy
(27) is not increasing.

ProrosiTIiON 4.1. We assume that , and holds and the func-
tion a = a(z) € L>(0, L) satisfies (F]). We also suppose that the real functions
a and b belonging to L>(0,L) satisfy —, u € L?(0,T,H*(0,L)), and
that Yo = (ug, z0) € D(A(0)). Then for any regular solution of ([9)), the energy
is mon-increasing and satisfies the following inequality

E(t) < — ;x(O £ — / a(@)u(z, t)dz

(0,L)\w

1
+5 [ (=2a(2) + b(w) + £(@))u’ (2, t)dz

(28) e
+ 3 (€(z)(d — 1) + b(2))u?(z, t — 6(t))dx
l

—/ sat(au)udzx < 0.
0

Proof. Let us consider a regular solution of @ Noting that

ug(z,t —0(t)p) = (%) uu(x,t —0(t)p) for all x € w,
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then by differentiating (- ) we get

E(t):/ uudx+ //§ 2(x,t — O(t)p)dpdz

+o(e) [ /0 E@)uile, t — OOp)u(, t — O(t))duda

L
=— / (wtty + Uty + a(z)u?)de
0

(20) /
—/ b(x)u(x, t)u(x,t — 6(t))dx
0
—/0 satauudx—i—//f 2(z,t — O(t)p)dpda
/ / &(x — Duy(x,t —0(t)p)u(z,t — 6(t)pn)dpde.
After some integration by parts, we have
L L 1
(30) —/0 uuzdr = 0; —/0 Wgppdr = —§u (0 t).
Moreover,
/ / E@) (Ot — Dy (w,t — OOyl t — O()p)dpda
-/ / E@)(Opu (.t — O(t))ule, t — O(H)p)dpda
-/ / €@y (w,t — OO p)ul, t — (t)1)duda
Integrating by parts [ fo (1) puy(z,t — O(t)p)u(z, t — O(t)p)dpdzr, we
obtain

/f / puy(x,t —0(t)p)u(z,t — 0(t)p)dpde

=(t)/wf($)[u2u(xt— tu]; /5 / (2 — O(t) ) dpuda
" [ eonitas-owe "D [ ew) [ owpmauar

Using , we get
1
6) [ @) [ (et — 0t pule,t - O(H)p)dpda
o 0L

;i/g 2(z,t—0 (2//5 (2, — 0(t)p)dpda.
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Now integrating by parts — [ fol E(@)uy(z, t — 0t )p)u(z,t — 0(t)p)dpde, we
have

1
- / () / upat — Oy pulz t — 6(t)1)dudz
(32) :—/5 2(2, 1 — O()p)] - da

/§ 2(x,t) :c—/§ 2(z,t — 0(t))d.

Hence, using , ., ., and Cauchy Schwarz inequality, we get

L L
E(t) = — %UE(O t) — /0 a(z)u’dr — /0 b(x)u(z, t)u(x,t — 0(t))dx

b 1 1
—/0 sat(au)udx—i—2/w§(x)u2(a:,t)d:c— waf(a:)uQ(x,t—G(t))dx

—i—;l/wg(x)zﬂ(w,t— 0(t))dx

< - 1ufc(O,t) —/ a(x)u’dr — / a(x)u2d$+1/b($)u2(:c,t)dx
2 (0,L) w w 2/,

l
—l—;/wb(x)uQ(x t—6(t))dx —/ sat(au)udx—i— { (x,t)dx
_;/wg(m)u?( ))dx + = /§ (x,t —6(t))dx.
Consequently,
E(t) < —1u “(0,t) — /(0 . a(x)u?(z,t)d
+3 [ (22000 + @) + @)l . o

!
+ ;/(f(ﬂf)(d — 1) + b(x))u?(z,t — 0(t))dx — /0 sat(au)udz < 0.

Indeed, using (21)), we have —2a(z) + b(z) + £(z) < —co < 0, and 1b(z) <
&(x), thus §(x)(d — 1) + b(z) < 0. Moreover, fOL sat(au)udz > 0, in fact, if
lau| 2 < 1, then sat(au)u = au?® > 0. If ||aul| ;2 > 1, then

2

N au au
sat(au)u = =

>0,

- U= =
laullg2 flau] 2
where @ = a(r) is a nonnegative function. which concludes the proof. t

Let us take the following Lyapunov function

(33) V(t) = E@t) + AVi(t) +Vs(t),



11 Stability analysis 137

where A\ and «y are fixed positive constants taken small enough, E(-) is the
energy given by , Vi(:) and Va(+) are defined as follows

(34) Vi(t) = /OL zu®(z,t)dr,

1
(35) V) =06) [ [ (1= (st - 6Omdd
wJO
For the stability analysis, the following lemmas will be needed.

LEMMA 4.2. Suppose that a and b are nonnegative functions belonging to
L*>(0,L) satisfying and (15), and Yy = (uo, 20(-, —0(0)-) € D(A(0)).
Moreover we assume that a € L>(0, L) satisfies (@ andu € L*(0,T, H'(0,L)).
Then for any regqular solution of (@, the following equation is satisfied:

d L L L
&Vl( ) < /0 u?(z,t)dx — 3/0 u?(x,t)de — 2/0 za(z)u?(z,t)ds
(36) +L/b( Y2 (z, 1) dx+L/b (2.t — 0(8))de
UJL w
—2/0 zsat(a(z)u(z,t))u(z, t)de.

Proof. Let us consider a regular solution of @ Then by differentiating
Vi(-), we get

d

L
G0 =2 [ e o nas

L L
= —2/0 xu(m,t)%(m,t)dx—?/o zu(z, t)Ugyy (z, t)da
L L
— ra(x)u?(z,t)de — xb(z)u(z, t)u(z, t — x
2 [ aatep?(e e =2 [ ab@pute duat o)
L ~
—2/0 xsat(au(z, t))u(z, t)dz.

After integrations by parts, we get —2 fOL zu(z, t)uy(z, t)de = fOL 2(z,t)dx
and 2f0 zu(z, ) ugge (2, t)de = —3f (z,t)dz. Consequently, using the
last equations and the Cauchy-Schwarz 1nequahty, we obtain

L L L
ivl( t) = /0 u?(z,t)dz — 3/0 ul(z,t)dz — 2/0 za(z)u?(z,t)dx

dit
L L
— 2/0 xb(x)u(z, t)u(z,t — 0(t))dx — 2/0 xsat(au(z, t))u(x, t)dz

L L L
< / w?(x,t)dx — 3/ u(z,t)dz — 2/ za(x)u®(x,t)dx
0 0 0
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L L
+/0 xb(m)uZ(x,t)dx+/0 zb(z)u?(x,t — 0(t))dx
L
- 2/0 xsat(au(z,t))u(z, t)dz
L L L
§/0 u2(m,t)dx—3/0 ui(m,t)dx—Z/O za(z)u?(z,t)ds
L L
2 2 _ .
+L/O b(x)u (:c,t)dx—f—L/O b(x)u”(z,t —0(t))d
L
- 2/0 xsat(au(z,t))u(z, t)de.

0

LEMMA 4.3. Let Yy = (ug,20(-, —h-) € D(A1) and u € L*(0,T, H'(0, L)).
Then for any regular solution of (@, the following equation is satisfied:

(37) %Vz() / a:td:z:—// (1 — () p)u2(z, t — O(t)p)dpda.

Proof. Let us consider a regular solution of @ Then differentiating V3(+)

we get
// (1— (e, — 0(t)u)dude
1 20(t) / / (1= purle, t — O(E))ule,t — O(t)u)dude
(38) / / (1= p)u(z,t — 0(t)p)dpda
+2 /w /0 0(t)ur(e, t — O(t))ule, t — 0(t)p)dude
) /w /0 L B(yun(e.t — 0 ))u(. t — 6(t))dudz.

Note that 0(t)u(x,t — 0(t)u) = (0(t) — V)uy(2,t — 0(t)p). We integrate by
parts 2 [ fol O(t)u(z,t — 0(t)p)u(z, t — O(t)pu)dudz, and we obtain

1
2/ / O(t)u(z,t — O(t)p)u(x,t — O(t)p)dpde
= 2/ / — Duy(z,t —0(t)p)u(z, t — 6(t)p)dpde
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1

—2 [ ity .t - 00| as

0

— 20(t / / (x,t —6(t)u)dpdx

:/ (g, )z + /(e(t) CDR(,t— O(t))da

// O(t)u2(z,t — 0(8)p)dpda.

Integrate by parts —2 [ fo pl(t)ue(x,t — 0(t)p)u(z,t — 6(t)p)dpdr to get:
) / /O OBy (x, t— 08 )ulr, £ — O(t) ) dpadla
w . '
=2 [ [ =0 et = Ole)mutat 00

1

=2 [ bt 2)2(wt—9(t)u) da

(40) 0

- 2/ / (1—20(t (m t—0(t)u)dpde
—/ — 0(t))u(x, t — O(t))da

1
_//O (1 — 208 )u(z, t — O(t))dpda.

Therefore, using , and , we have
1
(0 = 00) [ [ (-t —omduds + [ Peda
wJO w
1
+ [ 6@) = (e, t — 6(t))de — / / B2 (2.t — 0(8)p)dpda
wJO

(1 — 0(t)u(z,t — 0(t))dz

/ / (1 — 20() )z, t — O(t))dpdz
= /wu2(x,t)dx — /w/ol(l — () p)u(z, t — 0(t)p)dpde,

which concludes the proof. ]

\g\

Now, we are able to state and prove the main result of this section.

THEOREM 4.4. Assume that a and b are nonnegative functions belonging to
L*°(0, L) satisfying (1 cmd (.) and L < m/3. Moreover, suppose that ad =
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a(z) € L*>(0,L) satisfies (@ and u € L?(0,T,H*(0,L)). Then there exists
r > 0, sufficiently small, such that for every (ug, 20(-, —0(0)-) € H satisfying
(uo, z0(-, —0(0))||3 < 7, the energy of system @ decays exponentially. More
precisely, there exists § > 0 and M > 0, such that

(41) E(t) < Me % E(0), V¥t >0,

where for A and v sufficiently small, the two positive constants § and M satisfy
the following inequality

3L2(142LX) K2y + €l e(o,1))

2 a12 o1
@) 5gmin{(9” 302 — 2L3)\ y }

and M < (1 + max {L)\, ’y}) . Moreover, X and v satisfy the following in-

bo
equalities:
o [ 2a(z) = b(x) — {(z) &(x) —b(x)
(43) As %22{ Tb(z) " L) }
and
(44) Y < a{gg { 2a(x) — b(x) —2§(ac) — 2\Lb(x) } ‘

REMARK 4.5. The Lyapunov function V(-) given by and the energy
E(-) defined by are equivalent. Indeed,

(45) E(t) < V(t) < MiE(t), Vt>0,

M, = <1 —|—max{L)\,’y}> .
bo

Thanks to inequality , in order to prove the local exponential stability
of system @I), it is sufficient to show that for all § > 0, £V (t) + 26V (t) <O0.

where

Proof. Let (ug, 20(-,—6(0)-) € D(A(0)) and consider a regular solution.
Then by using , and and the fact that fOL sat(au)udz > 0,
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2\ fo za(z)u?dr > 0, and 2\ fo xsat(a(z)u(z,t))u(z, t)dz > 0, we obtain:

i = L 2 alxT U2 €T i
G0 =520 [ s

. / (~2a(x) + b(z) + £(z))u? (2, t)dz

+5 [ €@@=1) b))l (o,t = 0(0)da
L

- sat(a(z)u(z, t))u(z, t)dx
+ /\/L 2(x, t)dx — 3\ /L u?(z,t)dx
0 0
—2A /L za(z)u?(z, t)dx + )\L/ b(z)u?(x,t)dz
0

w

(46) AL / ba)u2(z, t — 0(t))da

|
[\
>~

S—
h

8

wn

29}
pag
0

8
S~—
)
~
N~—
S~—
)
~
S~—
o,

/wu2xtdm— // (1 —0(t)p)u(x, t — O(t)p)dpda

(—2a(x) + b(x) + &(x) + 2LAb(w) + 29)u? (z, t)dz

(€(x)(d — 1) + b(x) + 2LAb(x))u?(x, t — O(t))dz
+ /\/L u?(x, t)dx
0
L 1
- 3)\/0 u?(z,t)dx — 'y/ /0 (1 — () p)u?(z,t — O(t)p)dpdz.

Now, by calculating 25V (¢), we have

25V (t) =20E(t) + 26AVi (t) + 267 Vi (t)

—5/ (z,t)dx + (¢ 5//§ 2(x,t — 0(t)p)dpda

0 +25)\/ zu?(x, t)dx + 2670 (t) // (@, t — 0(t)p)dpda

—2670(t // pu?(z,t — 0(t)p)dpds
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L
<(6 + 26\L) / u?(z, t)dz
0

1
n /w /0 (K66(x) + 204K 2 (z, t — 0(8)p)dpudz.

Therefore, from and we deduce that

d

&V(t) + 20V (¢t) §% /OJ(_QG(:B) + b(x) + £(x) + 2LAb(x) + 27)u?(x, t)dx

1

+5 / (€(z)(d — 1) + b(x) + 2LX\b(z))u?(z,t — O(t))dz

L L
+(A 46+ 26)\L) / u?(z,t)dz — 3>\/ ul(x,t)dx
0 0

1
+/w/0 (K0&(z) + 267K — y(1 — d))u?(z,t — 0(t)p)dudz.

Using the Poincaré inequality, we get

d

SV(H) + 26V (1) g% /w (—2a(x) + b(z) + £(x) + 2LAb() + 27)u(x, )

1

+5 / (€(z)(d — 1) + b(x) + 2LX\b(z))u?(z,t — O(t))dz

+<L (>\+5+25>\L)—3)\> /Lu (2, t)dz
/ / (KOE(z) + 209K — 4(1 — d))u2(z, t — 0(8))dpda.

By using , we can take A and v small enough as in and , to get
—2a(z) + b(x) + &(x) + 20LAb(x) + 27 <0,

and £(x)(d — 1) 4+ b(x) + 2LAb(x) < 0, in w. Consequently, we have

L
%V( )+ 25V (¢ = A+ 8+25\L) — 3>\) / ul(z,t)da
0
/ / (K6&(x) 4 207K — ~v(1 — d))u?(z,t — O(t)p)dpdz.
2 L2
Then, we can take r small enough to have r < LL%), which is possible
2L2

since L < mv/3. Hence, we can choose § > 0, as in lb in order to have

2
(L2 (A4 6 4+ 20)\L) — 3)\> <0,
T
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and (Kd6&(z) + 20yK — (1 — d)) < 0. Thus, we have

(48) %V(t) + 26V (¢) < 0.

By integrating over [0,], we obtain V(¢) < V(0)e™2%. Using the equiv-
alence between the Lyapunov function V(-) and the energy E(-) (see Remark

, we get E(t) < MyE(0)e 2%, where M; = 1 + max{L)\,%}. Since
D

A(0)) is dense in H, then we can extend the result to any initial condi-
tion (ug, 20(-, —6(0)-)) € H. O

5. CONCLUSION

In this research paper, we have investigated the well-posedness and expo-
nential stability of a Korteweg—de Vries equation with a time-varying delay
on internal feedback, considering the presence of a saturated source term.
This study demonstrates that, under certain assumptions, introducing a time-
varying delay into the Korteweg-de Vries equation alongside a saturated source
term results in a well-posed system. Moreover, by using an appropriate Lya-
punov functional, we have shown that the studied equation is locally expo-
nentially stable. Finally, let us address some issues that have arisen in this
setting.

(1) In this paper, we have assumed that the function defining the time-
varying delay, denoted as 6(.), is differentiable. A pertinent question
to explore is whether the obtained results still hold true when the
derivative of #(.) does not exist.

(2) Can we investigate the exponential stability of the nonlinear KdV
equation with a time-varying delay in the presence of a nonlinear source
term as an intriguing topic for further research?
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