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PRIMAL m-SPACE
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Abstract. The primal is a recently introduced structure in general topology.
It is the dual structure of a grill and was introduced by Acharjee et al. In this
paper, we introduce the primal m-space by combining the concepts of a primal
and an m-space. We study several fundamental properties of this new generalized
topological structure.
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1. INTRODUCTION

Topology provides powerful tools for tackling a wide range of mathematical
problems. Owing to its numerous generalized applications in both the natural
and social sciences, several associated structures, such as ideals [10], filters
[11], grills [9], etc., have been introduced. An ideal is the dual structure
of a filter. Applications of filters are widely available in the literature [13
14]. Moreover, ideals and their generalized fuzzy counterparts have found
numerous applications in general topology [5], summability theory [18], fuzzy
summability theory [19], and many other areas. Similar to ideals and filters,
another classical structure in topology is the grill. The concept of a grill
was introduced by Choquet [9] in 1947. Like ideals and filters, grills also have
several applications in general topology [4], fuzzy topology [8], and many other
fields.

Recently, the structure called primal was introduced by Acharjee et al. [I].
A primal is the dual structure of a grill. It has attracted significant attention
from researchers and has been used to construct several new operators [I} 2].
These operators have, in turn, been employed to develop various topologies.
Al-Omari et al. [6] used the primal structure to study primal-proximity spaces.
Furthermore, Sagsmaz and Ozkog [7] introduced new operators derived from a
primal and established an associated topology on primal topological spaces.
Al-Omari et al. [3] constructed a primal local closure operator and investigated
some of its fundamental properties.
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In [5], Al-Omari and Noiri introduced the concept of an m-space, and later,
Modak et al. [16] introduced several new structures on m-spaces. Further-
more, in [15], Modak introduced the grill m-space by combining the grill struc-
ture with an m-space. Motivated by these developments, in this paper, we
combine the primal structure with the m-space and introduce a new struc-
ture called the ‘primal m-space’. Further, we define two operators on primal
m-spaces and, using these operators, construct two topologies. We also char-
acterize these topologies with the aid of various topological properties.

2. PRELIMINARIES

In this section, we review some preliminary definitions and theorems that
will be used throughout the subsequent sections.

DEFINITION 2.1 ([5]). A subfamily M of the power set 2% of a non-empty
set X is called an m-structure on X if M satisfies the following conditions:
(1) M contains ¢ and X,
(2) M is closed under the finite intersection.

The pair (X, M) is called a m-space.

DEFINITION 2.2 ([5]). A set A € 2% is called an m-open set if A € M.
B € 2% is called an m-closed set if X \ B € M. We define the m-interior and
m-~closure of A as mInt(A) = U{U : U C A,U € M} and mCl(A) = N{F :
ACF X\ F € M}, respectively.

THEOREM 2.3 ([16]). Let (X, M) be an m-space. Then, x € mCIl(A) if and
only if for every m-open set U, containing x, we have U, N A # ¢.

THEOREM 2.4 ([16]). Let (X, M) be an m-space and A C X. Then,
mlnt(A) = X \ mCI(X \ 4).

THEOREM 2.5 ([15]). Let (X, M) be an m-space. Then, for G € M, GN
mCl(A) C mCl(G N A)

DEFINITION 2.6 ([9]). A subcollection G of 2% is called a grill on X if G
satisfies the following conditions:
(1) ¢ ¢G;
(2) if A€ G and A C B, then B € G;
(3)if A,BC X and AUB € G, then A€ Gor Beg.

A primal, which is the dual structure of a grill, is defined as follows:

DEFINITION 2.7 ([1]). Let X be a non-empty set. A collection P C 2% is
called a primal on X if it satisfies the following conditions:

(1) X ¢ P;

(2) if Ae P and B C A, then B € P;

(3)if ANB € P, then A€ Por BeP.

Thus, we obtain the following definition from the above discussion.
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DEFINITION 2.8. An m-space (X, M) with a primal P on X is called a
primal m-space and is denoted as (X, M, P).

DEFINITION 2.9. [12] A subset A C X in a topological space (X, T) is called
semi-open if A C cl(int(A)). The set of all semi-open sets in a topological space
(X,T) is denoted as SO(X,T).

DEFINITION 2.10. [I7] A subset A C X in a topological space (X,T) is
called a-set if A C int(cl(int(A))). The set of all a-sets in a topological space
(X, T) is denoted as T*.

DEFINITION 2.11. [I7] A topological space (X, T) is said to be resolvable if
for a subset D of X, both D and X \ D are dense in (X,7), otherwise it is
said to be irresolvable.

Throughout this paper, we denote the set of all m-closed sets by MC~.

3. ©p-OPERATOR

In this section, we introduce the @p-operator and study several of its funda-
mental properties.

DEFINITION 3.1. Let (X, M, P) be a primal m-space and A C X. A map-
ping @p : 2% — 2% is defined by: pp(A) = {z € X: A°UU° € P for allU €
M(z)}, where M(x) = {U € M : z € U}. The mapping pp is called the
operator associated with the primal P and the m-structure M on X.

Now, using the above definition, we discuss some properties of the ¢p-
operator.

PROPERTY 3.1. Let (X, M, P) be a primal m-space. Then, op(¢) = ¢.

Proof. Since X ¢ P, we get pp(¢) = {x € X : ¢ UU® € PforallU €
M(@z)}={reX: XePforallU e M(x)} = ¢. O

COROLLARY 3.2. Let (X, M, P) be a primal m-space. Then, for P¢ ¢ P,
ep(P) = ¢.

Proof. If P¢ ¢ P, then PCUU® ¢ P for all U € M(zx). Therefore, pp(P) =
P. O

PROPERTY 3.2. Let (X, M,P) be a primal m-space. Then, for A C X,
op(A) C mcl(A).

Proof. Let x € pp(A). Therefore, we have AU U € P for all U € M(x),
ie, (ANU)¢ € P for all U € M(x). Thus, by Definition 2.7, (ANU)¢ # X for
all U € M(z). Therefore, (ANU) # ¢. Hence, by Theorem x € mCI(A).
Thus, pp(A) C mCI(A). O

PROPERTY 3.3. Let (X, M,P) be a primal m-space. Then, for A C X,
mel(gp(A)) € op(A).
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Proof. Let = € mcl(¢p(A)). Therefore, for any U € M(x), UNpp(A) # ¢.
Let y ¢ UNp(A). It implies y € U and y € pp(A). So, AAUUC € P. Since,
U is arbitrary in M(x), we have x € pp(A). O

COROLLARY 3.3. Let (X, M,P) be a primal m-space. Then, for A C X,
©p(A) is an m-closed set.

PROPERTY 3.4. Let (X, M,P) be a primal m-space. Then, for A C X,
ep(pr(A4)) C pp(A).

Proof. From property we have pp(pp(4)) C mcl(ep(A)). Again from
property 3.3} mcl(pp(A)) C ¢p(A). So, pp(pp(4)) C pp(A). O

PROPERTY 3.5. Let (X, M, P) be a primal m-space. Then, for A,B C X
and A C B, op(A) C pp(B).

Proof. Let © € pp(A). Therefore, AU U € P for all U € M(z). Now,
A C B B¢ C A So, BCUU® C A°UU° for all U € M(z). Therefore, as
AcUUC e P forall U e M(z), so BCUU® € P for all U € M(z). Therefore,
pp(A) C op(B). 0

PROPERTY 3.6. If P1 and Ps be two primals on m-space (X, M) and Py C
P2, then PPy (A) C PP (A)

Proof. Let x € ¢p,(A). Therefore, AU U € P; for all U € M(z). Since
P1 C Pa, we have AU U € Py for all U € M(z). It implies z € ¢p,(A).
Thus, PP (A) C P, (A) O

PROPERTY 3.7. Let (X, M, P) be a primal m-space. Then, for A,B C X,
¢p(AUB) = pp(A) Upp(B).

Proof. A,B C AU B. Thus, we have op(A) C pp(AU B) and ¢p(B) C
©p(AU B). It implies pp(A) Upp(B) C op(AU B).

Now, let © ¢ ¢op(A) U pp(B). It implies z ¢ ¢p(A) and = ¢ pp(B).
So, AU Uf ¢ P and B°UUS ¢ P for some Uy,Uy € M(x). Therefore,
(AcUUL) N (BCUUS) ¢ P. Therefore, (A°N B¢) U (Uy NU)¢ ¢ P. Therefore,
(AUB)“U (U1 NU)¢ ¢ P. It implies = ¢ op(AU B). Therefore, pp(AUB) C
ep(A) U pp(B). Hence, we have pp(A) U pp(B) = pp(AU B). O

PROPERTY 3.8. Let (X, M,P) be a primal m-space. If U € M, then U N
ep(A) =UnNep(UNA), forany AC X.

Proof. Since UN A C A, thus ¢p(UNA) C pp(A). Therefore, U N pp(U N
4) CUNgp(4).

Again, let x € U N ep(A). It implies x € U and = € pp(A). So, z € U
and AUV e P for all V € M(z). So, A°U (V NU)¢ € P for all V € M(x).
It yields (ANU)*UVe e P for all Ve M(x). Thus, z € pp(ANU). So,
x € UNpp(ANU). Therefore, UNpp(A) CUNpp(ANU). Hence, UNyp(A)
— Unpp(ANU). 0
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PROPERTY 3.9. Let (X, M, P) be a primal m-space and A, B C X. Then,
ep(A)\ pp(B) = ¢p(A\ B) \ ¢p(B).

Proof. We know ¢p(A) = pp((A\B)U(ANB)) = ¢p(A\B)Upp(ANB) C
op(A\ B)Upp(B). Therefore, op(A)\ op(B) C pp(A\ B) \ pp(B). Again,
op(A\B) C ¢p(A). It implies pp(A\B)\pp(B) C ¢p(A)\¢p(B). Therefore,
¢r(A) \ pp(B) = pp(A\ B) \ ¢p(B). O

PROPERTY 3.10. Let (X, M,P) be a primal m-space. If A,B C X, then
¢p(ANB) C pp(A) Nep(B).

Proof. Since AN B C A, we have pp(ANB) C ¢p(A). Again, AN B C B,
therefore ¢p(A N B) C pp(B). Therefore, we get op(AN B) C pp(A)N
©p(B). O

REMARK 3.4. The converse of the above property is not always true. For
example, let X = {a,b,c¢} and M = {¢,X}. We consider a primal P =
{¢,{a},{b},{c},{a,b},{a,c}} on X. Now, if A={b} and B={c}, then we have
ep(A)Nep(B) = XNX =X # ¢ =9p(d) =pp(ANB).

PROPERTY 3.11. Let (X, M, P) be a primal m-space and A,B C X. If A
is m-open in X, then AN pp(B) C pp(AN(B)).

Proof. Let A€ Mand x € ANpp(B). It v € A and = € pp(B). Then,
for all U € M(z), BcUU® € P. Since A € M, we get (AN B)°UU® =
B°U(A°UU®) =B°U(ANU)* € P. So, x € pp(ANB). Thus, ANpp(B) C
ep(ANB). O

PROPERTY 3.12. Let (X, M, P) be a primal topological space. If A° € M,
then pp(A) C A.

Proof. Given A¢ € M and let x € ¢p(A). Suppose z ¢ A. Then, A° €
M(z). Since x € pp(A),soforall U € M(z), U°UA® € P. Thus, (A°)°UA° €
P, ie., X € P. This contradicts the fact that X ¢ P. So, pp(A) C A. O

COROLLARY 3.5. Let (X, M,P) be a primal m-space and A, B C X with
B¢ ¢ P. Then, pp(AUB) = ¢p(A) = ¢p(A\ B).

Proof. Since B¢ ¢ P, it gives op(B) = ¢. Now, pp(AU B) = pp(A) U
¢p(B) = ¢p(A) U = pp(A). Again, pp(A\ B) C pp(A). Also, we have
¢p(A)\ pp(B) C pp(A\ B). It implies pp(A) C ¢p(A\ B). Thus, pp(A) =
op(A\ B). Therefore, pp(AU B) = pp(A) = pp(A\ B). O

DEFINITION 3.6. Let (X, M,P) be a primal m-space. A mapping CL :
2% — 2% is defined as follows: CL(A) = AU @p(A) for all A € 2%,

THEOREM 3.7. The above map CL satisfies Kuratowski closure axioms.

Proof. Due to Property CL(¢) = ¢, and obviously A C CL(A). Now,
CL(AUB) = (AUB)Upp(AUB) = (AUB)Upp(A)Upp(B) = CL(A)UCL(B).
Again, for any A C X, we have CL(CL(A)) = CL(AUpp(A)) = (AUpp(A))U
ep(AUpp(A)) = AUpp(A)Upp(A) = AUpp(A) = CL(A). O
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Since C'L satisfies the Kuratowski closure axioms, it induces a unique topology
on X. This topology is described in the following theorem.

THEOREM 3.8. Let (X, M, P) be a primal m-space. Then, Tapp = {W C
X :CL(X\W)=X\W} is a topology on X, where CL(A) = AUpp(A). If
A € Tpqp, then A is said to be Tap-open set. B C X is said to be Tap-closed
set if B¢ € Typ-

Henceforth, throughout this paper, Inta¢p and Clap denote the interior
and closure operators, respectively, with respect to the 7ap-topology on

(X, M,P).

THEOREM 3.9. Let (X, M, P) be a primal m-space. If A C B, then CL(A) C
CL(B).

Proof. Since A C B, then from Property we get pp(A) C vp(B). So,
AUep(A) € BUpp(B). It implies CL(A) C CL(B). O

THEOREM 3.10. (a) If P1 and P2 be two primals on X with Py C Ps. Then,
TMPy & TMP, -

(b) If P is a primal on X and B® ¢ P, then B is Typp-closed set.

(¢) For any subset A of an m-space (X, M) and any primal P on X, pp(A)
18 Tpmp -closed.

Proof. (a) Let U € tyqp,. Then CLpp, (X \U) = (X \U). It (X \
(X\U)Ugpa(X\U). Thus, pa(X\U) C (X\U). Tt op, (X\U) € (X
So, (X \U) =CLpmp, (X \U). Hence, U € Tpp,.

(b) It is obvious that, due to Corollary{3.2} for B¢ ¢ P, ¢p(B) = ¢. Then,
CLymp(B) = BUpp(B) = B. Hence, B is Tap - closed.

(c) We have CL(pp(A)) = op(A)Upp(pp(A)) = ¢p(A). Therefore, pp(A)
is Tpqp-closed. O

We now determine a basis for the topology 7app on X. The following
theorem provides such a basis.

THEOREM 3.11. Let (X, M,P) be a primal m-space. Then, B(M,P) =
{VNA:V e Mand A® ¢ P} is the base for Tap.

Proof. Let U € Tpqp and x € U. Then, (X\U) is Tarp-closed. So, CL(X\U)
=X \U. Hence, pp(X \U) C (X \U). Then, z ¢ pp(X \ U) and so, there
exists V' € M(z) such that (X \U)NV)¢ ¢ P. Let A= (X \U)NnV)-.
Then, x ¢ A and A° ¢ P. Thus,

ze(V\A)=V\[(X\U)nV]=V\(V\U)CU,

and V\ A € B(M,P). It now suffices to observe that S(M,P) is closed
under finite intersection. Let Vi \ A, Va2 \ A € B(M,P). So, V1,Va € M and
A¢ B¢ ¢ P). Then, (V1NV2) € M and A°NB° ¢ P. Now, (V1\A)N(Va\ B)=
(VinVe)\ (AU B) € (M, P). Hence, (M, P) is a base for Trp. O
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COROLLARY 3.12. For any primal P on an m-space (X, M), M C (M, P) C
TMP-

Proof. As B(M,P) serves as a base of Tyrp, we have B(M,P) C Typ.
Again, for any U € M, ¢¢ = X ¢ P. Therefore, by the definition of S(M, P),
U=U\¢ € B(M,P) for any U € M. Therefore, M C 5(M,P). Thus,
A1QX%AAJ3§;TMP- U

4. 1/173- OPERATOR
In this section, we introduce p-operator and study some of its properties.

DEFINITION 4.1. Let (X, M,P) be a primal m-space. An operator p :
2% — 2% is defined as : for every A € 2%, ¢p(A) = {x € X : there exists a
U € M(x) such that (U \ A)° ¢ P}.

It is easy to find that ¥p(A) = X \ op(X \ A).

THEOREM 4.2. Let (X, M,P) be a primal m-space. Then, the following

properties hold:

1) if AC X, then ¢¥p(A) is m-open in (X, M),

2) if AC B, then ¢¥p(A) C ¢¥p(B),

& UA+B€2X,ﬂw”¢?@4ﬂB)ZWWﬂA)m¢PUﬂ,

4) if U € Tpmp, then U C Yp(U),

5) if AC X, then ¢p(A) C ¢p(¥p(A)),

6) let A C X, then Yvp(A) = Yp(p(A)) if and only if pp(X \ A) =
ep(pp(X\ 4)),

7) if A°¢ P, then vp(A) = X \ pp(X),

8) if AC X, then AN ¢Yp(A) = Intpmp(A),

9) if AC X and P¢ ¢ P, then Yyp(A\ P) = ¢p(A),

0)

1

(
(
(
(
(
(

(
E
(10) if AC X and P° ¢ P, then Yp(AUP) = ¢p(A),

(11) if A BC X and (A\ B)°N(B\ A)° ¢ P, then Yp(A) = Yp(B).

Proof. (1) We have ¥p(A) = X \ pp(X \ A). By Corollary we get that
op(X \A) is m-closed. Therefore, X \ op(X \ A) is m-open. Therefore, p(A)
is m-open.

(2) Consider A C B. Then, from Property we have pp(X \ B) C
op(X \ A). Therefore, t:p(4) C 4p(B).

(3) From (2), we have ¥p(AN B) C ¢¥p(A) and ¢p(A N B) C ¢p(B).
Therefore, p(A N B) C ¢p(A) NyYp(B). Now, let z € ¥p(A) N Yp(B).
Then, there exist U,V € M(x) such that (U\ A)¢ ¢ P and (V \ B)° ¢ P. Let
P=UNV € M(z). Then we have, (P\ A)¢ ¢ P and (P\ B)¢ ¢ P. Therefore,

we have
[P\ (ANB)*=[(P\A)U(P\B)|*=(P\A)N(P\B) ¢P.

Therefore, z € p(A N B). Therefore, p(A) NYp(B) C ¢p(AN B). Hence,
the prove is done.



108 A. Saha et al. 8

(4) If U € tpp, then (X\U) is Tagp-closed. It implies pop(X\U) C (X \U).
Hence U C [X\ gp(X \ U)] = ép(U).

(5) From (1), we have ¢¥p(A) is m-open. Therefore, by Corollary
Yp(A) is Tarp-open. Therefore, from (4), ¥p(A) C Yp(p(A)).

(6) The proof follows from the following two facts:

Up(A) = X\ pp(X\ A) and thus, p(dp(4)) = [X\gp(X\ (X\@p(X\ ).

(7) By Corollary we have pp(X \ A) = ¢p(X) if A° ¢ P. Then,
¥p(A) = X\ pp(X).

(8) If x € ANyp(A), then x € A and there exists a U € M(z) such that
(U\ A ¢ P. Then, [U\ (U\ A)] is a Tamp -open neighbourhood of = and
x € Int pmp(A).

Conversely, suppose x € Intap(A). Then, there exists a basic Tyyp-open
neighbourhood V'\ P of z where V' € M(z) and P¢ ¢ P, such that € V\ P C
A. It V\ A C P. Therefore, P C (V \ A)°. Hence, (V \ A)¢ ¢ P. Hence,
x € Yp(A). Therefore, z € ANYp(A).

(9) ¥p(A\ P) = [X\pp(X\ (A\ P))] = [X \ pp((X \ A)UP)] = [X\
pep(X \ A)] =p(A).
|, 0 n(A1P) = X\eplX\(AUP)] = X\gpl(\A)\ ] = X\pr(X\A) =

P .
(11) Assume (A\ B)°N(B\ A) ¢ P. Let (A\ B) = P} and (B\ A)° = Ps.
Then, P{, Ps ¢ P. Also, observe that B = (A\ P;) U P,. Thus, ¢p(A) =
Up(A\ P1) = ¢p[(A\ P1) U Po] = ¢p(B). O

COROLLARY 4.3. Let (X, M,P) be a primal m-space. Then, U C p(U)
for every U € M

Proof. U € M implies U € Tpp. Then, from (4) of Theorem we have
U C¢p(U). O

5. SOME PROPERTIES RELATED TO THE ABOVE TWO OPERATORS
In this section, we prove some properties related to ¢p and p operators.

THEOREM 5.1. Let (X, M,P) be a primal m-space. Then, MC*\{X} C P
if and only if pp(X) = X.

Proof. Suppose that M\ {X} C P. It is obvious that ¢p(X) C X. For
the reverse inclusion, let z € X but « ¢ ¢p(X). Then, there exists U € M(z)
such that U°U X¢ ¢ P, ie., U° ¢ P. But, this contradicts the fact that
MCEEN {X} C P. Therefore, z € X implies z € ¢p(X). Hence, X C pp(X).
Therefore, pp(X) = X.

Conversely, suppose that op(X) = X. Let V € M \ {X}. Therefore,
Ve e M\ {¢}. Therefore, pp(X) = X implies (V)¢ U X¢ € P. Therefore,
V € P. Hence, M*\ {X} C P. O

THEOREM 5.2. Let (X, M,P) be a primal m-space and A € M. Then,
MCEN\ {X} C P if and only if pp(A) = mCI(A).
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Proof. Suppose that M “\{X} C P. From Property, we have pp(A) C
mCl(A). For the reverse inclusion, let x € mCI(A). Then, for every U, €
M(zx), Uy N A # ¢. Therefore, Uy N A € M\ {¢}, which implies US U A¢ €
MCEEN\{X} CP. So, € pp(A) and hence, mCl(A) C pp(A). Therefore,
op(A) = mCI(4).

For the converse part, consider pp(A) = mCl(A). Therefore, pp(X) =
mCl(X) = X. Therefore, from Theorem we have M4\ {X} C P. O

THEOREM 5.3. Let (X, M,P) be a primal m-space. Then, the following
properties are equivalent:
(1) MEEN{X}C P,
(2) for every P € M, P C ¢op(P),
(3) X =¢p(X),
(4) if A e M, then pp(A) = mCl(A),
(5) ¢p(p(A4)) = mCl(yp(A)).

Proof. (1) = (2) Suppose M%“\ {X} C P. Take P € M. Then, either
P=¢or Pe M\ {¢}. If P=¢, then P° = X. Therefore, PFUU =X ¢ P
for all U € M. Therefore, we have ¢ = ¢p(P) = op(¢).

For P € M\ {¢}, consider z € P and any U, € M(z). Then, PNU, € M(x).
Therefore, P°UUS = (PNU,)¢ € M\ {X}. Therefore, P°UU¢ € P. Thus,
we have z € ¢p(P). Therefore, P C op(P).

(2) = (3) Now, suppose property (2) holds. We have X € M. Therefore,
from (2), we have X C ¢p(X). Also, pp(X) C X. Therefore, X = pp(X).
(3) = (1) Again, from Theorem [5.1] we can say (3) = (1).

(1) <= (4) It is the result from Theorem

(4) = (5) Now, suppose property (4) holds. We know ¢¥p(A) € M.
Therefore, we get pp(p(A)) = mCl(vp(A)).

(5) = (3) Now, suppose property (5) holds. We have ¢p(X) = X and
mCl(X) = X. Therefore, op(X) = X. Hence, the theorem is proved. O

THEOREM 5.4. Let (X, M, P) be a primal m-space and M\ {X} C P.
Then, Yp(A)\ A = ¢, for m-closed subset A.

Proof. By Theorem [5.2] we have ¢p(A) \ A = [X \ ¢op(X \ A)]\ A =
[X \mClX \ A)]\ A=mInt(A) \ A = ¢. O
6. ¢p-C' SET AND PROPERTIES OF ¢p (X, M)

In this section, we define the ¥p-C sets and prove some related results.

DEFINITION 6.1. Let (X, M,P) be a primal m-space. A subset A of X
is called a ¥p-C set if A C mCl(¢»p(A)). The collection of all ¥p-C' sets in
(X, M, P) is denoted as ¢¥p(X, M).

REMARK 6.2. It is obvious that M C 7up C 9p(X, M), but the reverse
inclusion does not hold in general. For example, let us consider X = {a,b, ¢, d},



110 A. Saha et al. 10

M ={¢, X, {a},{b,c},{a,b,c}} and

P ={¢.{a}, {0}, {c}, {d}, {b, ¢, d}, {a, ¢, d}, {b,d}, {b,c}, {a, c}, {c, d} },
Consider A = {a,d}, then ¢p(A) = {a}. Thus, mCl(¢yp(A)) = {a,d}. So,
{CL, d} € ¢7>(X7M)7 but {CL, d} ¢ TMP-

THEOREM 6.3. Let {Ay: a € A, A is an index set} be a collection of

non-empty Yp-C sets in a primal m-space (X, M,P). Then, UycaAqs €
?,Z)’P(X,M)

Proof. For each v € A, Ay, € mCl(Yp(Aa)) € mCl(Yp(UaecaAqs)). This
implies Upea Ao € mCl(Yp(UaearAn)). Thus, UpenAn € Yp(X, M)). O

REMARK 6.4. The intersection of two ¥p-C sets may not be a ¥p-C set in
general. In Remark consider A = {a,d} and B = {b,c,d}.Then, op(X \
A) = {b,c,d} and mCl(pp(A)) = {a,d}. Hence, A € ¢Yp(X, M). Again,
ep(X \ B) = {a,d} and mCl(yp(B)) = {b,c,d}. Hence, B € ¢p(X, M).
Since, AN B = {d}, op(X \ (AN B)) = X and mCl(ypp(AN B) = ¢. Thus,
ANB ¢ ¢p(X,M)

THEOREM 6.5. Let (X, M,P) be a primal m-space and A € Yp(X, M). If
UeM, thenUNA € pp(X,M).

Proof. Let U € M and A € ¢¥p(X, M). Therefore, A C mCl(¢p(A). Thus,
UNnACUNmCl(yp(A)) € mClU NYp(A))
€ mCl(¥p(U) Npp(A)) = mCl(vp(U N A)).
So, UN A € p(X, M). 0

p p
7. Trpyp-TOPOLOGY AND PROPERTIES OF T, 1

In this section, we introduce the T}&P—topology and investigate several of
its fundamental properties.

DEFINITION 7.1. Let (X, M, P) be a primal m-space. Then, a subset A of
X is called a ¢p-set if A C mInt(mCl(y»p(A))). The collection of all p sets
in (X, M, P) is denoted by 7'}{’473.

It can be checked that M C T}f’,ﬂ) Cyp(X, M).

THEOREM 7.2. Let (X, M, P) be a primal m-space. Then, T}\/}/”) ={A C
X : A C mInt(mCl(yp(A)))} forms a topology on X, where M\ {X} C P.
Proof. (1) We have
Vp(d) = X\ op(X\ ¢) = X\ pp(X),

and Theorem gives pp(X) = X. Therefore, we have ¥p(¢p) = X \ X = ¢.
Therefore, ¥p(¢) = ¢. S0, ¢ € Tiyyp. Also, we have Pp(X) = X \pp(X\X) =
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X\ ¢p(9). Again, by Property 3.1, we have pp(¢) = ¢. Hence, ¢p(X) = X.
Therefore, X € T}\Z}/ﬂj.

(2) Let A; € T}f/m for all 1 € A, where A is an index set. Now, we show
that U;eaA; € T}&P. Since, A; C U;eaA;, we have ¥p(A4;) C ¥p(U;A;). Then

mInt(mCl(yp(4;))) € mInt(mCl(yp(U;A;))).
So, we have:
A; € mInt(mCl(¢p(4;))) € mInt(mCl(yp(U;As)))

for all ¢ € A. Therefore, U;ca A; € T}\Z}AP.

(3) Let A1, Ay € T}\/’MD. We show that 41N As € 7'}(’473. If AN As = ¢, then
we are done. Otherwise, let x € A1 N Ay. Now,

A1 € mInt(mCl(¢vp(Ar))),

Ay © mlnt(mCl(yp(Az))),
x € mInt(mCl(¢p(A1))) N mInt(mCl(p(A2))).

So, we have:

© € mInt(mCl(p (A1) N mCl(ep(45))).

Therefore , there is an m-open set V, containing x with the property that
Ve € mCl(¢¥p(A1) N mCl(yp(Az))). Then V, € mCl(¢¥p(A;r)) and V, C
mCl(¢p(Az)). Let y € V,. Then, 3 an m-open set G, containing y such
that G, C V,. Therefore, G, N ¢p(A1) # ¢. Therefore, there exists a z €
Gy NYp(Ar). So, there exists a U € M(z) such that (U \ A1) ¢ P. We may
assume that this U is chosen such that U C G,. Again, U C mCl(¢p(As)).
So, there exists a non-empty m-open set U’ C U such that (U’ \ A2)¢ ¢ P.
Now,

U\ (A1NAz2) = U\ AU U\ A2) C(U\ A1) U(U"\ A2).
Therefore,
(U'\ (AN A2)) 2 (U\N AN U U\ A2))° = (U\ A1)° N (U"\ Aa)".

Now, as (U \ A1)¢ and (U \ A2)¢ are not in P, therefore, (U’ \ (A1 N A2))¢ ¢ P.
Hence, we have U’ C ¢p(A1NAs). AsU’ C Gy, we have GyNYp(A1NAz) # ¢.
Therefore, y € mCl(¢p(A; N Az)). Since, y is any point of V,, it follows that
Ve € mCl(¢¥p(A1 N A2)). Therefore, z € mInt(mCl(¢p(A1 N As2))). Thus,

(A1 N Ag) € mInt(mCl(1hp(A1 N Az))). Hence, A1 N Ag € 74,
Thus, we conclude that 7'}6173 is a topology. ]

PROPOSITION 7.3. Let MC“\ {X} C P. Then, p(A) # ¢ if and only if A

contains a set with non-empty Tamp - interior.
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Proof. Let ¥p(A) # ¢. Then, there exists a non-empty set U € M such that
(U\ A)¢ = P¢, where P¢ ¢ P. Now, U\ P C A. Thus, we have U \ P € Tpp.
Therefore, A contains a set with non-empty 7p¢p - interior.

Conversely, suppose A contains a set with non-empty 7p(p- interior. So,
there exists a non-empty set U € M and P¢ ¢ P such that (U \ P) C A. So,
U\ A C P. Therefore, P¢ C (U \ A)°. Since, P¢ ¢ P, we have (U \ A)¢ ¢ P.
Thus, we have ¥p(A) # ¢. O

THEOREM 7.4. If MCA\ {X} C P in (X, M,P), then D(X,Tmp) =
D(X, T}\p/ﬂ;), where D(X,T) denotes the collection of all dense subsets in a
topological space (X, T).

Proof. Since Tpp C 7'}6”3, we have D(X, T}\/)/IP) C D(X,7pmp). Next, let
D € D(X,7mp). We have to show that D € D(X, T}f’/lp). Let ¢ # A € T}\Z}AP.
So, we have ¥p(A) # ¢. Thus, A has a set with non-empty 7pp-interior. It
yields, Int pyp(A) # ¢. Now, Intpp(A)ND C AND and Intpp(A) N D # ¢,
since D € (X,7mp). Thus, AND # ¢. So, D € D(X, T}\’DAP). Therefore,
D(X, 7mp) € D(X,Typ). Thus, we have D(X, 7ap) = D(X, Thp)- O

THEOREM 7.5. Let (X, M, P) be a primal m-space, where MC*\ {X} C P.
Then, (X, TXJ/[P) is resolvable if and only if (X, Tmp) is resolvable.

Proof. Due to Theorem 7.4, we have D(X,7pmp) = D(X, 7'}(’479). Thus,
(X, T}f’,lp) is resolvable if and only if (X, 7a¢p) is resolvable. O

Now, we provide a representation of the a-topology associated with the
Tmp-topology with the help of the ¢p-operator in the following theorem:

THEOREM 7.6. Let x € X. Then, {x} € Yp(X, M) if and only if {x} is
TP -0pen.

Proof. Let {zx} € ¥p(X, M). Then, p({z}) # ¢. Therefore, {x} contains

a set with non-empty 7pp-interior. Therefore, {z} is open in (X, Tpp).
Conversely, suppose {x} is open in (X, 7ump). It implies {z} C ¢¥p({z}).

Therefore, {z} C mCl(¢Yp({z})), ie., {z} € Yp(X, M). O
THEOREM 7.7. Let x € X. Then, {z} € ¥p(X, M) if and only if {z} €
()
Tip-

Proof. Let {z} € ¥p(X, M). Therefore, {x} is Tprp-open. So, {z} C
Yp(z). It {z} C mInt(mCl(yp({z}))), since Yp({x}) is an m-open set. Thus,

{z} € Thip-
Conversely, suppose that {z} € 7'}\#/”7. Then, {z} C mInt(mCl(yp({z}))).
It implies {x} C mCl(¢p({z})). Hence, {z} € op(X, M). O

COROLLARY 7.8. T}\b,tp is the collection such that A belongs to T}\%} and B
belongs to p(X, M) implies (AN B) € ¥p(X, M), where M“\ {X} C P.
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Proof. Let A € Tj\b/lp and B € ¥p(X, M). We show that ANB € ¢¥p(X, M).
If (ANB) = ¢, then we are done. Let ANB # ¢. Thus, we assume x € AN B.
This implies z € A C mInt(mCl(»p(A)). Then, for every m-open set U, such
that U, N¢Yp(A) # ¢. Again x € B C mCl(yp(B)).Then, for every m-open
set V, such that V,NYp(B) # ¢. So, W, = U, NV, is an m-open set. So, W,N
Yp(A) # ¢ and WoNp(B) # ¢. Again, WyNp(A) C Wy and WNYp(B) C
W,. Therefore, W,Npp(A)NYp(B) # ¢. It z € mCl(¢Yp(A)NYp(B)). Hence,
it implies z € mCl(¢¥p(AN B)). Thus, AN B € ¢¥p(X, M). Next, we consider
a subset A of X such that AN B € ¢¥p(X, M) for each B € ¢p(X, M).
We have to show that A € 7'}6”3, ie., A C mInt(mCl(yp(A))). It implies
A C mInt(ep(p(A))). Suppose that x € A but x ¢ mInt(ep(p(A))). So,
x € AN(X \mInt(op(p(A))). It implies € ANMCHX \ op(¥p(A))). This
implies x € ANmCIL(C), where C = X\ pp(p(A)). C is a non-empty m-open
set in (X, M). Since, pp(1pp(A)) is an m-closed set. Since, x € mCIl(C) then
for all m-open set V, containing x, we have V, N C # ¢. Since C C ¢p(C),
so Vu Np(C) # ¢. This implies x € mCl(yp(C)) € mCl(yp({z} U C)), and
C C mCl(yp(C)) € mCl(yp({z} UC)). Hence, {z} UC C mcl(yvp({z}UC)).
Therefore, {z} UC € ¢¥p(X,M). Now, by hypothesis, AN ({z} UC) €
Pp(X, M). We show that AN ({z} UC) = {x}.

We consider y € X and x # y such that y € AN ({z} UC). Soy € A and
ye C. Now, A= ANX and X € ¢p(X, M). So, A € Yp(X, M). Hence, A C
mCl(¢p(A)). Since y € A, thus y € mCl(¢¥p(A)). It means y € op(¢p(A)).
But it is a contradiction to the fact that y € C, i.e., y € X \ ¢p(¢p(A)). This
y ¢ op(¥p(A)). Thus, An ({z} UC) = {z}. So, {z} € Yp(X, M). Hence,
{z} € T}{’/m . Therefore,

{z} € mInt(mCl(yp{z}))
= mInt(mCl(¢p(AN ({z} U C))))
C mInt(mCl(yp(A))).

Hence, x € mInt(mCl(»p(A))), which is a contradiction to the fact that = ¢
mInt(pp(¢p(A))). Therefore, A C mInt(mCl(¢p(A))), ie., A€ T}é”). O

THEOREM 7.9. Let (X, M,P) be a primal m-space, where M\ {X} C P.
Then, SO(X, Tpp) = p(X, M).
Proof. Let A € SO(X,Tpmp). Then, we have:

A C Clyp(Intpmp(A4)) = Clvp(AN¢Pp(A4)) € Clyp(¢p(A))
= (¥p(A4) Upp(¥p(A)) = ¢¥p(A) UmCl(yp(A4)) = mCl(yp(A)).

Hence, A € ¢¥p(X, M). Therefore, we have SO(X, T\mp) C p(X, M).
Conversely, consider A € ¥p(X, M). Take z € A. Now, as A € Yp(X, M),
we have A C mCl(yp(A)). Therefore, for any G € M(x), we have GNyp(A) #
¢. Let y € GNp(A). Therefore, y € 1p(A), which there exists O, € M(y)
such that (O, \ A)° ¢ P. Asy € G and y € Oy, we have G N O, # ¢.
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Therefore, as (GNOy) \ A)° 2 (O, \ A)°, we have (GNOy)\ A)° ¢ P. Let
G' = GNOy. Then, we have G' # ¢,G' € M,(G'\ A)° ¢ P. Let G’ \ A= P.
Therefore, (G’ \ P) C A. Now, as M \ {X} C P, we have G’ \ P # ¢.
Also G’ \ P € Tpp. Therefore, we have a non-empty Toqp-open set G’ \ P
contained in both A and G. Therefore, z € Clyp(Intpp(A)). Since, z is
an arbitrary element of A, we have A C Clyp(Intpp(A)). Therefore, we get

Yp(X, M) C SO(X, 7pmp)). Hence, we have SO(X, 7pmp) = Yp(X,M). O
Now, we state the following results without providing their proofs.

THEOREM 7.10. 7'}{47; 1s exactly the collection such that A belongs to T}\/)AP
and B € SO(X, pp) implies AN B € SO(X, Tmp), where MEE\ X C P.

THEOREM 7.11. [17] Let (X, T) be a topological space. Then, % consists of
exactly those sets A for which AN B € SO(X, ), for all B € SO(X, ).

COROLLARY 7.12. Let (X, M, P) be a primal m-space, where M\ X C P.
Then, 7'}(’473 = (Tmp)?.

8. CONCLUSION

In this paper, we combined the primal structure with m-space and intro-
duced a new structure called the primal m-space. We then defined two oper-
ators, pp and ¥p, on this structure. Using the @p-operator, we constructed
another operator, C'L, which satisfies the Kuratowski closure axioms. Conse-
quently, this operator generates a topology, namely the Tr¢p-topology. Fur-
thermore, using the v¥p-operator, we obtained a class of sets, which we call
the ¥p-C sets. We then showed that the collection of these sets forms a topol-
ogy, called the T}\p/lp—topology. Moreover, we established several important
results concerning these structures. These newly introduced structures may
find numerous applications in future research.
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